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1. Introduction

N denotes the set of positive integers. If A = {a;, az, ...} (Witha; < a; < ...)is a set of
positive integers, then p_4(n) denotes the number of partitions of # into a’s, i.e., the number
of solutions of the equation

Xia; +xpaz +---=n (1.1)

in non negative integers xj, xz, . .., while g 4(n) denotes the number of restricted partitions
of n into a’s; in other words, g 4(n) is the number of solutions of (1.1) with x; = 0 or 1 for
all i’s.

The main result of [10] is that for any infinite set A C N, we have

lim sup log(max(2, p.(n))) > V3. (1.2)
no+oo log(max(2, g 4(n)))
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If p(n) = pn(n) and g(n) = gn(n) are the classical partition functions, it is well-known

(cf. [8, 1]) that
pn) ~ 4n1/§eXp<n\/gﬁ>’ n\/g=2.56... (1.3)

and
1 T T
~—_— — , —=1381... 14
q(n) 4(3n3)1/4GXP(ﬁﬁ> 7 (1.4)
It follows from (1.3) and (1.4) that
log p(n)

lim =
n—co logg(n)

)

so that (1.2) is best possible. It was also proved in [10] thatif A(x) = ) ; 1, thecounting
function of A, satisfies a; <x

.. dog A(x)
lim inf =
X—00 logx

0, (1.5)

then we have

log(max(2, pa(n)) _

lim sup = (1.6)
n—+oo log(max(2, g4(n)))
In this paper, we shall deal with the inferior limit. In Section 2, we will prove
Theorem 1. There exists a set S C N with
Sy = Y 1=x (1.7)
seS,s<x
and
1
liminf &P _
n—oc logqs(n)
In Section 3, we shall prove:
Theorem 2. Let A be a set of positive integers. Let us assume that
A
o = lim inf 2 (1.8)
n—oo n

is positive. Then there exists n = n(a) > 0 such that

pan) = (qam)'™®  forn > ny. (1.9)
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The idea of the proof of Theorem 2 is to construct, from most of the restricted partitions
of n into parts in A, many unrestricted partitions of n.

In Section 4, we will prove the following theorem which shows that Theorem 2 is in
some sense best possible:

Theorem 3. Let f(x) be any non-increasing function of x > 0 and tending to 0 as x tends
to infinity. There is a set A C N such that

A(n)

> f(n) forn > ng (1.10)

and

1
lim inf 1022AM) _

- (1.11)
n—occ logg.a(n)

This result is much sharper than Theorem 1. The construction of the set .4 in Theorem 3
is similar to the construction of the set S in Theorem 1, however, here the construction is
more complicated. The proof of Theorem 3 will be based mostly on Proposition 1 below.
We will give only an outline of the proof of Proposition 1; a complete proof could be given,
but it would be very lenghty and technical. Thus we have decided to give here (Section 2)
a complete and precise proof of the weaker but much simpler version stated in Theorem 1.

Letr(n, m) and o(n, m) denote the number of partitions of n into parts at least m, resp. into
distinct parts at least m. (In other words, if M = {n € N, n > m}, then r(n, m) = pp(n)
and o(n, m) = gr(n).)

It was proved in [5] and [11] that, for any A > 0, we have

. log(r(n, Ay/n))
lim ————~ =

Jim 2SS £ (1.12)
and
- log(p(n, A/m)

Moreover the two functions g and / have the same asymptotic expansion as A — 00:

2logA —loglogh 4+ 1 —log?2 0 loglog A
A Aoga )

g(A), h(x) = (1.14)
Let us define, for 1 < x <y, r(n;x, y) and o(n; x, y) as the number of partitions of » into
parts belonging to the interval [x, y[, resp. into distinct parts belonging to [x, y[.

Proposition 1. There exist two continous functions g,(A), ho()) defined for A > 0 such
that

o logr(n; Ay/n, 20/n)

Jim NG = g(A) (1.15)
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and

_logmax({1, o(n: Ay/n, 244/n))
lim
n—o00 ﬁ

Moreover, as . — 00, we have g,(A) ~ h,(A) and both functions g, and h, satisfy the
asymptotic expansion (1.14).

