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0 TOXXJLECTBAX B AJITEBPAX JIH BEKTOPHBIX MOJIEH

{. WsBecTHO, uTO anreGpbl JIy BeKTOpHBIX Tojied Ha KOHEeYHOMEePHBIX
yroo6Gpasusix 00/1aaaoT O 1eCTBEHHBIMH COOTHOIIEHHAMH. BnepBbie 3TO
{0 0OHApYKeHO, IO-BHAHNMOMY, E. H. CyMeHKOBHIM (Tp. Bcecorws.
(), no TeopHH KOJIeL, anre6p, MomyJeil. Tapry. 1976), a Takxe He3a-
wmo B. B. Jluackum (kypcoBad pa6ora, 1977) u Jx. bBeprMaHoM

IpenpUHT, 1978). Unesi mocTpoeHums TAKHX COOTHOLIEHHH OYeHb MpOCTa.

MOTpPHUM BHIpaxKeHue

Tu(x1, -y X y)=A1t(adx1adx2...adxk)y, (1)

pe Alt osnavyaer anbTepHHPOBaHHYIO CYMMYy IO BCEM TNEpecTaHOBKaM CO-
WouTeseil B CKOOKaXx. B cBoGoanoit anre6pe JIy, MOpOKIEHHOH CHM-
ONAMH X1, ..., Xk, Y, DJIEMEHT T, ue pasen Hymo. B TO Xe BpeMs B al-
e6pax Jlu BEKTOPHBIX noneit Bhipaxenne Tr PaBHO HYJI0 ANs AOCTATod-
() GONBLIOTO #, a HMEHHO, CNPaBeLIABO
[IpennoxeHHue. ToocdecTeenHoe COOTHOWEHUE T,=0 B8b6lNOAHAET-
"

a) e aacebpe Jlu scex 2na0Kux B8eKTOPHbLY noaeil Ha n-MepHOM MHO-
obpasuu npu k> (nt+1)%

6) 8 axzebpe JIu 2amUAbTOHOBbLX BEKTOPHDLLX noaell Ha 2n-mepHOM
I MAACKTULECKOM MHO2006pasul npu k>n(2nt5);

B) 8 axcebpe Jlu KOHTAKTHOLX BEKTOPHbIX noaetl Ha (2n+1)-meprom
KOHTAKTHOM MHO20006pa3ull (n>1) npu k>2n2+5n+5.

Jloka3aTeabCTBO OCHOBAHO HA paccMOTpeHHH HeJMHEAHBIX KOCOCHM-
meTpHuecKHX (YHKIHMOHAJIOB Ha asnre6pe JIM BEKTOPHBIX noseii ¢ HOCH-
resnem B OfHOH Touke. Jleranu CM. B [1]. B cayusae anre6psl JIn BEKTOP-
nLix Tosiell Ha mpsiMofi GoJiee TOUHYIO HH(pOPMALHIO O TOKAECTBAX MOXHO
naiitu B paborax [2—5].

9 B srofi 3aMeTKe MBl NpHMEHAEM meTofd paboThl [2] x anrebpe
JIu raMHJbTOHOBBIX BEKTOPHBIX monefi. JlokasaTeJapCTBO cOOOIlaeMbiX HH-
/Ke Pe3y/bTaTOB COJEPHHUTCA B [1].

[Iycte M — JnHeiHO® cHUMILUIEKTHUEeCKOe MHHOrooGpasue ¢ KOCOCKa-
JNSIPHBIM [IPOU3BEIEHHEM ¢>; P(M) — anrebpa Jlu riaikux dyHRIMA HA
M oraocuteabHo ckoOku Ilyaccona. B xauecTBe Iaphl 3JIeMEHTOB ob1ero
nosnoxkenust B P (M) MOXHO B35Th & (x)=<a, x) — HEeHyJeBYyIO JIHHEHHYIO

(pYyHKIHIO H n(x):y Cp, €Xp (Vi X)— AuHeliHyl0 KOMOWHAIMIO  SKCIO-
HeHT. BrimuiieM MOHOM o01uiero BuAa OT E u v GUCTENEHH (R, 1):

Xgy = (ad 8 adn(ad &)1~ adn ... (ad 7. 2)




Kos¢dduuuenT npu ¢iCy...C; B 3TOM MOHOMe 0603HaunuM % (X(x)); OH'
HMeeT BHI v

w(Xw)= Y £,(0V)(0V), 3y
cgeS\)

