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Abstract

This thesis is a contribution to arithmetic combinatorics. We present the Green-Tao
method and the Green-Tao-Ziegler theorem concerning asymptotics for linear configura-
tions of primes. Then we show extensions of our own to this theorem: first to some family
of quadratic configurations, and secondly to configurations with unbounded coefficients.
As a result, we are able to provide an asymptotic for configurations of primes inside the
set of shifted squarefree numbers.

We then leave integers and move to vector spaces over finite fields. In this context,
we prove a bidirectional additive smoothing result for sets of pairs P C F; x F;. This
is a bilinear version of Bogolyubov’s theorem. We then equip these vector spaces with
a multiplicative structure, that is, we consider polynomial rings over finite fields. Using
the Croot-Lev-Pach method, we show that sets of polynomials of degree less than n that
contain no nontrivial solution to a given polynomial equation (of some specific type) is
exponentially small.

Finally, we seek to apply the Green-Tao method on polynomial rings, with the intention
of deriving asymptotics for configurations of irreducible polynomials. To this aim, we bound

correlations of the Mobius function with linear and quadratic phases.
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Chapter 1
Introduction

One central topic in arithmetic combinatorics is the study of combinatorial structures inside
large subsets of the integers or other abelian groups. Remarkably, certain structures occur
almost inevitably. Szemerédi’s theorem [82] from 1975, which we now state, is archetypical
of this theme. Let [N] = {1,..., N}.

Theorem 1.1. Any set A C N satisfying imsupy_, | w > 0 contains arbitrarily long

nontrivial arithmetic progressions.

The first meaningful case, the case of arithmetic progressions of length three (3-APs),
had already been known since Roth [75].

A set A that satisfies the hypothesis of Theorem 1.1 is called dense, while sets that do
not are called sparse. Erdés conjectured that the set of primes, a sparse set, contains
arbitrarily long arithmetic progressions as well. Green and Tao famously proved this

conjecture.

Theorem 1.2. The set of primes contains arbitrarily long arithmetic progressions. In
fact, the number of arithmetic progressions of length k among the primes smaller than N

. . 2
18 asymptotic to C’“logTN for some constant ¢ > 0.

The first part of the statement is the main result of [44]. The second part follows from
[45] combined with later inputs [47, 48] by Green, Tao and Ziegler.

To pass from Theorem 1.1 to Theorem 1.2, Green and Tao devised the transference
principle. The basic philosophy of the transference principle is that a dense subset S
of a large but sparse random-looking subset X C [N] of the integers satisfies the same

asymptotics for linear configurations as a dense subset S’ C [N] of the integers. A theorem

2



CHAPTER 1. INTRODUCTION

of this type was first proven by Kohayakawa, Luczak and Rédl [57], who found that almost
surely, any dense subset of a sparse random set contains a 3-term arithmetic progression.
Green and Tao’s idea was to show that, in a way, primes are “pseudorandom”, that is,
they have a lot in common with typical random sets. For a state-of-the-art survey on the
transference principle, see [22].

It turns out to be natural not to focus on arithmetic progressions, but instead to consider
general linear configurations of primes, that is, tuples of the form (¢4 (n),...,¥(n)) for
n € Z% and a given system ¥ = (¢, ..., 1) of linear forms with integer coefficients, as we
do in the sequel.

In the next section, we discuss heuristics concerning configurations of primes (also
known as prime tuples) and state a more general version of Theorem 1.2. We then provide

an overview of the thesis chapter by chapter.

1.1 Probabilistic heuristics about prime tuples

The prime number theorem says that the number of primes smaller than x is asymptotic, as
x tends to infinity, to 2/ logz. We can express it more conveniently using the von Mangoldt
function A, which is defined on the set N of natural numbers by setting A(n) = logp if n
is a power of a prime p and A(n) = 0 otherwise. The prime number theorem then states
that the average of the von Mangoldt function on [1, z] tends to 1 as x tends to co.

The prime number theorem can be reinterpreted as saying that when picking an integer
in an interval near x (say [z, 2z)) uniformly at random, the selected number will be a prime

with probability roughly 1/logz. We write

1
log z’

P~z (n is a prime) ~

where P,~, denotes the proportion of integers n € [z,2x) that satisfy a given property,
and a(z) ~ b(x) means that a is asymptotic to b, that is, a/b tends to 1 as x tends to +oo.
When we condition on n being coprime to a fixed prime p, we increase the probability by

a factor p/p(p), where ¢ is Euler’s function (in particular ¢(p) = p — 1), because

P~z (n is a prime) p 1
Pora((n,p) =1)  @(p) loga

an(n is a prime|(n,p) = 1) =

Moreover these biases are multiplicative: if one knows that an integer n ~ x is coprime to



1.1. PROBABILISTIC HEURISTICS ABOUT PRIME TUPLES

both primes p # ¢, one should update one’s estimate of the probability that n is prime by
a factor pq/¢(pq) = (p/¢(p))(q/¥(q)). On the other hand, if one knows that an integer
n & x is divisible by some fixed prime p, one should update its probability of being prime

to 0, because if x is large enough (z > p), no prime in [z, 2z) is divisible by p.

Now fix two positive integers a,b. What is P,,~,(an + b is prime)? A first guess (prior,
in Bayesian statistical terms) is 1/ log z, since when n ~ x, we have an+b € [ax+b, 2ax+D)
and on this interval, the probability of being a prime is approximately 1/log(ax) ~ 1/logx.
However, an + b is not any number in [az + b, 2ax + b). For instance, if a prime p divides
a but not b, we know that an + b is coprime to p. So we should multiply our estimate by
p/(p) for each prime p that divides a and not b. If a prime p divides both a and b, then
an+b cannot be prime and we should multiply our estimate by 0. Being of the form an+0b
does not seem to include any other useful information for our estimate. So we might guess
that

1 p
Py~w(an + b is prime) ~ —— | | == 1@p.0)=1 (1.1)
log g olp) "
or, in terms of the von Mangoldt function, E,~,A(an +b) ~ [],, ﬁl(pvb)zl. Here we

denoted by E the averaging operator, thus E, -, = % Zne[zm) f(n). For simplicity, for any
integer ¢, we introduce the local von Mangoldt function Az, defined on Z or Z/qZ by

q
Az/qz(b) = 2@ Ligp)=1- (1.2)

e(q
Observe that Az depends only on the radical of ¢, defined by rad(q) = Hp| D

In fact, equation (1.1) is true, and it is the content of the prime number theorem in
arithmetic progressions; in other words, if a and b are fixed and coprime, then the number
a X

of integers n ~ x such that an + b is prime is asymptotic to 2@

(@) Tog7 In particular, this

asymptotic (and so the probability (1.1)) does not depend on b, as long as (a,b) = 1.

Before making this precise, we pause to introduce some standard notation. We write
X = O(Y) to say that the quantity |X| is bounded by a constant times |Y|. Equivalently,
we may write X < Y or X > Y or Y = Q(X). We may add subscripts to indicate
on which parameters the implied constant depends. The notation X = o(Y’) means that

| X]/|Y| tends to 0 when the asymptotic parameter tends to infinity.

In fact, the asymptotic (1.1) still holds if @ and b are not fixed but satisfy a = O(log” z)
and b = O(zlog”z) for some A > 0; in that regime, the Siegel-Walfisz theorem [55,

4



CHAPTER 1. INTRODUCTION

Equation (17.3)] precisely states that

En~rAlan +b) = [ [ Azypz(b) + Oallog™ z). (1.3)

pla

More generally, fix a tuple (we shall call it a system) U = (¢y,...,9;) : Z — Z! of
affine-linear forms with positive integer coefficients. These coefficients may even depend
on the asymptotic parameter x. Note that in the present chapter and the next one, we
use bold characters to denote tuples of integers, in order to distinguish them from mere

integers. One can then ask for

~

Ppre (U(n) is prime)

where n ~ z means that n = (ny,---,ny) lies in [z,22)¢, and the vector ¥(n) is said to
be prime if all its coordinates are. Given that each 1;(n) has size O(z), a first, naive guess

assuming that the variables v;(n) are pairwise independent, is that

1
(logz)"”

Pp~e (VU(n) is prime) ~
The prime number theorem in arithmetic progressions might lead one to suspect that this
crude guess only needs to be updated by the biases induced by primes to be true. To
understand how much the prime p affects the prior, one needs to reduce the system W
modulo p and consider how often the tuple (¢4 (n),- -+ ,¢;(n)) € (Z/pZ)" has no vanishing

coordinate. This gives rise to the local factor
t
ﬁp = Bp(\p) = IEae(Z/pZ)"l H AZ/pZ(wi(a))a (1'4)
i=1

which quantifies the bias induced by the prime p. Note that 3, is the ratio between the
actual probability E,c(z/pz szl L(y;(a),p)=1 that each of the values v;(a) is coprime to
p when a ranges (uniformly) over (Z/pZ)?, and the probability (¢(p)/p)’ that each of ¢

independent uniform variables on Z/pZ is coprime to p.

Supposing the biases are again multiplicative, one is thus led to the (generalised) Hardy-

bt



1.2. A HIGHER-DIMENSIONAL SIEGEL-WALFISZ THEOREM

Littlewood conjecture [45, Conjecture 1.2]

Enxe [ [ Ai(0) ~ [] 8o (1.5)

i=1

which is the multivariate analogue of the original Hardy-Littlewood conjecture [49]. Un-
der a reasonable linear-algebraic assumption that discards for instance the twin prime

configuration, this is what Green, Tao and Ziegler proved [45].

Theorem 1.3. Let L be a constant and let ¥ = (1, ... 1) 1 Z¢ — 7! be a system of
affine-linear forms such that no two are affinely related. Suppose that the linear coefficients

of the forms have magnitude at most L and that the constant coefficients have magnitude
at most LN. Let K C [—N, N]¢ be a convex body. Then

S T AWm) = B [ 85 + 04 (N9,

nezZinK i=1

where
Boo = Vol(K N U1 (R"))

and B, is as in equation (1.4).

We will discuss this theorem in more depth in Chapter 2, where we will give a more

detailed introduction to the Green-Tao method.

1.2 A higher-dimensional Siegel-Walfisz theorem

Theorem 1.3 presents three important (and related) limitations, which we shall overcome
in Chapter 3. The first concerns the convex body K: for the theorem to be nontrivial,
it needs to be included and dense in [—N, N]¢, that is, Vol(K) > N? To get rid of this
limitation, one would need to replace the error term o(N¢) by o(Vol(K)). The second
one is that the constant coefficients of ¥ are required to be O(N), and the third one is
that the linear coefficients have to be bounded. We shall say that a system satisfying the
latter condition is bounded; otherwise, it is called unbounded. In view of the Siegel-Walfisz
theorem, that is, equation (2.2), it is natural to believe that the constant coefficients could
be of size O(Nlog®™" N) and the linear ones of size O(log®? N). Then it is natural to

6



CHAPTER 1. INTRODUCTION

consider convex bodies K of volume potentially O(N?log™ oW N ), in order for the forms

¥; to remain O(N) across K.

The second limitation was already overcome by Green and Tao together with Ford and
Konyagin [29], as they showed that the constraint on the constant coefficients can indeed
be relaxed to O(N log®™" N). This relaxed condition recently allowed Tao and Ziegler [89,
Theorem 1.3] to obtain an improvement of the error term o(N?) to o(Vol(K)) in the case
where K = [1, N] x [1, M]?*~! with M > Nlog °W N and ¢;(n) = n;y + Pi(na, ..., n4_1)
for some affine-linear forms Py, ..., P, whose linear coefficients are bounded; this is a first

step towards removing the first limitation.

We now present our result [9, Theorem 1.3], which addresses all the aforementioned
limitations. A system of affine-linear forms is called admissible if no two forms are affinely

related and none of the local factors f, (introduced in equation (1.4)) vanish.

Theorem 1.4. Let d,t be positive integers. Assume that U = (¢y,... 1) : Z¢ — 7t
1s an admissible system of affine-linear forms. Suppose that the constant coefficients are
O(N 1og®M N) while the linear coefficients are O(log®Y N). Finally let K C [-N, N]% be
a convex body satisfying Vol(K) > N%log ®V N and ¥(K) C R’,. Then

> [T AWm)) = Vol(x) [T (1 + o(1))

nezZinkK =1

Still in Chapter 3, we will show how Theorem 1.4 can be applied to extend Theorem 1.3
in yet another direction, namely to cover linear configurations inside specific subsets of the
primes. More precisely, we derive asymptotics for the count of linear configurations within
the primes p such that p — 1 is squarefree. Let F(n) = A(n + 1)u*(n), where p? is the

indicator function of the squarefree integers.

Theorem 1.5. Let ¥ : Z% — 7! be an admissible system of affine-linear forms and let
K C [-N, N)¢ be a convex body. Suppose that the linear coefficients are O(1), the constants
ones are O(N) and that U(K) C RY.. Then there exists a constant C(V) (possibly equal to
0) such that

> [ F@im)) = C(¥)Vol(K) + o(N4).

ne KNZ% i€(t]



1.3. POLYNOMIAL CONFIGURATIONS IN THE PRIMES

1.3 Polynomial configurations in the primes

In the previous section, we saw that the arithmetic progressions of primes in Theorem 1.2
can in fact be located inside the set of shifted squarefree numbers. It is interesting to ask
whether one can force the common difference of the progression to lie in a special set of
integers, too. A special case of a theorem of Tao and Ziegler [88] states that the primes
contain arbitrarily long arithmetic progressions whose common difference is a square. This

amounts to the investigation of prime tuples inside the set

{(n,n+d* ....,n+ (k—1)d* | (n,d) € Z*}. (1.6)

They were able to obtain a lower bound of the expected order of magnitude for the

number of such configurations, but not an asymptotic (at that time).

To get an asymptotic, it is natural to increase the number of variables. Adding a degree

of freedom to the set (1.6), we consider
{(a,a+b*+c,...;a+ (k—1)*+ )| (a,b,c) € Z*}, (1.7)

the set of arithmetic progressions whose common difference is a sum of two squares.

In Chapter 4, we derive an asymptotic for the number of prime tuples inside (1.7),
counted with multiplicity; that is, each arithmetic progression is counted as many times
as the common difference is represented as a sum of two squares. This amounts to an

extension of Theorem 1.3 to the case of a polynomial system W, which we now state.
Theorem 1.6. Let k > 1 be an integer and
L={(a,bc)eR*|1<a<a+(k—1)(b*+*) <N}
Let W = (g, -+ ,¥p_1) € Zla,b, c]k be the polynomial system defined by
wi(aa b, C) =a+ Z(bQ + 62)‘

Then
> J[Awim) = B [ ] B + o(N?)

neZ3NL =0

8



CHAPTER 1. INTRODUCTION

with Be = Vol(L) and

k—1

By = Ene(z/pzys H Az pz(¥i(m)).

=0
This result is a special case of a much more general one (Theorem 4.1) that we will
state and prove in Chapter 4.
In the next two sections, we abandon the specific topic of patterns in the primes to
return to the general combinatorial topic of patterns in dense sets illustrated by Theo-
rem 1.1. However, we will replace the set of integers N by a popular and useful model,

namely vector spaces over finite fields.

1.4 Bilinear structures in vector spaces over finite
fields

Vector spaces over finite fields are a particularly interesting frame for arithmetic combi-
natorics. This model arose from the desire to replace natural but untractable problems in
the integers by toy problems retaining most of the flavour of the original, but is now exten-
sively studied in its own right. It basically consists in replacing the set [N] = {1,..., N}
by the group G = [, where one thinks of the prime p as a small constant and N = p" as
tending to infinity. The appeal of this so-called finite field model resides in the abundant
supply of substructures in the group G = F}. Indeed, G has many subgroups, that is,
subspaces. Given the importance of the density increment method in arithmetic combina-
torics, an iterative method that progressively zooms in on substructures, one can imagine
how convenient this model is. For more details on the model, see [38, 93].

A prime example of an additive combinatorial result in vector spaces is Meshulam’s
theorem [70], that is, Roth’s theorem in Fj. While Roth’s original proof used arithmetic
progressions as substructures of [N] for the density increment strategy, Meshulam showed
the argument was cleaner in [F§ with subspaces in place of arithmetic progressions, and ob-
tained better bounds, namely N/log N instead of N/loglog N in the integers. Meshulam’s
paper inspired researchers to try to achieve a similar bound in the integers [16, 77, 14].

Another related problem which benefited from translation to the vector space setting
was the so-called corner problem. Posed by Erdés [28] (and Graham), it was first solved
by Ajtai and Szemerédi [1]. It consists in proving that if a set A C [N] x [N] contains
no three points of the form (x,y), (x + d,y), (x,y + d) with d > 0, then it must have size
o(N?), and in making the decay rate explicit. The distinctive feature of this problem, which

9



1.4. BILINEAR STRUCTURES IN VECTOR SPACES OVER FINITE FIELDS

occurs again in the result discussed in this section, is its bidirectional structure: there is a
horizontal direction and a vertical direction. It was brilliantly exploited by Shkredov [80],
who was the first to provide an explicit decay rate. His ideas are also fruitful in the vector
space setting, as shown by Green [40, 38].

Additive smoothing, which will be the core topic of Chapter 5, is a further topic of
additive combinatorics that translates well to the vector space setting. The idea is that
however “rough” or unstructured a set A C [N] may be, by considering the set of sums or
differences of sufficiently many elements of A, one obtains a set that inevitably contains
various large structures. A good example is Bogolyubov’s theorem [15], originally formu-
lated in the integers, which we now state in the finite field setting [38]. We fix a prime p.

The density of a subset A C F) =V is the quantity o = l'—é“.

Theorem 1.7 (Bogolyubov). If A CV is a set of density a > 0, then the sumset
A+A—A—A={atay—az—ay|(ar,...,a4) € A*}

contains a vector subspace of codimension c(a) = O(a™?).

The notation A+ A — A — A is often abbreviated as 24 — 2A. The (simple) proof of
Theorem 1.7 will be provided in Chapter 5. We state, without proof, a deep improvement

of the constant c¢(a)) appearing in Theorem 5.1, due to Sanders [78, Theorem 11.1].
Theorem 1.8. We can take c(a) = O(log"* a™') in Theorem 5.1.

One can interprete Bogolyubov’s theorem as the statement that performing a bounded
number of operations A — A + A (indeed two here) is sufficient to essentially close a set
with respect to these operations.

Observe that if A is already a subspace, then the set 24 — 2A = A is a subspace of
codimension log, a~ !, so Sanders’ result is optimal up to the exponent.

We now consider a bilinear version of Theorem 1.7. Given a set P C V x V of pairs
(x,y), a natural smoothing operation one can perform is a vertical or horizontal sum or

difference. More precisely, let

PEP={(z,; %) | (z.0) () € P}

be the set of vertical sums or differences, respectively. Note that the letter V', which stands
for vertical here, is also used to denote the ambient space, but this should not create any

confusion.

10



CHAPTER 1. INTRODUCTION

H
Then similarly define P £+ P the set of horizontal sums or difference. We denote by ¢y

the operation

PsrpP) i (PYP

and define the operation ¢y similarly. In view of Bogolyubov’s theorem, it is natural to
imagine that performing these operations sufficiently many times, one obtains a large closed
substructure. Now what sets are closed under both horizontal and vertical operations?
Reasonable examples are Cartesian products of vector subspaces as well as zero sets of
bilinear forms. We say a set P C V x V' is a bilinear set of codimensions (r1, 72, 73) if there
exist subspaces W; < V, W5 < V of codimension 7, ry, respectively, and bilinear forms

Qla SR Q’I"g on W1 X W2 such that

P = {(:zc,y) e Wy x Wy | Q1($,y) = :QT3(17,?J) = 0}

We show that sets of this form inevitably appear when iterating the operations ¢y and

bn-

Theorem 1.9. For any § > 0, there exists a constant c(d) > 0 such that the following
holds. Let P C V x V have density 6. Let P' = ¢yopyou(P). Then P’ contains a
bilinear set of codimensions (ry,re,r3) where max(ry,r,73) < ¢(0). Moreover, c¢(§) =
O(exp(exp(exp(log?t 1/6)))).

It is reasonable to imagine that, like in the linear case, the bound on the codimensions

should be polylogarithmic, whence the following conjecture.
Conjecture 1.10. In Theorem 1.9, one can take ¢(8) = O(log®™® §71).

We call this statement the polylogarithmic bilinear Bogolyubov conjecture. We give
some evidence for it in Chapter 5. We will rely on it in Chapter 7 in order to prove a
number-theoretic result in function fields.

The next section precisely introduces function fields from the arithmetic combinatorial

viewpoint, and describes the content of Chapter 6.

1.5 Polynomial equations in function fields

As observed in the previous section, problems about linear equations or linear structures in

sets of integers can be conveniently phrased in the context of vector spaces over finite fields.
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1.5. POLYNOMIAL EQUATIONS IN FUNCTION FIELDS

In this chapter, we will consider more general polynomial equations in the vector space
model. As an example, let us mention Sarkézy’s theorem [79]. Originally formulated in
the integers, it states that if A C Z is a dense set of integers, it must contain two elements
a # b whose difference is a perfect square. We can rephrase this problem in the realm of
vector spaces over finite fields, if we view a vector f = (fo,..., fa—1) € F} as the vector
of coefficients of the polynomial Z?:_Ol fit" in the ring F,[¢]. The operation of squaring a
polynomial then corresponds to a polynomial map Fj — F2*~!. We will refer to F,t] as a
function field, although it is really a polynomial ring.

Until recently, the methods devised to tackle arithmetic-combinatorial questions in
vector spaces or function fields were mostly Fourier-analytic and inspired by the solutions
given to the original problems in the integers. Consequently, the best upper bounds known
for subsets of I} free of certain given configurations often looked similar to their coun-
terparts in Z. This is no longer the case: the algebraic method of Croot-Lev-Pach [24],
exploited by Ellenberg-Gijswijt [26], brought the maximal size of a progression-free set in
F% down to N¢ = 3" for some constant ¢ < 1. In contrast, in the set of integers up to IV,
progression-free sets of size N'7°) are known [5]. This method proved relevant in function
fields too, where it allowed Green to considerably lower the bound in Sarkdzy’s theorem
[42].

In Chapter 6, we present the method of Croot-Lev-Pach, alongside a new application
[11], and a discussion of its limits. We now give a precise statement of the main theorem
of Chapter 6. We fix a prime power ¢ and write G, ,, for the set of polynomials of degree

strictly less than n over F,, so that |G, ,| = ¢".

Theorem 1.11. Letr, k and d be integers satisfying k > 2r2+1. Suppose that ai, . .., a; are
polynomials over Fy of degree at most d satisfying Zle a; = 0. Then there exist constants
0<c(r,q) <1 and C = C(d,r,q) such that any A C G, satisfying |A| > kCq*" "™ must

contain a nontrivial solution to the equation

k
> afl =0,
i=1
that is, there exists a solution (f1, fa, ..., fs) € A% which is not of the form (f, f,..., f)

for any f € A.

In the next section, we combine our interest in configurations of primes (studied in the

first three sections) and in finite fields analogues (studied in the last two sections) as we

12



CHAPTER 1. INTRODUCTION

discuss configurations of irreducible polynomials over F,[¢].

1.6 Uniformity of the Mobius function on polynomial
rings

Just like the ring Z, the ring F,[¢] is euclidean, and hence a unique factorisation domain.
The study of irreducible polynomials is thus analogous to the study of prime numbers.

The interval Iy = {z € N |z < N} is analogous to the space G, of polynomials over
IF, of degree less than n. Thinking of |n| as the cardinality of the quotient ring Z/nZ, one is
lead to write | f| = |F,[t]/(f)| = ¢%¢7. Then G,,, = {f € F,[t] | |f| < ¢"}, which underlines
the analogy to the interval Iy. Thus N corresponds to the cardinality |Gy,| = ¢", and the
degree n to the logarithm log N. The two units 1 of Z correspond to the set F; of units
of F,[t], and accordingly positive integers correspond to monic polynomials.

The prime number theorem has an analogue [74] that says that the number of monic
irreducibles of degree n is ¢"/n + O(¢"/?/n), where the implied constant depends neither
on ¢ nor n. Now observe that two distinct limit regimes exist: one where the cardinality ¢
tends to infinity while the degree n is fixed, and one where the degree n tends to infinity
while ¢ is fixed. In the first case, a lot is known regarding configurations of irreducibles.
In fact, the analogue of the Hardy-Littlewood prime-tuple conjecture (1.5) is known [4], so
there is little left to do.

In Chapter 7, we focus on the second regime, so we fix a prime power ¢ = p° (for a
prime p and an integer s > 1) and discuss asymptotics when n tends to infinity. Because
of the aforementioned prime number theorem in polynomial rings and of the Ellenberg-
Gijswijt theorem from Section 1.5, we see that any dense (or just not too sparse) subset of
the set of irreducible polynomials of degree n contains a nontrivial three-term arithmetic
progressions.

However, the best known bounds for subsets of F} without any four-term arithmetic
progressions do not allow us to draw a similar conclusion for this configuration. So specific
properties of the set of irreducibles have to be exploited if one wants to prove that it
contains long arithmetic progressions, or other linear configurations. In this vein, Lé [60]

proved the following.

Theorem 1.12. The set of monic irreducible polynomials contains affine subspaces of

arbitrary dimensions.
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1.6. UNIFORMITY OF THE MOBIUS FUNCTION ON POLYNOMIAL RINGS

He did not provide asymptotics for the number of subspaces of dimension k inside the set
of polynomials of degree at most n. As in Section 1.1, we can use probabilistic heuristics
to conjecture these asymptotics. It turns out that the validity of such a conjecture is
essentially equivalent to a non-correlation property of the Mébius function u, the arithmetic
function defined on F[t] by

(f) = (—1)* where k is the number of monic irreducible factors of f, if f is squarefree,
= 0 otherwise.

The required non-correlation property is a bound of the form

> uHX(P() = olq") (1.8)

deg f<n

for any polynomial P in the coefficients fy,..., f,—1 of f = Z?;ol fit', and any additive
character x of F,. Chapter 7 deals with such correlations for polynomials P of degree at

most 2. Here is the result we prove there.

Theorem 1.13. The bound (1.8) holds uniformly in P when P is a linear polynomial or
a Hankel quadratic form, i.e. P(f) = 27];10 aijfifj for some coefficients ay, . .., azn_o.
Under Conjecture 1.10, the bound (1.8) holds uniformly in P when P is any quadratic

polynomial.

We have concluded our overview of the main results of this thesis. The next chapter

contains the necessary background material for the results in Chapters 3 and 4.
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Chapter 2

The Green-Tao method

This chapter contains no original material; it is merely an exposition of the method laid
out by Green and Tao [45], which enabled Green, Tao and Ziegler to prove Theorem 1.3.
Compared to the original exposition, we state the various ingredients in as much generality
as possible in order to prepare the ground for the extensions we prove in the next two
chapters.

This chapter and the next two ones rely on the Appendices A, B and C, where we have

collected and proved a number of facts that are necessary but not really enlightening.

2.1 Statement of the Green-Tao-Ziegler theorem

Let U = (¢1,...,%;) : Z¢* — 7Z! be a system of affine-linear forms. The vital restriction
that we impose is the finite complezity condition [45, Definition 1.5], which we now define.

For an affine-linear form 1, let 4 be its linear part.

Definition 2.1. For A C [t], let V4 be the set of affine forms on Z¢ whose linear part
belongs to span(vy; | i € A). Let i € [t]. The system ¥ is said to be of complezity at most
k at i if there exists a partition of [¢] \ {i} into at most k + 1 parts such that ¢; ¢ V, for
each part A of the partition. It is said to be of complexity at most & if it is of complexity
at most k at any ¢ € [t]. The complexity is the minimum k such that the complexity is at

most k, if there is any such £ € N. Otherwise it is said to be infinite.

Thus W is of finite complexity if and only if no two of the forms are affinely dependent,
i.e. for any 7 # j, the linear parts @Z)Z and ¢j are not proportional. If a system of ¢ forms
is of finite complexity, it is of complexity at most ¢ — 2 as the trivial partition into t — 1

singletons is admissible.
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2.1. STATEMENT OF THE GREEN-TAO-ZIEGLER THEOREM

We give some examples. The system defining an arithmetic progression of length ¢ > 3
is given by v¥;(a,b) = a+ (i — 1)b for i € [t]. It has complexity ¢ — 2 at each ¢ € [t]; indeed,
no two forms are proportional but any two forms span any third one. On the contrary, the
twin prime system ¥ (n) = (n,n + 2) is not of finite complexity; in general, if d = 1 and
t > 1, the system is of infinite complexity.

Let N be an asymptotic parameter. The system W is implicitly allowed to depend on
N.

Definition 2.2. The size of ¥ at scale N is the quantity

oy =3 |22+ X e

ielt] i€lt],j€ld]

where (eq,...,e4) is the canonical basis of R?.

As an example, let us consider the ternary Goldbach system ¥(a,b) = (a,b, N —a —b).
The size |V||y = 1+ 4 =5 is bounded. In general, the chosen normalisation means that
for the system to have bounded size, we need the constant coefficients to be O(N) and the
linear coefficients to be O(1).

We are now ready to state the theorem of Green, Tao and Ziegler [45, Main Theorem]|.

For convenience we extend A to a function on Z by setting A(—n) = 0 for any n € N.

Theorem 2.1. Let L be a constant and ¥ = (1q, ..., ¢;) : Z¢ — 7 be a system of affine-
linear forms of finite complexity. Suppose that |¥||y < L. Let K C [~N, N] be a convex
body. Then t
Z H A(i(n)) = B H Bp + 01, (N?),
nezZinK i=1 p
where
Boo = Vol(K NU~H(RY,))

and B, is as in equation (1.4).

For each prime p, we call 3, the local factor modulo p. It remains to prove that Hp Bp is
convergent, which we proceed to do below. Throughout the thesis, the letter p is reserved
for primes so Hp is a product over primes. A prime p is called exceptional for ¥ (and we
write p € Py) if there exist ¢ # j such that ¢; and 1; are affinely related modulo p. In
particular, if a form ; is a constant modulo p, then p is exceptional. We highlight that

our definition of an exceptional prime is different (less restrictive) than that of Green and
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CHAPTER 2. THE GREEN-TAO METHOD

Tao [45, Theorem D.3]. Even so, only finitely many primes are exceptional for any given

finite complexity system as we prove now.

Lemma 2.2. Let ¥ = (¢y,...,1;) be a finite-complexity system of affine-linear forms.
Then Py is finite.

Proof. 1f ¢; and v; are affinely related modulo p for i # j € [t], then all the 2 x 2-minors of
the matrix (¢k(€g))ke{i7j}7ge[d} are divisible by p. However, at least one of these minors has
to be nonzero because the matrix has rank 2, as the forms v; and 1/}j are not proportional
over Z. Consider one of these nonzero minors. It is divisible by finitely many primes, which

concludes our proof. O
We now check that [], 8, is convergent.

Lemma 2.3. Let UV = (¢1,...,1¢) be a system of affine-linear forms. Then if p is not

exceptional,
Bp=1+ Od,t(p_Q)-

In particular, if W is of finite complexity and no (B, is zero, then the product Hp By s

convergent and nonzero.

