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###### COMPUTATION of the paper

###### Estimates of Li(theta(x))-pi(x) and the Riemann hypothesis

###### Formula (2.6)

L:=proc(N,t) local k;
    Li(t)-sum(factorial(k-1)*t/log(t)^k, k = (1 .. N));
end;

for N from 1 to 5 do
   print("N=",N,"L(N,t)=",L(N,t),"L'(N,t)=",diff(L(N,t),t));
od;

######  STUDY of F2 (Lemma 2.2)  
#####################################

F2:=L(2,t)*log(t)^3/t; # Study of F2 on (1,infinity)

plot(F2,t=1..500); 
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limit(F2,t=1,right); limit(F2,t=infinity);

f1:=expand(t^2*diff(F2,t)/\log(t)^2); # f1 and diff(F2,t) have 
the same sign

f2:=expand(t*(diff(f1,t)));  # f2 and diff(f1,t) have the same 
sign 

f3:=diff(f2,t); # f3 is negative, thus f2 is decreasing

limit(f2,t=1,right); limit(f2,t=infinity); # f2 vanishes in t2
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plot(f2,t=5..100); t2:=fsolve(f2=0,t=20..40); 
# f2 is positive for t < 28.19...   and negative for t > 28.19...

# f1 is increasing for t < 28.19... and decreasing for t > 28.19.
..

maxf1:=evalf(subs(t=t2,f1)); limit(f1,t=1,right); limit(f1,t=
infinity); 
# f1 has two zeros

plot(f1,t=1.5..500); t3:=fsolve(f1=0,t=1.5..24);t4:=fsolve(f1=0,
t=80..1000); 
# F2 is decreasing for t < t3 = 3.38, increasing up to t = t4 = 
380.15 
# and decreasing for  t > 380.15
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> > limit(F2,t=1,right); minF2:=evalf(subs(t=t3,f)); maxF2:=evalf
(subs(t=t4,f)); limit(F2,t=infinity);

# Conclusion : for t > 1, one has 
#        Li(t) < t/log(t) + t/log^2(t) + 4.05 t/log^3(t). 
# For t > t0 > 381, one has 
#        Li(t) < t/log(t) + t/log^2(t) +c t/log^3(t) 
# with   c = F2(t0) = (Li(t0) - t0/log(t0)-t0/log^2(t0))/
(t0/log^3(t0)).

fsolve(F2=2,t=10..100); # Observe that it is t2
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# Lower bound : for t > 29, one has 
#        Li(t) > t/log(t) + t/log^2(t) + 2t/log^3(t).

##### STUDY OF F1  ############################################

F1:=(L(1,t))*log(t)^2/t; # Study of F1 on (1,infinity)

plot(F1,t=1..100); 

limit(F1,t=1,right); limit(F1,t=infinity);

f1:=expand(t^2*diff(F1,t)/\log(t)); # f1 and diff(F1,t) have the 
same sign
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> > f2:=expand(t*(diff(f1,t)));  # f2 and diff(f1,t) have the same 
sign 

f3:=diff(f2,t); # f3 is negative, thus f2 is decreasing

limit(f2,t=1,right); limit(f2,t=infinity); # f2 vanishes in t2

plot(f2,t=5..20); t2:=fsolve(f2=0,t=10..12); 
# f2 is positive for t < 10.39 and negative for t > 10.39. 
# f1 is increasing for t < 10.39 and decreasing for t > 10.39.

maxf1:=evalf(subs(t=t2,f1)); limit(f1,t=1,right); limit(f1,t=
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infinity); 
# f1 has two zeros

plot(f1,t=1.5..100); t3:=fsolve(f1=0,t=1.5..4);t4:=fsolve(f1=0,t=
80..100); 
# F1 is decreasing for t < t3 = 1.85, increasing up to t = t4 = 
94.69 and decreasing for  t > 94.69

limit(F1,t=1,right); minF1:=evalf(subs(t=t3,F1)); maxF1:=evalf
(subs(t=t4,F1)); limit(F1,t=infinity);
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# Conclusion : for t > 1, one has 
#              Li(t) < t/log(t)  + 1.785 t/log^2(t). 
# For t > t0 > 95, one has 
#              Li(t) < t/log(t)  +  c t/log^2(t) 
# with   c = F1(t0) = (Li(t0) - t0/log(t0))/(t0/log^2(t0)).

fsolve(F1=1,t=4..20); # Observe that it is t2

# Lower bound : for t > 11, one has 
#              Li(t) > t/log(t) + t/log^2(t).

read "lithetax0.mpl": #### reading the Maple code

valA(26):

"VALUES of A(p)"

lem33():
"NUMERICAL VALUES in LEMMA 3.3"
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(1)(1)

(3)(3)
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(2)(2)
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> > coro31():

"NUMERICAL VALUE in COROLLARY 3.1"

Q(5,10^8): ##### Proposition 3.4
"CALCULATION of Q(kappa_1,x) by FORMULA (3.21)"

Qminka1(10^8):
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prop36i(): ##### Proposition 3.6
"SOLUTION of PROPOSITION 3.6 (i)"

prop36ii(10^8,10^7,25.22):
"SOLUTION of PROPOSITION 3.6 (ii), (iii) and (v)"
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"SOLUTION of PROPOSITION 3.6 (ii)"

"SOLUTION of PROPOSITION 3.6 (iii)"

"SOLUTION of PROPOSITION 3.6 (v) for 409 ! = p !  10^8"

###### Study of f(x) in Proposition 3.6 (v)

f:=sqrt(x)/log(x)^2*(2-lambda+5.12/log(x)); 

fprime:=normal(diff(f,x));

lis:=[solve(numer(fprime),x)]; limit(f,x=1,right);limit(f,x=
infinity);

x1:=lis[1]; fx1:=evalf(subs(x=x1,f)); # fx1 = min of f on (1,
infinity)

######f is decreasing for 1 < x < x1 and increasing for x > x1 = 
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111.55 

prop36v(401):
"SOLUTION of PROPOSITION 3.6 (v) for 83 ! = p !  409"

prop36iv(10000):
"SOLUTION of PROPOSITION 3.6 (iv)"

"SOLUTION of PROPOSITION 3.6 (vi)"
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