= hy(M). (1.16)

The sketch of the proof of Proposition 1 will be given in Section 4. More precisely, we
shall consider only (1.16); the proof of (1.15) would be similar, and we do not need (1.15) in
the proof of Theorem 3. The proof of (1.16) follows the proof of (1.13) in [11] and consists
of two parts, the upper bound for o(n; Ay/n, 2A+/n) and the lower bound. The upper bound
is stated in Lemma 6 below. We have not given the proof of the lower bound which can be
obtained by the methods used in [5] or [11] or by applying the saddle point method to the
generating series.

2. An elementary counterexample

Lemma 1. Let n be a positive integer and x a positive real number. Let us denote by
p(n, x) the number of partitions of n into parts <x (while r(n, x) denotes the number of
partitions of n into parts >x, as defined above). Then for n > 1 and ). > 0 we have

(A3 =2logA)/n forr <1
log p(n, A/n) < { N ford > 1} <3vin 2.1)
and
(F5)n foraz1| _ 3
logr(n, Av/n) < { v for < 1 < ﬁﬁ. (2.2)

Proof: The first inequality in (2.1), for A < 1, is proved in [6], Lemma 2, where it is
deduced from the classical result

1 +m(m+l)_1
p(n,m)s—(" 2 . meN
m! m—1

(see, e.g., [3]). For & > 1 the second inequality in (2.1) follows from p(n, A/n) < p(n) and
from the upper bound p(n) < exp(w \/% )whichholds foralln > 1 (cf. [12], Theorem 15.5).

The inequality A(3 — 2log &) < 3+/A for A < 1 is a simple analysis exercise. Finally, (2.2)
follows from (2.1) and from the relation r(n, x) < p(n, n/x). O

Lemma2. Let A= {aj,a, ...} beasetofpositive integers, witha; = 1 < ay < --- Let
us denote by A(x) the number of a;’ s not exceeding x, and by p_ 4(n) the number of partitions
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of n with parts in A. Then, for n € N, we have

pan) < nt™7L

Proof: If 1 <n < ay, this is obvious since p4(n) = 1 and A(n) = 1. If n > a5, let us set
m = A(n) > 2. Then p 4(n) is the number of solutions of

X1+ xa2 + -+ - + Xpay, = 0.

The possible values for x; are 0, 1, ..., [n/a;|, and, when x,, ..., x,, are fixed, there is
only one possibility for x;. Thus

pAm)SIE(L£J+1>§<1%J+1)nlsnml.

Lemma 3. Let B = {by,...,bg} C Nandt a positive integer. There is a u € [tb;, thg]
such that qp(u), the number of partitions of u into distinct parts belonging to B, satisfies:

sy > —— (’3).
1(bs — by + 1\ ¢

Proof: Letusconsiderthe () different choices Bi,, ..., Bi,;eachof the sums B;, +- - -+ 5,
is between tb; and tbg. Thus the most frequently occuring value will be obtained at least
) times. O

O

%(ﬂ
1p—b+1 1

Proof of Theorem 1: For k > 1 set

P T
Ik
and
S ={tirr = B+ 1, kg1 — B+ 2, ..o e )
Then
1Skl = Brs
and since

4 3 3
hor—Be=t —t =t — 1) > 1,
thus we have

Sk Cltk, .- trg1]
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Now we define S by

3:{1}u(U3k>.

k>1

Recalling that S(x) = ) 1, for k > 2 we have

ses, s<x

Br—1 SS(lk)=1+/31+..._|_’3k71=1+212+”.+23,4k71

<1+242% 4. 423 Zop, =034 2.3)

If x > #, = 2'°, then we define [ = I(x) > 2 by t; < x < t;41, which implies

4 - log x < g+
log2 —
and, from (2.3), we have
S(0) = S() > prg =2 =2 > (s

which proves (1.7). (Similarly, it is not difficult to show that S(x) < x3/4.)
Now we apply Lemma 3 with B = S, and = #;: there exist u; € N such that

(e — Dtgr1 = (1 — Bt < up < flyr (2.4
and
1 Br L (B
qs(ui) = qs;(ug) > m(%) = ﬂ(lk). (2.5)

Now we will give an upper bound for ps(uy). Set N = ity = t,f. Since 1€ S, thus
ps(n) is a non-decreasing function of n, so that from (2.4),

ps(ur) = ps(ttiv1) = ps(N). (2.6)