Proof. If two forms 1; and ; are not affinely related modulo p, then the probability
as a ranges over (Z/pZ)? that they vanish simultaneously at a is p~2, by elementary
linear algebra (see Proposition A.5). Inclusion-exclusion then yields 8, = 1+ O(p2) for
unexceptional p. For the second part of the lemma, it suffices to note that if ¥ is of finite

complexity, only finitely many primes are exceptional thanks to Lemma 2.2. O

We now show that we can introduce a few additional hypotheses in Theorem 2.1 at no
extra cost. First, upon intersecting K by the half-spaces {n € R? | ¢;(n) > 0}, we can
suppose that B, = Vol(K). In fact, it will be convenient to suppose that 1;(n) > N9/
for all i € [t] (9/10 is arbitrary here). We can see that the set

meKnz:Jiel] ¥i(n)< N1}

contains only O(N?~1/19) elements, and A is bounded by O(log(NL)). So intersecting K by
the half-spaces {n € R? | ¢;(n) > N1°} for i € [t], we can suppose ¥(K) C [NY10 +o00)t.
Besides, prime powers p¥ with k > 2 are so sparse that we can replace A by A’ = 15 log

where P is the set of primes. We still call A’ the von Mangoldt function.
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2.1. STATEMENT OF THE GREEN-TAO-ZIEGLER THEOREM

We will find it convenient to impose on systems of linear forms the following combina-

torial condition that is stronger than that of finite complexity.

Definition 2.3. The system V is in s-normal form at i € [t] if there exists a set J; C [t]\{¢}
of cardinality at most s + 1 such that []; ;. Ui(e;) # 0 whereas for all k € [t] \ {i}, we
have HjeJi @Z}k(ej) = 0. The system V is in s-normal form if it is in s-normal form at each
i€ t].

Besides, we will say that a form (xi,...,x4) — ¥(21,...,24) uses the variable x; if
z/}(el-) # (0. Thus, in a system in normal form, each form 1; uses its own set of variables
that none of the other forms uses completely. We can then split the remaining forms into
|J;| classes by associating to j € J; the set of forms that do not use e;, that is, the forms
Y such that @Z)k(ej) = 0. A form may be covered by several classes, but we can then
arbitrarily select a single one and get a partition.

We will want to reparametrise any system of complexity s to obtain one that is in s-
normal form. We start off with an example. Recall that the system defining an arithmetic
progression of length ¢ > 3, which is given by ¢;(a, b) = a+(i—1)bfor i € [t], has complexity
t —2at each i € [t]. To reparametrise it, let b = z1 + -+ 2, and a = — 37, |, (J — 1)z;.
Then ¢;(a,b) = >_;c4(i — j)z; = dilw1, ..., z¢) uses all variables x; except z;, so setting
J; = [t] \ {i}, we find that the new system ® : Z' — Z' is in (¢ — 2)-normal form.
Besides ®(Z!) = U(Z?). We shall provide an algorithm that “normalises” the system. An
important feature of it is to keep the size of the system under control. We first define

formally what it is we want to construct.

Definition 2.4. Let U : Z? — Z! be a system of affine-linear forms. An extension of ¥
is a system W' : Z%¥ — Z! of affine-linear forms such that ¥(Z?) = ¥(Z%) and ¥ is the
restriction of U’ to Z¢ identified with Z¢ x {0}~

We now prove that any finite complexity system admits a normal form extension of the
same complexity, using not too many variables nor too large coefficients. We essentially
reproduce the statement and the proof of [45, Lemma 4.4], but make the quantitative

dependence precise, which will be useful in Chapter 3.

Proposition 2.4. Let ¥ : Z¢ — 7! be a system of affine-linear forms of complexity
s. Then U admits an s-normal form estension V' : Z¢ — 7' where d = Og4,(1) and
19l = O(IWIR)-
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CHAPTER 2. THE GREEN-TAO METHOD

Proof. We produce an extension which is in s-normal form at i for any given i € [t]; the
proposition follows by iterating the process ¢ times, once for each i € [t].

The system W being of complexity at most s at i, we have a partition [t] \ {i} =
Ukefs1) Ax such that U; & span(i; | j € Ay) for any k € [s + 1]. As a certificate to this
linear independence property, there are vectors fi, ..., for1 in Z? satisfying @ZJZ( fr) # 0 and
V;(fi) = 0if j € Ay Besides, we can take the vectors f; for i € [s 4 1] to be integer valued
and of norm || f;|| = (H\IJHO(l ) (for any norm chosen on R%): indeed, using Cramer’s rule,
these vectors’ coordinates can be taken to be products of determinants of matrices of size
at most d whose coefficients are at most ||¥||y. We then introduce s+1 extra variables that
1; will be the only one to use fully. That is, we define d = d+ s+ 1 and U’ : Z¥ — Z! by
U'(n,my,...,mep1) = VY(n+myfi+-+me1forr) forn € Z4 and (my, ..., me,) € Z°FL
It is clear that U’ is an extension which is in s-normal form at ¢, and that the complexity
has not been increased anywhere else in the process. Thus iterating the procedure proves

the proposition. O

The next proposition shows that the count of W-configurations can be reduced to the

count of W'-configurations.

Proposition 2.5. Let ¥ : Z% — 7! be a system of complezity s and V' : Z% — 7t be
its normal form extension constructed above. Let K C [—N,N]% be a convexr body and
M = |[N/||[W|x]. Then there exists a convex body K' C [—N', N'|* where N' = O(N)
such that Vol(K') = (2M)*~?Vol(K) and for any t functions gi,..., g, : Z — R, we have

M+ Y TJowim) = > [[a@

nezZiNK i€[t] neZd NK'’ i€t]

Proof. Let fqi1,..., fa be the vectors of size bounded by O(||\I/||%(1)) produced by Propo-
sition 2.4, so that

\I]/(naderla"'amd’) = \I/(Il—i— Z mzfz)

i=d+1
The convex body
d/
K= {0, g, ma) € RO [SM M ik 370 mif € K)
i=d+1

satisfies the requirements, thanks to the change of variable r = n + Zj/: a1 Mifi € K for
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2.2. THE W-TRICK

(n,m) € Z¥ N K. O
We can now reduce Theorem 2.1 to the following proposition.

Proposition 2.6. Let L be a constant and U = (,... ;) : Z& — Z' be a system of
affine-linear forms in s-normal form. Suppose that ||V||y < L. Let K C [-N,N]¢ be a
convex body such that W(K) C [N/ +00)t. Then

S T A () = Vol(E) T] B, + 0an (N9, (2.1)

nezZinkK i=1

where B, is as in equation (1.4).

In the next chapter, we will extend Theorem 2.1 to the case where | ¥||y = O(log®® N),

which is why we made the dependence on || V|| y explicit.

2.2 The W-trick

We want to free the von Mangoldt function from the biases induced by small primes, in
order to make it a function of average 1+ o(1) on any congruence class to small modulus.
Such a property of stability of the average upon restriction to rather structured sets like a
congruence class is called uniformity and it is highly desirable; we shall return to it later.
It is clear that the bias p/¢(p) is significant only when p is quite small (say smaller than
some threshold w), so if we remove the bias coming from small primes, we should be left
with a rather uniform function. One then fixes a growth function w(N) = O(loglog N)
and a parameter W divisible by W = Hpgw(N)p = 0(log®V N) and still satisfying W=
O(log°™ N). So W = WQ where Q) = O(logo(l) N). The exact choice of () depends on
the desired application; it may be divisible by higher powers of small primes p < w and
by a few additional larger primes. In Chapter 4, we will want w(N) = O(logloglog N), so
for the sake of definiteness we decide once and for all that w(N) = logloglog IV, although
for the current discussion it is not necessary.
We introduce the tricked von Mangoldt function defined by

A% (n) = %A’(Wn +b).

An important property of this function is that it has average 1+ o(1) by the Siegel-Walfisz

theorem, whenever (b, W) = 1. More generally, for any arithmetic progression P of length
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CHAPTER 2. THE GREEN-TAO METHOD

|P| > Nlog % N and modulus ¢ = O(log®V N) satisfying rad(q) | W (where rad(q) is
the radical of g, i.e. the product of its prime factors), if the initial term of P is bounded
by O(N 1og®® N), we have

P ZA =1+ o(1). (2.2)

neP

Theorem 2.1 can then be reduced to the following statement involving this modified von

Mangoldt function.

Proposition 2.7. Let L be a constant and U = (31,... ;) : Z% — Z' be a system of
affine-linear forms in s-normal form. Suppose that ||¥||y < L. Let K C [-N,N]¢ be a
convez body such that W(K) C [N%/'0 +00)t. Let by, ..., b be integers in [W] and coprime
to W. Then

> HA = |K NZ% + 04 (ND). (2.3)

neZinK =1

Proof that Proposition 2.7 implies Theorem 2.1. We decompose the left-hand side of (2.1)

into sums over congruence classes. We write

Z'nK = |J Z'n (WK, +a),

ac [W}d

where
= {xeR! | Wx+ac K}

is again a convex body. Putting

t
= [T 2 (@i(n)
i=1
we can write the left-hand side of (2.1) as

Y Fm)=> > F(Wn+a (24)

nceZiNK ac[W }d neZinKa

Moreover, for j € [t], we can write wj(Wn +a) = W@Ej(n) + c;(a) where ¢j(a) € [W]
and ;/17 is an affine-linear form differing from 1; only in the constant term. We note that

if 1;(a) is not coprime to p for some i € [t] and some prime p < w(N), then for each
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n € KoaNZ we have F(Wn +a) = 0 (if (¢;(a),p) > 1, the integer v;(a) > N%10 > w is
not a prime). Thus the residues a which bring a nonzero contribution to the right-hand
side of (2.4) are all mapped by ¥ to tuples (b, ..., b;), each entry of which is coprime to
W. We denote by Ay C [W]d the set

{fac W] |Vielt] (vi(a),W)=1}.

We can then rewrite equation (2.4) as

S o () S S 23)

nezZinkK acAy neZidNK, =1

Applying Proposition 2.7 to the inner sum in the right-hand side of (2.5) for a € Ay, we

conclude that

> Fm)= <—W)> | Ag|(Vol(K,) + o(N/TW)).

nezZinkK

Moreover, we see that (W/@(W))WA\IJ = W [ 1, Bp- Lemma 2.3 implies that [ ¢p, £, =
1 4+ O(1) and the boundedness of the coefficients of U implies that Py is bounded. In
particular, [] cp, B, is bounded, from which it follows that [T, 8, = [, 8,(1 + o(1)) =
[1,5, + o(1). Combining this with the fact that W9Vol(K,) = Vol(K), we obtain the

conclusion. m

2.3 The transference principle, Gowers norms and pseu-

dorandom majorants

The transference principle or dense model theorem, first stated in [44, 88|, says that if an
unbounded function f is dominated by a pseudorandom measure v, then when it comes to

evaluating multilinear averages, f can be approximated by a 1-bounded function g; that is
t t
> Irwmp~ > [Lotwim)
neZinK =1 nezZdnk i=1

for some function g : Z — C satisfying |g| < 1. For instance, equation (2.3) asserts that

the functions A’ , can be approximated by the constant function 1.
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CHAPTER 2. THE GREEN-TAO METHOD

In order to make this statement more precise, we need to define pseudorandom measures

and the Gowers norms.

Definition 2.5. Let g : Z — C be a function and k£ > 1 an integer. The Gowers norm or

U* norm of g on [N] is the expression

92—k

lgllorinv) = | EeernEnepas H C*lg(z +w - h) ,
we{0,1}+

where C is the conjugation operator and |w| = Zie[k} w;.
These norms originated in Gowers’ new proof of Szemerédi’s theorem [34].

Definition 2.6. Let D > 1. A D-pseudorandom measure is a sequence of functions
v=uy:Z/MZ — R, satisfying! E,<pv(n) = 140(1). and the D-linear forms conditions
defined as follows. Let 1 < d,t < D. For every finite-complexity system of affine-linear
forms W : Z? — Z! with coefficients bounded by D, and any convex set K C [—M, M]?
such that U(K) C [1, M]*, the following estimate holds

Enez/mzy H v(¥i(n)) =1+ o(1). (2.6)

i€(t]

A D-pseudorandom majorant of a function f : [M] — C is a D-pseudorandom measure

v:[M] — R, such that | f| < cv for some constant ¢ > 0 (independent of M).

Pseudorandom measures are defined on cyclic groups rather than intervals of integers,
so the values of the linear forms ¢;(n) are understood modulo M. Similarly, some authors
prefer defining the Gowers norms on cyclic groups, and then on intervals of integers by
embedding them in cyclic groups, but these definitions are equivalent [45, Appendix B].

The reason why these notions are precious is the following so called generalised von
Neumann theorem [45, Proposition 7.1], which essentially says that the U™ norm con-
trols averages of functions bounded by a common pseudorandom measure along linear

configurations of complexity at most s.

Theorem 2.8. Let t,d, L,s be positive integer parameters. Then there are positive con-
stants 1 < T' and D, depending on t,d and L such that the following holds. Let C be a

n earlier works such as [45] or [68], there was a correlation condition, but it is no longer necessary
due to the work of Fox, Conlon and Zhao [22], and its integration by Tao and Ziegler [87].
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constant satisfying I' < C < O 4.1(1) and suppose that M € [CN',2CN'] is a prime. Let
v:Z/MZ — R" be a D-pseudorandom measure, and suppose that fi,..., f; : [N'] = R are
functions with |f;(z)| < v(x) for alli € [t] and x € [N']. Suppose that ¥ = (¢q,...,1) is a
system of affine-linear forms of complexity at most s whose linear coefficients are bounded
by L. Let K C [—N', N'|¢ be a convex set such that W(K) C [0, N']*. Finally, suppose that

min || £y v = o(1). (2.7)

1<j<t

Then we have
Enernzd H fi(thi(m)) = o(1).
1€[t]

Theorem 2.8 is proved by repeated applications of the Cauchy-Schwarz inequality. It
is in this proof that the normal form parametrisation introduced above is necessary. We
do not provide the proof of Theorem 2.8, but we give one later for a variant thereof,
Theorem 3.6.

We highlight that this theorem actually replaces a linear system W with another one,
the system (2, h) — (4w -h),c(o,1y+-1, so that it is not immediately obvious that we have
reduced the difficulty of the problem. However, it so happens that functions that have a
large average along this system can be characterised in another way: this is the inverse
theorem for the Gowers norms [48] due to Green, Tao and Ziegler, to which we shall return
in Section 2.5.

The transference principle may then be reformulated as the statement that for an
unbounded function f : Z — R that satisfies |f| < v for some pseudorandom measure,
there exists a 1-bounded function g : Z — C such that ||f — g||y» is small. We will
want to apply it to f = A’W’b. Besides, we need ¢ = 1 to get asymptotics; with any
other g, we get at best lower or upper bounds. Finally, we need f to be bounded by
a pseudorandom measure. In the next two sections, which cover the number-theoretic
content of Theorem 2.1, we address the needs for a pseudorandom majorant and a Gowers

norm estimate.

2.4 A pseudorandom majorant

We recall that
n
A = d) log — 2.
() = 3 nld) log (2.8)

din
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CHAPTER 2. THE GREEN-TAO METHOD

for any n > 1. Goldston and Yildirim, in a preprint about small gaps between primes,

that was improved to a landmark paper with Pintz [32], introduced the truncated version

Zu logd (2.9)

d|n
d<R

where R = N7 and v > 0 is a sufficiently small constant. Following Green and Tao [45,

Appendix D], we will rather work with the following variant

2

1o log ¢
Ayy(n) =log R ;u(f)x (bgR) : (2.10)

where y is a smooth even function R — [0, 1] supported on [—1, 1] satisfying x(0) = 1. Due
to the truncated nature of this sum, it is fairly easy to see that this arithmetic function

has a constant average, depending only on Y, as we show in the next proposition.

Proposition 2.9. We have the asymptotic

~ ZAX7 (x) +o(1) (2.11)

n<N

for some constant ¢(x) > 0. More generally, for any q such that rad(q) = O(log®™® N)

and b coprime to q, we have

% wrlan+b) = ) + o(1). (212)

n<N

Proof. We expand the squared sum defining A, , and exchange the order of summation to

obtain
log ¢ log ¢/
> Ay (gn+b) =logR >y (bgR) (logR) S lpepgnre  (2.13)
n<N LU<R n<N

Whenever [¢,¢'] is coprime to ¢, the inner sum equals [e 7+ O(R?) (uniformly in q);
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2.4. A PSEUDORANDOM MAJORANT

otherwise it is 0. Let S be the left-hand side of (2.13) divided by N log R. So we have

w( (') [ logt log ¢/ A1
O(N™
Z e (o) () oo
(2.14)

where the last term is o(1) as soon as v < 1/4. We now use the Fourier transform. Letting

NlogRZAXW gn+b) =

0 be the Fourier transform of the smooth compactly supported function x — e®x(z), it is
well known that
VA>0 008 <a (1+¢) (2.15)

This allows us to reconstruct y from 6 as an integral over the compact interval?
- {€ R[] < log R)

at the cost of a tolerable error; more precisely, for any A > 0, we have

1 1+i 1+i 1

o ke :/x tox 7 0(€) € = /xlogf?ﬁ(ﬁ)df—f—O(xlogR log ™ R). (2.16)
log R R T

Plugging this into our equation, and neglecting the error term for the moment (a justifi-

cation for that will be given in Appendix C), we find

5= [ one) > MR e | agag (217)

((e.0.9)=

where we have defined z = 2% and 2’ analagously. Thus R(z) > 0 and |z| = O(1/log R).

log R
For a fixed (£,¢’), the inner sum in equation (2.17) can be rewritten, by multiplicativity,

as the convergent product

Pz, )= —p 2 =p " 4p ).
plg

Write E, = 1—p~17* —p~'=* 4+ p~17*=% omitting the dependence in z, 2. We can see that
E, = E,+ O(1/p*) when p — +oo (uniformly in 2, 2’), where E/ = )02 e

17p—1—z—z/

want to replace Py by q/¢(q) [, £, This is allowed, up to a small error, by the following

lemma.

2We prefer integrating over a compact set, in order to be able to easily swap summation and integration
using Fubini’s theorem.
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CHAPTER 2. THE GREEN-TAO METHOD

Lemma 2.10. As R — oo, we have

@pq = (14 O(log™ /" R)) H E,

q p

Proof. We split the set of primes into large primes p > log'/!® R and the remaining ones.
We have

II &= ]I a+ow®)E =0+00g"R) [ E. (218
plg plg plg
p>10g1/10 R p>10g1/10 R p>10g1/10 R

Now ¢ has only O(1) prime factors p > log"/'* R > log"/'° N, because rad(q) = O(log®™® N).
Given that E) =1+ O(p™'), we can write

Il E=0+000g " R)]]E,
plg P
p>log1/10 R

We now take care of primes p < logl/ 19 R In that range, we can write
E, = (1-p ") (1+O(logp/log"? R))

uniformly in p by a simple Taylor expansion in the vicinity of z = 0 (or equivalently, in

the regime where R — +00), and similarly
E,=(1-p "1+ 0(ogp/ log'? R)). (2.19)
Because [[,<j,z1/10 g(1 + O(log p/ log'? R)) = 1 + O(log™'/® R), we infer

P,=(1+0(log """ R)) [ B}
plg

It remains to discuss the role of primes p | ¢. As already observed, we can suppose
p < log"!® R. Then because of the bound (2.19), we have [, E! = #(1+O(10g71/10 R)).

plg P
This concludes the proof of Lemma 2.10. O
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2.4. A PSEUDORANDOM MAJORANT

Now one recognises that

4zt
5=

where ( is the Riemann zeta function, which satisfies the asymptotic ((1+2) = 1/2+0(1/2)
as z — 0. It follows that

when R tends to co. As a result,

% ) @Axn(qn +0)=(1+ 0(1))/ 9(5)9(5’)(1 i)+ Zf,)dgdf’. (2.20)

n<N 2 2+i(E+¢)

We can now undo the truncation of the integral to 12, causing only a multiplicative (1+o0(1))

factor. We thus obtain the desired result with the constant in (2.11) equal to

(1+2€)(1+ £

2+i(E+¢) déde’.

o= [ o)

We check that it is a positive constant. Indeed, because of the identity

1 o _ .
it e) = /o exp(—(2+i(£+&))x)dx,

we find that

c= /Ooo (/9(5)(1 +i€) exp(—(1 +z’£)x)d£)2dx

where the inner integral equals —x’(z). Hence ¢ = fR+ |x'|? is the desired positive constant,

depending only on Y. O

Accordingly, for any integer ¢ and any b € [g] coprime to ¢, we define the Green-Tao

majorant

(q)
q¢(x)
The following lemma shows that this function indeed majorises the tricked von Mangoldt
function. We write N’ = N/ﬁ//

VGT,qb @ T Ay ~(gn+D).
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CHAPTER 2. THE GREEN-TAO METHOD

Proposition 2.11. For any b € [W] coprime to W, we have

A’W’b(n) < VGT,W,b(")

for n € [R, N'|, where the implied constant depends only on . Moreover, for any q such

that rad(q) = O(log®Y N) and any b coprime to q, we have

% > vargs(n) =1+ o(1). (2.21)

n<N

Proof. To prove the upper-bound property, we need concern ourselves only with the integers
n € [R, N'] such that Wn+bis prime. In this case, the left-hand side is bounded above
by a constant multiple of %’vﬁ) log N, while the right-hand side is %’vﬁ) log R, with log R =
vlog N > log N. The second part of the statement of Proposition 2.11 is a reformulation
of Propostion 2.9. 0

The next proposition, originally [45, Proposition 6.4], states that v 7, is a pseudo-

random majorant for A’W .

Proposition 2.12. Fix a constant D > 0, and a positive integer t. Then there exists a
constant Co(D) such that the following holds. For any bounded C' > Cy(D) there ezists

v =~(C, D) such that if M € [CN',2C'N'] is a prime, if by, ..., by are in [W] and coprime

to [W], the function v* defined on Z/MZ > [N'] by

Hvar w o, () AV 5 by (n) . /
— — N
) ifne [N
1 otherwise
is a D-pseudorandom measure that majorises each of the functions 1,A\~ ..., A~ on

Wby’ W by
[N"3/5 N'].

The majorisation was already proven in Proposition 2.11 (we suppose 7 < 3/5). The

rest of the proposition follows from a slightly more general one.

Proposition 2.13. Let by, ..., b, be in [W] and coprime to W. Let U = (41, ... 1) be a
system of linear forms whose exceptional primes all divide W. Let K C [N, N]¢ be such
that Vol(K) > N4=°() " Then

ST Awa (Weta(n) + b)) = Vol(K) (dx)L) (1+0(1).

ne KNZ2 i€[t]
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2.5. UNIFORMITY OF THE VON MANGOLDT AND MOBIUS FUNCTIONS

Observe that this statement does not require any bound on the coefficients, but if the
coefficients are bounded, the exceptional primes are automatically bounded so they divide
w. Proposition 2.13 can essentially be read out from [45, Theorem D.3], itself largely
inspired from [32]. However, we will prove it again in the thesis as as special case of
Proposition C.1.

The deduction of Proposition 2.12 from Proposition 2.13 is standard, though not en-
tirely obvious, because of the piecewise definition of v*; see [44, Proposition 9.8] or [22,

Proposition 8.4].

2.5 Uniformity of the von Mangoldt and Mobius func-

tions

As mentioned at the end of Section 2.3, we need an estimate for the Gowers norms, which

is given by the following theorem.

Theorem 2.14. Let s be an integer. Let w = O(loglog N) tend to infinity with N and w

be an integer multiple of W =] .. p such that W= O(log®Y N). Then

p<w

IAL , = Lo = o(1) (2:22)

—~

for any a € [W] coprime to w.
This is essentially [45, Proposition 7.2], with W instead of W. The proof of that bound

fills alone two intricate papers, each proving a difficult theorem.

The first one [48], called the inverse theorem for the Gowers norms, asserts that the only
obstruction to uniformity is the existence of a significant correlation with some sequence
from a family of structured sequences called (s — 1)-step nilsequences. We shall not define
these objects formally. The reader may wish to think of n +— e(a n®+a,_1n* 1+ +ap) as
an example of s-step nilsequence. More generally, nilsequences are abstract generalisations
of such sequences, which in turn are generalisations of the additive characters n — e(an)
from Fourier analysis.

The second one [47] establishes that the Mobius function, and thus A’Wa — 1, does
not correlate with nilsequences. In Chapter 7, we revisit these theorems in the realm of
function fields.

This concludes our overview of the Green-Tao method. The next two chapters rely on
it.
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Chapter 3

A higher-dimensional Siegel-Walfisz

theorem

This chapter, based on the author’s publication [9], presents an extension of Theorem 2.1.
Recall from the introduction that an admissible system of linear forms is a system of finite
complexity whose local factors 3, (introduced in equation (1.4)) are all nonzero. Here then

is the chapter’s main theorem.

Theorem 3.1. Let d,t be positive integers and A, B, L be positive constants. Assume that
U = (¢y,...,0) : Z% — 7' is an admissible system. Suppose that | V| x < Llog” N and
that K C [N, N]? is a conver body satisfying Vol(K) > N%log™* N and ¥(K) C R..
Then .
> TTA®@i(n) = Vol(E) [ [ Bo(1 + 0as.a.5..(1)). (3.1)
nezZinkK i=1 P

Note that from now on, we abandon the convention that tuples of integers should be
bold, considering that the distinction between integers and tuples thereof is now sufficiently
clear without this typographic help. The product Hp B, still converges, as Lemma 2.3 still
applies; the set of exceptional primes Py is finite by Lemma 2.2, even though its cardinality
may tend to infinity with V.

Some special cases, Theorem 3.1 follow easily from the work of Green and Tao. For
instance, Proposition 2.6 gives an asymptotic for the unbounded system WW + b where ¥
is a bounded system, W =[] _,p = O(log N) and b = (b, ...,b;) € [W]" is a t-tuple of
integers coprime to W. More generally, Proposition 2.6 implies that an unbounded system
qV+0b with ¢ = O(logo(l) N) and ¥ bounded is tractable, via an asymptotic for the system
WU + ¢ where W = Wyq. By decomposing into residue classes, this method extends to
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systems W such that for each j, the coefficients (Qﬂi(ej))iem are bounded multiples of a
common coefficient g;. We illustrate this with an example, which corresponds to the count

of k-term progressions of primes whose common difference is a multiple of g. We have

Z ﬁ/\(n—i—iqd) = Z Z I:IA(q(n+id) +a)

1<n,d =0 a€lq) 1<n.d i=0
n+(k—1)gd<N net(k—1)d< =a

and are thus left with a system of the form ¢V + b with ¥ bounded.

We now provide some less immediate examples where Theorem 3.1 applies.

Example 1. What is the proportion of arithmetic progressions n+ dN whose ¢;th,. . .,qzth

terms are all primes? Assume that ¢; = |log’ N|. The answer is given by
k
> JTAMR+ qd).
1<n,d<N i=1

For this system, the factors 5, can be easily expressed, using the notation h(p) for the

number of classes modulo p occupied by q1, ..., q, as

8, = (pp )k (p = 1A +p—hip))

—1 p2

Example 2. We can also count k-term arithmetic progressions of primes up to N whose

common difference is ¢ = [log N | times a prime. This time the sum to consider is

k—1
> A(d) [T A(n +iqd).
1<n<n+(k—1)gd<N =0

To simplify the expression of the local factors, assume Hpgk; p | q. Then

(e L[ -1 ifplg
ﬁp_<P—1) Pz{(p—l)(p—k‘) if ptq.

Example 3. We provide the asymptotic count of solutions to linear equations in the
shifted squarefree primes, that is, primes p for which p — 1 is squarefree. As it is not a

direct application, we give the details in the final section of this chapter.
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CHAPTER 3. A HIGHER-DIMENSIONAL SIEGEL-WALFISZ THEOREM

In view of the Siegel-Walfisz theorem (1.3), one may hope to write

Z H A(9i(n)) = Vol(K) (H By + Od,t,A,B,L(1)>

n€ZiNK i=1

instead of the estimate (3.1), but unfortunately our method does not yield this. Such an
estimate is genuinely stronger than (3.1) given that Hp B, may well tend to infinity with
N, if the linear coefficients do. This weaker bound is ultimately due to the ineffectiveness
of the Gowers norm estimate in Proposition 2.14.

To prove Theorem 3.1, we first get rid of the convex body by decomposing it into
reasonably small boxes, so that the theorem simply needs to be proven on boxes. In this
context, the variables all have the same range and are independent of each other, which
makes it possible, after the introduction of the W-trick, to prove a suitable von Neumann
theorem. Indeed, as we shall see, the von Neumann theorem (Theorem 2.8) of Green and

Tao does not apply when the linear coefficients are unbounded.

3.1 First reductions

As discussed in Section 2.1, we may assume that ¢»; > N*'9 on K for each i and replace
A by A’. In the next proposition, analogous to Proposition 2.6, we check that the normal

form parametrisation goes through as usual in spite of the presence of large coefficients.

Proposition 3.2. Let d,t be positive integers and A, B, L be positive constants. Assume
U = (1,...,0) : Z% — Z' is an admissible system in normal form. Suppose that ||V |y <
Llog® N and that K C [-N, N is a convez body satisfying Vol(K) > N¢log™* N and
U(K) C [N +00)t. Then

> TN @) = Vol (k) [T B,(1 + 0unc(1)) (3.2)

Proof. This is a straightforward application of Proposition 2.5. Indeed, with the notation
of that proposition, we have |||y = H\I/Hg(l) = O(log? Y N) and K’ c [-N’, N'] with
N’ = O(N) and

Vol(K') > N'¥log " N’

for some constant D. Finally, the local factors are left unchanged by this operation. In
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3.2. REDUCTION TO THE CASE OF A BOX

particular, if the system W is admissible, so is ¥/, so that Proposition 3.2 can be applied
to W' and K’, which concludes the proof of the reduction. O

3.2 Reduction to the case of a box

The convex body being potentially somewhat unbalanced, it is slightly awkward to handle,

as all variables do not have the same range. It is much more convenient when K = [1, M]?

is a box, because in that case, the variables ny, ..., ng have independent and equal ranges.

Fortunately, some simple geometric arguments allow one to decompose K into boxes, and

so to reduce Theorem 3.1 to the following statement. We introduce the notation ||V||n, =
LW

log® N

Proposition 3.3. Let d,t be positive integers and A, b, L be positive constants. Let W =
(1, ... 1) : Z% — 7! be an admissible system in normal form. Suppose that | ¥||ap < L
and that U([M]%) C [M°/1° +-00)t. Then

S I[N @in) = M By (1 + 046.2(1)) -

Proof that Proposition 3.3 implies Proposition 3.2. Let K C [—=N, N]¢ be a convex body
satisfying Vol(K) > N%log ™ N. Let

K' ={z € K |d(z,0K)> Nlog *"' N}

and
K" ={z € R?|d(z,K) < Nlog "' N}.