[{RY
e

< a

rae ov= (Vo) ..., Vo)) — NEepecTaHoBKa Habopa v BEKTOPOB Vi, ..., Vi, f'/l’
, (f,
P, ()= (v Vo) {vi+ Vs, V) (Yt Vot o Vi, Vi) (4) din
: ke k
9 (V) =(a, v (e, v V)t (@, v ) ‘. (5)

O6o3naunMm, kKak u B [2], uepes U=D Y*! GurpapynpoBaHHylO an-
re6py JIu, MOpOXKAEHHYI 3jeMeHTaMH oOOIlero TMOJIOXeHHs § H 1M U3
P (M). Oro6pakenue %;, NPOJOJIKEHHOE C MOHOMOB IO JIMHEHHOCTH, 3a-
JaeT OJHOPOAHBIH H30MOpPGH3M cremeHH [—1 rpaayHpoBaHHOrO NMpOCTPaH-

N kol ke I—1
crBa Y“'=@® Y*' na mekoropoe moampocrpanctso K;= D K"
£>0

i

>0
npoctpanctse Sym[v;, ..., vi] CHMMeTPHYECKHX HOJHHOMHAJBHEIX QYHK- 1l
nuii oT / BEeKTOPHHIX NEpeMeHHHBIX Vi, ..., viEM. MHorouseHsl ¢)(v) mo- ol
poxpaaioT B C[vi, ..., v/] HOLKOJBIO, COCTOSI(ee M3 BCEX MHOrOYJEHOB:

oT | ckaasipHHIX nepeMeHHHX wi=<a, vi), 1<i<l Tlonoxum Aij={vi, v;).
Ecan dim M>2[, to nepemennnie wi;, 1<i<l!, u Ai, 1<i<j<l, anre6pau-
YECKH He3aBUCHMBL.

3amerum Temepb, uto ¢ pocroM dimM pasMepHOCTb IPOCTPaHCTBA
Y &' ne yOoiBaeT M cTaGHAH3HPYETCS,  HOCTHIHYB pPasMepPHOCTH COOTBET-
CTBYIOIIEro MHOANPOCTpPaHCTBa B cBoOGoAHOH anre6pe Jiu. Mel o603HaunM

3 k+-1—1
yepes K;= @ Ki™' Bosmukaiomee Takum 06pasoM MOAIPOCTPAHCTBO
k=0

B ainre6pe C[p, A] MHOrouneHOB OT mepeMeHHHX i, A;. Ilocaenusa an-
re6pa GurpanyupoBaHa u cHaGxeHa ecrecTBeHHEIM aefictuem S(I). Hu-
Tepecyiomee Hac IIPOCTPAHCTBO K™= nexur B Sym&-1[pu, A]. .

" Jlemma. ITpocrpancreo Sym*:~'[u, A] ssaserca ce0600HbIM mo-
Oyaem nad.Sym[w, ..., w]. B kauecree obpasyroujux 31020 MOOYAS
MOJCHO 83AT6 6asuc npocTpaxcreéa uxeapuarros Sym(d6:®C-'[A]), ede
A S—lnodnpocrpaucmo eapmonuyeckux mroeousrernos 8 C[u] ornocurers- |
wo S(I). _ ;

3. OGosnauum uepes M, nauMenbuiee S (I)-HHBapHAHTHOE MOANPO- |
crpaHctBo B C'[A], nopoxpennoe muorouseHoM P, (A)=A;, (Ajg+Agy). . o
...(A|,1+.._.+A1_.1,1). ) i

Torna

K, =Sym (M, ® C[u])=Sym (M, ® £;) ® Sym [u]. | (6):

Paccmorpum mnoapoGuee cayuaii anreGpei IlyaccoHa Ha IIOCKOCTH}:
nepeMeHHBle Aj; yXKe He SBJSIOTCS He3aBHCHMBIMH. OHH BHIpaxaworcs 4e
pes mepemeHHBle Wi, Ai, 1<i<!, mo dopmyie ' '

Aij=pihj—piki. ' (7

Ilpu sToii cneumanusanu¥ OPOCTPAHCTBO M; MEepexONHT B HPOCTPaM:
.cTBO M;;, KOTOpPOe MOMKeT HMETb MeHbIIYI0 Pa3sMEepPHOCTb: HEKOTOpHEe HE
IPHBOJUMEIE KOMIIOHEHTH M; o6pamialoTcs B HyJb NPH Ccheluasiunsat,
‘OxasriBaercst, npu /<5 3TOro He NPOHCXONMT, KaK NOKA3HBaeT HeTajbHM
anamus S(I)-monynst M, nposenennsii B [1]. Orciona cienyer