The smallest element of S; is

1 e B
=B t1>0 =B =t 1 —— ) > —— = —— >tk = N.
liq1 2 2

Thus if for k > 2 we set C;, = {1} U (| S;), then we have

J<k—1

N
Ps(N) = peus,(N) =Y per(Dpsi(N — j). 2.7)
j=0

Now we apply Lemma 2 with A = C;,n = N, A(n) = S(#), which by (2.3) yields

per(N) < NS0 < (f13,1)*Per. (2.8)
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Since 1 € Gy, thus pci(j) is a non-decreasing function of j, and thus it follows from (2.7)
that

N
ps(N) < pcr(N) Zpsk(N - - (2.9)
=0

If we denote the elements of Sy by 51 < s, < -+ < 53 4> then the sum above is the number
of solutions of

X181+ o+ xpsp <N
which, by
X181+ 0+ X Spy = (x1 + - —|—x,3k)s1,
is smaller, than the number of solutions of
X1+ -+ < LN/s1]. (2.10)
since

N frliy frltry

X
= < =
st =B+l =B 1-1/%

1
:tk+l+t—+~-~<lk+2,
k

thus | N/s1] <t + 1, so that the number of solutions of (2.10) is

- <l1<+1+,3k) _ <,3k+lk+1>
- B B t+1 )
Thus we have

N
' Aottt 1N _ Pttt (Pt Br + 1
;pskw—])i< h+1 >_ n+1 ( tk )fﬂk( " ) (2.11)

It follows from (2.6), (2.8), (2.9) and (2.11) that

2.12)

+t
ps(ug) < (fkfk-s-l)zﬂ“ﬂk(ﬁk k).

Iy

It remains to estimate ('f:) and (’3 ":kr’k ) ‘We have

(,Bk) _ BB — ... —tr +1) - (B — 1) _ (&)tk(l B l_k>lk
173 l‘k! - tlik I ﬂk
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and
£\ < fy 1
1—— ) =exp|—#log|l+ > exp|—
< ,Bk) B — 1 Br — 1
2t} .
> exp|—— since By > 21t
Br
() e
=exp|—— ) since By =1
Ik
so that

173 2
17 17 1y
Similary, by using the weak form n! > n”e™" of Stirling’s formula:

<ﬁk +tk) < (ﬂk +tk)tk < iexp<i> < (@)n{e)q)(l) (214)
e t! 1! Br Ik T

From (2.5) and (2.13), we get for k — oo:

2
loggs(uy) > tklog<lj—:) — E —log(Bity) = (1 + o(1))2tlog ¢t (2.15)

and from (2.12) and (2.14)

e 1
log ps(ux) < tklog<t—k> + - + 2B _log(txtiy1) + log By,
3 3

1
= 2 dogt + i+ — + 106 log 1 + 3log # = (1 + 0(1))2 4 logt. (2.16)
k

Since, obviously, gs(ur) < ps(uy), Theorem 1 follows from (2.15) and (2.16). O

3. The caseliminfA(n)/n =a >0

First we shall prove (see [9], Theorem 16.1):

Lemmad. Let A be a set of coprime positive integers, a a positive real number such that
liminf A(n)/n = «. Then for all ¢, 0 < ¢ < «, there exist ng = ny(¢e) such that for n > ny
the following inequality holds:

pa(n) = exp(Cy/ (@ —e)n), C = n\/g = 2.56. 3.1)



ON THE ASYMPTOTIC BEHAVIOUR OF GENERAL PARTITION FUNCTIONS, II 287

Proof: Let us call P(A) the property
For all a € A, the g.c.d. of the elements of A — {a} is 1. (3.2)

It follows from the Bateman-ErdGs Theorem (cf. [2]) that, if A possesses property P(A),
then p 4(n) is increasing from a certain point on. First we assume that P(.A) holds. If we
write A = {ay, a», ...} witha; < a, < ..., then there exists m; = m(¢) such that

m

Ay <

. om>my. (3.3)
o —

B[ ™

Let us define m = m(n) by a,, < n < ap41. Then S(n) = Y_'_, pa(i) is the number of
solutions of

xiap+ -+ xpan <n (3.4)
and, for m > m, this is greater than the number of solutions of
xmlaml + - +xmam S n.