These are two convex bodies. The arguments from elementary convex geometry contained

in [45, Appendix A] allow one to infer that
Vol(K') = Vol(K) + O(N%log™*™' N) = Vol(K)(1 + o(1)),

and similarly for K”. Now let M = Nlog ™' N/v/d and consider the grid (MZ)?. Let
B = {c+[M]*]|ce J} be the collection of boxes defined by this grid that are included
in K, and let B’ = {c+ [M]¢ | ¢ € J'} be the collection of boxes defined by this grid that
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meet K. Note that

K'nz‘c|)JBcKnz'c |)BcK'nZ" (3.3)

BeB BeB’

The first inclusion is because if a box B from the grid meets K’, then it is included in K.

Now let U = (¢, ..., ;) : Z¢ — 7! be a system of affine-linear forms of finite complex-
ity. Suppose that || W]y, < L and that U([M]?) C [M*/1° +00)t. Equation (3.3) implies

S SMaems Y e < XS Tawo. @

BeBneB i€[t] neKmZd i€[t] BeB' neB i€[t]

Now if B = ¢ + [M]? with ¢ € Z%, letting ¥, = ¥(c) + ¥, we can write

2 Aty =3 J[ AW

nEBic[t] ne[M]? i€lt]

We check that the system W, satisfies ||V.||ac = O(1) for some constant C. Indeed, the
linear coefficients are unchanged, and thus still of size O(log” N) = O(log’ M), and the
constant coefficients are of size O(N log® N), hence O(M log® ™+ M). Tt follows that we
may take C' = A + b+ 1. Moreover, we have W ([M]?) C [N/1° +00)!, so we can apply
Proposition 3.3. We note that the local factor /3, . corresponding to the system W, is in

fact independent of ¢, because the translation invariance of Z/pZ allows one to write

Eoe(z/pz) H Az (i(@) + ¥i(c)) = Eoe(z/pz) H Az pz(Yi(a + c))

ielt] i€t]

EaE(Z/pZ)d H AZ/pZ(@Z)z‘ (a)).

1€[t]

Consequently, the application of Proposition 3.3 on the rightmost and leftmost sides of

equation (3.4) yields

BIM ] Bo(1+0(1) < D [[AWi(n) < 1BIM ] Bo(1+0(1).  (35)

neKmZd i€[t]
Because of the inclusions (3.3), we see that
Vol(K)(1+o(1)) = Vol(K') < |B|M?* < |B|M* < Vol(K") = Vol(K)(1 + o(1)).
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Hence, we have |B|M? = Vol(K)(1 + o(1)) as well as |[B|M?¢ = Vol(K)(1 + o(1)). To-
gether with the lower and upper bounds in (3.5), these asymptotics complete the proof of
Proposition 3.2. O

3.3 The W-trick

In Section 2.2, we introduced W = Hpgw p, for a sufficiently slowly increasing parameter
w = w(N), in order to deal with the biases induced by small primes. We put W = W@
for some parameter ) = O(logo(l) N) to deal with biases potentially introduced by larger
primes. A simple one-dimensional example shows that in our situation where coefficients
are unbounded, we really need such a carefully chosen ). Indeed, consider the system
consisting of one form in one variable, namely n +— gn + b, with ¢ of size roughly log N.

The W-trick consists in writing

w (W)
g Algn+0b) = E —_— —A(Wqn + qa + b).
n<N ( ) a€[W] QO(W) n<N/W w ( )
(qa+b,W)=1 -

But imposing that (ga + b, W) = 1 does not ensure that the inner sum is N/W (1 + o(1)),
because qa+b could well have a common factor greater than w with ¢: when the coefficients
are bounded, their factors are all less than w for large enough N, but this is no longer the
case in our setting. Moreover the relevant average is not W/p(W') but Wq/p(Wq) which
may be different if ¢ has prime factors larger than w.! This suggests that the coefficients
of the system have to be taken into account when determining a suitable parameter w

instead of W.

We fix an admissible system Wy = (¢y,...,9;) : Z% — Z" in normal form satisfying
|W1y||ar5 < L for some constants B, L > 0. Let

Q= H bi(e;) % H (iles)nlee) — diled)tuley) (3:6)
i€[t1],j€[d1] E"-Z’Eff
o _ o 1<j<e<dy
Yi(ej)#0 i ()P (ee)—1bi(er)Pr (€5)#0

INevertheless, it is easy to check using Mertens’ theorem that if w = loglog N and ¢ < log® N that

Wq/e(Wq) = (14 0p(1))W/p(W).
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be the product of the nonzero minors of size 1 and 2 in the matrix (¢;(e;));;; thus Q =
OL(logOd’t’B(l) N). The proof of Lemma 2.2 reveals that if a prime p is exceptional for Wy,
then it must divide Q.

We will now state a W-tricked reduction of Theorem 3.3, in the same way that we
reduced Theorem 2.1 to Proposition 2.7. The latter reduction shows that it is enough to
prove

> (Il A% —1) = o((M/W)™) (3.7)
ne[M/W]d1 €[]
for any by,...,b; € [W] coprime to W.

We then use the trivial identity A,’VV,bi (Yi(n)) = (A’sz(wl(n)) — 1) + 1 for each 1.
This decomposes the left-hand side of equation (3.7) into 2% sums, each sum featuring a
subsystem of Wy, that is, a system U’ = (¢;,,...,%;,) for some sequence 1 < i3 < ... <

1s < t1, whence the following reduction.

Proposition 3.4. Let Uy = (¢7,...,9)) : Z% — 7! be a subsystem of ¥,. Suppose that
Wo([M]%) C ([M¥/1, 400)) and that b; € [W] is coprime to W for any i € [to]. Then

O I g —1) = o((M/W)™®), (3.8)

ne[M/W)]do i€lto]

3.4 Reduction to a Gowers norm estimate

Write X = M/ W and fix a system W, and a tuple by,..., b, satisfying the conditions
of Proposition 3.4. If ¢, = 1, this proposition follows directly from the one-dimensional
Siegel-Walfisz theorem (1.3), so we suppose that ty > 2. Let Qg be the product of 2 x 2
minors for the system W, as defined by equation (3.6). In particular, @y | Q. We have to

Yo I E@in) = o(x)

ne[X]4 i€lto]

prove that

for F; = A%VV,bi — 1.

We would like to apply Theorem 2.8 at this point, in order to reduce the problem to the
Gowers-norm estimate (2.22). Unfortunately, Theorem 2.8 requires bounded coefficients
so we cannot apply it. The purpose of this section is therefore to prove a replacement for

Theorem 2.8.

37
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3.4.1 A pseudorandom majorant

Theorem 2.8 required some notion of pseudorandomness. In our setting, it turns out to be
convenient to modify this notion. Thus in this subsection, we introduce a variant of the
notion of a pseudorandom measure from Definition 2.6.

Recall that we have fixed an admissible system
To = (8] )iefuo) : Z° — Z°.

First, we introduce the notion of a derived system. It captures the important properties
of those systems that arise from the original one by repeated applications of the Cauchy-

Schwarz inequality.

Definition 3.1. A system W : Z¢ — Z! of affine-linear forms is said to be derived from ¥,

if the following conditions are satisfied:
o d < 2dy;
o t < 2%t
o [[V]|lnp < [|Wollw,s;
e any exceptional prime for ¥ divides ().
We are now able to propose our new definition of a pseudorandom measure.

Definition 3.2. We say that a function v : [Z] — R, satisfies the Wo-linear forms condition
if for any system W = (1, ..., 1) derived from ¥, we have

Eneize [ [ v(@i(n)) = 1+ 0(1)

1€[t]
as Z — +o00. We also say that v is a Wy-pseudorandom measure.

The next proposition is about the existence of a pseudorandom majorant for a W-

tricked von Mangoldt function.
Proposition 3.5. For any integers by, ..., by, in [W] coprime to ﬁ//, for Z > N logfo(l) N,

there exists a Wo-pseudorandom measure v on [Z] such that

/ /
1+ AW,bl 4+ 4 vabio <LV (3.9)
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on [Z3/°, Z].

The construction of the majorant was explained in Section 2.3. Its Uy-pseudorandomness

follows from Proposition 2.13.

3.4.2 Generalised von Neumann theorem

We now prove the announced variant of Theorem 2.8. The proof of this theorem [45,
Proposition 7.1] starts by embedding the convex body in a large discrete torus (Z/MZ)?
for M prime, in such a way that the convex body is dense in it and its image under ¥

13

involves no “wrap-around”. This is impossible with unbounded coefficients.
Recall that U, : Z% — 7' is a fixed system of affine-linear forms in s-normal form;

thus without loss of generality, we can write its first form as

YNy, ..oy nsy1,Y) = e + -+ @spanstr + (0, y)

with ¢; # 0 for all ¢ and J[;c(q) Yi(e;) = 0 for all i > 1. Here y = (ngy,...,nq) is the
projection of n € Z¢ = 7! x Z%=5~1 onto the second factor of the Cartesian product
and will not play as important a role as the first s + 1 variables. We have dropped the
superscript 0 from the forms of the system ¥, and shall always do so in the sequel. We

now state our variant of the von Neumann theorem [9, Theorem 5.2].

Theorem 3.6. Let fi,..., f1, : Z — R be functions and v be a Vy-pseudorandom measure
such that |f;| <wv for all i. Then

|Enerxe H fi(¥i(n))
i€[to]

s+1
< Eyerxi-oBpo noegn [[ 0 AQ ami™ +¢1(0,9))V* +o(1) (3.10)

wel0,1}s+1 =1

We adapt the proof of Proposition 7.17 in [45]. To that aim, we need some notation.
For z € Z**!, and B C [s + 1], write x5 = (%;)iep. For i € [t], let Q(i) C [s + 1] be the
subset of the first s 4 1 variables that t; genuinely uses, that is, {j € [s + 1] | ¢i(e;) # 0}.
Thus Qi) = [s+ 1] if and only if i = 1. For B C [s + 1] and (z,y) € Z°™' x Z¢*71 we
introduce

FBy fL‘B H fz % rB,Y )

:Q(1)=B
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where we naturally view 1; as a linear map Z? x Z% 5! — Z. With this notation, the

left-hand side of equation (3.10) equals

IEyeixja-s-1Eqexystr H Fpy(xp)|. (3.11)
BCls+1]

For the moment, we fix y € [X]¢*~1. For B = [s + 1], in particular, we observe that

Flasny(@ern) = A Y qiwi+1(0,1)).

1€[s+1]

Similarly, we define
vpy(TB) = v(¥i(z5,y)).
:Q(:1)=B
The functions Fp,, and G, are both functions on the Cartesian product [X]”. We think
of them as purely set-theoretic objects, ignoring the arithmetic background. We have the
bound

|Fpyl < vBy.

Next we define Gowers box norms [45, Appendix B] relative to the family (vpy)pc(s+1) by
putting
1G B0, = Baosveixa [T FE) ] veu(@*)ice)
wef0,1}B CCB
for any B C [s + 1] and any function G : [X]® — R. We now apply [45, Corollary B.4],
with A = [s + 1] and X, = [X] for all a € [s + 1], which implies that

|Bl—(s+1)
Beexp [ Foo@s)l < 1Fenullove, ] 1veslBes.
BC[s+1] BC[s+1]

Averaging over y and using the triangle inequality, we bound expression (3.11) by

Bl —(s41)
Eyerxja-s—1 [ Fls+ 1,5 l00p0.,) H ||VB,y||2D(uB,y) , (3.12)
BEl+1)
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By Holder’s inequality, in order to prove the bound (3.10), it suffices to show that

2s+1
Os41],9)

Eyeixja-s-1][ Flst1,y

=By Byonmepsn 1] A D ani +¢1(0,y) | +o(1) (3.13)

we{0,1}s+1 1€[s+1]
and that
|B|
Eyeixji-s-1[[VByBw,,) =1+ o(1) (3.14)

for all non empty B C [s + 1]. To prove the latter, expand the left-hand side as

Eyepxp1Boomexe [ IT TT » ()00, 1)) (3.15)

CCB i:Q(i)=C we{0,1}¢

which is an expression involving the average of v on a system

U = (Yiw)iefto)wefoyom - L7 — ZF

of linear forms. Let us prove that this system is derived from ¥, in the sense of Definition
3.1, which will allow us to apply the linear forms condition of Definition 3.2 to the expression
(3.15). Tt easy to check that d < 2dy and ¢t < 2%¢,. It is also obvious that ||¥|y 5 <
| Wollar5- Let p be an exceptional prime for ¥ and let us check that it divides Q9. Suppose
that 1; ., # Vo are two forms that are affinely related modulo p. Then if i # k, we conclude
that 1; and v, are related and thus the prime is exceptional for ¥y, which implies that it
divides QQp. Otherwise ¢ = k and thus w # «, in other words there exists j € [dp] such that
Yi(e;) # 0 and w; # a;. Thus p must divide 9;(e;) and hence also Q. This concludes the
proof of the asymptotic (3.14).

It remains to verify (3.13). At this point, Green and Tao use the translation invariance
of Z/N'Z to perform a change of variable which is not possible here, but we make do
without it. As the system is in normal form and ¢t > 2, the form w5 must also have its
set of s + 1 variables that it is the only one to use fully. In particular, ¥; does not use all
d variables. Without loss of generality, let us thus assume that 1, only uses x1,...,xq &

where 1 < k < d— (s+ 1), which enables us, by a slight abuse of notation, to regard 1, as
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a map from Z7* to Z. Upon expanding the norm, the left-hand side of (3.13) becomes

s+1
E,0.0cxn || S (Z gz + 1 (0 y)) Eexpr [T 1] vewsl ey

ye[X]4Fo T efo,1}sH1 we{0,1}5+1 OC[s+1]

where (y, 2) is the vector in Z35~! obtained by concatenating y and 2. We want to replace
the inner expectation over z, which is a function of (z(®), 2™ y) of average 1+ 0(1), by the

constant 1. To do that, by Cauchy-Schwarz, it is enough to prove

s+1

E,0mepxt | ] Zqz "+ 41(0,)) = 1+ 0(1) = O(1),

ye[X]|4Tk=sm1 eqo,1ys+l i=1

which follows directly from the linear forms condition, and

s+1
Ex(o),z(l)E[X}s+l H v (Z QZ"L‘EM) + ¢1(079)> |EZW(:E7y7 Z) - 1|2 = 0(1)a

yel[X]4Fs Tl hef0,1 s+ i=1

where W(z,y, 2) = [[.co1y+1 [locpssn Vo ws (ng)). So it is enough to prove that

s+1
Eouwepn ] V(Zw@wl(o,y)) (E.W (2,9,2)) =1+ o(1)

YE[X]?F 7Tl efo,1)5+1 i=1

for j = 0,1,2. Let us inspect the left-hand side in the most intricate case, namely j = 2,
the other cases being similar. Upon expanding the square, we get an expectation over
2@ 2y 2O 21 thus the system has at most 2d, variables. There are 2°t! forms
arising from v, and at most 2°72(¢ — 1) other forms, which means together at most 2%t
forms. Now the reasoning we used to analyse the average (3.15) also applies here and yields
that the system is derived from W,. Thus the linear forms condition applies and equation

(3.13) is proven, hence also Theorem 3.6.

3.4.3 A Gowers norm estimate

Together with the existence of a pseudorandom majorant provided by Proposition 3.5,

Theorem 3.6 reduces Proposition 3.4 to the following.

Proposition 3.7. Let b € [W] be coprime to W. Let B > 0 and d € N be constants.
Suppose that q1, . .., qq are divisors of Q satisfying ¢; = O(log® N) while ¢ = O(N log® N).
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Then we have

d
E,o,mepxge | (A’Wb(Zqixf-“”)Jrc)—1):0(1). (3.16)
i=1

we{0,1}4

Compared to Proposition 3.4, we have made progress in that each variable xEE) for
i € [d] and € € {0, 1} is affected throughout the system by one and the same coefficient g;.
We now attempt to transform the system so that all variables have the same coefficient

@Q'; the price we pay is that the variables will no longer have the same ranges.

To this effect, we introduce

Qi=1]w
J#
and variables n{“) m*" such that ) = Q:n!*’ + m“?. Then the left-hand side of

equation (3.16) decomposes as

d
Emgwi)e[qi}Engwi)e[X/qi] H (ALVV,b(Z Q/ngwi) + (]Z‘mgwi) + C) — 1) + 0(1),
we{0,1}4 =1

where ' = ¢;Q; for any 1.

Fix two d-tuples (mgo)) and (mgl)) in [[;ciq[Xi] where X; = X/g;. To prove Proposi-
tion 3.7, it suffices to prove that

d
E oy 11 (A, (3 @i +am +0) = 1) = o(1). (3.17)

we{0,1}4 i=1

We recognise the function
n— F,(n) = %A'(Q'Wn +a)=A

Q’W,a’

where the last equality holds because @(W)/W = @(WQ’)/(WQ’) as ¢(x)/x depends only

on rad(z). The parameters a occurring are
d
ay = W(Z gm\“) + ¢) + b.
i=1
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Given that (b, W) = 1, we also have (a,, W) = 1 and therefore (a,, WQ’) = 1. Now with
this notation, the left-hand side of equation (3.17) is

d

o I[I #E.Q_n)-1).

we{0,1}4 i=1

We observe that for any tuple a € [WQ’]QGZ of integers coprime to WQ’ , we can create a
common Z-pseudorandom majorant for the functions 1 + Fp,,, where = = (&, )weqo,1}¢ is

defined by
d

€w = (n(lo), . ,néo), M. ,n&l)) —> anw").
i=1
In fact, thanks to Proposition 2.13, we can rewrite Proposition 3.5 with WQ’ instead of
W, because ()’ still satisfies Q' = O(logo(l) N).

We now prove the bound (3.17). Observe that each X satisfies Nlog™® N < X; < N.
Letting Z = max; X; and K = [[,[X;], we have K C [Z]? and Vol(K) > Z%log™®" Z.
Thus we can apply the same reasoning as in Section 3.2, where we approximated such a
convex body K by a set of small boxes with equal side lengths,? and reduce to proving

that
d

Eyo ey ] (Fa(Qoni) = 1) = o(1) (3.18)

we{0,1}4 i=1
for some Y > Nlog ” N. Now that the linear forms have bounded coefficients (namely
0 and 1) and the average is on a box with equal sides, there is no more objection to

the use of Green-Tao’s generalised von Neumann theorem [45, Proposition 7.1], as long
/

Q/anw
Definition 2.6, which follows from Proposition 2.12. Thus equation (3.18) follows from the

as the functions A — 1 are dominated by a pseudorandom measure in the sense of

claim that

[ 1||Uk([Y}) = ”A/Q'W,a - 1||Uk([Y}) =o(1) (3.19)
for any a € [Q’W] coprime to Q’W. Equation (3.19) itself follows from Theorem 2.14.
This completes, at last, the proof of Theorem 3.1.

2The reader might object that we then used the positivity of the function to average, which is not
available here, but we can just as well use the majorant and the linear forms condition to bound the
contribution of the few boxes included in K" but not in K’.
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3.5 Application to linear equations in the set of primes

p such that p — 1 is squarefree

Theorem 1.2 actually holds in any dense subset of the primes [44]. That is, any subset
|AN[N]|
PN
progressions. However, it is in general impossible to determine an asymptotic for the

A of the set P of primes such that lim sup

> () contains arbitrarily long arithmetic

number of k-term arithmetic progressions in A, except in the special case where A is the
intersection of P with a congruence class a mod b where (a,b) = 1: indeed, in that case,
we can apply Theorem 2.1 with the forms ¢;(n,d) = a(n + (i — 1)d) + b for i € [k]. In
this section, as an application of Theorem 3.1, we derive an asymptotic for arithmetic
progressions (or general linear configurations) inside a special subset A of the primes. The
set A we shall consider is the set of squarefree shifted primes, i.e. the primes p such that
p—1is squarefree By a theorem of Mirsky [71], it is a dense subset of the primes, of

density 3, £ w(GQ) =[[,(1 =1/p(p —1)).

For convenience, let F' be the von Mangoldt function restricted to the squarefree shifted

primes, that is F'(n) = A(n + 1)p*(n). We now state this section’s main theorem [9,
Proposition 7.1].

Theorem 3.8. Let U : Z% — 7! be a system of affine-linear forms of finite complexity
and let K C [—=N,N]? be a convex body. Suppose that the linear coefficients are O(1),
the constants ones are O(N) and that W(K) C R'.. Then there exists a constant C(¥)
(possibly equal to 0) such that

> [ F@in) = C(O)Vl(K) + o(N?). (3.20)

neKNZai€lt]

The constant C'(¥) will appear explicitly in the proof as a convergent series, but it is

V) = H’Vp

possible to write it as a product

where

t
p
Yo = (E) Eoez/p2z)d H Lyi(@)+12£0 mod plyy(a)20 mod p2-
1€[t]

As in Chapter 2 for local factors 3,, it is easy to show that 7, = 1+ O(p~2) when p
tends to infinity. We infer that C'(¥) # 0 unless there is some prime p such that for any
a € (Z)p*Z)%, there is i € [t] such that ¥;(a) +1 = 0 mod p or ¢;(a) = 0 mod p°.
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Throughout the proof of this theorem, we will need the notation

ay (k- k) = Baepmzya | [ Lot (3.21)
€[]
where m = lem(ky, ..., k). According to Lemma A.2, we have
> T tarwm = Vol(K)ay(dy, ... di) + O(N*Mem(dy, ..., dy)). (3.22)

neKNZ%ie(t]

We now prove Theorem 3.8.

Proof. We substitute the formula p?(n) = > _a2jn #(@) in the left-hand side of (3.20). Thus

Yo I[Frwmy = > Tlwe) > T[A@® (3.23)

n€EKNZ3 i€[t] (at1,...,at)ENt i€[t] neKNZ* i€[t]
Vielt] af|yi(n)

Now for any a = (ay,...,a;) € N*, we introduce the set
Lo={neZ*:Vic[t] a?|vi(n)}.

Fix an a for which L, # () and let ng € L,. Then

t
La:n0+ﬂkergi

i=1

where g; : Z¢ — 7/a?7Z is the group homomorphism obtained by applying ¥; and then
reducing modulo a?. Tt follows that ﬂle ker g; is a subgroup of ZZ, that is, a lattice.
We can see that it is a lattice of full rank, because it contains {[[; a?ei,...,[]; afeq}.
By analogy with affine spaces, we think of L, as an affine sublattice of Z¢ of direction
g t
Ly =;_; kerg;
%

As a lattice of full rank, the direction L, of L, has a Z-basis: there exist fi,..., f; such

that

d
Lo ={no+ Zmifi | (ma, ..., ma) € Z%}.
i=1

Because of a theorem of Mahler, we can assume that || f;|] < i\; for ¢ = 1,...,d, where

A < oo < )y are the successive minima of the lattice L, with respect to the Euclidean
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unit ball. Let R* be the affine transformation of R? defined by R*(0) = ng and Ra(e;) = f;
for each i € [d]. Note that L,N K = RY(Z‘NK,), where K, is also a convex body. For the

notions of geometry of numbers alluded to here, see for instance the notes of Green [41] or
the classic book of Cassels [20] (Chapters I and VIII).

Now if one of the g; is larger than log® N, then K, is small. Indeed, the set of n € KNZ?
such that there exists i € [t] and a; > log® N satisfying a? | ¥;(n) has O(N%log™® N)
elements. This follows from equation (3.22) combined with the bound ay, (a?) < a;?,
deduced from Corollary A.4 and the fact that the coefficients of ¢; are bounded, and
finally >~ ., a 2 < z~'. Bounding the contribution to the left-hand side of (3.23) of this
exceptional set of n € K NZ% using F' < log, and supposing that C' > 2t, we obtain

> J[Fwin) = > [ Fwi(n)) + O(N*log=“* N)

neEKNZ4 i€lt] neKNZ4 1€[t]
Vig[t] Vax>log® N af;(n)

I | ECOR N | R
1<ay,...,at<log® N i€[t] ne€KNLq i€[t]

+ O(N%log=“/? N).

For each i € [t], the map ¢¢ : L, — Z defined by

v = 10

is an affine map. Let ¢¢ = ¥% o R®. These maps define a system ®? : Z¢ — Z! of affine-
linear forms which is again of finite complexity. Thus the inner sum on the right-hand side

of equation (3.23) may be written as

S J[rwm)+1) = > [ AW (m) +1). (3.24)

neKNLg 1 meKNZa i

We now apply Theorem 3.1 to this expression. One can check that the linear coefficients of

®, have size O(log?™ N). To do this, it is enough to examine the size of the basis vectors
%
f; of the lattice L,. Indeed,

af|6¢(ej) = (A < Il < Nl
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Moreover, the constant coefficients are O(N). As observed, if ny € L,, the lattice

{no + Z kiaZe; | k € 7%}
1€[d]

is a sublattice of L, and its determinant is [[, a7 < log?® N. Hence using Minkowski’s
second theorem [20, Chapter VIII|, one finds that

1151 < d TT A <a ldet L| < 1og© N.

1€[d] 1€[d]

Similarly, we obtain the bound
Vol(K,) = Vol(K) det(R*)™* > Vol(K) log 2 N.

Now Theorem 3.1 tells us that the right-hand side of (3.24) is equal to Vol(K,) [, 8,(1+
o(1)) as soon as none of the local factors (,(a) corresponding to the system of forms
a?¢$ + 1 vanishes. Note that if any 3,(a) is 0, then for all m there exists ¢ € [¢] such that
p | a?¢3(m) + 1. Then it is easy to see that

Z HA ¢a ) (Nd llOgO(l) N)

meK,NZd 1

Moreover, equation (3.22) reveals that

Vol(K,) = |K,NZ%+O(N)
= |K N Ly +O(N"Y)
= Vol(K)ag(a?,...,a2) + O(N*1og®™ N).

Thus, up to an error term of size O(N%log~%/?> N), the left-hand side of equation (3.20)
equals
Vol(K)(1 + o(1)) > - Hﬁp ) [T welas). (3.25)
1<ai,...,at glogc N 1€[t]

We claim that the sum over a is absolutely convergent. To see this, first observe that the

exceptional primes for the system of forms a?¢¢ + 1 are divisors of a? or exceptional primes

for the system ®%; in either case, they are divisors® of a parameter Q(a) = O( ao(l))

3See the proof of Lemma 2.2.

48



CHAPTER 3. A HIGHER-DIMENSIONAL SIEGEL-WALFISZ THEOREM

For all other primes, we have 8, =1+ O(p~?) by Lemma 2.3, so that

M t 0g 10 a t 0g 10 a-t
Hﬁp <<p|1QI(a By(a _( (Q(a))) < (loglog Q(a))" < (logl gH i)'

Next, note that the sum

is convergent. Indeed, we have the bound

Qg a17 . H ay 2vp(a1 ) vap(at)> < pr2vp(maxi a;)
p
= lem(ay,...,a)7 2

where the inequality holds because the forms v; have bounded linear coefficients and if
p 1 s, then ay, (p*) < p™* (this is Corollary A.4). The convergence of the sum over a in
equation (3.25) then follows from a trivial bound for the number of ¢-tuples a of prescribed

least common multiple k, namely 7(k)‘. This convergence result implies that
Z w(ai,... a?) Hﬁp H,u (a;) U) + o(1),
1<ay,...,a;<log¢ N i€ft]

where

o= % avtah ot [0 wio)

(a1,..., at)ENt ZE[t

This concludes the proof.
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Chapter 4

Asymptotics for some polynomial

patterns in the primes

This chapter is based on the author’s publication [10]. It draws heavily on Matthiesen’s
paper on linear correlations of binary quadratic forms [68]. The author is thankful to Sean

Prendiville for suggesting the problem.

4.1 The main theorem

The motivation for this chapter stems from the desire to derive asymptotics for polynomial
configurations. In general, the Green-Tao method of deriving asymptotics for prime tuples
does not work when linear systems are replaced by polynomial ones. In spite of this,
the present chapter proposes an asymptotic for very specific polynomial configurations of
primes, namely arithmetic progressions whose common difference is a sum of two squares,
or more generally a number represented by a given quadratic forms. We introduce some

terminology before stating our result. A binary quadratic form is a polynomial
flx,y) = az® + bay + cy’

where a,b and ¢ are integers. Its discriminant is D = b* — 4ac. A positive definite binary
quadratic form (abbreviated as PDBQF) is a binary quadratic form of negative discriminant

satisfying a > 0. The representation function of f is the arithmetic function defined by

Ry(n) = {(z,y) € Z*| f(z,y) = n}|.
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A function of the form R for some PDBQF f is called a quadratic representation function.

For any integers ¢ and 3, we let

prs(a) = {(w,y) € [g° | f(x,y) = B mod g}.
We are now ready to state this chapter’s main result [10, Theorem 1.2].

Theorem 4.1. Let U = (Yy,...,0) : Z¢ — Z'° be a system of affine-linear forms
of finite complexity. Suppose that the coefficients of the linear part ¥ are bounded by
some constant L. Let K C [=N,N]¢ be a convex body such that W(K) C [0, N]**s. Let
fi+1s- -+, fi4s be PDBQF's of discriminants D; <0 for j =t+1,...,t+s. Then

t+s
> HA vin)) T Ry, (5(n)) = B [ [ B + o(N%),
n€ZiNK =1 Jj=t+1 P

where

t+s

foo = Vol(K

]l;Irl V —D;j

and

t+s
p jij a (pm>
ﬁp: lim Eae (Z/pm )4 HAZ/pZ wl )) H %

m—+o00 mn
J=t+1 p

As in Theorem 2.1, the error term is non effective and the implied decaying function
depends on d,t,s, L and the discriminants. For each prime p, we call 3, the local factor
modulo p. Like in the previous chapters, the quantities 3, are called local factors. The
existence of the limit as m tends to infinity that defines it is proven in Proposition B.1; the
convergence of the infinite product Hp By is a consequence of Lemma B.3. The technical
proofs of these facts are postponed to appendices in order not to disrupt the flow of the
argument.

Two important special cases arise when s = 0 or ¢t = 0, that is, when the functions
featuring are either all equal to the von Mangoldt function, or all quadratic representation

functions. Then one of the products is trivial.

e When s = 0, one immediately recovers the result of Green and Tao [45, Main Theo-

1One can check that the condition that the system has bounded size at scale N is equivalent to the
boundedness of the linear part together with the condition on the image of K used in the previous chapter.
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rem]. Indeed, for m > 1, we have

t t
Eoe(z/pmzyd H Azpz(Pi(a)) = Boez/pzye H Azpz(i(a))

i=1 i=1
so that .
By = Eac(z/pzye H Azypz(Pi(a)).

i=1
e When ¢t = 0, Theorem 3.1 boils down to the formula of Matthiesen [68, Theorem 1.1].

Sometimes one can get an asymptotic even when the system has infinite complexity,
but the asymptotic takes a completely different form then. For instance it is easy to see
that

Z A(n)R(n) ~ 8 Z logp ~ AN
n<N p<N
p=1 mod 4
by Fermat’s theorem on sums of two squares and the prime number theorem in arithmetic

progressions. We do not address such systems in this paper.

4.2 Special cases

Our first application concerns arithmetic progressions in the primes whose common differ-
ence is required to be a sum of two squares. It shows that the Green-Tao theorem (case
s = 0 of Theorem 3.1) holds not only for linear systems, but also for some — admittedly
very specific — polynomial systems. Here R and p (see Section 4.1) will implicitly refer to

the form f(z,y) = 2% + y* whose discriminant is —4.