Teopema. B eamussronosoti asrzebpe Jlu na naockocTu 0sa ho
o0ueeo noaoscenus He YO0BAETBOPAIOT HUKAKOMY TONOecTey CTend
<5 no o0Homy u3 nepemennoix. ;
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elleM OLEHKY CBepXy pocta raMuibTOHOBOM aireGps Jlu Ha
Ona naeT NPaBHJIbHBIA MOPAAOK pocTa, XOTs H3JIOXKEHHEHIE

paMeHns HeIOCTaTOUHEI AJsl JoKa3aTenbCcTBa 3TOTO (cp. 6]).
: htl—1
eT M3 CKasaHHOro B M. 3, MPOCTPAHCTBO K JIeXXHUT B IPO-

A
Bisym;" GHCHMMETPHUECKHX ~ MHOTOWICHOB 6ucTeneH’

,1)' or AByx HaGopos nepeMeHHHX Wi, M, 1<igl. Orcropa A
- @ dim %*' nomyuaerca OLEHKa
Repel=n

dimyr< Y, dimBisym}™; ‘ (8)
) ki-tm=2n

JieyeT HepaBeHCTBO

Y rdmyr<< [ = -9

N0 n>1

papas 4yacTb B (9) mpu t/1 Bener cebs,  KaK exp Cc(1-t)~2. Us sTOH
@HKH ¥ OfHOrO pesy/ibpTaTa PamaHyxKaHa (cm. '[7]) BBITEKAET, YTO

i n
lh’n Mgl (10)
w00 Inn 3

|eHb HHTEpecHO ObLIO OBl HafiTu siBHHIE (GOpPMYJIBl AJA dimY" B nyxe
9], Dro TpeGyeT AeTANLHOTO H3YHUEHHH C[p]-monyas B C[A, p], mOpPOK-
J61IHOrO TIOATPOCTPAHCTBOM M,. MioXKecTBO HyJiell 3TOr0O MOLyJs JOmycKa-
€1 CpaBHHTEJLHO IMPOCTOE ONHCAHHE. A WMEHHO: OHO COCTOHT M3 HaGopoB
(A, 1), yROBJIETBOPSIIOIHX OJ(HOMY H3 yCJIOBHH:

a) Ai=p;=0 [y HEeKOTOPOro i
6) Mt... Fh=pmt.. A w=0;
8) BekTopbl A=(M, ..., M) B op= (B, .- ;) — KOJIMHEeapHHI.
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Identities in the Lie Algebra of Vector Fields
on the Real Line*

A. A. Kirillov, V. Yu. Ovsienko, and O. D. Udalova

In the present study, it is proved that many identities that are satisfied in the Lie
algebra of vector fields on the real line are a consequence of just one of these

identities: T,=0. The article discusses the hypothesis that the algebra b,
generated by k general vector fields on the real line is isomorphic to a universal
T,-algebra with k generators ®,.

Introduction

The concept of the functional dimension of a representation is well known in the
theory of finite-dimensional representations of Lie groups (cf. [1],[2]). This
concept is less self-evident for the case in which the Lie group is itself infinite-
dimensional, and there are a number of different approaches to a definition
(cf. [3]). One approach is associated with the algebraic structure of Lie algebras
of vector fields on finite-dimensional manifolds. It was discovered comparatively
recently that nontrivial identities are satisfied in these Lie algebras (cf. [4] and
the literature cited there). That is, suppose that

Tk=Tk(x1ax2,-~-akuY)=Alt(adxx"'adxk)y (1

where Alt denotes the alternating sum over all permutations of the variables.
Simple calculations (cf., for example, [4]) show that the identity 7}, =0 is
satisfied in the algebra Vect(M™) of vector fields on an n-dimensional manifold
M” when k > (n + 1)2.
Correspondingly, the identity 7, = 0 is satisfied in the Lie algebra Vect(R") of
vector fields on the real line. Note that if M is an arbitrary manifold (possibly
infinite-dimensional) and if P is a one-dimensional bundle on M, all the