But then from (3.3), S(n) is greater, than the number of solutions S’ of
&
MiXp + -+ mx, <N = {(a—§>nJ. 3.5

With any solutions of (3.5) we can associate at most N1 ~! solutions of
X1 +2x+ -+ mxy +- -+ mx, <N. (3.6)

By (3.3) (with m + 1 in place of m) and n < a,,4+; we have m 4+ 1 > N. Thus the number
of solutions of (3.6) is ZlN=o p(i) = p(N), and we have from (1.3):

Sty > 8 > 15 ;]]V_)l > %exp(C\/ﬁ — my log N). 3.7)

Since p 4(n) is increasing, thus we have p 4(n) > S(n)/n which together with (3.7) and
the value of N given in (3.5) proves Lemma 4 when P(A) holds.

Let us assume now that P(A) does not hold. Then there exists a;; such that the g.c.d.
of the elements of 4} = A — {a;;}is gy > 2. If P(%Al) does not hold, then there exists
a;j, > g1 such that the g.c.d. of the elements of A, = A;\{a;,} is g2 > 4, and so on. This
process is finite, othervise for any k, we had a sequence a;1, ...a;; > 2k=1 "0 that the
elements of Ay = A\{a;,, ...a;;} have a g.c.d. g > 2*. Then A(2¥"!) < k for any k and
limy_ o0 Afl") = 0, which contradicts our hypothetis.

We may now assume that for some k, P(By) holds, with B, = L A, = {by, by, ...}. We
have lim inf BkT(”) = agi. The numbers a;1, a;5, . .., a;; and g arlék coprime (any common
divisor would divide all elements of A). It is well-known that then there is n¢ such that any
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n > ng can be written in the form
n=xo8 +x1a;+ - +xa x;=0.

For n large, let us write n = n’ + ng + g where 0 < g < g and n’ is a multiple of g;. We

have
n/
pAm) = po| — )-
8k

But, from the first part of our proof, as P(15;) holds, we have:

n' n'
pm(—) > eXP<C\/agk —e, —)
8k 8k
and since n — n’ = O(1), this completes the proof of Lemma 4. O

Let us prove now:

Lemma 5. Let A = {a),ay, ...} be a set of positive integers and p = limsup,_, Aln)

Then for all positive € and n large enough, the following inequality holds: !

QMMSCH(5%¢w+fM). (3.8)

Proof: We shall follow the proof of Theorem 16.1 of [9]. First there exists m, = m»(¢)
such that

m

mz=my; = ay = —— . 3.9
> mo Bte (3.9)
Letus set Ay = {a1, a2, ..., am,} and Ay = {am,+1, Gmy+2, - . .}; we have A1 N Ay, = 0,
A1 U Ay = A so that
qan) =Y qa,(m)ga,(n —m). (3.10)
m=0

Further, g 4, (n) is the number of solutions of x1a; +x2a2+- - - + X, am, = n, withx; =0, 1;
thus, for any n > 0,

qa,(n) < 2™, (3.11)
Let

m=ay +ag, +---+a, my <k <ky<---<k
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be a restricted partition of m with parts in Aj,; to this partition we associate the restricted
partition

v=k +ka+---+k, my<k <ky<--- <k,

and, from (3.9), v < m(8 + ¢/2). This establishes a one-to-one mapping from restricted
partitions of m with parts in .4, to restricted partitions of integers v less than m(8 + ¢/2).
Since the restricted partition function g(#n) is non decreasing, we have

womz 3 o= (e [n(e3) ol (o3) )

It follows from (3.10) and (3.11) that

qan) =2 ;qu(m) <2™(n+ 1)(1 + {n(ﬂ + %)J)‘I(V(ﬂ + %)J)

which, with (1.4), implies (3.8) and the proof of Lemma 5 is completed. O

Proof of Theorem 2: If the greatest common divisor, say d, of the elements of A is greater
than 1, then dividing every element of A by d we may reduce the problem to the case when
the elements of .4 are coprime.