Corollary 4.2. Let k > 1 be an integer and let
L={(a,bc)eR*|1<a<a+(k—1)(b*+*) <N
Let W = (1, ..., Yp_1) € Zla, b, c]* be the polynomial system defined by
Yi(a,b,c) = a+i(b* + c?).

Then
> [TAwm) =T 6, +o(v?). (4.1)

n€Z3NL =0
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where P = Vol(L) and

k—1

By = Enezppnys | [ Azpa(ti(n). (4.2)

1=0

Proof of Corollary 4.2 assuming Theorem 3.1. We note that the left-hand side of equa-

tion (4.1) can be written as

> Ma)Aa+d)---Aa+ (k- 1)d)R(d), (4.3)

(a,d)€Z?NK
where K = {(a,d) e R* |1 <a<a+ (k—1)d < N} is a convex body in R% Applying
Theorem 3.1 to this convex body and the system (a,d) — (a,a+d,...,a+ (k —1)d,d),

which is of finite complexity, we get
k—1
S T Awin) = B [] 8o + oV, (4.4)
neZ3NL i=0 P

with (B, = Wz(g—jl) and

k k—1
. pa(@™) [
Bp = 1m B ae@/pma:— = (m) H Latiap)=1-
=0

m pm

It is easy to see that Vol(L) = .. It remains to prove that the local factors are of the
form (4.2). First, observe that

k—1 k-1
pa(p™)
Ea,dez/pmzy o 1 Lesiem=1 = Bapoec@mmzy | [ Lariorsem=1 (4.5)
i=0 1=0

Now let @ — a be the canonical map Z/p™Z — Z/pZ. We notice that it is a p™ 1-to-1
map and that (a + i(b% + ¢2),p) = 1 if and only if (@ + i(b? + &), p) = 1. Hence

k—1 k—1
E(aboe@/pmzy H Lavig+e) p)=1 = B(apoje(z/pzys H Lavie2+e2)p)=1
i=0 i=0
does not depend on m, and the local factors are of the desired form. O

Corollary 4.2 now appears as a special case of a posterior result of Tao and Ziegler [88,

Theorem 1.4]. However, our result is more robust in the following sense. Although we do
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4.2. SPECIAL CASES

not formally prove it here, an adaptation of our method can deal with a variant where L

is replaced by
1,N] x {(b,c) e R* | B+ c* < Nlog N} C [1,N] x [=vV/Nlog~*? N,v/Nlog~*/? N]?

for any constant A > 0, thus we could allow the step of the progression to be markedly
smaller than the terms of the progression. Indeed, in the proof above, this change amounts
to replacing K N Z% with [N] x [Nlog™® N] in equation (4.3). To handle equation (4.3)
then, we can proceed as in Chapter 3. In contrast, Tao and Ziegler’s method cannot restrict

b and c to such a small range.

Let us now compute explicitly the local factors 3,. Suppose first that p > k. We remark
that

k k—1
1 -
By = ( - > =Y (=) Puoepee (B + ¢ = ~ia mod p)),

PP iy S

where i is the inverse of i modulo p. Moreover, for any a € (Z/pZ)*, setting e(z) =

exp(2imx) as customary, we have

{(b,c) € (Z/pZ)* | b* + * = a mod p}| = Z Z (b+—c—a))

(b,e)e(Z/pZ)? phEZ/pZ
2
ha hb?
L )2
he(Z/pZ)* p bEL/pZ p

p—1 if p=1mod4
p+1 if p=—1mod4
D if p=2.

Il
—_—— B

The last equality follows from the classical computation of Gauss sums (see [55, 3.38]).
For p > k, this leads to

+2k§1—k—§1> if p=1mod 4
_'_

k—}l) if p=—1 mod 4.
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It is easy to compute the local factors for p < k, namely

<L>k (p=1)(2p—1) if p=1mod 4

p—1 p?
k
=9 () = if p=—1 mod 4
2k=2 it p=2.

We notice that 8, is nonzero for every p and that 8, = 1+ O(p~2). It follows that Hp Bp
is a nonzero convergent product. We prove in Lemma B.3 that the product of the local
factors is always convergent for systems of finite complexity.

Corollary 4.2 counts the number of weighted arithmetic progressions of primes up to
N whose common difference is a sum of two squares, each such arithmetic progression
being weighted by the number of representations of the common difference. It would be
interesting to count these progressions without the weight, but it is not possible to derive
such a count from Corollary 4.2.

In general, the only polynomial patterns we are able to deal with are the ones which
can be converted into linear patterns using quadratic representation functions, as in the
proof of Corollary 4.2. The ability to deal with arithmetic progressions whose common
difference is a sum of two squares as if they were a linear pattern is reminiscent of a result
of Green [37]: he proved that if a set A C [N] does not contain any such progressions of
length 3, then |A| < N(loglog N)~¢ for some ¢ > 0.

Theorem 3.1 can yield many further asymptotics for the number of solutions to equa-
tions in primes and sums of squares, some of which are not covered by Tao and Ziegler
[88]. In particular, one can count asymptotically (with multiplicity) progressions in the set
of sums of two squares whose common difference is a prime. Such an asymptotic is given

by the sum

k-1

> [T R +id)A(d),

1<n<n+(k—1)d<N =0
where R is again the representation function of sums of two squares. The system of linear
forms at hand is of finite complexity, so Theorem 3.1 applies.
We claim, but do not formally prove, that our method yields a result similar to Theorem
3.1 with the divisor function 7 instead of the representation functions Ry,. In fact, this
result is easier to prove, since the treatment of the representation function of a binary

quadratic form by Matthiesen [68] relies on her earlier paper on the divisor function [66].
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Theorem 4.3. Let U = (¢, ..., 0i) : Z% — 7 be a system of affine-linear forms of
finite complexity. Suppose that the coefficients of the linear part U are bounded by L. Let
K C [-N, N be a convex body such that W(K) C [0, N]**s. Write ® = ({111, ...,Pirs)
and for the linear part. Then

t t+s
> JIAw@in) T 7(@s(n) = (Qog N)*Be [ [ By + 0atisr.(N*log® N),
ne€ZiNK =1 Jj=t+1 p
where
foo = VOI(K)
and

t—s
ﬁp = (p — 1) Eae[p}d 1(%‘(@)7?):1 a(ba,p(pk17 cee 7pk )

i=1 (k1,..., ks)ENS

with ®,, = b ®(a) + pd(b) and o as in Definition A.1.

This theorem provides an asymptotic for the number of triples of nonnegative integers
(a, b, ¢) such that a,a+ be, a+ 2bc are primes. This is again a polynomial pattern of degree
2; in fact, 7 can be viewed as the representation function of the bilinear form (z,y) — zy.

We can obtain a result similar to Corollary 4.2. We let
L={(a,b,c) €[l,+00l} a+ (k—1)bc < N}.

This is not a convex body, but we have Vol(L) ~ |L NZ3| ~ N?log N/(k — 1). It is not
difficult to deduce from Theorem 4.3 that

Z ﬁ A(a + ibc) = Vol(L) H B, + o(N?log N)

(a,b,c)eLNZ3 i=0 p
with
t—1
Bp = H Az/pz(a + ZbC)
=0

Again, this result has the same shape as the Green-Tao theorem although the configuration

involved is nonlinear.

We remark that the idea of mixing A and 7 is quite old. Titchmarsh [91] considered
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sums such as

> r(p+a)

p<N

ZA T(n+ a)

n<N

or equivalently

for a € Z. Assuming the Riemann hypothesis, he proved that that

ZA T(n+a) = c¢1(a)Nlog N + O(N loglog N)

n<N

for some explicit constant ¢;(a). The result was proven unconditionally by Linnik [63].

Fouvry [30] proved the refined asymptotic formula

> A(n)T(n+a) = ci(a)Nlog N + Cy(a)Li(N) + O4(N(log N) ™)

n<N

for any A > 0. Notice that this problem does not belong to the scope of our method,
because the involved linear system is of infinite complexity.

We also mention that Matthiesen, together with Browning [17], was able to generalise
her result about quadratic forms to norm forms originating from a number field. This
implies a generalisation of Theorem 3.1, but we refrain, for the sake of simplicity, from

inspecting this general case.

4.3 Overview of the general strategy

We now turn to a proof of the main theorem, Theorem 3.1. The proof follows the usual
Green-Tao method, as sketched in Chapter 2. In Section 4.4.2, we perform the W-trick to
mitigate the preference of the von Mangoldt function and the representation function for
some residue classes. Because of the notably different behaviours of these functions with
respect to arithmetic progressions, this is a delicate matter.

On the one hand, the uniformity property of the von Mangoldt function holds for
congruence classes to moduli ¢ of size O(logo(l) N), which sets a bound on the size of a
tolerable W. On the other hand, to “uniformise” the representation function of a quadratic
form, we need to pass to congruence classes qn + b where ¢ is divisible by large prime

powers and b is nonzero modulo any of these prime powers. This generates a conflict that
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we carefully resolve.
Assuming some convergence properties of the local factors, which we prove in Appendix
B, the implementation of the W-trick reduces the main theorem to Theorem 4.7, which is

the statement that a multilinear average

t

Enezank (Fo(vo(n)) — 1) H E;(¢i(n))

i=1

is asymptotically o(1). Thanks to a generalised von Neumann theorem, it suffices to
ensure that Fy — 1 has small Gowers uniformity norm and that all the functions F; and
Fy — 1 are bounded by a common enveloping sieve or pseudorandom majorant. This is
another novelty of our result: while individual pseudorandom majorants for A and for Ry
were known before [10], we needed to construct a common one that works for A and Ry
simultaneously.

We remark that although we want to prove a result concerning quadratic and not
linear patterns in the primes, we do not need the pseudorandom majorant to satisfy the
polynomial forms condition introduced in [88]. This is because the polynomial character of

our configurations is encapsulated in the representation functions of the quadratic forms.

4.4 Proof of Theorem 3.1

We fix some arbitrarily large integer N, so that our asymptotic results are valid in the
limit where NV tends to infinity. We use the notation [N] for the set of the first N integers.
Many of the parameters introduced in the sequel implicitly depend on N (such as the
convex body K, the map p + «(p), the numbers w, W, W, the set Xj...).

4.4.1 Elimination of a negligible set

We start our proof by taking care of a technicality. We would like to eliminate slightly
awkward integers from the support of the von Mangoldt and the representation functions.
In fact, as already noticed in Chapter 2, it will turn out handy to exclude prime powers and
small primes from the support of A, so we introduce A" = 1p\[y2+]log, for some constant
v € (0,1/2) to be fixed later. It coincides with A on the bulk of its support up to N,
namely large primes.

Similarly, there is a fairly sparse subset X, C [N], depending on some constants C; > 0
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and v > 0, on which the divisor function and the representation function behave abnor-
mally, so that our process of majorising by a pseudorandom measure (carried out in Section
4.5) fails there. We recall the following definition originating from [66] and taken up in
[68].

Definition 4.1. Let v = 2% for some k& € N to be decided later, and let C; > 1. We
define Xy = Xo(7, C1, N) to be the set containing 0 and the set of positive integers n < N

satisfying one of the following.
1. n is excessively “rough”, i.e. divisible by some large prime power p* > logc1 N with

a> 2, or

2. n is excessively smooth in the sense that if n = Hp p® then

H pap > Nw/ loglog N

pSN(l/ log log N)3
or

3. m has a large square divisor m? | n that satisfies m > N7.

We will settle on values for v and k later. The constant v is the same as that introduced
at the end of Chapter 2, where it had to be small enough for Proposition 2.13 to hold. We
will find in the current chapter a further smallness condition it needs to satisty.

The following lemma, which is Lemma 3.2 from [68], itself a synthesis of Lemmas 3.2

and 3.3 from [66], shows how negligible this set is.

Lemma 4.4. For ¥ and K as in Theorem 3.1, we have

t+s

EnEKﬂZd Z 11[J¢(n)€Xo <<'y,d,s lOg_Cl/2 N.
i=t+1

This enables us to state the next lemma, which allows us to ignore X, altogether. For
any PDBQF f, we use to the notation R;(n) to denote L,¢x,Rs(n).

Lemma 4.5. If the parameter C in Definition 4.1 is large enough, and for any choice of

the constant v € (0,1/2), Theorem 3.1 holds if and only if, under the same conditions, we

have
> 1IN @n) TT By @(n) = B [T 8o+ o(N9). (4.6)
neKNzd i=1 j=t+1 »
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4.4. PROOF OF THE MAIN THEOREM

Proof. We first show that

2 [T At T Ry, @50) = o),

Jjelt+1;t+s]: ¥;(n)eXo

where we introduced the notation [t+1; t+s] ={t+1,...,t+s}. We get rid of the von
Mangoldt factors by bounding their product by log’ N. Then we use the Cauchy-Schwarz
inequality followed by the triangle inequality, which implies that

2

> II Byt | < > (H Rfj(@/)j(n))) > > lymexe

neKNz4 Jj=t+1 neKnNzd \j=t+1 nekKNZd j=t+1
Jjelt+1;t+s]: ¥;(n)eXo
Finally, we use Lemma 3.1 of [68] which ensures that the first factor is O(N?log? M N),
while the second one is O(N¢ logfcl/ > N) according to Lemma 4.4, so that taking C; larger
than 2(¢ + O4(1)), we have the result.

To replace A by A’, we remark that for each i € [t], the number of n € K NZ? such that
Pi(n) < N2 is O(N?127) while the number of n € K N Z* such that v;(n) is a prime
power and not a prime is O(N% !log N VN ). Using Cauchy-Schwarz or even pointwise
bounds such as the divisor bound Ry, (n) < 7(n) <. N¢, we conclude the proof of Lemma
2.2. U

From now on we will drop the bar, so that R coincides with the actual representation
function of f on [N]\ X, and is 0 on Xj.

4.4.2 Implementation of the W-trick

Recall that when performing the W-trick in Chapter 2, we had allowed some freedom in
the precise choice of the modulus W, which will come in handy. As already mentioned, the
representation functions of quadratic forms require large prime powers to be incorporated

into W We therefore introduce a new modulus

W = H pb(p)’

p<w
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where «(p) is defined by
p P71 < Jog@tt N < pH®) (4.7)

for some (' large enough as in Lemma 4.5. We observe that

W< H plog” ™ N < exp((C} + 2)wloglog N)),

p<w

which is less than any power of N. In particular, we can ensure that W < N7 — 1 by
choosing N large enough. Notice that for N large enough and p < w(N) = logloglog N,
we always have «(p) > 2.

Of course, W is larger than any power of log N, hence outside of the range of the
Siegel-Walfisz theorem and as a result, we cannot claim that ||Af;, —1f[+ = o(1), not even
for t = 1. We will make do without this bound.

Following Matthiesen [68, Definition 7.2], we define

rp(m) = \/Q;—Dpﬂ:/sz) Ry(Wm + ), (4.8)

for any b such that p;(W) > 0, and if ps,(W) = 0, we define r%,(m) to be 0. By
construction, R¢(n) equals 0 in the case where n € X, in particular in the case where
n = 0 mod p'® with p < w(N). Hence, ey = 0if b = 0 mod p®). Moreover (see [68,
Definition 7.2]) for b # 0 mod p®® and any p < w(N) satisfying ps,(W) # 0, we have

Encnip(n) = 1+ O(W M~/2),

This average in arithmetic progressions relies on elementary convex geometry and is valid
uniformly in the modulus, in sharp contrast with the analogous result for primes, the
Siegel-Walfisz theorem (1.3).

We now decompose the left-hand side of (4.6) into sums over congruence classes as in

Proposition 2.7. Letting

F(n) = [N wim) T Ry, @5(n),
i=1 j=t+1
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we can write the left-hand side of (4.6) as

Z Z Z F(Wn +a) (4.9)

neZINK a€[W1d neZinkK,

where
K,={reR|Wzr+ac K}

is again a convex body. Moreover, for j € [t+s], we can write 1), (Wn—l—a) = /WVQ/;J (n)+cj(a)
where cj(a) € [W] and QE]' is an affine-linear form differing from ; only in the constant
term. We remark that if ¢;(a) is not coprime to W for i € [t], or if py, 4@ (W) = 0 or
¥;(a) = 0 mod p*® for some j € [t+ 1; ¢+ s] and some prime p < w(N), then for each
n € K,NZ we have F(Wn + a) = 0 (even if (¢;(a), W) > 1, the integer v;(a) could
still be a prime p < w(N) < N7, but given that primes smaller than N7 are not in the
support of A/, we still have F(Wn 4 a) = 0). Thus the residues a which make a nonzero
contribution to the right-hand side of (4.9) are all mapped by ¥ to tuples (by,...,bus)
belonging to the following set.

Definition 4.2. We denote by B; , the set of residues b € [W]'** such that
1. for any i € [t], (b;, W) = 1;
2. for any j € [t+ 1; ¢+ s] and any prime p < w(N), we have b; # 0 mod p*;
3. forany j € [t+1;t+s], b; is representable by f; modulo W, that is, py, s, (W) > 0.

Moreover, for an affine-linear system ¥ : Z¢ — Z'™. we define Ay to be the set of all
a € [W]% such that (c;(a))icj+s) € Brs. We recall that ¢;(a) is the reduction modulo W in
[W] of ¢;(a); we also denote by c(a) the vector (c;(a));e+s. We usually drop the subscripts

on B; s and Ay when there is no ambiguity.

Now we rewrite equation (4.9) as

|74 s 2m 5 (ay (W) /
S Fm) = Y (W) I s i) DI

n€ZNK acAy j=t+1 J ne€Kq,NZ4
t+s 2
= H /-D, Z Q(a) Z Fa(n)
Jj=t+1 ac[W]d neK,NZ4



CHAPTER 4. ASYMPTOTICS FOR SOME POLYNOMIAL PATTERNS IN THE PRIMES

where . " B
[ Pf ) (W)
a) = [[ Azywz(wi(a) T Tlvpgw,wj(a);o mod p)s (4.10)
i=1 Jj=t+1
and "
HAWCZQ) Gi() TT 7y (n).
j=t+1

In equation (4.10), we have used the notation Az for the local von Mangoldt function

introduced in equation (1.2).

Furthermore, we use the identity

t+s
HAWM i)+ > (1w (i) = DFL ;(n),
Jj=1+4t

where

Fyi(n) = T ] ety (W (n H W i) (Vi(1).

k<j

Thus, equation (4.9) yields

(H\/j> Y Fn)=Ti+T, (4.11)

J=t+1 n€ZiNK
where t
=3 Q@) >  []Aew@m) (4.12)
ac[W)d neZink, i=1
and
t+s
=330 > (ewii) - DE,®). (4.13)
j=t+1lacA neZinky,

Here, the first term is expected to be the main term, of the order of magnitude of
Vol(K). The second one, which involves the difference of a W-tricked representation func-

tion to its average 1, is expected to be negligible, that is, o( N9).
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4.4.3 Analysis of the main term

To deal with the main term (4.12), we would ideally like to claim that the inner sum
satisfies .
D T Ao (Fu(m)) = Vol(Ka) + o((N/TW)).
neZinK, i=1

Unfortunately, W is too large for that, even for the case where t = 1.

If we were able to lower the prime powers p'® ~ log® N involved in W to smaller
prime powers p"® ~ loglog N, the resulting W would be small enough for Siegel-Walfisz
(and more generally Proposition 2.7) to apply. Let us then define n(p) by

p"P=1 < loglog N < p"® (4.14)

and W = [l<w PP < [[,<,ploglog N = log®™ N.

The reader may wonder at this point why we performed the W trick at all if we really
want to deal with congruence classes modulo W. The reason for this is that Lemma 4.5
would not hold if X contained all integers smaller than N that have a prime power factor
larger than loglog N: this is not a sufficiently sparse set, given the possibly large values
of Ry and A. Thus, performing the W—trick, we could not force the residues to satisfy
cj(a) # 0 mod p"®) | whereas the W-trick allowed us to force ¢j(a) # 0 mod p?). Imposing
such a nonzero congruence will prove crucial to ensuring that r}j’cj(a) is dominated by a
pseudorandom majorant, and thus to establishing that the term 75 is negligible.

To reduce the size of the prime powers, we shall rely on the powerful lift-invariance

property of Matthiesen [68, Lemma 6.3].

Lemma 4.6. Let f be a PDBQF of discriminant D. Let py be a prime and o > vy, (D)
be an integer. Suppose that b # 0 mod p§. Then for all > a and ¢ = b mod py, we have
pro(08)0 " = pre(Pe)py”-

We decompose the residue set [W]? into X; and Xy, where
Xi={ac W) |Vje[t+1;t+5] Vp<w(N) ¥;(a) # 0 mod p"®}
and X, is the complement of X; in [W]?. We also introduce
Vi={ae W' |Vjelt+1;t+s] ¥p<w(N)  1(a)# 0mod p"®}.

64



CHAPTER 4. ASYMPTOTICS FOR SOME POLYNOMIAL PATTERNS IN THE PRIMES

First we remark that, for a € X, Q(a) depends only on the reduction a € Y; of a. Indeed,

writing
t t+s i
~ P 5@ (W)
Q(a) = HAW(wi(a)) H = Lyp<w;(@)£0 mod p®>
i=1 j=t+1 w

we have Q(d) = Q(a). This shows that

ZQ(C‘) Z HA/W,CZ-(@(J%‘(”)) = ZQ(Q) Z Z H Wci(b) (¢i(n))

a€Xy n€ZiINK, =1 a€Yr W]e  neZink, i=1
b=a mod W
t ~
= > Q@ Y JIAp.o@m). (415
a€Y neZINK, =1

We admit a slight abuse of notation: in the last term, @Z;Z may be different from the other
occurrences of 1 (differing at most in the constant term) and ¢;(a) = t;(a) mod W lies in
[W] They satisty wZ(Wn+ a) = W@ZNJZ(TL) +¢i(a). Now we can apply Proposition 2.7 to the
inner sum of (4.15). Thus for any a € Y; that has a nonzero contribution, in particular,

satisfying (c;(a), W) =1 for all i € [t], we have, uniformly in a, the relation
5 [T () = Vol( K + ol /T
neZiNK, i=1
Inserting this formula in (4.15) yields
t ~
ST S [T A (Glm)) = (VOI(E) + o(N))E, _57,Q(a) Locys.
acX; neZinK, =1

We exploit multiplicativity to write

t+s (p)
-1 H 11 Ps (@) (")
ae[W dQ( a6Y1 E e(z/pn® z)d AZ/pZ % )) = 1wj(a);7é0 mod p7(®);

n(p)
p<w J=t+1 p

and invoke results from Appendix B. Indeed, setting m = n(p) in Lemma B.2, we find that

t t+s D@ (pn(p)) s
EaE(Z/p’?(P)Z)d H AZ/PZ(¢i(a)) H wjplej(a)%O mod pn(P) — Bp+0((log IOg N) )
=1 j=t41
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Using Lemma B.3, we conclude that

Eae[W 1Q(a)laey, = H By + o(

and finally we can write

> Q@) ) HAWM (n)) = Bu [ By + o(N).

acX1 n€ZiINK, =1

4.4.4 The sum over X,

We now turn to the set of bad residues Xs. We need to show that

OESS HAWW o(N'Y).

acXs neZINK, =1

In the absence of an asymptotic for the inner sum, we shall be content with an upper bound.
To that aim, we use the majorant of the von Mangoldt function described in Chapter 2,
and its uniformity property given by Proposition 2.13. Indeed, we have rad(W) = W =
O(log N) and the exceptional primes for the system of linear forms U are bounded, so these

propositions apply. In particular, for any a € X5, we have

> H W@ < > HVGTWW (t:(n)) = Vol(K,) + o (N/T)).

neZiNK, =1 n€ezZinkK, =1

From this, we infer that

> Qla) Y H (n)) < NE,e7714Q(a) Lue x,.

a€Xo nEZINK, ©

We use the triangle inequality to bound the expectation in the right-hand side of the above
equation by

Y Eucimalpo, @),

p<w
JE[t+1;t+s]
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which, by multiplicativity, can be rewritten as

Y EBecgmonilowyw@(@) [ Eeepen().

q<w p<w,q#p
JE[t+1;t+s]

Here, as the reader may be able guess, we have written

t T Phe) (@)
QP(G’) = H Ap(wl(a)) H Wle(a)io mod pt(®) 5
=1 j=t+1

for any prime p, so that Q(a) = Hpgw( ) Qp(a). Again, we invoke Appendix B. Lemmas
B.2 and B.3 imply that

H EaE(Z/pL(P)Z)de(a> =0(1),

p<w,q#p

while the proof of Proposition B.1 shows that

I['Eae(Z/qb(q)Z)dl1 0|y, a)Qq( a) = O((loglog N)~ 1/3)'

Because w(N) = logloglog N is so small, we obtain the desired bound

ST Q@) Y TN (@) = ol N%).

acXs n€zZinkK, =1

4.4.5 Reduction of the main theorem

Given the above discussion, the main theorem (Theorem 3.1) boils down to proving that the

term Ty defined in equation (4.13) is o( N). This is a consequence of the next proposition.

Theorem 4.7. Let d,t and s be nonnegative integers, and let fo, fii1, .- -, firs be PDBQF.
Let N' = N/W, and ® = (¢o, ..., ¢irs) be a system of affine-linear forms Z¢ — ZH+1 of
finite complexity whose linear coefficients are bounded by a constant. Let L C [0, N']? be a
conver set such that ®(L) C [1, N'|"*5TL. Then for any b € By ¢y1, we have

t+s

Y hw(@o(n) = D T Ay, (@i(n) T 74,,(5(n) = o(N'%).

n€eZiNL i€[t] j=t+1

The set B = B;,y1 was introduced in Definition 4.2. Notice the slight change of
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notation with respect to the original definition, due to the fact that our quadratic forms

are now labelled fo, fri1, firo, - fevs:
We prove this theorem in the next section.

4.5 Majorant and uniformity of quadratic represen-

tation functions

Here and in the remainder of the chapter, N’ = N/W. To prove Theorem 4.7, we have to
show that the average along a linear system of a product is o(N'?), knowing that one of
the factors has average o(N'?). Because of Theorem 2.8, this follows if we can prove two

things:
e the uniformity estimate ||, — 1||yrny = o(1) for any k;

e that the representation functions of quadratic forms and the von Mangoldt function

are dominated by a common pseudorandom majorant.

For the first item, we can use wholesale the following result of Matthiesen, proven in [68,
Sections 14-18].

Proposition 4.8. Let f be a PDBQF, and let b € [W] be representable by f modulo W
and not divisible by any p*® for p < w(N). Then the tricked representation function of f
defined by (4.8) satisfies, for all k € N, the estimate

||7“},b - 1||U’C[N’} =o(1).

The discussion of the second item will occupy the rest of this section. We use a pseu-
dorandom majorant from Matthiesen’s work. For this we need to recall some notation and
facts from [68]. Given a set A of primes, (A) stands for the set of integers whose prime

factors are all in A. Let 7.4(n) = > ;e 4 lap-

Proposition 4.9. For any integer D = 0,1 mod 4, there exists a set of primes Pp of
density 1/2, which is a union of congruence classes modulo D, such that putting Py, =
PpU{p € P:p| D} and Qp = P\ P}, we have, for any PDBQF f of discriminant D,
the bound

Ry(n) <p mo(n) S Lip (/).

me(Qp)
m2|n
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To understand this result, which is the starting point of the construction of the pseudo-
random majorant in [68], we recall that the number of representations of any odd number
n as a sum of two squares is 4 din x(d), where x is the only nontrivial character modulo
4. By multiplicativity, this is easily seen to equal 474(n) szg mod 4 Lup(n)=0 mod 2, With A
being the set of primes congruent to 1 modulo 4, from which we derive a majorant of the
desired form. This works similarly for other quadratic forms.

Thus, to majorise the function Ry it will be enough to majorise the functions 7p and
L¢psy. The heuristic to bound 7p (or rather 7p/y/log N) is as follows (see [66, Lemma 4.1]).
We would like to truncate the divisor sum defining it at N7 (possibly with a smooth cut-
off), just as was done earlier for the von Mangoldt function. The function defined by this
truncated divisor sum is called 7,. Unfortunately, it turns out that the inequality 7 < C'r,
is not entirely true, at least not true with the same constant C' throughout the first N
integers. Nevertheless, a heuristic of Erdés [27] says that an integer is either excessively
rough or excessively smooth or has a cluster of many prime factors close together. We have
excluded the first two possibilities when we took out the set Xy, so it remains to majorise
7(n) in the third case. Then the bound depends on the position of this cluster of primes
and on its density. For more details on the majorant of the divisor function see [66].

To bound 1(px) (or rather 1<7>B>\/log—N ), that is, the indicator function of the integers
without any prime factor belonging to Qp, we use a sieving-type majorant, that is, a
majorant similar to the one introduced above for the von Mangoldt function. Indeed,
integers without any prime factor in Qp are similar to prime numbers (integers without
any nontrivial prime factors at all).

To formalise this heuristic, let us introduce the following definition. Recall that the
constant 7 = 27% was introduced in Definition 4.1, and its exact value (or the value of k)

is yet to be chosen.

Definition 4.3. Let £ = /2 = 27571, 'We define sets U(i, s) for integers 4, s as follows.
Let log, be the base 2 logarithm. For ¢ = log,(2/£) — 2 = k, we let U(4,2/£) be {1} and
otherwise U(7,2/£) = 0. If s > 2/€ and i > log, —s, write U(i, s) for the set of all products
of mo(i,s) = [€s(i + 3 — log, s)/100] distinct primes from the interval [N2~ ' N2 ).

Let us fix an integer D = 0,1 mod 4. We now describe a majorant for the W -tricked
representation function of a PDBQF of discriminant D, which was designed by Matthiesen

[68]. We again need the smooth function y (this should not be mistaken with a character,
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as there are no more characters in the sequel) introduced for the majorant of the von

Mangoldt function. We use the function

rpa(n) = Bp,(n)vp,(n), (4.16)
where
| (loglog N)3] |6logloglog N |
Vpy = Z Z Z 2" LunTp A, (n),
s=2/€ i=logy s—2  weU(i,s)
with
log d
Toa(m) = D> lamx (W) :
de(Pp) &
pld=p>w(N)

and

2

CRUEND SH I DEETNEN -y

me(Qp) e€(Qp)
plm=p>w(N) \ple=p>w(N)
m<N7Y

As we will state in the next lemma, there exists a positive constant C'p, such that the
function rp , has average Cp , + o(1).

We now define for any integer ¢ and any b € [¢] the function vypasep,p @ [N'] = R by

UMatt,q,b,0(1) = rp~(gn +0)/Cp . (4.17)

When ¢ is implicitly understood to be W, it may be omitted from the subscripts of v. The
next lemma, drawn from [68, Lemma 7.5|, also asserts that this function is a pseudorandom

majorant for the representation function of any PDBQF of discriminant D.

Lemma 4.10. For any PDBQF f of discriminant D and b € [W| satisfying b #Z 0 mod p*®)

for any p < w(N) and prp(W) > 0, the following bound holds

T},b(n) < Uatt,p,0(1).