* Originally published as Keldysh Inst. Prikl. Mat. Preprint No. 135. USSR Academy of Sciences,
1984. Translated by Robert M. Silverman.
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identities of the Lie algebra Vect(R'), in particular, the identity T, =0, are
satisfied in the Lie algebra Vect(M, P) of all vector fields on M that are tangent
to the fibres of P,

Let us consider the category A, of all Lie algebras with k
be realized as subalgebras in Vect(M, P), where P is a one
(Morphisms in this category are homomorphisms of the Li

generators that may
-dimensional bundle.

in 4,. We introduce a countable number of independent variables @’
=U, L, 2,..., and define the operator 9 in Cl¢’] by the formula

k—1 oo . a
2=% Y ¢

S —. 2

J=1i=1 5(0?—1 2

The operator @ may be interpreted as a linear vector field on an infinite-

dimensional space M with coordinates /. Suppose that P js a one-dimensional

bundle generated by the field 2. We denote by by the Lie algebra generated by
the k vector fields

D, 009, ..., 05 9.

By ‘constructian, b, is an object of the category A4,.

If b is another object of
Ay generated by the fields

501 é:la M) ék—l E.VCCt(M’ ﬁ),

then there will exist a homomorphism 1: be — b that carries 2 into ¢ and ¢} 2
into {2, 1<i<k—1.1In fact, we need only verify that for any Lie polynomial
L(x,, ..., x.), it follows from the equality L(2, 942, . . ., ®67'9) =0 that
Lo, ..., &_)=0. It may be assumed that, in appropriate coordinates
(Xo, X1, ...) on M, the bundle P is locally rectified and is generated by the field
o =0/0x,. (We will not g0 into the details of the theory of vector fields on
infinite-dimensional manifolds, since this is not essential to the purely algebraic
discussions that follow.) Then the fields ¢; assume the form $i =,0/0x,, where
i are certain smooth functions on A7, The field L(&,, . . ., $e— 1) may be written

in the form
oy, ayk-l a’”}’k—l 0
P R Hr e £ ol | —, .
(y b e % oxg ) ox,

where P is a polynomial. At the same time, (2, ©9,..., ®5~'92) may be
written in the form

P(¢(l)""?(pg_l9¢}""’(pllc—l""’¢fn—l)g'

By hypothesis, this expression must equal 0, whence P = 0, and the assertion
proved. Thereby we have also proved the universality of by.
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ppose that %, is the category of Lie algebras with k generators in
¢ identity T, = 0 is satisfied. We will call the objects &, Lie T,-algebras.
19 also a universal object in this category, which we denote by G,. It is the
it algebra of a free algebra with k generators in each ideal generated by
its of the form T,(x,, x,, X3, X4; ).
lgebras b, and G, share a number of features (cf. Theorems 1-4 below),
hich lead us to the hypothesis that they might be isomorphic. More precisely,
@ suppose that the canonical epimorphism n: 6, — b, which exists by virtue
of the definition of ®,, is in fact an isomorphism. The results presented in
8ection 1 may be considered to be indirect confirmation of this hypothesis.
The algebras of vector fields on manifolds are differentiation algebras of the
~ gommutative associative algebras of functions on these manifolds. We begin our
ftudy of ®, by constructing for it a commutative associative algebra
A(®,) = End(®,) (by analogy with the algebras of vector fields) such that G,
acts on the algebra A(®,) by means of differentiations, and moreover, the
mapping ®, — Der 4(®,) specified by this action is a morphism of A(®,)-
modules.

In Section 2 we present a “free algebra theorem” for the Lie algebras b,
which may be considered an analog of the well-known Shirshov theorem [6] on
the subalgebras of a free Lie algebra.

Proofs of these results are given in Section 3.

1.

Statement of fundamental results

The following fact will guide our discussion in the construction of the algebra
A(®,).

If x; = x;(t) d/dt, y = y(f) d/dt are the elements of Vect(R'), then it may be
verified directly that

Xy Xz Xj
. —_ ’ . .
Ts(xy, X3, X35 9) = —2|x7 X5 X3y 3)
n n ”
X1 X2 X3

This means that the operator
a(x,, x,, x3) = Alt(ad x, ad x, ad x;)

is an operator for multiplication by a function in Vect(R").