First we remark that, writing 8 = limsup,,_, .,

ga(n) < em(%\/(ﬁ + 8)n> (3.12)

for any ¢ > 0 and n large enough. Since we have assumed that the elements of .4 are coprime,
it follows from Lemma 4 that, for any ¢ > 0 and n large enough,

AW T emma5 implies
n

pa(n) > exp(n\/g\/(a — 8)n> (3.13)

Inequalities (3.12) and (3.13) prove Theorem 2 when 8 < 2«. However, this simple argu-
ment cannot be used for 8 > 2«, so we need a different proof which covers all values of §.
From Lemma 4, for n large enough we have.

pa(n) > exp(2.5+/an). (3.14)
So, we may assume that, for n large enough,
ga(n) > exp(2.45/an) (3.15)

since othervise (1.9) holds with n(x) = 25/24.
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Now we claim that if (3.15) holds for some n, then there exist ¢c; = c>(«) > 0 and
¢c3 = c3(a) > 0 such that for more than

1
=q4n) (3.16)
2
restricted A-partitions 7 of n we have
Z a > con. (3.17)
aem
a<ci/n

Indeed, the number of exceptions is less than

cn cn

Y a@o —a,c3/n) < glean) Y r(n —a, e3/n),
a=0 a=0

and by (1.4) and Lemma 1, this is smaller than

3
nexp(l./czn>exp ———/n—al| <n exp(i«/czn +3 1)
J= V3 Ves

V3

3

n—a

so that for c3 large enough, and ¢, small enough, it is, in view of (3.15), smaller than %q A(n).
One can choose

9
=2 and =2, (3.18)
4 o

Now, consider all the restricted .A-partitions 7 of n satisfying (3.17). Let ¢ = ¢(«) be small
enough in terms of « and to be fixed later. Divide the interval (0, c34/7] into k equal parts
where k is an integer which will be fixed later (in (3.25)). Then for 1 < j < k, the length

of each interval I; = ((j — 1)@;(/2’ j C3;{5] is . For each of the partitions 7 satisfying

-
(3.17) let I(;r) denote that interval I; for which ) 1@ is maximal, so that

Z:a>2n (3.19)
Zn. .

ael(m)
By (3.16) and the pigeon hole principle, thereisa h € {1, 2, ..., k} so that
I(m) =1, (3.20)

holds for at least ﬁq 4(n) of the partitions 7 satisfying (3.17). Let P denote the set of the
restricted A-partitions satisfying (3.17) and (3.20), so that

1
Iﬂzﬂww. (3.21)
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To each m € P assign the partition

7 =n\({a:ael}Ula:a<eJn)).
Cs«/_

Since, for all j, I; contains at most 1 + integers, thus {a : a € I;} can be chosen in at

most

21+(?3ﬁ/k < 2263ﬁ/k

ways. It follows that writing

={n'":meP}
we have
|P/| > |P| 272Vnlk pmedn = | p| (e ov, (3.22)
Now, write
s
so that, by (1.8), for n large enough
a1<a2<-~-<aM§£ﬁ. (3.23)

Let

2cy 1
T = {—Z—J
c3 €
For some 7’ € P’, consider all the sums

Za+2x,al with 0 <xy,...,xy <T. (3.24)

aen’

It follows from (3.19), (3.23) and (3.24) that

2 1
Zx,a,<TM£\/ﬁ<£-—~—s nsf —a8n< Za
e 2

ael(h)

by choosing & so that

k= {—J > 2 (3.25)
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It follows that the sum in (3.24) is smaller than n so that this sum forms an unrestricted
partition of some m with m < n. Since for each 7’ € P’ there are

20, 1)\ L26v) )
IP'I(T+ D > |P'| (2._) . 1P| exp(ga<1og2>ﬁ>
€ & 4 c3&

partitions of form (3.24), we have from (3.21), (3.22) and (3.25):
, o 2¢y
ZPA(m) > |P'| exp( —¢( log— |v/n
4 c3€

1 2
o] (3(w25) 232

1 2
> —qA(n)exp{s:(glogﬂ — (4o + 1)>\/ﬁ}.
2k 4 %%,

By choosing ¢ = %exp(— 17 — g), for all large n it follows

1 2 4
rin gl 3)14
> ‘ZA(”)CXP{ (Z—z%exp(—ﬂ — g))ﬁ} (3.26)

It follows from (1.4) and (3.26) that

D pam) > gamg(n)y" = qam) " (3.27)

m=<n

with, from (3.18),

o 17 4 o’ 17 4
= ——exp|—-17— - ) = —exp|—-17— — ).
1= 5167 «) 5767 o
Since now property P(.A) in (3.2) is assumed, thus we have p 4(n + 1) > p4(n) for n large
enough, whence