Furthermore, for some positive constant Cp, = O(1), we have Eycnqrpy = Cp,y + 0(1)

and Wate p,p(n) = 1+ o(1).
The crucial property of vyat is that it is a truncated divisor sum, like vgr. Indeed, all
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divisors appearing in it are constrained to be less than R = N7. It is obvious by definition
of x for the divisors called d, m, e, and less obvious, but proven by Matthiesen, for u (see
Remark 3 following Proposition 4.2 in [68]). Moreover, the divisors d, m, e only have prime
factors larger than w(N) while u only has prime factors larger than N(eglogN)™*

The majorant of the divisor function we have just introduced looks extremely compli-
cated, and other majorants are available in the literature, also of the form of truncated
divisor sums. Let us mention the work of Landreau [59], revisiting a theorem of van der

Corput [92], in which inequalities of the form

7(n) < KFETD N 1 (d)F

dgnl/k

for any integer k > 1 are discussed. Unfortunately, the right-hand side has an average of
size logc(k) N up to N, where C(k) > 1 for k > 1. This is much larger than the average of
the left-hand side, which is asymptotic to log N. Thus, such majorants cannot be used as

pseudorandom measures, and we are left with the sixty years old idea of Erdos.

Finally, we need to produce a common majorant for the ¢ + s 4+ 1 functions occurring
in Theorem 4.7, which are copies of the von Mangoldt functions and quadratic repre-
sentation functions. Now each of them is bounded individually by some pseudorandom
majorant defined above, so we define our common majorant by averaging all these majo-
rants. Recall that N’ = N/W ; we take M to be a prime satisfying N' < M < O(N').
Given a family fo, fii1,. .., firs of PDBQF of discriminants Dy, Dy 1, ..., Dy s and a family
(bo, ..., birs) € B, we define a function v* on [N'] C Z/MZ by

t t+s
. 1
vi(n) = m(l + 221 varp, (n) + j;l UMatt,b;,D; (1) + UMatt,bo, Do (1) ) (4.18)

where vgrp, is a shortcut vgp 3, . We extend v* to Z/MZ by setting v*(n) = 1 outside
[N’]. Our strategy of forming a common majorant for a family of functions by averaging
a family of majorants is not unheard of. In fact, Green and Tao [45] had to combine
the majorants n — A, . (Wn + b;) for various b; and so did Matthiesen [68]. Notice also
that Lé and Wolf [62] devised a certain condition of compatibility for two pseudorandom
majorants. However, in our case the majorants have rather different origins. But they
have a similar structure, the structure of a truncated divisor sum, so that the proof of the

linear forms condition will not be much harder than the ones in [45] or [68].
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We observe that v* satisfies

t t+s
/ / / *
L+ Z AW,bi + Z Tfi0; + T fo,bo <v
i=1 j=t+1

and has average 14 o(1) by Proposition 2.11 and Lemma 4.10. So to ensure that v* is a
pseudorandom measure, it remains to prove the linear forms condition (2.6). This is the

content of the next proposition.

Proposition 4.11. Fiz a constant D > 0, and positive integers t,s. Then there exists a
constant Co(D) such that the following holds. For any bounded C' > Cy(D) there ezists
v = v(C, D) such that if M € [CN',2CN'] is a prime, b € Bys1 and fo, fie1,- -, fers
are PDBQF and v* is defined as in equation (4.18), then v* satisfies the D-linear forms

condition, and for any i € [t] we have
!/ *
AWJ% <L v

Similarly, we have

‘r}o,bo — <

and for any j € [t +1;t+ s], we have
T}j,b]- <V
where all inequalities are valid on [N'].

The inequalities have already been observed above. The linear forms condition will

follow from the following proposition.

Proposition 4.12. Let1 < d,t,s < D, where D 1s the constant appearing in Theorem 2.8.
Let cgr(x) be the constant appearing in Proposition 2.9. For any finite complezity system
U : 74 — 7' whose linear coefficients are bounded by D and every conver K C [0, N|¢
such that U(K) C [1, N/W]!, and any b € B (as in Definition 4.2), the estimate
tts d—14+0p(7)
E,czink H VMatt,D;,b; (¢;(n H vary, (Yi(n)) =1+0p (W) +op(l) (4.19)

Jj=t+1 i€(t]

holds, provided ~ is small enough.
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Notice that ¢ and s are not the same as in Proposition 4.11. The proof is postponed to
Appendix C, due its utter length and complexity.

As mentioned in Section 2.4, deriving the linear forms conditions for v* (Proposition
4.11) from Proposition 4.12 is a standard procedure. The argument does not need any
modification, so we do not reproduce it here and invite the reader to consult one of the

references [44, Proposition 9.8] or [22, Proposition 8.4]. We can now prove Theorem 4.7.

Proof of Theorem 4.7 assuming Proposition 4.11. Take any integers d,t and s, and a sys-
tem ® : Z¢ — Z!*sT! of affine-linear forms of finite complexity, where the coefficients of
the linear part are bounded by L, and let foy, fii1,..., firs be any PDBQF. Let D be the
constant indicated by Theorem 2.8. Fix v = 27% such that Proposition 4.11 holds. Take
a convex set K C [1, N']? such that ®(K) C [N']'***!. Let b € B. Then Proposition
2.8 and Proposition 4.11 provide constants Cy and I', of which we take the maximum
C = max(Cy,I'). Now take a prime M € [CN',2C'N’]. Such a prime exists by Bertrand’s
postulate. Define v* as in (4.18). Define Fy = rf ,, — 1. Set F; = Af; -~ for i € [t] and
Fy=r}, forje{t+1,...,t+s}. Then we have that [F;| < v* for all j € {0,..., ¢+ s}
and v* is a pseudorandom measure by Proposition 4.11, so that we can invoke the von Neu-
mann theorem (Theorem 2.8). Together with the statement of Proposition 4.8 (specialised

to k =t + s), it implies Theorem 4.7. O]
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Chapter 5

Bilinear structures in vector spaces

over finite fields

This chapter is based on a preprint of Thai Hoang Lé and the author [12], submitted to
the Journal de I’Ecole Polytechnique. Most of the mathematics and redaction was done
by the author.

Thanks are due to Ben Green and Terence Tao for suggesting respectively this chapter’s
main result, Theorem 5.8, and a sketch of proof. Before stating our main result, we review

Bogolyubov’s theorem and some basic facts of discrete Fourier analysis.

5.1 Preliminaries

We fix a prime p. We work in the finite field model introduced in Section 1.4, so we let V'

be an [F,-vector space of dimension n, where we think of n as tending to infinity. Recall

from the introduction that the density of a subset A C V is the quantity o = %.

Theorem 5.1 (Bogolyubov). If A CV is a set of density a > 0, then the sumset
A+A—A—A={a1tay—az—ay|(ar,...,a4) € A*}
contains a vector subspace of codimension c(a) = O(a™?).

The notation A+ A — A — A is often abbreviated as 24 — 2A. We shall give a (short,
folklore) proof of Theorem 5.1. To this aim, and for the rest of the chapter, we need to

introduce the basics of discrete Fourier analysis.
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We denote by V the dual of V, the set of characters on V. A character y € V takes
values in the p-th roots of unity, that is, 1,w, ..., wP™! where w = exp(2in/p). The trivial
character is y = 1. Let f : V — C be a function. Then the Fourier transform f is defined
onV by

F0) = Baev f(2)x(2).

In particular, if A C V has density a and indicator function 1,4, we have ﬁ(l) = «.

Besides, we have 1_4 = 14.

Let W be an affine subspace of V' of direction IT/, that is, W =a + W/ for some a € V
and some subspace I?/ of V. If f: W — C is a function, we define the function f on the
vector space I?/ by f(v) = f(a+v). We then define the Fourier transform of f relative to
W as the Fourier transform of f on I?/ We will abuse notation and denote by W the dual
of I?/ Thus the notion of Fourier transform depends on the (potentially affine) subspace
W one is considering, but when no ambiguity is possible, the space considered may not be

made explicit.

Besides, if f,g: V — C are two functions, we define their convolution f*g:V — C by

f*g(x) =Eyevf(y)g(z —y).

We define the U? norm by
1 flG20vy = Eaev|f * f(2)]*.

A quadruple (1, To, 3, 24) € V4 satisfying z; +xy = 23+, is called an additive quadruple.
Observe that if f = 14 is the indicator function of the subset A C V, then

1 4 _ ‘{(1'1,1'2,.%'371'4)6144 |x1+x2:$3+l‘4}‘
I AHU2(V) - B

and we refer to this quantity as the density of additive quadruples in A. Again if W is an
affine subspace of V and f : W — C s a function, we will write || f{|y2qy) = HfHUQ(W). Note
that the connection with the additive quadruples of A C W is preserved, because additive
quadruples are invariant by translation. When it is obvious from the context which space

one is considering, one will simply write || f||y=.

We recall without proof a few basic properties of the Fourier transform.
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5.1.

PRELIMINARIES

1. Parseval’s identity is the statement that

Eeev|f(2)]> =) _If (01"

xeV

In particular, for a subset A C V of density «, we have

Yo ILP =a. (5.1)

xeV

. The Fourier transform of a convolution is the product of the Fourier transforms, that

18

Fro=fi. (5.2)

. Combining the previous two points, we see that the U? norm of a function is the L,

norm of its Fourier transform, that is

| fllozevy = 11 fla-

In particular if f = 14 for a subset A of density «, Parseval’s identity implies that

ot < Talli = o + > LA < o + o max [Ti(x) (5.3)
XEV, x#1 XEV XA

When a set A C W of density a has about as few additive quadruples as it can, that
is, ' < [ Lalljeqwy < @'(1 +¢), we will call it e-pseudorandom. In particular, A is

e-pseudorandom in W if max, g X¢1|a(x)| < a®2e/2,

. The Fourier inversion formula is the statement that

F=Y foox (5.4)

xeV

We now give the proof of Theorem 5.1. We observe that 24 — 2A is the support of

the convolution g = 14 %14 %x1_4%1_4. So we simply need to find a large subspace W

such that g(x) > 0 for all z € W. Because of equation (5.2), we have g(x) = |ﬁ()()|4.
Let K = {x € V| [Ta(x)| > p} for some constant p to be determined later, and let
W={zxeV|VyxeK x(x)=1}. Itisa vector subspace of codimension at most |K]|.
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Because of Parseval’s identity, or rather equation (5.1), we have |K| < p~2a. Furthermore,

using equation (5.4), we have

9= ILa00I" =D LIy + Y _[Ta00I*x-

xeV XK XEK

On W, the first sum is simply ZXeK|ﬁ(X)|4 > TZ(O)4 = a' by positivity. Meanwhile,
the second sum is bounded by sup, ¢, |1a(X)[* 22, cp|1a(x)]* < p*a. By taking p = o??/2
and using the triangle inequality, we see that g > 0 on W, while codimW = O(a~?). This
concludes the proof.

In the same vein, we prove the following useful lemma. It says that if A is sufficiently

pseudorandom in terms of its density then 2A — 2A is the whole space.

Lemma 5.2. Let W be an affine subspace of V and A C W have density «. If |14 —
allvzwy < a, or equivalently,

> At < o, (5.5)

x#1

then 24 —2A = W. Consequently, if max (x)| < a®? then 2A —2A = w.

XEW, x#1 ‘ 1a

%
Proof. For any z € W, by the Fourier inversion formula (5.4), we have

LysLaslog#1oa(z) = Y [Ta00"x(z) = o' = [Ta(x)|" > 0.
X€/V[7 X#l

This implies that x € 2A — 2A. O

We also need the following standard fact which relates the lack of pseudorandomness

to density increment.

Lemma 5.3 ([38, Lemma 3.4]). Let W be an affine subspace of V- and A C W have density
a. Suppose there exists x € W\,X # 1 such that \ﬂ(xﬂ > (. Then there exists an affine
subspace H < W of codimension 1 such that the density of ANH on H is at least a+ (5/2.

Our next tool is a regularity lemma.

Lemma 5.4. Let W be an affine subspace of V- and A C W have density «. Let € > 0.
For any t, there exists an affine subspace H < W of codimension O(te ' loga™') such that

|A'| = /|H| (where A" = ANH ) with & > « and for any affine subspace F of codimension

at most t of H, "?gf' < a(l+¢€). Consequently, for any affine subspace F of codimension

at most t of H, we also have ‘?gf' > a(l —ple).
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Proof. Let us prove the first conclusion. If W does the trick already, we do nothing. If

not, there exists a subspace H of codimension at most ¢ such that "72?' > a(l+e€). We
replace W by H, and A by AN H. And we iterate. We duplicate the density in at most e *
iterations. And we may duplicate up to loga~! times before hitting 1. At every iteration
we may lose up to t dimensions. Whence the first conclusion. The second conclusion

follows from summing the upper bound over all cosets of F'. O

In particular, when ¢ = 1, the following corollary says that we can always suppose that

a set A C W is pseudorandom, at the cost of passing to a subset in an affine subspace.

Corollary 5.5. Let W be an affine subspace of V- and A C W have density . Let € > 0.
Then there exists an affine subspace H < W of codimension O((ce)™*/?loga™') such that
A" = AN H has density > « and is e-pseudorandom in H.

Proof. We use Lemma 6 with 8 = a%2¢'/2 and Lemma 7 with ¢t = 1 and € = o!/2¢!/2/2

to obtain the conclusion. O

Next we state a standard lemma, which plays a key role in the proof of the U? inverse
theorem [43], and which results from the combination of the Balog-Szemerédi-Gowers [83,
Theorem 2.29] and Freiman-Ruzsa theorems. A useful reference for this lemma is [40,
Lecture 2]. We reproduce the proof as we want to incorporate the quasipolynomial bound
of Sanders [78, Theorem 11.4] for the Freiman-Ruzsa theorem (see [65] for an accessible
survey centered on finite fields). Note that under the polynomial Freiman-Ruzsa conjecture

[93, Conjecture 2.10], this bound is polynomial.

Lemma 5.6. Let W < V be F-vector spaces and A C W have density o. Let ¢ > 0 be
a constant. Suppose £ : A — V is such that are at least ¢|A|* additive quadruples in the
graph I' = {(y,&(y)) | y € A}. Then there is a subset S C A such that §s coincides with
an affine-linear map. Moreover, the density of S in A can be taken quasipolynomial in c,
that is |S| > |A| exp(—1og®® ¢ 1).

Proof. First, the Balog-Szemerédi-Gowers theorem implies that there exists a set A’ C A
satisfying |A’| > C|A| that induces a subgraph IV C I' satisfying | 4+ I"| < C’|I'|, where
both C' and C’ can be taken polynomial in ¢. Using the Freiman-Ruzsa theorem (with
Sanders’ bounds from [78, Theorem 11.4]), we get a subgraph I C I corresponding to
a subset A” C A’ satisfying |I"| > DI|I"”| and |span(I")| < E|I"| with D polynomial and
E quasipolynomial in ¢. Write H = span(I') < W x V and 7 : H — W the canonical
projection of W x V' to the first coordinate restricted to H. Then w(H) D A” by definition.
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Because |H| < E|A”|, the size of the kernel of 7 is at most E. Then we can partition H
into at most E cosets of some subspace H' so that 7 is injective on each of them. By the
pigeonhole principle, there exists such a coset that has a large intersection with I'”| that
is, an x € W such that

Gz + H) N TY| > [|/B.

Let now A = (z + H') NI and S be the corresponding subset of A”. The map 7, p is

a bijection onto its image, an affine space M < V. Its inverse function is an affine map
¢ M — W such that (s,1(s)) € I' for all s € S, that is, ¥(s) = £(s). Moreover,

S| =|A| = |A"]/E = K|A]
where K is quasipolynomial in c. O

A variant of Lemma 5.6 can be found in [43]. There the conclusion is that £ is linear in
a subset of polynomial (in ¢) density inside an affine subspace of polynomial codimension.
Unfortunately, due to various losses in other places of our argument (in particular, the fact
that c itself is ultimately quasipolynomial in «), we cannot make this improvement on the
density bear fruit.

To conclude this section, we state, without proof, a deep improvement on the constant

c(a) appearing in Theorem 5.1, which is due to Sanders [78, Theorem 11.1].
Theorem 5.7. We can take c(a) = O(log"* a™') in Theorem 5.1.

As noted in the introduction, the case of a subspace A shows that Sanders’ result is

optimal up to the exponent 4.

5.2 The bilinear Bogolyubov theorem

Our aim is to prove a bilinear version of Theorem 5.1. Let P C V X V be a set of pairs.
As in Section 1.4, let

PEP={(x,;%wp) | (@) (@) e P}

H
be the set of vertical sums or differences. Similarly define P + P the set of horizontal

sums or differences, where V and H stand for “vertical” and “horizontal”, respectively.
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We denote by ¢y the operation
v v 1%
P— (P+P)—(P+P),

and define the operation ¢y analogously. Recall from Section 1.4 that a bilinear set of
codimensions (ry, r9,73) is aset P C V xV for which there exist subspaces W, <V, W, <V

of codimension 7y, r9, respectively, and bilinear forms @1, ..., @Q,, on Wi x Wj such that

P=A{(x,y) e Wy x Wy | Q1(z,y) = - = @, (z,y) = 0}. (5.6)

A bilinear set satisfies ¢y (P) = ¢u(P) = P, so it is natural to imagine that iterating the
operations ¢y and ¢g always produces large bilinear sets. We show that this is indeed the

case.

Theorem 5.8. For any § > 0, there exists a constant c(d) > 0 such that the following
holds. Let P C V x V have density §. Let P' = ¢upyoy(P). Then P’ contains a
bilinear set of codimensions (ry,rs,13), where max(ry,r,13) < ¢(d). Moreover, ¢(d) =
O(exp(exp(exp(log”® M 1/5)))).

If P is a Cartesian product A x B for some subsets A, B C V, then using Theorem
5.1 once on each coordinate, we obtain a product A’ x B’ of subspaces of codimension
O(log*671). Also it is easy to see that ¢(d) > logd~' by considering a bilinear set. It is
reasonable to believe that, like in the linear case, this lower bound on ¢ should not be too
far from the truth. Indeed, the proof of Theorem 5.8 will show that ¢y ¢y (P) contains
a set as in (5.6) with r1, 73 = O(log®™® §~1) but unfortunately we do not currently have a

matching bound for ry. We state the following conjecture.

Conjecture 5.9 (polylogarithmic bilinear Bogolyubov). In Theorem 5.8, one can take
c(6) = O(log®M 571).

The conjecture remains equally interesting and useful for the application we have in
mind if O(1) operations ¢y or ¢y are required instead of 3.

We point out that Gowers and Mili¢evié¢ [35] independently proved a result very similar
to Theorem 5.8. Interestingly, they obtained the bound exp(exp(logo(l) 1/9)) for all three
parameters r;, which is better than our bound for ry but worse for r; and r3. Their proof
is quite different and draws on ingredients from [34]. As a crucial step in their program

towards a quantitative version of the inverse theorem for the Gowers norm U 4(IFZ), they
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also devised a variant of the bilinear Bogolyubov theorem that is based on convolutions of

functions rather than sumsets [36, Section 4].

5.3 A quick application

Our first application concerns matrices of low rank. Roughly speaking, it says that if a
two-parameter, bilinearly varying family of matrices is often of rank at most €, then it must
be of rank O(e) on a whole bilinear set. We now state this application precisely. Given a
matrix A € Mat,,(F,), let tkA be its rank.

Corollary 5.10. Suppose that we have a bilinear map 1 : V x V' — Mat,,(F,). Suppose
that the set

P.o={(f,9) €V xV [1k(¥(f,9)) <€}

has density 6 > 0. Then the set

Poae = {(f,9) € V XV [ 1k(¢(f, g)) < 64e}

contains a set of the form (5.6) of codimensions at most c(d). Besides, if ¢ is large enough

(in terms of n), then Psye contains a diagonal pair (x,x) with x # 0.

This corollary, with the conjectured bound on ¢(§) in Theorem 5.8, will play a crucial

role in Chapter 7.

Proof. We apply Theorem 5.8 to P. Observe that the set P’ it produces is included in Py,
by the bilinearity of ¢ and the fact that rk(A + B) < rkA 4 rkB for any two matrices A
and B. The second part of the statement is a direct consequence of the following lemma

of independent interest, which is reminiscent of [40, Lemma 4.2].

Lemma 5.11. Let W be an F,-vector space of dimension n, and Qq,...,Q, be quadratic

forms on W. Then the set of isotropic vectors

X = {a € WIQi(a) = --- = Q) = 0} (5.7)

n—2r(r+1)

contains at least (1 —p~/2)p elements.

n—0(r?

More compactly, we can write | X| > p ). We now prove Lemma 5.11.
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Proof. The density |X|/|W] of isotropic vectors is given by
EzeWEtl,...,tre]przi t:Qi(x) _ Etl,...,trExewwzi tiQi(z) (5.8)

Let m < n be a parameter to be determined later (in terms of r). Now if a quadratic form
@ on W x W has rank at least m, it is well known that

Epeww@| < p/?

(see also Lemma 7.10). Thus, if for any nonzero (¢4, ...,t,), the rank of ) . t,Q; is at least
m, we see from equation (5.8) that the density of isotropic vectors is at least p~" — p~™/2,
Otherwise, there exists a form (); such that Q; = Z#i t;Q; + R with rk R < m; without
loss of generality, suppose i = r. Let W’ be the kernel of R, a subspace of codimension

less than m. Then the set
X' ={zeW|Qi(z) =" =Qr_1(x) =0} (5.9)

is a subset of X, and we will now count isotropic vectors in X’. Thus incurring a dimension
loss of at most m, we reduce the number of quadratic forms by 1. We iterate this process
until we obtain a family of quadratic forms any nontrivial linear combination of which has
rank at least m (or an empty family). At that point, this is a family of at most r forms

on a space of dimension at least n — rm. Thus it must have at least

pn—r(m—l—l) . pn—rm—m/Z
isotropic vectors. Taking m = 2r + 1, we obtain the result. O
This concludes the proof of Corollary 5.10. O

5.4 Proof of the main theorem

To prove our theorem, we will apply the linear Bogolyubov theorem (Theorem 5.1) several
times.

Write P = Uyey By, X {y}. Because P has density 0, the set A of elements y € V' such
that |B,| > 6|V|/2 has density at least §/2. Using Theorem 5.1 on each set B, for y € A,

we see that ¢ (P) contains a set P’ = UyeaV, X {y} where V} is a subspace of codimension
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O(log* 1/6). This argument reduces Theorem 5.8 to the following proposition.

Proposition 5.12. Let A C V have density o > 0. Let P = UyeaV, x {y} C V x V,
where each V), is a subspace of codimension at most r = O(log* a™'). Let P' = ¢y (P).

Then there exist subspaces Wy, Wy of codimension r1,79 and bilinear forms Q1,...,Q., on

W, x Wy such that

{(.’L’,y) € Wi x Wy ‘ Ql(x7y> == Qrs(xvy) = O} cr
with rs, 11,7 of size O(exp(exp(exp(log®® a~1)))).

We now prove Proposition 5.12. The theorem will be achieved through the following
iteration scheme. Let V* be the linear dual of V', that is, the set of linear forms on V.
For (1,€) € V x V* we denote x - £ = £(x). For aset U <V, we let Ut = {£ € V* |
Vo € Uz - £ = 0}. Roughly speaking, this iteration scheme consists in finding a spanning
set (£1(y), ..., & (y)) of V- where more and more linear forms &(y) are constant or vary

linearly (or more generally affinely) with y.

Proposition 5.13. Let V be an F-vector space, and W be an affine subspace. Let r <
dim V' be an integer and o > 0. Let € = p~"/256. Then there exists a constant c(r, o)
such that the following holds. Let A C W be an e-pseudorandom subset of density o.. Let
P =UyeaV, x{y} C VxW where each V,, is a subspace of codimension at most r. Suppose
there exist s < r and affine maps &;,...,& from W to V* and spaces U, < V* fory € A
of dimension at most r — s such that VyL = span(&;(y))jes) + Uy. Then at least one of the

following statements holds.

1. (Termination) The set ¢y (P) contains

{(2,9) € Xs x Wy |2 & (y) =+ = - & (y) = 0}

%
where & denotes the linear part of an affine map &, Wy is the direction of W and
X3 is a subset of density at least p~" /12 in V.

2. (Reduction of codimension) There exist a space V' <V of codimension at most 4r and
subspaces V,; < V' of codimension r —1 for eachy € A such that P D UyeA V, x{y}.
Besides there exist affine maps &, ..., & from W to V™ and spaces U, < V'™ for
y € A of dimension at most r — s such that (V)" = span(&;(y))es + U, -
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3. (Linearisation) There exist a set S C A of density c(r,«) and an affine map &s11 :
W —V and a space U, < U, such that for ally € S, we have

Vb= span(& (), -, & (y)) + U,

Moreover c(r, ) can be taken quasipolynomial in ap™", that is,
o(r, @) = O(exp(log?(a™'p"))).

We will now use Proposition 5.13 to prove Theorem 5.8. Applying Corollary 5.5 with

e = p"/256 and r = O(log®V o 1), we obtain an affine subspace W© of V of codimension
O((ea) 2 loga™) = O(p2a"2F%)

such that the set Ay := A N WO has density oy > a and is e-pseudorandom in Wj.
We set VO =V, Py = Uyea,Vy X {y} C P and apply Proposition 5.13 with the tuple
(VO WO Ay, Py) and s = 0,79 = 7.

If the first alternative of Proposition 5.13 holds, we stop.

Suppose the second alternative of Proposition 5.13 holds. We set V) ¢ V© to be

the subspace V' given by the second alternative, of codimension O(r). We are also given
subspaces V;J(l) < VW of codimension at most r; < r — 1 such that P D Uyea V;J(l) x {y}.

Suppose the third alternative holds. We obtain a set S C Ay of density c(r, ag) in W,
an affine map & : Wy — V* and subspaces Uél) < Vy* of dimension at most r; < r —1
such that V5 = span(& (y)) + U". Then we let V) =V and V") = V,. We can find
an affine subspace W) < W(© of codimension O(p™/?ay 2/ 3) in W(© such that the set
A= SN s e-pseudorandom and has density oy > ¢(r, ap) in WO, Let sy = 1 and
rL=r.

Set P, = J Vy(l) x {y}. We have Py D P;.

yEA

We can now apply Proposition 5.13 with (VM) W® | A, Py ry, s;) and start an iterative
process. This iterative process stops whenever one can apply the first item of Proposition
5.13, or when r — s vanishes. When applying either of the last two alternatives, at least
one of the parameters r or r — s is decreased by at least one, while the other one cannot

increase, so the iteration does eventually stop.

At the i-th stage, we obtain a subspace V® C V of codimension O(ri), an affine
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subspace W@ C W of codimension
O(exp(log” o)),
where C is a constant (depending at most on p), an e-uniform set A; € W@ of density
a; = Qexp(—log® a™1)
and a set

where each V},(i) C V@ has codimension r; < r. Besides, we have affine maps ¢y, ..., &,
from W to V@W* and subspaces Ugf,i) < V®* of dimension at most r; —s; such that (V}),(i))l =
span(&1(y), -+, &, (v)) + U Furthermore, P O P,.

Suppose the algorithm stops after the i-th iteration, where ¢ < 2r. Note that we have
Sq S r,
codimV® = O(r?) = O(log®™® 1),

and
codimW® = O(exp(log® a™)) = O(exp(exp(exp(log?™ a~1)))).

There are two possibilities.

Case 1: r;, = s;, and
P={(z,y) e VO x Az -&(y) =+ =2 &(y) =0}

where &1, ..., &,, are affine maps from W to VO* A, ¢ W@ is a set of density v 1= a; =
Q (exp(— exp(exp(log®V ofl)))>.
Case 2: The first alternative of Proposition 5.13 holds, and

%
(bV(Pz) 2 {(x,y) € X x Wy ‘ €z - gl(y) = :xé-sz(y> :O}a
where &1, ..., &,, are affine maps from W® to V@* X € V) is a set of density Q (p~") =
Q (exp <— log®W 04_1)) and W, is the direction of W®,

Since the two cases are similar, we will work with Case 1. By translating P by (0, a)
for some a € A; if necessary, we may assume that W is a vector subspace of V. Let

n = %73/2]9*“1. Applying Lemma 5.4 with ¢ = r + 1, there is a subspace H < W of
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codimension O(rn~tlog~y~') such that |A’| = 7/|H| (where A’ = A; N H) with 4/ > v and
for any subspace F' of codimension at most r 4+ 1 of H, "4(;{' <~(1+mn).

For each z € VW let B, = {y € H | z-&(y) = -+ = 2-&,(y) = 0}. Then B,
is a subspace of codimension at most r inside H. Let A, = A’ N B,. We claim that
94, — 24, — B..

By Lemma 5.2, it suffices to show |1/;(X)| < ’yi/ ? for any x # 1, where 7, is the density
of A, in B,.

Suppose for a contradiction that this is not true. Then Lemma 5.3 implies that there

is a hyperplane F' of B, on which the density of A is at least 7, + fyi’/ 2 /2. From Lemma
5.4 we also have v, > (1 — np"). Therefore,

1
Yo+ 22 > A1 —mp ) + 573/2(1 —p' )3/

1
> y(1—np™th) + 573/2(1 — 2np™th)
1

2 3
> 3/2 , ~£.3/2 3/2 ) 1
= 7 107 + 5W =7+ 107 >N (5.10)

This contradicts the assumption on H since F' is a subspace of codimension at most r + 1
_)
of H. Therefore, 2A, — 2A, = B, and

ov(P) D Upepo {2} x B = {(1,y) € Vix H |2+ & (y) = --- =2 &.(y) = O}.

Since the codimension of H in W is O(re~!logy~!), Theorem 5.8 follows.

5.5 Proof of the iterative step

In this section, we prove Proposition 5.13. So we take a set P C V' x V of the form given
in the hypothesis of this proposition. First, suppose there exists a nonzero A € F; such
that § = >, Aj&; satisfies rk?o < 2r+10 < n. Let V' = span(&(y) | vy € A)*. By
completing \ into a basis of I, we obtain affine maps &, ..., &, ; from W to V* such that
span(€)(y), .., €._1(y)) = span(€i(y), ..., &.(y) for any y € A. Then P > U, Vy x {y}
where (V,)* = span(&{(y), ..., &, _1(y)) + U}, and U} is the projection of U, onto V'*. This
proves the second alternative.

So let us now suppose that there exists no nonzero A € Fj such that & = >,y Aj;

satisfies rk?o < 2r + 10. We call this condition the high rank condition.
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ForzeV,let A, ={ye A|zeV,} CW. Also, let

Bo={yeW |z &ly)= =z &) =0}

this is an affine subspace of codimension at most s, and A, C AN B,. Now let us show
that Pyey (codimB, < s) < ep™"/4.
Note that
Bi={yeW |y - &"(2) = =y &)}

is a subspace of codimension s unless there exists a nonzero A € 3 such that ) jels) Ni ZT (x) =
0. For any fixed such A, the set of x that satisfy this relation is a linear subspace, namely
the kernel K, of Z jels) Ni fj whose codimension equals the rank of Z jels) A Ej, hence at
least 2r + 10. Hence |K,|/|V]| < p~2 710 < ep~" /4. Because there are at most p” tuples A
to consider, we conclude that P,cy (codimB, < s) < p~"¢/4.