Theorem 1. For any Lie T,-algebra ®, the operators a(x,, x,,x;), x; € ®,
generate a commutative subalgebra A(®) in End(®).
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The following lemma reveals to some extent the structure of the subalgebra and (
A(®) in the case ® =,. '
Lemma 1. The quotient field B(Y,) of the algebra A(b,) consists of all rational T
functions of ¢}, 1 <j<k—1;i=0,1,.... heoF
specif.
Proof. Suppose that a e A(h,) is such that D(a) #0 (for example, A(6)
a=a(2, 0 9D, ¢'9)). Then A
$
. (@1D)(a) = ¢’i(2(a)) € A(by). posse:
Hence linear
¢} = (91D@)D(@)) ~ € B(by). | | Theor
' § aeA
Theorem 2. Suppose that ® is a Lie T,-algebra and that ¢ €® and .
a, a,, a, € A(®). Then:
(1) [ad ¢, a] € A(6), Note

(2) [ad &, aya;] =[ad &, a)]a, + a[ad ¢, a,).

Thus, the action of & on A(®) may be determined by the formula
¢(a) =[ad ¢, ] “4

and the action operators will constitute differentiations of the algebra A(®). In
the case ® = Vect(R?), this action coincides with the ordinary action of vector
fields on functions.

Suppose that 4 is an arbitrary commutative algebra, and that Der 4 is the'Lie
differentiation algebra of A4. Clearly, Der A is an 4-module relative to the
operation

(ad)b =a ° £(b). ©)

We suppose that p = Det 4 is simultaneously a Lie subalgebra and an A4-
submodule. We will call p an A-subalgebra. Then for &, n € p, a, b € A, we have
the following equalities:

¢(a)n =[ad ¢, aln,
[ag, bn] = a&(b)n — bn(a)¢ + ab[¢, n.

In fact,
[ad &, aln = ad &(an) — a ad &(n) = [&, an] — al&, n] = Ean — an& — al, 1]
= &am + atn —ané — al&, n] = &(a)n,
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(7) follows from (6):
[, bn] = ad &(bn) =[ad &, BJn + b ad &(n) = &(®)n + blE, 7).

porem 3. For any Lie T,-algebra ®, the mapping of ® into Det A(®)
specified by (4) is a morphism of A(®)-modules, so that its image p is an
A(®)-subalgebra in Der A(G).

As a module over an algebra of functions, the Lie algebra Vect(M, P)

possesses yet another property. That is, any two elements of Vect(M, P) are
linearly dependent over an algebra of functions.

Theorem 4. Suppose that G is a Lie T a-algebra. For any &, ne® and any
a € A(G),

&(am =n(a)t. (8)
Note that (8) is self-evident for ¥, : k

P(9)2(@)Q(0)2 = Q(9)2(a)P(¢)2.

2. Free algebra theorem

The fundamental result of the present section is the following assertion.

Theorem 5.  Any subalgebra in b, generated by two linearly independent elements
is isomorphic to ,.

Proof. Suppose that the subalgebra b = by, is generated by the elements P(p)2
and Q(¢)9, where

¢ =(Pos---, 06" 0k,

and that the polynomials P and Q are linearly independent. Our goal is to prove
that the mapping y: b, > b, which exists by virtue of the universality of b,,
possesses the property that Kert = {0}. Let us represent t in the form of a
composition of two mappings. For this purpose, we consider the Lie algebra 6

of expressions of the form R(¢)92, where R is a rational function with a natural
law of commutativity:

[Ri(9)2, R,(9)2] = (R, 2R, — R,2R\)9.

Suppose that 7, is a homomorphism of b, into ® that carries 2 into 2 and 0D
into S(¢)2, where S(¢) is not a constant function.
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Lemma 2. Ker 1, ={0}.

Proof. Suppose that L(x,, x,) is a Lie polynomial that does not vanish under
the substitution x, = 92, x, = ¢42. Then

L(@’ (0(1)9) =PL(<0(1)’ (P}, LI ) (P}v)g,

where P, is some polynomial. Therefore,

L(@, S((P)@) = PL(‘/’O, R l/lN).@,

where V, = 9*S.

It remains for us to verify the algebraic independence of the variables
Yo, . . ., Yu. For this purpose, we arrange the variables ¢’ so that the effect of
9 is to increase the ordinal number of the variable. (Lexicographic ordering, for
example, would be appropriate.) Suppose that n(S) is the greatest ordinal
number such that 6S/d¢, # 0. Then

n(Yo) =n(S) <n(y,) <---

<n(Yy).

Now let us consider the homomorphism 7, of the algebra 1,(f),) into & that
carries elements of 2 and S92 into P2 and PSP, respectively. The existence of
7, is guaranteed by Lemma 2 and the universality of ,.