(n+Dpam) = D pam) (3.28)

0<m=<n

and (1.9) follows from (3.27) and (3.28). O

If P(A) does not hold, then we have seen in the proof of Lemma 4 that A can be written
inthe foom A=A UA", A NA =0, A finite, A” = gB, where g is the g.c.d. of the
elements of A”. In the constuction of 77" we keep the parts belonging to A, we remove those
parts from A" which are either smaller than e./n or belong to I;, and we replace them by
the elements ay, ..., ay belonging to A”. All the sums obtained in (3.24) are congruent to
n mod g, and since P(B) is true thus (3.28) follows, and we can conclude similarly.
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4. Proof of Proposition 1

We will prove (1.16), the proof of (1.15) is similar. The proof follows the proof of (1.13) as
given in [11]. We use the notation and the results of [11]:

® oy
F(x) = du, 4.1
0= [ o dn @.1)
72 X2
F(x) = 5ot O(x*) asx — 0, (4.2)
F(x)=(x+De™ 4+ 0(xe ) asx — 00, (4.3)
X
Gx)= is increasing for x > 0, 4.4)
VF(x)
H is the inverse function of G, 4.5)

and for A — oo, H satisfies

loglog A
H(.) = 2log % — loglog A — log 2 + 0<°g o8 ) 4.6)
log A
Finally #(}), defined in (1.13), is equal to:
2H(\
h(L) = # — Mog(1 4 e~ ™). 4.7
Here for x € R we define
2x u
F,(x)=Fkx)— FQ2x) = / du (4.8)
 l+e
(note that, for x > 0, Fo(—x) = 3x% — F>(x) and F>(—x) > 0) and
Ga(x) = —— (4.9)
20X) = . .
v Fa(x)

It follows from (4.2) and (4.8) that G,(0") = % Now, we observe that if

E m<n,

A/n<m<2x/n

then we have o(n; A/n, 2A+/n) = 0. Hence, for A < %, (1.16) holds with h,(1) = 0.
Further we set, for s € R,

udu

2x
1
Fz(x, S) :/ m = S—ze(sx). (410)
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Clearly, for x fixed, F>(x, s) is a decreasing function of s, and

3x2 3x2

lim Fyx,s) = =, Fy(x,0) = and  lim Fy(x,s) = 0.
§——00 2 s—+00

So, for x > \/g, there is a unique value s = s(x) such that F>(x, s(x)) = 1. For A > /2/3,
we define

Hy(A) = As(Q) “4.11)
so that, from (4.10), we have
Hy(\)?
Rt o) = 20 “.12)

It follows from (4.9) and (4.12) that, for H>(1) > 0 (i.e. for A > %) we have
Go(H>,(L)) = A 4.13)

and since G,(x), defined by (4.9), is increasing for x large enough, G, and H, are inverse
in a neighborood of 4-c0.

Since, from (4.3), for x large F(2x) is much smaller than F(x), G,(x) is close to G(x),
and it could be shown by a little computation (we leave the details to the reader) that H,())
satisfies the same asymptotic expansion as H (1) if A — oo:

loglog A
HZ(A)zZlogk—loglogk—logZ—i—O(Og 08 ) 4.14)
log A
Finally, for A > \/g we set
2H, (A
ha(h) = i( n 2Mog(1 + e~ W) — Aog(1 + e~ M), (4.15)

and, from (4.14), hy(A) is asymptotic to (1.14) as A — +o0. Note that expression (4.15)
appears in formula (50) in [11]. When A — +/2/3, with A > /2/3, then H>(1) — —o0,
and a simple calculation shows that i,(A) — 0.