Let a, be the density of A, in B,. Let X = {z € V | codimB, = s}. Observe that

1 | A |
EJ} T — 1
S P
_ |A
|V|< Z|W| Z; 5|
A
> PRl oyl z—
W] 2 W
> p°E 1,cAE 1 — 5|Xc‘
Z P ByewlycaAllgev lpcy, — QP |V|

> ap® (1 —¢€/4).
Proposition 5.13 will follow from Lemmas 5.14 and 5.15.
Lemma 5.14. At least one of the following statements holds.

%
1. For at least p~"|V'|/4 elements x € V, we have 2A, — 2A, = B, (the direction of

B.).

2. Among additive quadruples yi +yo = ys +y4 in A, a proportion at least p~*"¢ has the
property that codim ﬂ?zl Vi, < 4r —s.

Proof. Let @ be the set of additive quadruples y = (y1,...,y4) of A. Let m = dim W. We

87



5.5. PROOF OF THE ITERATIVE STEP

have

4

4 _
EJ?EVHlAacHUQ(BQC) = EuevE 41, e, HlyieAac
Y1+Y2=y3+ya =1

1
< ) Z Ezevlvicey,
(y1,-y1) €A
Y1+y2=y3+y4
1 —codim (), Vy,
= pms d.p s
yeQ
< aH(1 4 ) (Byeglp 1))
< a*p I+ o)1 + ph U Pyeq(codim ﬂ V,, < 4r —s).
So either .y
P : —4r+s
veQ (codlmﬂ Vy < 4r — s) >p € (5.11)
i=1
or
Eeev 14, llt2(s,) < a'p™ 079 (1 +€)*. (5.12)

Equation (5.11) is exactly the second clause of Lemma 5.14, so assume instead that (5.12)
holds. We infer that

Evev (11a.lli2 — oz)

Evevlla, — ol

< Eaevllla,llfe — a'p™ 07 (1 — ¢/4)*
S a4p—4(7“—s)(2€_+_ 62 + 6)
< 4€a4p—4(r—s) =~

where we used Jensen’s inequality, the lower bound E,eyay, > p~ %) (1 — ep~/4) and the
elementary inequality (1—¢/4)* > 1—e. Thus, if Xi = {z € V| |14, — a2,y < 4977},
by Markov’s inequality, we have |X;| > [V|(1 —p~"/4). Also, because a, < ap® for any
r €V, theset Xo = {x € V | ap > ap~"=*)/2} has density at least p~"(1/2—¢/4) > p~"/3.
So X3 = X7 N X, must have density at least p~"/12 by inclusion-exclusion.

Besides, if € = 1/(256p"), then for € X3 we have ||14, — o} < ) and then
94, — 24, — B.. 0

We now prove Proposition 5.13. When the first outcome of Lemma 5.14 holds, we see
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that ¢y (P) contains
{(.’L’,y) € X3 X W | Ql(xay) == Qs(x7y> = 0}7

%
where Qi(z,y) =z - & ().
The real challenge lies in extracting something from the second outcome of Lemma

5.14. This is the purpose of the next lemma.

Lemma 5.15. Suppose r > s and a proportion at least k of the additive quadruples
(Y1, --.,9a) of A have the property that codim ﬂ?zl Vi, < 4r —s. Then there is a sub-
set S C A of density o = o(r, a,, k) such that one of the following holds.

1. There is a subspace V' < V' of codimension at most one and spaces V,, < V' of
codimension at most v — 1 such that P DV, x {y}. Besides, there exist affine maps

15,88 from W to V* and spaces U, < V'™ of dimension at most r — s such that
V- =span(&(y), ... &(y)) + Uy,

2. There is an affine map §s11 : W — V* and a subspace U, < V™ of dimension at most
r—s—1 such that V- = span(&;(y) | j € [s +1]) + U},

Moreover o can be taken to be quasipolynomial® in akp™".

Applying Lemma 5.15 with x = p~*"e = p~° /256, the first alternative implies the
second statement of Proposition 5.13, while the second alternative yields the third one of
Proposition 5.13.

Our goal is now to prove Lemma 5.15.

Proof of Lemma 5.15. Let £41,...,&. be maps from A to V* such that

Uy = span(&s1(y), - - & (v))

for any y € A. The number of additive quadruples in A is at least o*|W|* = «|A|?, and
we assume at least xa|AJ* of them have the property that the 4r vectors &;(y;) satisfy at
least s 4+ 1 linearly independent equations. For any additive quadruple in A, we already

have s obvious equations

&) +&(y2) = &(ys) +&(ya)  for j € [s], (5.13)

!Polynomial under the polynomial Freiman-Ruzsa conjecture.
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so there needs to be one more (independent) equation. Because there are only p*" possible
linear equations \
DD i) =0, (5.14)
j=1 i=1
the pigeonhole principle implies that we can find (a;;) € F* \ {0} (linearly independent
from the vectors b; ; = 1,—, for jo € [s]) such that there are at least ka|A|*/p*" quadruples
(Y1, ..., ys) € W* for which y; + yo = y3 + y4 and equation (5.14) holds. Let T be that set
of quadruples. Write a; = (a;;);j=1,..r-
If one of the four families ay, ..., a4, say a4, satisfies as; = 0 for every j > s, we can
use the equations (5.13) to eliminate y, in equation (5.14). We obtain ¢ + ¢ + ¢3 = 0 for
some vectors ¢; € V- for i € [3]. Write r(¢) = |[{y € A | ¢ € V,'}| for any ¢ € V*. Then

we have

pral AP <|T| < Z r(¢1)r(g2)r(—d1 — ¢2) < rqrﬁleagr(@ (ZT(@) .

$1,02€V 1%

A double counting argument shows that »- ., r(¢) < p"|A|. So maxr(p) > kap~*|A|,
which implies that there exists a linear form ¢ € V* such that for a positive proportion
of y € A, we have ¢ € V;*. Name S C A this set of elements y € A, and V' = ¢*.
Projecting the maps & onto (V')*, we get affine maps & : W — (V')* for ¢ € [s], and
letting V] = span(&;(y), - - - € (y))t, for any y € S, we have codimy- V) < r — 1. This
concludes.

So now suppose none of the four families satisfies a;; = 0 for every j > s. We shall
aim at linearity instead of constancy. By the probabilistic method, we can find a partition
of A = A UAy U A3 U Ay in four parts such that there are a lot of quadruples of T in
Ay x --- x Ag. We prove this claim now. Removing quadruples for which two entries are
equal (there are O(|A|?) such quadruples), we still have a set T' of quadruples satisfying
IT| > C|AJ]?® for some constant C' > kap~ . Now for a random partition of A where
each y € A is assigned a part A; with ¢ € {1,2, 3,4} chosen independently, uniformly with
probability 1/4, we have

4 4
E[T N A x Ay x Ag x Ay] =B Y [[lyea= D E]]ljes. (5.15)
(Y1,e-,y4)€T =1 (y1,..,ya)€T =1

Let (y1,...,y4) € T. In particular the y; are pairwise distinct. Then by uniform distribu-
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tion and independence, for any (my, ..., my4) € [4]*, we have
P(y; € Ay, for each i € [4]) =47
Together with equation (5.15), this implies that
E[|T N Ay x Ay x Az x Ay4]] = |T]/256 > C|A|*/256.
In particular, we can pick a partition A = A; U As U A3 U Ay such that the set
T =TNA; x Ay x A3 x Ay

satisfies || > C|A|*/256. For i € [4] and y € A;, set &, ,(y) = 2 > e @& (Y)

where z; = 2z = 1 and z3 = 2z = —1. Observe that & ,(y) is a nonzero vector
in V5. For i e [4], let/ji\> s be any index such that a;;, # 0. For y € A;, let
Uy = span(&eq1(y), -+ &, (), -+, &(y)), where the hat denotes an omitted form; this

is a space of dimension at most r — s — 1. We have V- = span(&1(y), . . ., &(y), €541) + Uy,
Further, for a quadruple y € 1", we observe that (v;, £, (1:))icq) is an additive quadruple.
So there are at least C|A|* /256 additive quadruples in the graph {(y, &,.,(y)) | y € A}. We
then invoke Lemma 5.6 to obtain a set S C A whose density in A is quasipolynomial (in
('), such that &, coincides with an affine map on S. This concludes the proof of Lemma
5.15, and hence also that of Proposition 5.13. O

5.6 Remarks on transverse sets

Let V; and V5, be two [Fp-vector spaces. Say aset P C Vi x V5 is transverse if it is horizontally
and vertically closed, that is, P —‘ﬁ P=P {if— P =P. Write P,. ={y € V5 | (z,y) € P} and
P, ={x € Vi | (z,y) € P}, borrowing the notation from [35]; these sets are subspaces, or
the empty set. Thus

P=J{z} x P = |J Py x {u}. (5.16)

zeVy yeVs
Examples of transverse sets are bilinear sets defined in equation (5.6), that is, zero-sets of
bilinear forms on cartesian products of vector spaces. A special case of Theorem 5.8 is that
a transverse set of density ¢ contains a rather large bilinear set. However, in that essentially

algebraic case, it would be interesting to find a cleaner proof, with better bounds. This is
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what we do in this section, in the case where the vertical fibers P,. are hyperplanes. The
proof involves a geometric, exact analogue of Lemma 5.14, but here the second alternative

of that lemma always holds.

Proposition 5.16. Suppose that codimy, P,. < 1 for any x € Vi. Then either there exist
W < Vi and a hyperplane H < V5 such that P =W xVoUV) X H, or there exists a bilinear
form b on Vi x Vy such that P = {(z,y) € Vi x V5 | b(z,y) = 0}.

In particular, P contains a bilinear set of codimensions (0, 1,0) or (0,0, 1).

Proof. Let P C Vi x V5 be a transverse set. Then Fy. contains every P,., because if y € P,.,
we have (z,y) € P and thus (0,y) € P, hence y € F,.. For x # 0, the set P,. depends
only on the class [z] € P(V1) = V}*/F; of x in the projective space. Moreover, the stability
under horizontal operations is equivalent to the property that if [2] is on the projective line
spanned by x and y, we have P,. D P,. N P,.. Because P C V; x F,., we may suppose that
Vo= P,

By hypothesis, for any x € Vi, the fiber P,. is a hyperplane or the full space V5. Write
P,. = &(x)* for some vector £(x) € V; that is defined up to homothety. So £(0) = 0 and
whenever [z] is on the projective line spanned by = and y, we have £(z) € span(£(z),£(y)).
It is easy to see that {z € V] | P,. = V4} is a vector subspace which we call W. Furthermore,
if 2~y = w e W, we have £(z) € span(£(y), £(w)) = span(€(y)), that s, £(x) = £(y) up
to homothety, so that { descends to a map P(Vi/W) — P(V,). Let V{ = Vi /W. Thus &
is a map P(V/) — P(V,) that maps aligned points to aligned points. It is easy to see that
on each projective line, the map ¢ is either constant or injective. Let us prove that & is
either constant or injective on all of P(VY). If P(VY) is a line, the conclusion is exactly the
previous observation, so suppose that dim V) > 3. Assume that & is neither injective nor
constant. This means that there exist two distinct points x,y such that £(z) = £(y), and a
third point z satisfying £(z) # £(x). This implies that z, y, z are not (projectively) aligned,
so they span a projective plane. The reader may wish to follow the proof on Figure 5.1.
Take a point w ¢ {y, z} on the line spanned by y and z. Because & is a bijection on both
lines (yz) and (zz), we can find w’ ¢ {z, z} on (xz) such that {(w) = &(w') # &(x). Now
consider the intersection u = (ww’) N (xy) in the projective plane span(x,y, z). Then we
have &(u) = £(x) = £(y) # &(w), so that on the line (ww') the map & is neither constant
nor injective, a contradiction.

If £ is constant on P(VY), we can take &(x) to be a nonzero constant vector ¢ € V5 for all
x € Vi /W, viewed as the complement of W, while () = 0on W. So P = W x VUV x ¢t.
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Figure 5.1: Proof of Proposition 5.16.

If ¢ is injective and dim V{ > 3, the fundamental theorem [76, Théoréme 7] of projective
geometry? implies that it comes from an injective linear map V/ — V5, which we extend
to a linear map & : V; — V5 of kernel W. Thus P is the zero set of the bilinear form
(x,y) — &(z) -y, which concludes the proof of Proposition 5.16. O

2Here we require the field F,, to be a prime field; on a non prime finite field F,, we would need to
incorporate Frobenius field automorphisms.
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Chapter 6

The Croot-Lev-Pach method and

applications

This chapter is based on a note of the author [11] and some unpublished work. It is
organised as follows. We introduce the Croot-Lev-Pach method in Section 6.1. Section 6.2
presents a result the author obtained using this method, namely a bound on the cardinality
of a set of polynomials free of a certain given configuration. We compare the result obtained
in this function field setting to the analogous ones in the integers, where the quantitative
aspect is much weaker. We describe some further uses of the method in Section 6.3. In
Section 6.4, we exhibit a serious obstacle to applying the method to other open problems
of additive combinatorics, namely the problems the existence of arithmetic progressions
of length 4 or corners in a given set. Finally in Section 6.5, we discuss the quality of the

bounds as a function of the cardinality of the field.

6.1 The Croot-Lev-Pach method

The traditional Fourier-analytic method on F}, sketched in Section 5.1, relies on an ex-

pression for the characteristic function 1,—,, namely
lo—a = Etngw(a—a})-t = Etngwwtw—z-t, (61)

where w = exp(27i/p) is still a root of unity. Given that the family of characteristic
functions of points a € F) is a basis of the space C, equation (6.1) shows that the

functions y; : © — w™** form another basis of the same space. The coefficients f (t) of a
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function f in this basis define the Fourier transform f of f.

Consequently, a 3-term arithmetic progression (or 3-AP) can be detected by the function

1x+y:22 = EtGFgw(eryiQZ).t = f(xa Y, Z).

Similarly, the basic idea of the Croot-Lev-Pach method [24] can be interpreted (see
[84]) as the identity

n

Loma = [ (1 = (2 — ai)”™) (6.2)

i=1

for any = and a in F};. Here, one can replace the prime p by a prime power g.

Equation (6.2), upon expanding the right-hand side, exhibits a basis of F;F;; , namely
the one formed by monomials [}, zi* where oy; € {0,...,p — 1} for all i € [n]. In fact,

this identity gives rise to a ring isomorphism

o

Fpf ~Fplze, ..., z0)/1,

where I is the ideal generated by the polynomials ¥ — x; for ¢ € [n].
As a result, 3-APs are detected by the expression

n

1z+y:2z = H(l - ("L‘z + Yi — QZi)p_l) = fp(x>y> Z) (63)

=1

While the Fourier-analytic and the Croot-Lev-Pach method start with a clever way to
detect an equality, they diverge radically from this point onwards: the first one is C-valued,

while the second is [F-valued. As a result,

T = Y fley.2)

(z,y,2)€A3

is the number of 3-APs in A (including the trivial ones (z,z, z)), whereas

F,3T,(A) = > folz,y,2) =T(A) mod p

(z,y,2)EA3

only delivers the number of 3-APs modulo p. Say an AP is nontrivial if its three elements

are pairwise distinct. The existence of a nontrivial 3-AP in A is equivalent to the statement
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T(A) > |A|, whereas it cannot be phrased in terms of T),(A).!
Instead, if A C F} is AP-free (meaning that it contains no nontrivial 3-APs), the
identity (6.3) yields

(f)las(z,y,2) = Y ul a(?) (6.4)

z€A
where ¢, is the Kronecker symbol (that is d,(z) = 1,—,). The crux of the Croot-Lev-
Pach method is that in some sense, the left-hand side of (6.4) has “low complexity”,
being a polynomial of low degree in many variables, while the right-hand side has “high
complexity”, being a diagonal tensor.

We now make this precise. Because equation (6.2) holds with a prime power ¢ instead
of a prime p, we proceed with [, instead of the prime field F,. Take a subset A C Fy and
a map P : A¥ — F,. Let M be the set of functions [, — F,. This set of functions, as
already observed, is naturally in bijection with the set of polynomials in Fy[t1,...,t,] in

which no indeterminate is raised to a power greater than ¢ — 1.

Definition 6.1. A polynomial cover for P is a tuple (My,..., M) € MP* such that for
each j € [k] and p € M, there exists a function Fj, : A¥™' — F, such that for any

(z1,...,71) € A, we have

P(l’l,..., Z Z l'] J.p 33'1,...,.Tj,l,l'jJrl,...,l'k). (65)

jE[k] PEM;

A function of the form p(x;)Fj (21, ..., Tj—1,Zj41, ..., %)) is called a slice.
The slice rank st(P) of P is the minimum size },; ,|M;| of a polynomial cover. In
other words, it is the minimum number of slices required to write P as a linear combination

of slices.

Note that this notion is a generalisation of the linear-algebraic notion of rank. Indeed, a
square matrix with rows indexed by A can be viewed as a function f(x,y) of two variables
in A. It is well known that the rank of a matrix is the minimum number of matrices of
the form g;(x)h;(y) (a row times a column) that one needs in order to decompose f(z,y)
as f(2,y) = 211 gil@)hi(y).

Another useful observation is that the slice rank is subadditive, that is, sr(P + Q) <

sr(P) + sr(Q). Furthermore, the slice rank cannot increase upon restriction, that is, for

Note that T'(A) # |A| mod p is a sufficient, but not necessary, condition for the existence of a nontrivial
3-AP.
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B C A, we have sr(P|g) < sr(P). Finally, the trivial upper bound on sr(P) is |A], as we

always have the decomposition

P(zy,...,x) = Z do(z1)P(a, xg, . .., xx).

acA

Inspired by the linear-algebraic case, we now determine the slice rank of diagonal tensors.

Lemma 6.1 (drawn from [84]). For any a € F}y let c, € Fy be a coefficient. Then the slice
rank of the map defined on (F7)* by

5a(xi) (66)

k
f(xla"'axk): an

aGIFg i

equals the number of a such that c, # 0.

Proof. Let A be the set of a € F such that ¢, # 0. The two-dimensional case (k = 2)

follows from linear algebra, which is a good starting point for an inductive proof.

Let k£ > 2 and suppose that the lemma holds for £ — 1. The right-hand side of (6.6)
being a sum of |A| functions of rank 1, we immediately have sr(P) < |A|. Suppose for the
sake of contradiction that sr(P) < |A| — 1. By definition, this means that there exists a
tuple (M, ..., My) € MP* satisfying S5, |M;| < |A| — 1 such that for each j € [k] and
p € M;, there exists a function F}, : A*"! — F, such that for any (x1,...,7;) € A%, we
have i

Z Ca H da(;) = Z Z p(x)Fjp(T1, .o Tjm1, T, -, Tg)- (6.7)
a€Fy  i=1 jelk] peM;

Consider the set V' of functions h : A — F, satisfying

Z Fip(x)h(z) =0

€A

for any p € M. These | M| equations make V' a subspace of codimension at most |Mj| of
F, and hence a vector space of dimension d > |A| — [M;| > 1. Fix a basis of this space
and consider the corresponding d x |A| coordinate matrix. It has rank d, which implies
that it contains a d x d invertible submatrix. This in turn means that there is a subset

A’ C A of cardinality d and a function h € V such that h does not vanish on A’.
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Now if we multiply equation (6.7) by h(xj) and sum over x; € A, we obtain

k-1

anh(a)H Z Z p(x;) ,pxl,...,xj_l,xj+1,...,xk_1)

a€ky i=1 JjElk—1] pEM;

for some functions ﬁ’j’p

The right-hand side is a sum of |A| — 1 — | M| slices, hence it has rank at most |A| —
1 — |My|. However, by the induction hypothesis and the property of h, the left-hand side
has rank at least |A’| = d > |A| — |M}|. This is the desired contradiction. O

In contrast, the next lemma is a tool to bound from above the slice rank of polynomials.

Lemma 6.2. Fiz e € (0,1/2). Let P : (F})* — F, be a polynomial in n x k variables
(75) jek)icln)- Suppose the total degree of P is at most nk(q —1)(1/2 —¢€). Then its slice

rank is at most kq®“O™ for some constant c(e, q) € (0,1).

Lemma 6.2 shows the importance of the parameter deg P/(nk(q — 1)), which we may
call the normalised degree per variable. If this parameter is smaller than 1/2 and bounded

away from 1/2, the polynomial has exponentially small slice rank.

Proof. Since we are interested in P as a function on (IFZ)’“, we reduce it modulo the ideal I
generated by the polynomials xg-;l —x;,; for i € [n] and j € [k]. We continue to use P for
the only polynomial in the class P modulo I that has degree at most ¢ — 1 in each variable
xj;. Further, for any integer d > 0, we denote by My, the set of monomials in n variables
of degree at most ¢ — 1 in each variable and at most d in total.

The polynomial P is a sum of monomials of the form

p(z1, ..., Tk Hpj (i1, Tjn),

JEK]

where each p; is a monomial in n variables. For each monomial p, by the pigeonhole

principle, there exists j € [k] such that
degp; < (deg P)/k <n(qg—1)(1/2 —¢€) =:d.
In other words, p; € Mg,,. We infer from the data above that there exist sets of monomials
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My, ..., My C Mg, and functions F}, for (j,p) € [k] x M; such that

k
ZZ f] ]pfh"'?fj 17f]+17---7fk)
Jj=1 peM;

Now |Mg,|/q" may be interpreted as the probability that the sum of n independent,
uniform random variables on {0, ...,q— 1} is at most d. To bound this probability, we use

Hoeffding’s concentration inequality [2, Theorem A.1.16], which implies that

n62

(Man| = [Mg-tnjo-anl < ¢ =¢o0",

2

where c(€, q) = (1—575,) € (0,1). This implies that the slice rank of P is at most kqetean,

and concludes the proof of Lemma 6.2. O

6.2 Application to the solubility of polynomial equa-

tions in function fields

As noted above, the notion of slice rank was originally devised for and applied to the
polynomial representation of the indicator function of 3-APs [84]. Indeed, the AP-freeness
of a set A yields a functional equality between a diagonal tensor (6.4) and a polynomial
(6.3) of degree n(q—1) in 3 x n variables. A direct application of Lemmas 6.1 and 6.2 then
gives the celebrated result of Ellenberg and Gijswijt [26, Theorem 4], which we now state.

Theorem 6.3. Let A C F? have no non trivial 3-AP. Then |A] < ¢\ for some
€ (0,1).

Ellenberg and Gijswijt found that c3 could be taken such that 3° ~ 2.756. We discuss
the dependence of ¢, on ¢ in Section 6.5.

As the author pointed out in [11], there are much more general equations of interest to
which this method can be fruitfully applied, including polynomial equations in sufficiently
many variables. We now discuss the general set-up.

Let R be aring and aq, . . ., a; be elements of R which sum to 0, i.e. Zle a; = 0. Then

the equation

k
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possesses a wealth of trivial solutions (f1,. .., fi), namely constant tuples (f,..., f), even
though it is not necessarily a translation-invariant equation. This suggests that if a subset
A C R is free of nontrivial solutions, then it should be small. For the ring R = Z and r = 2,
this question was studied first by Smith [81], Keil [56] and Henriot [53]; they replaced the
single equation by a system comprising the initial equation and an auxiliary linear equation
in order to ensure invariance under translation and dilation. Recently, Browning and
Prendiville [18] showed, without using the auxiliary equation, that if k¥ > 5, and A C [NV]
satisfies [A] > N and N is large enough, then equation (6.8) necessarily admits nontrivial
solutions (fi,..., fx) in A¥. Their method relies on the transference principle. Further,
Chow [21] proved that any relatively dense subset of the primes contains a solution to any
equation of the form (6.8), as long as k > r? + 1.

Similarly, one may ask whether any dense subset A of the ring R = FF,[t] is bound to
contain a nontrivial solution to (6.8). In this chapter, we answer the question under a
natural condition on the number of variables, namely k& > 2r* + 1. In the function field
setting, the polynomial method of Croot, Lev and Pach [24] can be fruitfully applied and
delivers much stronger bounds than any method known in the integers. This was already
noticed by Green [42] in the case of Sarkézy’s theorem.

We now give a precise statement of this chapter’s main theorem. We fix a prime power
q and write G, for the set of polynomials of degree strictly less than n over F,, so that
|Gonl = q"

Theorem 6.4. Let r, k and d be integers satisfying k > 2r2+1. Suppose that ay,. .., a; are
polynomials over F, of degree at most d satisfying Zle a; = 0. Then there exist constants
0 <c(r,q) <1 and C = C(d,r,q) such that any A C G, satisfying |A| > kCq*" D™ must

contain a nontrivial solution to equation (6.8).

The aforementioned paper of Chow [21] implies that & > r? + 1 is sufficient in the
integers, but the bound on the size of A obtained by his analytic method is much weaker
(we get a power saving, in contrast to his logarithmic saving).

The starting point of the proof of Theorem 6.4 is to view the map f — f" as a
polynomial map in the coefficients of f. A map ® : (F})* — F is said to vanish on
the diagonal if ®(f,...,f) = 0 for any f. A set A C F} is called ®-free if for any
(fi,. .., fr) € A% the equality ®(f1,..., fr) = 0 holds if and only if (f1,..., fr) = (f,..., f)
for some f € 7.

We reduce Theorem 6.4 to the following proposition, which is then tractable by the
polynomial method of Croot-Lev-Pach.

100



CHAPTER 6. THE CROOT-LEV-PACH METHOD AND APPLICATIONS

Proposition 6.5. For any € € (0,1/2), there exists a constant c'(e,q) € (0,1) such that
the following holds. Let ® : (Fg)k — Fy* be a polynomial map of degree at most £ (i.e. each
coordinate is a polynomial of degree at most {) that vanishes on the diagonal. Suppose that
A CTy is ®-free. Finally, suppose that ml/k < (1/2 —e)n. Then [A| < kqe (eam,

We prove that Proposition 6.5 implies Theorem 6.4. Each polynomial f = Z?:_J fitt in
G,.n can be viewed as a vector 7 = (fo,- -5 fu1) €Fy. Now f7 € Gy n1)r41 80 We view

it as the vector

yJn—1

Jﬁ:(fé’,ra"‘lfl,... r_)) € Bl

_>
We notice that f" = Q(?), where () is a polynomial map of degree r. Similarly, if a € F,[t]
%
of degree at most d, we see that f +— af € Fg*d is a polynomial map Fj — Fg*d (of degree
1). Thus,

k
P : (fla' . 7fk> = Zaifz’r
i=1
induces a polynomial map of degree r
_>
o (Fp)* — Fy

where m = (n — 1)r + d+ 1 and

T T =0 T,

We observe that if A C G,, does not contain any nontrivial solution to (6.8), the set
X = {7 | f € A} C F} contains only trivial solutions (?,,7) to the equation
- — —

D(f1,..., fr) =0.

Moreover, given that k > 272 + 1, we have

mr (n—l)r2+dr+r< 7 (d+1)r

kn kn —2r24+1  (2r2+1)n

Hence, if n > 4(d + 1)r, we have mr/k < (1/2 — €)n, where

1

m S (0,1/2)

e=¢(r)=

We can now apply Proposition 6.5 and obtain |A| < kg9 for some constant c(r,q) =

d(e(r),q) € (0,1). Taking care separately of the small values of n, one can find a constant
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C(d,r,q) < ¢* @7 such that the bound
|A| < kC(d, 7, q)g" ="

is valid for all n.
We now prove Proposition 6.5. As we did in equation (6.4) for 3-APs, we transform

the ®-freeness into a functional identity

m

V(fi,o fe) € A T =@ (f ) = D T 00 (), (6.9)

i=1 feA j=1

where ¢(f;) is 0 if f # f; and 1 otherwise. The proposition then follows from Lemmas
6.1 and 6.2.

6.3 Further applications

The method described above is rather versatile. We provide a few further examples.

Proposition 6.6. Let A and V' be two subsets of By and suppose that 0 € V. Let € € (0,1)
and suppose that one of the following two hypotheses holds.

1. A does not contain two elements x # y whose difference is in V' and there exists a

polynomial of degree at most (1 —e)n(q — 1) in Fylxy, ..., x,] whose support is V.

2. A does not contain any 3-AP of step d € V and there exists a polynomial of degree
at most (1/2 — e€)n(q — 1) whose support is V.

Then |A] < ¢°™ for some ¢ = c(e,q) € (0,1).

Proof. Under the first hypothesis, we have

V(x,y) € A Pz —y)=P(0))_ du(x)da(y),

a€A

an equality between a polynomial in 2 x n variables of degree at most (1 —¢)n(q — 1) and

a diagonal matrix. Under the second one we have

V(,y,2) € A% fy(a,y,2)P(y — x) = P(0) > da(x)da(y),

a€A
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where f,(z,y, 2) is the indicator function of 3-APs viewed as in (6.3). This is an equality
between a polynomial in 3 x n variables of degree at most (3/2 —¢)n(¢g— 1) and a diagonal

tensor. Lemmas 6.1 and 6.2 conclude the proof. O

Interesting examples of sets that are the supports of polynomials of low degree include
V = 8" for any subset S C I, (the polynomial Hie[n} Hje]Fq\S(:pi — 7) has support V' and
degree n(q—|S|)) and subspaces of low codimension. Indeed, if V' is defined as the zero-set
of k linear forms /4, ..., 4, its indicator function is [[*_,(1 — £;(x)?""), a polynomial of
degree k(q — 1).

A more refined example was supplied by Green [42]: he proved that the set of squares
in Gy, (here again, we view a polynomial f € G, as the vector of its coefficients in F) is
the support of a polynomial of degree at most 3/4n(q — 1). More generally, he found that
the set of kth powers is the support of a polynomial of degree at most (1 — 1/k?)n(q — 1).
This allowed him to improve Sarkézy’s theorem in function fields: a set A C G, that does

not contain any pair of elements differing by a kth power must be exponentially small.

6.4 Limits of the method

At present, the method seems unable to bound the size of a set free of any nontrivial 4-term
arithmetic progressions (or 4-APs) in F7, a problem we refer to as the 4-APs problem. We
fix ¢ = 5, the smallest cardinality which allows genuine 4-APs. The indicator function of
4-APs is

n n

Q(x, 2,5, w) = Lpyymozloyumny = [ [(1 = (@ + 4 — 220)") [ [(1 = (2 + wi — 24:)"), (6.10)

i=1 =1

a polynomial of degree 2n(p — 1), in 4n variables, whence a normalised degree per variable
of exactly 1/2. Consequently the simple pigeonhole principle applied in Lemma 6.2 to
bound the slice rank does not work.

Another well-known problem in additive combinatorics, already mentioned in Sec-
tion 1.4, is the corners problem. It asks for a bound on the size of a set A C F} x F3
which contains no nontrivial corner. Here a corner is a triple of the form {(z,y), (z +
d,y), (z,y + d)}, and it is said to be nontrivial if d # 0. Equivalently, a corner is a triple

{(z,9), (u,v), (z,w)} with x = 2,y = v,z + v = y + w. The indicator function of corners
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is therefore given by

P((x7y>7 (u,’u), (Z,’LU)) = H f((xla yi)? (uia Ui)? (ziv wZ)) (6'11>

1€[n]

where
f(z,y), (u,v), (z,w)=14+z+2)1+y+v)l+z+u+y+ w), (6.12)

again a polynomial of normalised degree per variable equal to 1/2.