Lemma 3. If P #0, then Ker 7, = {0}.

The proof of the lemma is similar to the preceding proof. If

L(@’ S@) =PL(¢09 R} WN)*@a

then

L(PD, PSD) = P, (b,, . . ., 05)PD,

where 6, = (P(¢)2)*S. The algebraic independence of the variables 6,, . .., 0y
may be verified as above. The lemma is proved.

The assertion of the theorem follows from Lemmas 2 and 3 if we set S = Q/P,
By means of Theorems 1-5, we may find numerous subalgebras in &, tha
are isomorphic to b,.

Lemma 4. Ifa e A(®,) so that n(a) # 0, then the subalgebra b,,, in ®, generat
by &; and ay, is isomorphic to the Lie algebra b,.
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‘Under the canonical homomorphism 7: G, —§,,

ba,i
‘t/ \7[
b, < n(b,,;)

der

¢ algebra b,, is mapped onto the algebra n(b,;) that is generated by the
aearly independent elements ¢}~ !9, n(a)pi~'P, and consequently, by Theo-
rem 5, the Lie algebra n(b,,) is isomorphic to the Lie algebra b,. Since ¢ isa
differentiation of the algebra A(6,), and since the commutative algebra

B(bz) = C[(Po, Prs--s Py, - - ]

dles

t of Is mapped homomorphically into 4(G,),

for

mal Yo—a,. .. ’(Pn_’é;l(a%
850 that A(h,) >, A(b,;), then the mapping of generators t: 2 — ¢, 9,2 — aé,
is continued to a homomorphism of the Lie algebra , onto b,;.

All three mappings 7, 7, and ¢ carry generators into generators, and conse-
hat quently o o m o 7 = id, and also 7 is an isomorphism of the Lie algebras b, and
R of b,,. The lemma is proved.

From this lemma we obtain the following assertion.

Corollary. To prove the isomorphism between &, and b,, it is necessary and
sufficient to prove that ®, is canonically isomorphic to two of its own subalgebras,
namely those that are generated by &, [¢,, &,] and &), [[£,, &,]E,), respectively.

The necessity follows from Theorem 5; and sufficiency, from Lemma 4,

applied to
a= a(éla 52: [él > 62]) v
’ BN
3. Proofs of Theorems 1-4
\/P i To avoid cumbersome notation, we will denote alternation by the index of the
:hai ' sum of products of operators of type and ¢, omitting the symbols Alt and ad,
’ i.e., the notation &, &,né; will denote the operator
red Alte(ad & ad & ad 1 ad &), & &[1E1Q) = Alt(ad &, ad & adln, &)

= Altg [£1[&20[ng510).
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To prove Lemma 1, we will require an equivalent form of the identity 7, =0
which is of independent interest.

Proposition 1. The identity
T,=0
<0888 —28,6m8=0
O To(, &1, &, &35 0) = M€ &85 — Eandads + Ei&ams — 616285m(0)-

Using Jacobi’s identity and anticommutativity, we insert n at the rightmost
position, replacing {:

—&,&8n(0) = 1828580,
& EanE3(D) = & &m0 + £16285n(D)
= (£182085 — &880
—En&E Q) = —&illn, £1610) — &1828n(0)
=(—&L& 8+ 68:80Mm).

In this case and in what follows, we express # at once in terms of two variables,
since &, and &, are alternating, while the other two terms are reduced:

& &E5(0) = [&118:18:(0) + &8s (D)
= [[[n&,11E:10) + &[n&: 1810 + &1 &anés (@)
= (=C&EE + ELEE + 688 — 81680

Adding together these equalities, term by term, yields the desired formula.

Corollary. In a Lie T,-algebra, EEmE il =0,
a 0='161526354=2f|€2ﬂ€3€4~ (10)

Now let us prove Theorem 1. In accordance with our stipulations about
notation, the commutator of the two operators a(¢,, &, &) and a(n,, 12, n3) has
- the form ’

&8 8smmans — M3 &16285.