We now prove:

Lemma 6. Ler ) > /2/3, and hy()\) defined by (4.15). For n > 2 we have

log 0(n; A/, 21
lim sup [2ELUAVI 2 o (4.16)
n

n—00 \/_
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Proof: It is the same proof as the proof of Proposition 1 in [11]. We start from the
generating function:

ig(n;x,zmz": [T a+
n=0

x<m<2x

which for real positive z yields

o ivm 2n/my <z ] (142
h/n<m<2iyn

and

log(o(n; Av/n, 204/n)) < —nlogz + Z log(1 + z™).
A/n<m<2x/n

2= exp(— Hy (M)
. )
By comparing the above sum to the corresponding integral, we can show exactly in the

same way as in [11] that, when H>(A) > 0, log o(n; A/n, 2A/n) < ha(A)/n + 1, while,

if Hy(A) < 0 (i.e., for % <A< %), by a slightly different argument it can be shown

that log o(n; An/n, 2A4/n) < hz(A)ﬁ -+ 3 |H>()\)| + 1. In both cases, (4.16) follows, and
the proof of Lemma 6 is completed. O

Here we chose z as

To prove (1.16), from Lemma 6 we need to show

= ha(2). (4.17)

.. logo(n; a/n, 2x/n)
lim inf
n—>00 ﬁ

As mentionned in the introduction, (4.17) can be proved by the methods of [5] or [11],
Section 3 or 5, or by analytical methods.

Finally, from (4.14) and (4.15), it follows that, for A — oo, the asymptotic expansion of
ho(A)is (1.14).

S. Proof of Theorem 3
Let (A)r>; be a non-decreasing sequence of integers satisfying 3 < A; < A, <.... With
this sequence we associate the sequence ng = 1, ny = Agng—; fork > 1.

The set A is defined as

A:{I}UU{nk,nk—i—l,...,an—1}.

k>1
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In order to satisfy (1.11), we chose Aj, A2, ... by induction so that for k large enough,

Mgl < % Indeed, then for 2n; < n < 2n;,; we have

nf(n) < 2ng f () = 20 f (i) < e < An)

whence (1.10) follows.
Let X a fixed, but large, positive real number. We now choose, for k — oo, an integer
N = N defined as

K
N=N =]|%| (5.1)

A simple calculation shows that, for k large enough, n; — % < /N < ny holds, and we
have

qa(N) > o(N;ng, 2m) = o(N; Av/N, 20+/N)

and, from (5.1), Proposition 1 and (1.14), we can choose A large enough so that, for k large
enough, we have

2log A —loglog A
log g 4(Ny) = log ga(N) > ( £ - g8 )«/N (5.2)
Further,
PAN) = Z PP, P (5.3)
N'4+N"+N"=N
where

Py is the number of partitions of N’ into parts in .4 and less than n,
P, is the number of partitions of N” into parts in .4 and between n; and 2ny,
P; is the number of partitions of N’ into parts greater than ny .

From the definition of .4, we have
Py = r(N";ng, 2n0) < r(N", ng) = r(N”, A/N) = r(N"; X'/ N")

with A/ = A Nﬂ > A, and thus from Lemma 1:

2log)” +3 2logA + 3 2logA + 3
log(Py) < % /N" < %—i_ /N" < %—i_\/ﬁ (5.4)

holds. Further, we have

2 20N
P < p(N',2n_y) = p<N’, %) < p(N/, ; ) = p(N/,)J«/N/)
k k
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with A’ = i—’k\, / % Therefore, from Lemma 1,

|22 |22 | A
log P, < 3VA'N' =3 )L—x/NN/ <3,/N <5 A—\/N. (5.5)
k k k

Finally, since ng4+1 = Agp17r > )L)\k\/ﬁ, we have
Py <r(N", mgs1) < r(N", Av/N) = r(N", V"/N")

with 1 = AAg Ni > AAg. So, from Lemma 1,

3 3 3
log Py < —+/N" < N" < VN 5.6
RV, A, v Vo 60

holds. Since the number of terms in the sum (5.3) is (g’) < N2, it follows from (5.3), (5.4),
(5.5) and (5.6) that

2logh +3 A 3
lo Ny =lo N<|—/—=" 45|24+ —_|JN+2logN 5.7
g pA(Ny) g pal )_< ; " m) g (5.7)

which together with (5.2) yields, for k large enough,

2log A+3 A 3
log pa(Ni) _ (—x +5 zﬂTTk)ka 2log Ny
log ga(Ny) — (M)m (210gx—kloglogx)m

When k — 00, A,y — o0 and we have

.. logpan) 2logh +3
liminf < .
n—oo logga(n) — 2logA — loglog A

But A can be choosen as large as we wish so that (1.11) holds, and the proof of Theorem 3
is completed.
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