Our aim is to find a parameter that shows that the corners and 4-APs problems are
genuinely harder than the 3-APs problem. Although it is reasonable to believe that both
polynomials (6.11) and (6.10) have maximal slice ranks, that is, respectively 4™ and 5",
proving lower bounds for the slice rank is beyond current known techniques. Instead of the

slice rank, we propose the following new parameter, which we call monomial slice rank.

Definition 6.2. Let P be a function (that is, a polynomial) from (F}')* — F,. Let N
be the set of monomials in F,[z1,...,x,] that have degree at most p — 1 in each variable.
Elements of N are called elementary monomials. A monomial cover for P is a tuple
(N1, ..., Ni) € N* such that for each j € [k] and p € N;, there exists a function Fj}, from
AF1 4o F, such that for any (z1,...,z;) € AF, we have

P(ZL‘l, .. .,l’k) = Z Z p(ZL'j)ij(l'l, ey i1, Tjg1,y - .,l’k). (613)

JE[k] pEN;

A function of the form p(x;)Fj(21,...,2j-1,%j11,...,2x) is called a monomial slice.

The monomial slice rank msr(P) of P is the minimum size »_ . [N;| of a monomial

jElk
cover. In other words, it is the minimum number of slices required to write P as a linear

combination of monomial slices.

It is obvious that sr(P) < msr(P). We observe that in Lemma 6.2, we actually bounded
msr(P) rather than sr(P). In contrast, we show below that the monomial slice ranks of

the polynomials (6.10) and (6.11) are as large as they can be.

Proposition 6.7. The monomial slice rank of the indicator function P of corners in
F3 x Fy is 4", and that of the indicator function Q) of 4-APs in F7 is 5™.

Although this statement does not say anything about polynomial covers, it shows that

the corner and 4-APs problems are, in some sense, genuinely harder than the 3-AP problem.
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We give a detailed proof for the corners problem only, as it is computationally simpler but

contains all the ideas needed for the other problem.

Proof. Recall that the polynomials P and f are defined by equations (6.11) and (6.12). In
fact, we are interested in the polynomial map (Fy x Fy)® — Fy induced by f, and this map
depends only on the class of f in the quotient R = Fy[z, y, u, v, z,w]/I, where I is the ideal
generated by the polynomials ¢* +¢ for t € {z,y,u,v, z,w}. Upon expanding and reducing

modulo I, we find that f is the following sum of 33 monomials?

TYZ + TYWw + Yyzw + xyu + y2u + rYv + r20 + Y2U + TWU + 2w + xUV + ZUU
+ay+xz+yz+rzw+yw+ 2w+ ru+ yu + 2u+ 0 + Yv + 2v + wu + uv
+r+y+z+wt+ut+ov+1. (6.14)

Let (My, Ma, M3) be a monomial cover for P, that is, a triple of sets of monomials in
2n indeterminates such that for each ¢ € [3] and m € My, there exists a polynomial
Fom : (F3 x F3)? — Fy so that

P= % mz,y)Fu((zw), (o) + Y mzw)Fam((u,v), (z,y)

meMi meMo

+ > m(u,0) Py ((2,y), (2,w)). (6.15)

meMs

Call the three sums featuring in equation (6.15) Pj, P,, P;. We say that a monomial
appears in a polynomial if its coefficient in the expansion of the polynomial is nonzero.
Let S,, be the set of monomials that appear in P. Equation (6.11) provides a natural
bijection between S,, and S™ = S x --- x S, where S is the set of monomials appearing
in f, given in the expansion (6.14); in particular S; = S. Each m € S,, appears either in
exactly one P; or in all three. And if a monomial does not appear in P, it appears either
in none or exactly two of the P;. However, we can assume that any monomial appears
exactly once or not at all. Indeed, suppose that a monomial my(x,y)ms(z, w)ms(u,v)
appears at least twice. We may assume without loss of generality that m; € M; and
my € My and that mo(z, w)ms(u,v) appears in Fy ,,, and that similarly m, (z, w)ms(u,v)

has a nonzero coefficient in F5,,,. Then replacing Fj ,,, by Fim, + me(z, w)ms(u,v) and

2The corresponding polynomial for the 4-APs problem has 96 polynomials, whence our choice to focus
on the corners problem only.
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Fyny by Fomy + my(z, w)ms(u,v), we remove the redundancy, without affecting M; nor
Ma.

We say that p € S, is covered by m € M, if it appears in P;. Thus each p € S, is
covered by exactly one monomial, from a single M.

We shall show that |M;|+|Ma|+|Mj3| > 4™, but first we introduce one more definition.

Definition 6.3. Let K = {m®, ... ... m®} be a set of monomials from S,. Let X; =
(i, ;) and Y; = (z;, w;) as well as Z; = (u;, v;). Then let X = (X3,...,X,) and let Y and
Z be defined analogously. Write m® (XY, Z) = a®(X)b®(Y)c(Z). We say that K is
a monomial matching if the maps i — a(X) as well as i — b@(Y) and i +— ¢ (Z) are

injective. Occasionally, we will refer to the set of triples {(a®,b® )} as a matching.

It is easy to see that a monomial cover and a monomial matching correspond to a vertex
cover and a matching, respectively, in some hypergraph derived from P. We also observe
that a monomial cover has to be at least large as any matching. Indeed, an elementary
monomial m € M, can cover at most one monomial from any given matching.

We remark that if K; C S7 is a monomial matching, then a monomial matching K,, C

S, in bijection with K7 can be constructed®. Indeed, for any sequence m = (my, ..., m,) €
KT, take
dn(X,Y, Z) = [ [ mi(Xi, Vi, Zi) = am(X)ban(Y)cm(Z).
i=1

To check that this contruction gives rise to a matching, take two distinct sequences p =
(p1, .-, pt) and m = (mq,...,my) in K. We need to prove that dn, # d,. Let i €
[n] be such that m; # p;. Write my(X;, Y, Z;) = a;(X;)b;(Yi)ei(Z;) and py(X;,Y;, Z;) =
a;(X;)B:(Yi)vi(Z;). By definition of a matching, we have simultaneously a; # «; and b; # ;
and ¢; # ;. As a result, am # a, and by, # b, and ¢y # ¢y

It therefore suffices to construct a matching of size 4 in § = S;. It is easy to see that
{zwv, xuv, yzu, xyw} or {(1, zw,v), (z,1,uv), (y, z,u), (zy,w, 1)} will work. Finally, this
gives rise to a monomial matching of size 4" in P, which forces a monomial cover to have

size at least 4. O

Concerning the 4-APs problem, the set

{(17 y47 17 w4)7 (x7 y37 Z? w3)7 (x27 y27 ZQ? w2)7 (x37 y? 237 w)? (x47 17 Z47 w)}

30ne can recognise here the notion of tensor power of a hypergraph.
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is a monomial matching of size 5 for the indicator polynomial (for n = 1) shown at equation
(6.10). Because the polynomial has 96 monomials and thus can hardly be handled manually,

we employed a computer algorithm to find it.

6.5 Evolution of the Ellenberg-Gijswijt bound with
the cardinality

To bound the (monomial) slice rank of a polynomial (Proposition 6.2), we used a rather
crude tool, namely a Chernoff-type bound. By doing so, we obtained a bound of the form
q“", for some ¢ < 1, which was not the best exponent the Croot-Lev-Pach method affords.
Instead, Ellenberg and Gisjwijt used Cramér’s theorem [23] in large deviation theory, but
as pointed out by Tao [84], even an elementary analysis based on Stirling’s approximation
provides the optimal exponent ¢ the method can yield. In this section we examine how

this exponent varies for large ¢. Let us first state the Ellenberg-Gijswijt result [26].

Proposition 6.8. For any prime power q, there is a constant hy < logq such that the
following holds. Let ay, be the mazimal size of a 3-AP-free set A C Fy. Then

. log ag .,
lim sup ———
n—-+0o n

< h,.

Furthermore, hy can be taken to be the mazimum of the entropy function

h(ag, ... 1) Z&Zlogal (6.16)

subject to the constraints
Viel0,g—1] a; >0 (6.17)

Zal =1 (6.18)
Zmz < q — 1 (6.19)

The constant ¢, in Theorem 6.3 is related to h, by exp(h,) = ¢°¢. We do not include a
proof here (see [84]), but simply observe that the entropy function being continuous and the

domain defined by the constraints compact, a maximum does exist. In fact, the function
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being strictly concave and the domain convex, this maximum is unique. Our result is the

following.

Proposition 6.9. As q tends to infinity, we have

exp hy = g1 + 0(q)

where 1 > 0 is a constant approrimately equal to 0.84.

We point out that, independently, Zeilberger in his survey [94] produced an implicit
expression for h, and supplied numerical values for not too large q. He did not compute
the asymptotic, however. In that survey, one can see that although sz is isomorphic
to F’;” as a group, the Ellenberg-Gijswijt bound is worse in IFZk than in IF’;”. In fact,
¢q is an increasing function of g. For instance, the Ellenberg-Gisjwijt bound for F2" is
2.756%" = 7.596", instead of 7.846" for Fy.

Proof. The maximum ¢, is clearly not attained at a point where one coordinate is 0, because
the slope of the function z — —xlogx at 0 is 400, while it is finite everywhere else. The
constrained extrema theorem [58, Section 2.6.2] implies that such a maximum is attained

at a point (ap, ..., o, 1) satisfying
Vh=—(logay+1,...,loga,1+1) €span((1,...,1),(0,1,...,g —1)). (6.20)

In other words, at the maximum, there exists a pair (a,, b,) € R? such that a; = exp(1l —
a, —ib,) for all i € {0,...,q¢—1}. If b, = 0, then «; is constant, and equal to 1/¢ because
of constraint (6.18). This is not compatible with constraint (6.19). Therefore b, # 0, that

is, constraint (6.19) is active too, in the sense that

q—1

. qg—1
=1 6.21
S o= 621

=0

Let d, = exp(—by) < 1. Inserting oy = exp(1 — a, — ib;) = exp(1l — aq)d}, in the constraints
(6.18) and (6.21), we get

q—1
exp(l—ag) Y dj=1 (6.22)
=0
and
g—1 ‘ 1
exp(l—a,) Y id) = qT. (6.23)
=0
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Combining equations (6.22) and (6.23) to eliminate a,, we obtain

q—1 q— 1 q—1
> id = — > di. (6.24)
1=0 =0

The left-hand side of the last equality can be computed as

((¢ = 1)dy — q)di + dy
(dq - 1)2

Multiplying both sides of (6.24) by d, — 1 and summing the geometric series, we obtain

—1)(d, — 1
(g~ 1)dy — i +dy = T =D ey
which upon rearranging yields
2(q — 1)d*" — (2¢ + 1)d? 4 3dy + (¢ — 1)dg = ¢ — 1. (6.25)

Let us prove by contradiction that d, — 1 as ¢ — o0o. Assuming the contrary, we have
liminfd, < 1 and liminfd] = 0. Let s, be the left-hand side of equation (6.25). Then
liminfs,/(¢ — 1) = liminfd, < 1, which is a contradiction to s, = ¢ — 1, the statement of
equation (6.25). To gain more precise information, let us write d, = 1 —¢,, where 0 < ¢, —

0 as ¢ — +oo. We rewrite equation (6.25) as
q(1 —dg)(1+2d%) = (1 — di)(2d, + 1). (6.26)

One can prove by contradiction that ge, cannot tend to 0. Indeed, supposing it does, one

can write
dl = exp(qlog(1 — ¢,)) = exp(—qe,) exp(O(ge})) = 1 — qeg + (g64)?/2 + 0(ge,)*.
Inserting this equality in (6.26), we find
qeq(3 — 2q¢, + (qeg)* + 0(qeq)?) = (qeq — (a€)* /2 + 0(qe4)*) (3 — 2¢,),
and comparing the terms in (ge,)?* we obtain the desired contradiction.

Yet ge, needs to have a limit point 5 € [0, +oo]. In fact, the above reasoning shows
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that 3 # 0. Since df = exp(qlog(1 — ¢;)), we have df — exp(—/3) as ¢ tends to +oc along
some subsequence, with the obvious convention that exp(—oo) = 0. Passing to the limit

along that subsequence in equation (6.26), one obtains

A1+ 2exp(=p)) = 3(1 — exp(—F)). (6.27)

A quick study of the function 5 +— (1 +2exp(—03)) — 3(1 — exp(—0)) shows that, besides
0, there is a unique solution to equation (6.27), which a computer reveals to be § ~ 2.149.
Thus df — exp(—03) ~ 0.11.

We now determine asymptotics for a, and b,. By definition, b, = —logd, = —(log d{)/q =
B/q+o(1/q). To find a,, we use equation (6.22) and obtain

—ds
a, = 1+log1_dq
1 - — 1
g Lo e ol
€q
1— —
= logq+logw+l+o(l).

Then the maximum of the entropy function, according to equation (6.16) and the formula

a; =exp(l —a, —ib,), is

q—1
hy = — Zai log «;
i=0

q—1
= — Zai(l — ag — iby)
i=0

-1
— 143,120

1 — _
= 1qu+10gM

5 + /3 +o(1).

Exponentiating, we find that exp(h,) = 71¢ + o(¢q) where

_ 1—exp(—p)

M 5 exp(8/3)

and § > 0 was defined in equation (6.27). This concludes the proof of Proposition 6.9. [
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Chapter 7

Linear and quadratic uniformity of

the Mobius function over F|t]

This chapter is based on a paper submitted to the Proceedings of the Cambridge Philosoph-
ical Society [13], written with Thai Hoang Lé. Except Section 7.3, most of the mathematics

and the writing was done by the author.

The motivation for this chapter is the quest for asymptotics of linear configurations of
irreducible polynomials. For instance, as an analogue of Theorem 1.2, we would like to
estimate the number of k-term arithmetic progressions of irreducible polynomials of degree
less than n over IF, as n tends to infinity, while ¢ = p® is fixed and p is a prime larger
than k and s > 1. Whereas for k£ = 3, the method used by Hayes [51] to solve Goldbach’s
ternary problem over function fields applies, the problem remains open for & > 3 (but

lower bounds are known [60]).

Just like in the integers (see Section 2.5), one can reduce this problem to a different
one involving the Mobius function on F,[¢], namely the problem of the uniformity of this

function. The Mobius function on FF,[t] is defined, like its counterpart in the integers, by

() { (—1)* where k is the number of monic irreducible factors of f, if f is squarefree,
M =

0 otherwise.

Because ¢ is fixed, we drop the subscript ¢ and write G,, for G, ,. The desired uniformity

property consists in a bound for the Gowers norm of x4 of the form

el ok () = Onsoo(1).
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The Gowers uniformity norms of a function defined on a vector space is defined analogously

to the ones of a function on the integers, thus

9l = | EeeanErecr H C‘“"g(erw'h)
we{0,1}+

One can check that this is consistent with the definition of the U2-norm from Chapter 5.

Note that these norms depend solely on the additive group structure of G,,, which is
isomorphic to Fy. Besides, there exists a group isomorphism ¢ : F, — F7, which makes
[, an s-dimensional F,-vector space. This map induces another map ¢, : Fy — F}",
which is an [F)-linear isomorphism, giving rise to a group isomorphism G,, = F;". On the
other hand, the Mébius function relies on the ring structure of I, [t], which depends on
the base field F,. Thus the question of the uniformity of the Mobius function showcases
the clash of multiplicative and additive structures, one of the central themes of arithmetic
combinatorics.

Analogously to the situation over the integers discussed in Section 2.5, it turns out
that non-uniformity on F) is characterised by the existence of a significant correlation with
a certain family of structured functions, namely polynomial phases. This is the content
of the inverse theorem for the Gowers norms [85] by Tao and Ziegler, based on a general
structural result by Bergelson, Tao and Ziegler [6]. Here is the statement of their inverse

theorem.

Theorem 7.1. Letd > 0. Fiz a prime p and an integer k < p. Then there exists a constant
¢pk(0) such that for any function f:F) — C satisfying |f| < 1 and || f||yr@n) = 6, there

ezists a polynomial P € Fy[xy,. .., x,] such that
2miP(x
Breey F0)exp (200 ) 2 400,

In the low-characteristic case p < k, the statement [86] requires the introduction of
nonclassical polynomaials instead of the classical ones featuring here, but we will not need
this case here.

Explicit bounds are not generally known for the constant ¢, ;(§). For k = 2, it is easily
seen to be polynomial in §, while for k£ = 3, is is conjectured to be polynomial, the best
unconditional bound at the time of writing being quasipolynomial in ¢ [43]. Very recently,

Gowers and Mili¢evié¢ [36] obtained a doubly exponential bound for the case k = 4 (and
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p > 3).

Motivated by Theorem 7.1, we investigate correlations of p with functions of the form
x(Q(f)) for an additive character x over F, and a polynomial @ € F,[zo,...,z,-1] in
the coefficients (xo,...,z,-1) € F} of f = > icnzit'. We only consider polynomials @ of
degree at most 2. Recall that the group F, of additive characters is isomorphic to (the
additive group of) F,. To express the isomorphism, let Tr : F, — [, be the trace map.

For a € F,, let us denote

Then the isomorphism F, — Iﬁq is given by r — x, where for any r € F,, the character .,
is defined by x,(z) = e,(rz).

We now state our main results.

Theorem 7.2. For any ¢ > 0 and x € Iﬁq, for any linear form ( € F,[xo, ..., xn_1], we
have
D X)) Keq g®HH (7.1)
deg f<n

uniformly in n and £.

It suffices to prove Theorem 7.2 for x = x;. In the integer case, Davenport [25] showed
that for any A > 0, we have

Z p(n)e(na) <4 N(log N)™

n=1

uniformly in « € R/Z, where the implied constant is ineffective due to the possible existence
of Siegel zeroes. Under the Generalised Riemann Hypothesis (GRH), the best result is due
to Baker-Harman [3] and Montgomery-Vaughan (unpublished), who showed that for any

e >0,
N

> p(n)e(na) < N¥+¥ (7.2)

n=1
uniformly in & € R/Z. Our exponent 2 + € in (7.1) matches the one in (7.2) (though it is
reasonable to conjecture that in both cases the best exponent is % +¢€). However, our proof
of (7.1) differs from that of (7.2) in some respects. In particular, our proof of (7.1) uses
L-functions of arithmetically distributed relations introduced by Hayes [50], as opposed to

Dirichlet L-functions. We remark that very recently and independently of us, Sam Porritt
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[72] proved a result similar to Theorem 7.2.
Regarding quadratic polynomials, we have the following similar but conditional result.

It depends on the polylogarithmic bilinear Bogolyubov conjecture, Conjecture 5.9.

Theorem 7.3. Assumep > 2. Let A >0 and x € Iﬁq. Assuming Conjecture 5.9, we have

> Q) <gag'n? (7.3)

deg f<n

uniformly in n and the quadratic polynomial Q in F,[zo, ..., zn_1].

We have another result for quadratic phases that are more directly analogous to n —
e(an®+ Bn) in the integers. In this case, our bound is unconditional and gives a polynomial
saving. We need some extra notation to state our result (see Section 7.2.1 for more precise
definitions). Let F,((3)) be the ring of formal Laurent series in 1/t. On Fy((7)), we define

the additive character e(a) = e,(a_1), where a_; denotes the coefficient of ™! in «.

Theorem 7.4. There exists a constant € > 0 (independent of q) such that

> ulfelaf? +Bf) <q g4 (7.4)

deg f<n

uniformly in n and o, B € Fy((3)).

Note that we do not require p > 2 in Theorem 7.4 since when p = 2 the map f —
(af? + Bf)_1 is linear and Theorem 7.4 follows from Theorem 7.2. When p is odd, the
symmetric matrix of the quadratic form f — (af?)_; is a Hankel matriz, i.e., a matrix
whose (i, j)-entry depends only on ¢ + j. Thus Theorem 7.4 can be reformulated in terms
of Hankel matrices alone. We remark that in the integers, under GRH we have bounds
with polynomial savings for the sum 32" u(n)e(an®) (see [52, 95]).

Note also that to prove the uniformity of the Md&bius function on F,[t] in the case
where ¢ = p°® is not a prime, it is not enough to inspect its correlations with polynomials
P € Fylry,...,2,] as in Theorem 7.3. Instead, for f € G, = F;", write f= ou(f) € BT
for the image of f by the isomorphism. Observe that not any FF,-quadratic form P(f)
can be realised as Tr(Q(f)) for some FF,-quadratic form ((f); this can be seen by simple
counting. But controlling ||z||¢3(c,,) precisely requires the control of correlations of p with

any F,-quadratic form P(f), whereas Theorem 7.3 only deals with [F,-quadratic forms.
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7.1 Overview of the proof

We will first focus on linear phases and prove Theorem 7.2. This will involve bounding
correlations of the Mobius functions with Dirichlet characters and generalisations thereof
called Hayes characters. The theory of these characters and the corresponding L-functions
will be sketched in the next section, and the bounds for the character sums will be derived

in Section 7.3

By analogy with the classical circle method, one can recognise in the analysis of the
correlations of the Mobius function with quadratic phases a dichotomy “minor arcs/major
arcs”. Minor arcs correspond to very equidistributed phases, and thus to quadratic phases
of high rank. For quadratic phases of rank less than n/4 (major arcs), we note that the

saving in Theorem 7.2 allows us to conclude easily, as is shown in Corollary 7.9.

When proving Theorem 7.3, we will suppose for a contradiction that

> ulFx(Q(f)) > eq.

feGn

Let M be the n x n symmetric matrix corresponding to ) and k an integer. For any
a € Gy, consider the map L, : G,,_p — G, that maps f to af. We also write L, to
denote its n x (n—k) coordinate matrix in the canonical basis (i.e. the basis of monomials).
For any (a,b) € G3,, let M,, = LY MLy + L{ M L,, which is a symmetric (n—k) x (n—k)
matrix.

After exploiting Vaughan’s identity in Section 7.5, we will find that for some n < k < n,
the matrix M has the property that the set of pairs

Ph = {(a, b) € GkJrl X Gk»Jrl‘rk Ma,b < h}

2k+2 pairs for some parameters § and h (depending

is large, that is, it contains at least dg
on € and n). We will want to convert this information about the ranks of many M,
into a conclusion on the rank of M itself. However, we need these pairs to have some
special structure in order to extract something useful; in particular, it would be extremely

convenient if the set
{(t", )] (i,5) € {0, ..., k}*} (7.5)

were in Py, because M 4 is simply the symmetric part of a submatrix of M. Unfortunately,

its large size alone does not force P, to contain such a nice structure, but to boost our
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chances, we are ready to do some additive smoothing, that is, adjoining to our set P,
elements such as (a; — a2, b) whenever (ay,b) and (aq,b) are in Py,; and the same on the
second coordinate. The rank remains controlled under this operation, because rk My, 4, =
tk (My, 5 — My, ) < 2h. We saw in Chapter 5 that such a bidirectional additive smoothing
does indeed produce useful structures, namely sets cut out by a few (that is, ¢(§)) linear
and bilinear forms.

We found in Theorem 5.8 that we can take ¢(d) to be O(exp(exp(exp(log?! 1/6)))),
where the implied constants may depend on ¢, but unfortunately, because J will be as
small as n~° say, this bound for ¢(d) is too large to be of any use. Assuming Conjecture
5.9, we can take c(8) as small as polylogarithmic in 6. Applied with § = n=%W) this
means that the codimensions of the bilinear set identified in Fgy, by Corollary 5.10 should
be polylogarithmic in n. Further, still with Corollary 5.10 we will obtain sets of the form
(7.5) inside Pgqp, in Section 7.6.

7.2 Preliminaries

7.2.1 Notation and basic facts

A useful reference for the circle method in function fields, of which the basics are sketched
below, is [64]. Let F,(t) be the field of fractions of F,[t]. On F,(¢) we can define a norm by
|f/g] = qi°&/~9°¢9  with the convention that deg) = —oc. The completion of F,(¢) with

respect to this norm is

1 ~
F, ((¥>> = {a: Z a;it' |n€Z,a; €F, for everyz},

1=—00

the set of formal Laurent series in % It is easy to see that if « is as above and a,, # 0 then
o] = ™.
We observe the inclusions F,[t] C F,(t) C Fy((3)), and think of F,[¢]

JFy(t) and Fy((3))
are the analogs of Z, Q and R, respectively. Let us put T = {a € Fy((3)) |

|a| < 1}. This
is analogous to the usual torus R/Z.

For a € Fy((7)), we write («)_; to denote the coefficient of ¢! in o and define e(a) =
eq(()—1). This is an additive character on Fo((F)) and allows us to perform Fourier analysis
on F,[t]. All additive characters on F,[t] are given by f +— e(fa) for some o € T.

We denote by M the set of all monic polynomials in F,[¢], and by A,, the set of all monic
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polynomials of degree n, while Z denotes the set of all monic, irreducible polynomials.
Remember that G,, is the set of all polynomials (not necessarily monic) of degree less
than n. We use the convention that >, ., means > ., (that is, a sum over monic

polynomials).

The von Mangoldt function on F,[¢] is defined by

A(S) = { deg P if f = P* for some monic irreducible P and k > 1,

0 otherwise.

The “prime number theorem” [74] on F,[¢] reads

> A =4

deg f=l

7.2.2 L-functions of arithmetically distributed relations

To prove Theorem 7.2, we first observe that any linear form on G, can be represented as
a map f — (af)_; for some a € T. Thus Theorem 7.2 can be rephrased as a bound for

sums of the form

> ulfe(af),

feGn

or, equivalently and more conveniently, of the form

> u(He(ef).

feAn

Now suppose that « is approximated by a fraction a/@Q of polynomials up to a remainder
B = Z;:l_oo Bitt for some | > 2, that is, & = a/Q+3. Then e(af) = e(af/Q)e(Bf) depends
only on the residue class of f modulo () and the coefficients of the terms of degrees at least
I—1of f=)7",ait" " +t". We refer to ay,...,q as the first [ coefficients of f (if i > n
then we define a; = 0). We thus need to understand functions on A,, that only depend on
the congruence class modulo a fixed modulus () and the first [ coefficients. Hence for [ > 0

and @ € F,[t], we define an equivalence relation R; g on M as follows:

f=g (mod Rig)if f=g¢ (mod Q) and the first [ coefficients of f and g are the same.
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The above is an example of an arithmetically distributed relation, of which Hayes [50,
Section 8] developed the theory. We briefly review it here, but the relevant facts can also
be found in [54] or [19].

It is easy to check that M/R, ¢ is a semigroup with respect to multiplication on FF,[t].
The equivalence class of a polynomial f € F,[¢] is invertible in M/R;q if and only if
(f,Q) = 1. Set G, = (M/Rio)*, the set of invertible elements. This is a group of

cardinality ¢'p(Q), where p(Q) = #(F,[t]/(Q))*. Note that Gg ¢ is simply (F,[t]/(Q))*.
We can extend any character A on G, ¢ to all of M by setting A(f) = 0 if (f, Q) # 1.
We define the L-function associated with A as

1
fI*

L(s,\) = Y A(f)

feM
which converges absolutely for $(s) > 1. It is convenient to define
L(z,A) =D AN =32 N " A(f) (7.6)
feM n=1 feAn

so that L(s,A) = L(¢~%,\). We have the Euler product formula

1

L(zA) =[] (1 -xp)z2=r)” (7.7)

Pez
for |2| < 1/q.

In the same range of z, we also have

= [T =AP)") = Y AN =Y 2" Y wHAME). (78)

P feMm n=1 fEAR

L(z,\)

The character constantly equal to 1 on ()¢ is called the principal character. When
A is not the principal character, £(z, A) is a polynomial of degree d(\) < [ + deg@ [50,
Lemma 8.2]. The Generalised Riemann Hypothesis states that all roots of £(z, \) have

2 or 1 for any character A modulo an arithmetically distributed congruence

modulus ¢~/
relation such as R; . Weil’s proof of the Riemann Hypothesis (for Dirichlet characters)

was extended to these generalised characters by Rhin [73] (see in particular Chapitre 2,
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Sections 4 to 6). In other words, we can write

d(\)

L(z\) =[]0 - a2), (7.9)

=1

where || = ¢/ or 1 for i = 1,...,d()\). In particular, £(z,\) can be extended to an

entire function and (7.8) remains valid when |z| < ¢~%/2.

As an aside, we briefly show a simple bound, derived independently by the author and
Porritt [72], which will be beaten by a more involved method in Theorem 7.6, but remains

interesting for its simplicity and the ideas it involves.

Proposition 7.5. Suppose X\ is a non principal character on Gy g and M = 1 + deg Q.
Then

f;nu(f)k(f) < (n LA{;Q)CJ”/? (7.10)

This is bound is particularly good when M is bounded, in which case the binomial
coefficient just varies polynomially in n. When M is of the order of magnitude of n, the
right-hand side of (7.10) can be bounded by O(g"/?>¥)") where ¢, > 0 and ¢, — 0 as ¢
tends to infinity [72].

Proof. The left-hand side of equation (7.10) is equal to the coefficient of 2z in the power

series because of equation (7.8). On the other hand, equation (7.9) implies that

L()\

ZZH@

M—-1_ _ =1
Doimq Mi=n

Now we use the fact that |o;| < /g and the basic counting result

(. .y eNk|an_n}| (’”fl )

This brings about the conclusion. O
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When A is the principal character of G, g, we have

L(z,\) = H (1- zdegp)fl

PeT,
(P,Q)=1

_ H (1 _ ZdegP) H (1 - ZdegP)_l

PeT, Pez
PlQ
1

— 1— deg P )
PEHL (L=="") =2
PlQ

Consequently, £(z, ) can be extended to a meromorphic function and

1 S “r)
Ly 2™ >, nlhH=0-g) [] (127 i
) n=1 fEAR(f,Q)=1 12)6‘57

for all |z| # 1.

7.3 Character sum estimates

In this section we prove the following.

Theorem 7.6. Let | > 0,Q € F,[t],deg@Q = m > 0 and X be a character of G o. Then

for any d, and € > 0, we have

<<e,q q(%+e)d+5(m+l) (712>

> u(HA)

fEA4

Proof. First we assume that A is not principal. We will prove the following more precise

bound

d , dloglog(m+l) m—+1
< q2+ log(m-+1) +Oq<log2(m+l)> . (713)

> ()

fEA4

Our method is a generalization of the proof of [7, Theorem 2]. As [7], we deduce (7.13)
1

from an estimate for log £(z, \) near the circle |z| = ¢~'/2, which in turn is deduced from
£/(2,)

L(z,\) °

an estimate for By taking the logarithmic derivatives of (7.7) and (7.9), we have
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two different expressions for g((zz’/{\)). On the one hand, we have
ﬁl(zv A _ C -1
L(zN) Z |
where
ao)
a=-)Y o (7.14)
i=1
according to (7.9). On the other hand, according to (7.7), we have
a =Y AHNS. (7.15)
deg f=l
It follows from (7.14) that
|| < d(N)g"? (7.16)
and (7.15) implies that
al < Y A(f) =4 (7.17)
deg f=l

Let L = [2log,d(\)]. For [ > L we use the bound (7.16) and for [ < L we use the bound
(7.17). Therefore, for any z, we have

ﬁl(ZaX)‘ - 1 -1 - 1/2) _1l—1
< ST YD ANl (7.18)
‘ﬁ(z,x) ; 2

I=L+1

Let 0 < € < 1/4 (its precise value will be chosen later) and R = ¢~'/27¢. Let w be

arbitrary on the circle |w| = R. Integrating (7.18) along the line from 0 to w, and noting
that £(0,\) = 1, we have

L 1 0 1/2\1
llog L(w, \)] < Y <qu) + 37 d (qu y (7.19)

The second sum in (7.19) can be bounded by

d(\) «— N dN) ;¢ 1 d(\)2RE 1
: i . 2
L l;q(Rq = L g 1 — Rq'/? < L 1— Rqg\/? (7.20)
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As for the first sum in (7.19), we bound it crudely by

> (R < (RS _(Ro)* < (2N < oy

since ¢R > ¢'/*. By combining (7.20) and (7.21), we have

1
2 pL
llog L(w, \)| <4 d(A\)°R (1 + T Rq1/2)> .