Let us consider “randomizing” permutations of this expression, that is, opera-
tors that may be constructed by alternating the two triples of elements

ad ¢,,ad &,,ad &, and adn,,adn,, adn;
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which an alternation occurs. It is easier to prove that all these
Jual to zero simultaneously than to prove that just the first one

‘ gﬂ"lfs"z"s—ﬂlnzfﬂsfzés
18aM M2 &ans — mny &, Eans &y
SreaMimans S — mn 6 &y,
51’115253'72’13"'1151’12’135253
Sim&analans — mEmanséy
alﬂlfzﬂzﬂsfa_’7151’126263’13
51'71'125263']3—’115152'12’7353
clﬂlﬂzfz’hfs_’115162772‘:3’73
fl'll’?zﬂsfzfa"’11515253'12’73

Like identities (9) and (10), the identity T, =0 yields a linear dependence
between them:

I+1IV=0

st

since & &,83mimans = 2¢,, &, mn2&sns (identity (9),
written for #,, 7,, 115, &) =2 O &i1&almn,)esns =
MM &8am; (identity (9) for'¢,, &, &, [y, n,]) and
analogously n,n,1:¢,&,&, = &i&ammans &,
I-2-1I=0, Since & &:&3m,m,m; = 2¢, Eamnaésns
1 —2-VII=0, since
&i1&&smnan, = Q Silmmalmnans =2 ? Eimnalé8sns
= 28imn28,85m5 (identity (9) for ny, 1y, 13, [&,, &)

- 1=1I=0, since I =11+ I — IV =0 (T4(&5, 1y, 12, 7155 . . .) =0)
2-II+X=0, since 2¢,&,n,&3m,13 = m&1&2¢3m2m5 (identity (9) for
&, 6, &,m)
] 12-1-vV=0, since [ —II4+V+X=0 (Ty(¢,, &, &, m5. . )
0) IV-2-1IX=0, since &, &oniMans€s = 28, myEons s (identity (9) for
'7!, ’12, ’13, 62) ks
ut | 6-1—VI=0 since I — I+ 111 +V — VI + VIII = 0

as . (T4(521 63, nh ’129 L ) =0)

I-1=VII=0, since IV — VII + IX — X =0 (T,(n;, &, 15, 15) = 0)
: Identity (10) yields one more linear equation independent of the preceding
PV cquations:
: O0=II-II-VIH-VII=G-i-1-)I=-2I
Hence the assertion of Theorem 1 follows.
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Proof of Theorem 2. Let us prove that

(ad &, a(ny, 12, 13)] = a((&, m], 12, 1) + a(ny, [€, m2) 13) + alny, 1o, [E, msD). - (11)

In fact,

SMiMafs — MmNz & = Enimatts — myEmans + 01 8nans — muna&ns + minaéns — nimonsé
=&, mInans + ml&, nalns + minalE, ns).

Here alternation occurs with respect to #,, #,, ;. But if we group the terms
containing

[éa ’71]’ [5, ’12]9 [é, '13]

we obtain (11), and consequently, Assertion 1 of Theorem 2 for the generators
of the algebra 4(®). Assertion 2 is a corollary of the fact that the commutator
is differentiation. In our case,

[ad &, a,a,] = ad éa,a, — a,a,ad &

=ad éa,a, — a,'ad ta, +a, ad éa, — aa,ad €&

- =lad ¢, a]a, + ay[ad &, ay].

Hence Assertion 1 follows for an arbitrary a € A(®). To prove Theorem 3, it is
necessary and sufficient to prove that Equation (5) is satisfied for the Lie
T,-algebra ® and both the algebras A(®) = End ® defined in Section 1 and the
action of ® on A(®); that is, to prove that

a(@)(b) = at(b)
for £ € ®, a, b € A(®) under the condition that
{(@)=[ad ¢, d].
It is sufficient to verify this fact for a = a({,, {,, {;):
[ad a($), b] = [ad[(, [L,[C5, €M1, 6] (since ad[¢, #] =[ad &, ad n])
= [[ad {,[ad {,[ad {5, ad £]]], 4]
= (6105458, B] — [6,8,805, B] — [£480,85, B] +[€01 8205, B
= alad &, b] + [L1[L,¢145, b].

$@=[ad & al =& {00 —000GE—TE ¢, 6, 6)
= 0800 — LGEG =L, G)E € A(6),
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quently commutes with b € 4(®) = [ad a({), b] = d[ad ¢, b]. Theo-

pf Theorem 4. For this proof, we will use only the equality
‘ &a) = LIELI
10, a =a((,, (. {5) € AG).

&@n = LIELIs ()
y Jacobi’s identity, and also
= LIIEGIG1m) + LG IEG)m)
= — LG 0(0) + LGN ©)
= (GnGals — LN = LNk

= n(a)¢.
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