Hence,

| = (0 (077 (14 g )

Let Cr = {w € C | |w| = R}. From (7.8) we see that

RN
J;dA(f)u(f)' = |3 /CR " 1dw‘
< max i R

< qd(1/2+5)+0q(d()\)l_k(l"'wlzi(/\)))

— )

(7.21)

(7.22)

(7.23)

where we have used R = ¢~ /27 to obtain the final inequality. We now choose ¢ =
loglogd(\)/logd()). Recalling that d(A) <1+ m — 1, (7.13) follows. The bound (7.13) is
stronger than (7.12) when loglog(l +m)/log(l + m) is smaller than the € in (7.12), which

is the case whenever [ + m is large enough. For the finitely many remaining pairs (m, 1),

equation (7.12) follows from (7.23) (with the same ¢).

—-1/2

We now consider the case where A is principal. From (7.11), on the circle |z| = ¢~'/2,

we have
1 _
e IR ) U
! PeZ,P|Q
< H (1_q—degP/2)_1
P€ET,P|Q
< II a-a")"
P€eZ,P|Q

m

= (1-g ) < gOlw)

122

(7.24)



CHAPTER 7. UNIFORMITY OF THE MOBIUS FUNCTION ON POLYNOMIAL RINGS

where k is the number of monic irreducible factors of ) and (7.24) follows from Lemma
E.1 (a divisor bound which we postpone to an appendix). Integrating z*d*ﬁ along

the circle |z| = ¢~'/2 and using (7.24), we see that

Yoo u(f) < ¢¢ o) (7.25)
feAmFQ)=1

from which (7.12) follows. O

We remark that (7.11) readily gives a formula for > ., ;o—y #(f), but it is not

immediate to derive (7.25) from this formula.

7.4 Exponential sum estimates

We say that a function ' : M — C is R, g-periodic if it is constant on each equivalence
class of R;g. In other words, F' is R; g-periodic if F'(f) depends only on the residue class
of f modulo @ and the first [ coefficients of f. We say F is 1-bounded if |F(f)| < 1 for
any f € M. We first show that p is orthogonal to R g-periodic functions by adapting the
argument of [46, Proposition 3.2].

Proposition 7.7. Suppose deg) = m. For any R, g-periodic and 1-bounded function
F: M — C ande >0, we have

> F(Nn(f) Keg qt/2rommmsn,
J€An
where the bound is uniform in F.
Proof. We first consider the case where F(f) = 0 whenever (f,Q) # 1. This means that

F is a function on Gy q. Let K = |G o] = ¢'0(Q) < ¢""™ and Ay, ..., Ak be the characters
of Gy g. Define the Fourier coefficients of F' by

F()) = Eyec,o F(HMF)
for any character A of G; . Then F(f) = Zfil F\(/\Z))\Z(f) Plancherel’s formula implies

2
— Ereao[F(HP < 1. (7.26)

i Fn)
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We have
K ~
> F(f)u(f)‘ = D_oFN) Y. w)u(f)‘
feAn i=1 feAn
K ~
g qn/2+6(n+l+m)Z’F()\i) (7.27)
=1
S qn/2+6(n+l+m)Kl/2 (728)

< qn/2+(l+m)/2+6(n+l+m) )
Here (7.27) follows from Theorem 7.6 and (7.28) follows from the Cauchy-Schwarz inequal-
ity and (7.26).

Next we consider the general case where F'(f) is not necessarily 0 when (f, Q) = 1. If
f is squarefree and (f,Q) = D, we can write f = Dg with g squarefree and (g,Q) = 1.

Hence

YOFul) = Y ST F(Dg)u(Dg)l g gt

feAn DeM,D|Q, degg=n—deg D,
D squarefree g squarefree

= Y D) > F(Dg)u(g)lge- (7.29)

DeM,D|Q deg g=n—deg D,
g squarefree
Now the function g — F(Dg)u(g)1(,0)=1 is Rig-periodic, and vanishes on elements of M

that are not coprime to ). From the above, we infer that

n—degD | I+m e(ntm
Z F(Dg),u(g)l(g?Q):l Legq 2 +55" +e(nt+m+)

deg g=n—deg D,
g squarefree

for any € > 0. Furthermore, still for any € > 0, we observe that

Zq*(degD)/2 <7(Q) Keyg Q| = ¢
DlQ

by Lemma E.1. This completes the proof. U

We will now use Proposition 7.7 and the ideas outlined at the beginning of Section 7.2.2

to prove the following exponential sum estimate.
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Theorem 7.8. Given any e > 0, for all « € T and n, we have

> n(fe(af) eq g®Hrom (7.30)
fe€AR

and
D ulfe(af) <eq g®Hrom. (7.31)
feGn

The first bound implies the second, because

Dl -5 5 etaer)

feGn ceF k=0 feAy

so we only need to prove (7.30). It is easy to see that any linear form on G,, can be written
as f > (af)_1 (i.e., the coefficient of t 7! in af) for some @ € T. Thus Theorem 7.2 follows

immediately from Theorem 7.8.

Proof. By Dirichlet’s approximation theorem we can find a and g in F,[t], where g # 0
and deg g < |5, such that ’Oz -9 < Let f = a — 2. Then

L2J||

S nletad) = 3wt (4 ) e(51).

Since || < ¢ l217989 we see that e(Sf) depends only on the first n — |5] — degg

coefficients of f. Also, e < af ) depends only on the residue class of f modulo g. Applying
Proposition 7.7 to (I,Q) = (n — | 5| — degg, g), for any € > 0, we have

§erbne L) ~deggrdegg) _ o < Gn-l3)) g @/1+In,

5 e (4 elo) <o’

feAn

as desired. O

As we show next, Theorem 7.2 implies that if a function is determined by the values of

a few linear forms, it does not correlate with the Mobius function.

Corollary 7.9. Let ¢ > 0 be a constant. Let F: [y — C be 1-bounded and suppose r < cn.
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Let Uy, ... 0, be linear forms on G,,. Then for any e > 0,

> U(HFW(S), - 6(f) Keg g1t

JFeGn

In particular, supposing the characteristic q is odd, for a quadratic form @ of rank at most

r and any x € Iﬁq, we have

ST AXQF)) Keg q¥HTerem,

feGn

Obviously, this is interesting only if ¢ < 1/4.

Proof. Theorem 7.2 immediately implies that for any linear forms ¢ on G,,, we have

D lf)egt(f)) Keq g™, (7.32)

feGn

For any a = (ay, ..., a,) € Fy, let Vo < G,, be the affine subspace defined by the equations

l;i(f) = a; for i € [r]. Then one can write

S uHFWS), - 6() =D Fa) Y ulf). (7.33)

feGy acky fEVa

Now we observe that

Wl =By ey L xll(f) = i)

..... 1€[r]

so that

f€Va feGn

Yol =B [[xal=a) > w(h) [T ate(r)),
i€lr] i€lr]

and by the triangle inequality

< max Z M(f) HXz‘(&‘(f)) .

x€Fa | rea, ie[r]

> u(f)

f€Va
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Recall from Section 7.2.1 that each y; is of the form y;(z) = e,(t;x), so that

H Xi(li(f)) = ¢ <Z ti&'(f)) :
iclr] i=1
We then apply (7.32) to the linear form ¢ = -, ¢;{;. This shows that

DIV

f€Va

Plugging this bound in equation (7.33) and using the fact that |F| < 1 gives the desired
result.

Finally, the last affirmation of the corollary is justified by the fact that a quadratic
form of rank r is a function that is determined by r linear forms (in fact, it is the sum of

the squares of r linear forms). 0

7.5 Quadratic phases and Vaughan’s identity

From now on, we assume that the field F, we work with has characteristic p > 2. Recall
q=p’and s > 1. We call quadratic form on Fy a homogenous polynomial of degree 2, that
is, a map of the form F(z) = 27 Mz where M is a symmetric matrix. The corresponding

(symmetric) bilinear form is the map
B(z,y) = 2" My.

The rank of F' is the rank of the matrix M. It equals the codimension of the space K
of vectors = such that the linear form B, defined by B,(y) = B(x,y) satisfies B, = 0.
A quadratic polynomial on F} is a polynomial of degree 2, that is, a quadratic form plus
a linear form plus a constant. A quadratic phase is a map of the form ®(z) = x(P(x))
for a quadratic polynomial P and an additive character y. Its rank is the rank of the
corresponding quadratic form. Thanks to the following standard lemma, quadratic phases
can be classified, depending on their rank, into major arcs and minor arcs, by analogy with

the circle method.

Lemma 7.10 (Gauss sums). Let ®(z) = x(P(x)) be a quadratic phase of rank at least r.
Then
|Ezewg¢)($)| < q_r/2'
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Thus quadratic phases of low rank correspond to major arcs, while the ones of high

rank correspond to minor arcs.

Proof. We use a standard technique known as Weyl differencing, consisting in squaring

the expectation to reduce the degree of the phase. We have

‘Exe]}rgq)(x”z = Exhq)(l'—l—h)q)(l')
= Eonx(P(z+h) — P(z))
= Enx(P(h)E:x(2Bn(z))

where all variables range over Fy. Now if & ¢ K, the form 2B, is a nonzero linear form
(recall that the characteristic p is not 2), whence Eyepn X (2Bn(2)) = Eger,x(2) = 0. This
implies that

|E16ng)(x)‘2 < Enerplrex =q ",

and the claim follows. O

The rest of the section is devoted to the proof of Theorem 7.3. Let P be a quadratic
polynomial on G, and let & = x o P be a quadratic phase. We want to bound the sum

> ul£)e(f).

feGn

As already indicated in Section 7.1, the general strategy is the following. We first observe
that when @ is a quadratic phase of rank at most en with ¢ < 1/4, then Corollary 7.9
concludes: indeed, a quadratic form of rank r depends on r linear forms only, so a quadratic
polynomial of rank r depends on r 41 linear forms at most. So we will show that in order
for u to correlate with a quadratic phase ®, the corresponding quadratic form needs to be
of small rank (major arc). This will imply that p cannot correlate with a quadratic phase
at all.

With the help of Vaughan’s identity, a standard tool in analytic number theory, we will

show the following.

Proposition 7.11. Let 6 > 0. Suppose |3 ;. p(f)®(f)] = dq"™. Then at least one of the

following two statements holds.

1. There exists k < n/9 such that for at least one polynomial d of degree k, the quadratic
polynomial on G,y defined by
w +— P(dw)
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has rank at most O(log(n/J)).

2. There exists k € [n/18,17n/18] such that for at least (5 /n)°Mq* pairs of polynomials
d,d of degree k, the quadratic polynomial on G, _; defined by

w — P(d'w) — P(dw)
has rank at most O(log(n/J)).

Before proving this proposition, we underline that for any d € Gy, we see the map
w +— dw as a linear map from G,_; to G, which allows one to see w — P(dw) as a
quadratic polynomial.

We now start the proof of Proposition 7.11. The first tool we need is Vaughan’s identity
[55, Proposition 13.5], which reads!

phy=— > wap®d+ D ula)u(b),

ab|f ab|f
deg a<u,deg b<v deg a>u,deg b>v
where the sum is over monic polynomials a and b, and u = v = n/18 (though in general they
can be chosen arbitrarily). We shall adopt the notational convention that N = ¢", U = ¢“
and so on. Moreover, for f € F,[t], recall the notation |f] = ¢/, Vaughan’s identity
implies that

> whE(f) =Ty + T, (7.34)
f€Gn
where
Ti= ) as »  ®(dw) (7.35)
|[d|I<UV WEG, _deg d
and

Tr= > ba Y. pw)d(dw) (7.36)

V<|d|<N/U  w€G,_degd
are known as Type I and Type I sums respectively. The sums over d are over monic polyno-
mials. The coefficients a; are unimportant and all we need to know is that max(|agl, |b4|) <
7(d), where 7 is the divisor function. We will need upper bounds regarding this func-
tion, the proof of which are postponed to Appendix E. In the Type I sum, we have

made the change of variables d = ab,w = f/d, while in the Type Il sum we wrote

!The reference we provide deals with the integer setting, but the proof is the same here.
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w = le(f)b,d = f/w, where lc stands for leading coefficient, so that d is monic. The
decomposition of the sum into two parts in (7.34) yields the following dichotomy, which

we will use to prove Proposition 7.11.

Proposition 7.12. Let § > 0. Suppose [ e, i(f)®(f)| > 0¢". Then either there exists
k <mn/9 such that
Eaea, |Evec, ,@(dw)> > 6%/(16n°), (7.37)

or there exists k € [n/18,17Tn/18] such that

Euwwea, ,Eaaea, ®(dw)®(dw)®(dw)®(dw') > §*/(256n'"). (7.38)

Proof. It |3 ccq u(f)@(f)| > 6N, the decomposition (7.34) implies that either |T3| >
OIN/2 or |Ty| > 6N/2. Suppose first |T1] > 6N/2. On the other hand, using the triangle
inequality and equation (7.35), we bound T} by

mo< Y Zru%u@weank@(dw)\

k<u+v d€A

N
< n max — Z 7(d)| Ewea, , P(dw)|.

k<u+wv
de Ay

Fix an integer k& < u+ v = n/9 that realises the maximum in the line above. The Cauchy-

Schwarz inequality then yields
IT1[?/N? <n? (Eaea, 7°(d) ) (Egen, |Evee, ,P(dw)]?) .
Now Lemma E.2 ensures that
Egea, 72(d) < 4k* < 4n?®,
so we can affirm that
§N?/4 < |Th|* < 4n° N*Eyea, |Epeq, , P(dw)|?.

This means that
Eaea, [Bvea,_, ®(dw)|* > 6%/(16n°)

which proves equation (7.37).
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Let us now suppose that |T5] > 0N/2. Using the triangle inequality and equation
(7.36), we have

L) < Y r@] Y u(w)®(dw)

V<|d|<N/U wEG, i
< nN max Egea, 7(d)|Evea,_,, 11(w)@(dw)].

We again fix an integer k, this time k € [n/18,17n/18], that realises the maximum, and
apply Cauchy-Schwarz together with Lemma E.2, obtaining

T2 /N? < 4n° Bgen, By wea, , p(w) p(w')(dw) ®(du).
It follows that
Euurec, . #(w)p(w')Eaea, ®(dw)®(dw’) > 62/(16n°).
Applying Cauchy-Schwarz again to eliminate p yields
Bo e, Faaea, ®(dw)®(dw)®(dw)®(d'w') > §/(256n'°).

This is the content of clause (7.38), so the proof of Proposition 7.11 is complete. O

We now derive Proposition 7.11 using Proposition 7.12. Suppose first that equation
(7.37) holds, so there is k < n/9 such that

Eaea, [EBvea,_, ®(dw)|* > &, (7.39)
where ¢’ = §2/(16n°). Equation (7.39) implies that there exists d € Ay such that
[Evec, P(dw)]* > d'.

Fix such a d € Ag. Lemma 7.10 now implies that the quadratic polynomial w +— P(dw)
has rank at most log,(6'~') = O(log(n/d)). This corresponds exactly to the first statement
of Proposition 7.11.

Suppose instead that equation (7.38) holds. Then we have k € [n/18, 17n/18] such that

Ew,w’EGn_kEd,d’eAk @(dw)@(dw’)@(d’w)@(d'w') Z 5/,
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where ¢’ = §1/(256n1°). The triangle inequality ensures that
EozeaBuea, X (P(dw) — P(d'w))| = ',

In particular, for a proportion at least ¢’/2 of pairs of monic polynomials d, d’ of degree k,
we have

Buwea, X (P(dw) — P(d'w))| 2 /2,

which implies that the rank of w +— P(dw)— P(d'w) is at most —log,(6'/2) = O(log(n/?)).
This is precisely the second part of Proposition 7.11. So in every case, Proposition 7.11
holds.

7.6 Using the polylogarithmic bilinear Bogolyubov con-

jecture

Let A > 0 be arbitrary, and let § = n=*. To prove Theorem 7.3, it suffices to show that
1> fea, 1(S)P(f)| < d¢™ for n sufficiently large. For the sake of contradiction, suppose

instead that there exists an unbounded set Z of integers n such that

> ulHe(f)

JFeGn

> 0q" (7.40)

whenever n € Z. We then apply Proposition 7.11. Suppose the first alternative holds.
Write P(f) = B(f, f) for some bilinear form B(x, y) on Fy x[F (we may omit the linear part
of P as it modifies the rank by at most 1). Then we know that the form R, : w — P(dw)
on G, has small rank for at least one d of some degree 0 < k < n/9. Now the rank of
the quadratic form R, is simply the rank of the bilinear form B restricted to the subspace
dG,_; C G, of codimension k. Thus the rank of Ry is at least tk B — 2k, which implies
that rk B < 2n/9 + clogn. If n € Z is large enough, this bound on the rank is less than
c'n for some ¢ < 1/4. Corollary 7.9 now yields the desired contradiction.

In Appendix D, we show how to deal with the Type I sum for k up to n/2 — o(n). As
a result, we only need to consider the second alternative given by Proposition 7.11 with k
in [n/4 —o(n),3n/4 + o(n)]. Unfortunately, we were not able to use this shortened range,
which is why we relegated this argument to an appendix.

Now let us suppose that the second alternative of Proposition 7.11 holds. Let n/18 <
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k < 17n/18 be the parameter returned by this proposition. It follows that the set
Y ={(d,d) € A} | w + P(dw) — P(d'w) has rank at most ~ylogn}
has size at least ¢®*72/k” for some constant v > 0. Note that for d,d’ € Gy,
P(dw) — P(d'w) = B((d — d")w, (d + d")w)

is a quadratic polynomial in w € G,,_y. For a,b € Gy, let B, be the symmetric bilinear
form on F;~% x F7~* (identified with Gy X Gy—y) defined by Bg(z,y) = (B(az,by) +
B(ay, bx))/2. Thus we have a set

X ={(a,b) € Ggy1 X Gpy1 | 1k Bap < ylogn}

of density at least n = k™7 in Gjy1 X Giy1. As discussed in Section 7.1, we would like
to replace the large set X by a more structured set, namely the zero set of a (not too
large) family of bilinear forms, at the cost of slightly worsening the bounds on the rank.
Corollary 5.10, an application of the bilinear Bogolyubov theorem from Chapter 5, precisely
implies that

X' ={(a,b) € Ggs1 X Gry1 | tk By < 64vlogn}

contains a set of the form
Y = {(a,b) € Wy x Wy | Fi(a,b) = ... = F,(a,b) =0},

where Wy, Wy are Fj-subspaces of Gy (itself viewed as an Fj-vector space of dimension
s(k+1) = O(k)) of codimension at most r = ¢(n), and F, ..., F, are [F,-bilinear forms on
Wy x Wa. Under Conjecture 5.9, ¢(n) = O(log®® 5=1) = O(log®Y k), while the uncondi-
tional bound we have is unfortunately useless when 1! is polynomial in n. Henceforth we

assume that Conjecture 5.9 is true.

Now take ¢ = 1/10 and consider a set of indices
I={0=i<ipg < - <ipm=|k—¢€k]} C[0,k— €k]

such that i;.1 —i; < (n — k)/2 for any j and m = O(1). Such a set exists because
n—k > n/18 > k/18. Consider W = Wj; N Wy N G, which is an F,-vector space
of dimension at least esk — O(logo(l) k). Consider the F,-quadratic forms on W given by
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F (w) = Fi(tw, t'w) for any [ € [m] and 4, j € I, where the map w + t'w is identified with
the corresponding [F)-linear map between the vectors of coefficients. This is still a family

esk—O(log®V *)) vectors

of at most O(log?®™M k) bilinear forms, so we can find at least Q(p
in G, which are isotropic for all of these forms, thanks to Lemma 5.11. In particular, if
k (and thus n) is large enough, there is definitely at least one nonzero polynomial w of
degree at most ek such that Fj(t‘w,t/w) = 0 for all i,j € I and [ € [m]. Consequently,

tk Byiy iy < K = 64ylogn for all 4,5 € I.

Consider the (symmetric) matrix M of the Fg-bilinear form B restricted to the space
of the multiples of w, written in the basis (wti)ogKn,degw. We refer to the matrix element
B(wt', wt?) as the cell (i,7) of M. The rank of B differs from the rank of M by at most
2en, so it suffices to bound the rank of M.

Now let us examine the (symmetric) matrix N, ; of the quadratic form Biiy, 4, in the

canonical basis of G,,_.

Observe that the map w — t'w, viewed as an F,-linear map (between vectors of coeffi-
cients), transforms an element #/ of the canonical basis of G,,_; into a basis element t"/w.
This means that its matrix in the canonical basis of G,,_; and the basis (wti)0§i<n—degw is

an (n —degw) x (n — k) matrix which we can write by block as

0
Ltiw = | I |,
0

where the central block is an identity block of size (n — k) x (n — k) and the other blocks
are 0 blocks. Here by a block we mean a submatrix consisting of consecutive rows and
columns of a matrix. Next we observe that

2N; ;= L MLy + L5 MLy,
which makes it easy to see that NN, ; is the symmetric part of the (n—k&) x (n—k) block of M
whose top-left corner is the (¢, j) cell of M. Write M, ; for this block, so 2N, ; = M, ; +MZT]

We remark that if ¢ = j, then M, ; is a diagonal block of the symmetric matrix M,
hence a symmetric matrix, so M; ; = N, ; must have small rank itself. Hence, the matrix
M contains a number of large diagonal blocks M;; which have small rank. To bound the
rank of M, it suffices to bound the ranks of all submatrices M, ; for (i,j) € I?. Indeed, the
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Figure 7.1: Covering M by submatrices and moving away from the diagonal

matrix M being covered by these submatrices, we have the bound

rk M < Z rk M, ; < |I* max rk M; ;.

“ i,j)€l?
(3,4)€I? (&)

The cardinality |I| being bounded, bounding the ranks of these blocks suffices to bound
rk M. We now prove by induction on ¢ — m that M;
5"k, Because M, ;, = M .
¢ —m = 0, as we have already seen, the corresponding block is diagonal and of rank at
im < 5™k and

The reader may wish to consult Figure 7.1 while following through

has small rank, namely at most

25tm
it suffices to prove the claim in the case ¢/ > m. When

£im

most k. We now suppose that for some ¢ > m we already know that rk M;
we inspect M;, ;..

the proof.
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In Figure 7.1 the dotted (n—k) x (n—k) block M;
A, B,C, D, and is known to have a symmetric part of small rank. On the other hand, A, B

= F is made up of the four blocks

415tm

and D are already known to have rank at most 5 ™k, because they are submatrices of
Mi and Mil+17im+1
square block of the size of C' the matrix C'+C'"', where C” is the top-right block of B (here

it is crucial that ig.; — iy < (n —k)/2). As a submatrix of a matrix of small rank, C' + C'T

respectively. Now the symmetric part E + E7 admits as bottom-left

£5im

must have small rank. But C” has iself small rank as a submatrix of B, whence it follows
that C = (C + C'T) — C'T has small rank, namely a rank at most 2 - 5"™x. Hence

rk M, =1tk E <rtkA+1kB+1kC +1rkD < 5™,

+1 7Z'm

This completes the inductive proof, and implies that rtk M = O(x) = O(logn).

Finally, as already noted, the rank of B is at most the rank of M plus 2en. In particular,
given that 2e = 1/5, it is surely less than ¢'n for some ¢ < n/4, if n € Z is large enough.
Again invoking Corollary 7.9, we obtain the desired contradiction with the hypothesis
(7.40). This concludes the proof of Theorem 7.3.

7.7 The Hankel case

We prove Theorem 7.4, again assuming p > 2. If a = Z;”:f

quadratic form f — (af?)_; in the canonical basis of G,, is

- a;t7 then the matrix of the

a_q a_9 a_pn

a_2 a_p—1
M = M(a) =

Q_p O_p_1 -+ (d_2p41

We will follow the same strategy as in Sections 7.5 and 7.6 with ®(f) = e(af? + Bf).

Suppose for a contradiction that, for arbitrarily large n, we have

S u(He() > g (7.41)

feGn

with § = ¢~ for some ¢ > 0 to be determined later. Applying Proposition 7.11, we

may discard the first alternative, because in that case the reasoning of Section 7.6 goes
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through without Conjecture 5.9. The parameter &' = (6/n)°M) is still at least ¢~" for some
e = O(€), if n is large enough. Thus we find a k € [n/18,17n /18] such that for at least
q@=9%+D) pairs of polynomials (d, d’) of degree k, the quadratic phase on G,,_; defined by

w i e(a(d* — d*)w?)

has rank at most O(en). Write d — d’ = a and d + d = b. We infer that for at least

¢ 9+ pairs of polynomials a, b of degree at most k, the quadratic phase

w > e(aabw?)

has rank at most cen for some constant ¢ = O(1).

With the notation of the previous section, the relevant symmetric matrix is
M,y = LIM(a)Ly = Lf M(a)L, = M(aab).

In contrast to the general case, M, is here a product involving M and not a sum of two
products, which makes it much easier to analyse. As in the proof of Theorem 7.3, we will

show that M has low rank by covering it by submatrices of low rank.

By Markov’s inequality, there exists a set X C Gy of size ¢=9%*+1) /2 such that for
any a € X, the set
B, :={b € Gpy1 |tk M,y < cen}

has size at least ¢(1=9*+1) /2,

Let n = 2¢. For any i € {0,...,k —nk} and a € X, by the pigeonhole principle, there
exist two distinct b # b’ in B, such that f =V — b = Z;ﬁf cmt™ for some coefficients
Cm. Moreover, we have rk M, ; < 2cen. Write f = f,; to emphasize the dependence.
Fix (i,7) € {0,...,k — 2nk}?.  Again, the pigeonhole principle implies that there exist
a# a € X such that g = a —a’ € span(#/, ..., t772") and f,; = fu ;. If f is this common
value, we have rk M, y = O(en). Observe that for such a pair (g, f) we have

where the central block is a (n — k 4 2nk) x (n — k) matrix of rank n — k and the other
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blocks are 0 blocks. The same decomposition holds for Ly, with a central block Cf. So
if N is the (n — k + 2nk) x (n — k + 2nk) block of M whose top-left cell is (7,4), then
My ;= CINCy, and thus tk My ; >tk N — 4nk. As a result, tk N = O(en).

Covering M by a bounded number of blocks of size (n — k + 2nk) x (n — k + 2nk), we
find that tk M = O(en). By taking e small enough, the bound O(en) is constrained to
be smaller than, say, n/5, for sufficiently large n. Thus if € is small enough (that is, if €
is small enough), we get a contradiction between the hypothesis (7.41) and Corollary 7.9.
Theorem 7.4 follows.
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Appendix A

Volume packing arguments and local

divisor density

In this appendix, we shall collect some frequently used facts concerning the number of
integral solutions to a system of linear equations in a convex set of R? and in (Z/mZ)°.

The first lemma we state is borrowed from Green and Tao [45, Appendix A].

Lemma A.1. Let K C [0, N]¢ be a convex body of RY. Then

IKNZY = Y 1=Vol(K)+OyN*).

neKNZ4

We recall the definition of the local divisor density from equation (3.21) (already present

in [45]) and we mention some useful properties.

Definition A.1. For a given system of affine-linear forms ¥ = (31,...,v;) : Z¢ — Z,

positive integers dy, ..., d; of lem m, define the local divisor density by

t

ay(dy, ..., di) = Epe@/mzy H Ly;(n)=0 mod d;-

i=1
The following lemma is borrowed from Matthiesen [68, Lemma 9.3].

Lemma A.2. Let K C [-B, B]? be a convex body and V a system of affine-linear forms,

and let dy,...,d; be integers of lem m. Then

Z H 1d2‘¢z(”) = VOI(K)C(‘I’<d17 s 7dt) -+ O(Bdilm).

n€ZINK
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We shall try to bound ayg(p™,...,p%). To this aim, we state a version of Hensel’s

lemma in several variables.

Lemma A.3. Let Q € Z[X,,..., Xy], p be a prime and k > 1 an integer and x € (Z/p*7Z)?
such that Q(x) = 0 mod p* and

VQ(z) = (g—g,...,g—g) (x) #Z 0 mod p.

Then there exist precisely p®=! vectors y € (Z/p*7Z)? such that x = y mod p* and Q(y) =

0 mod p**!.

Proof. Let y € (Z/p**Z)? satisfy © = y mod p*; in other words, y = x + p*z for some
uniquely determined z € (Z/pZ)?. Here, by abuse of notation, we replace z € (Z/p*Z)?
by some fixed lift in (Z/p*t1Z)?. We then treat Q(z) as an element of Z/p**17Z congruent
to 0 mod p* and put Q(z) = p*a with a € Z/pZ. Then Taylor’s formula ensures that

Qy) = Q(z) + pP'VQ(x) - z = p"(a + VQ(x) - 2) mod p**L.

So Q(y) = 0 mod p*™ is equivalent to a + VQ(x) - 2 = 0 mod p. As VQ(x) is not zero
modulo p, this imposes a nontrivial affine equation on z in the vector space IE‘Z, S0 2 1s

d—1

constrained to lie in a (d — 1)-dimensional affine F,-subspace, which has p*~' elements,

hence the conclusion. O
As an application, we prove the following statement.

Corollary A.4. Let ¢ be an affine-linear form in d variables, and let p be a prime such

that v 1s not the trivial form modulo p. Then for any m > 1

am = ay(p™) = Enezypmzyalpmipm) = Pre@/pmzye(¥(n) =0) < p™™.

Proof. If n € (Z/p™Z)? satisfies ¢»(n) = 0 mod p™, then in particular ¢)(72) = 0 mod p,
where * is the reduction modulo p, which imposes that n lies in kerzZ . By assumption,
¥ # 0. If its linear part is 0, then its constant part is nonzero, thus ker ¢ = ) and ay,, = 0.
Otherwise, the linear part is nonzero modulo p, and then ker ¢ is an affine [F,-hyperplane,
thus has p?~! elements. Let us prove the proposition by induction on m. For m = 1, we
have just proved the result. Suppose now that «,, < p~™™ for some m > 1. Because of the

assumption above, V1 is a constant vector which is nonzero modulo p. Applying Lemma
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A.3 for k = m, we find that each zero modulo p™ of 1) gives rise to exactly p?~! zeros
modulo p™*!, which proves that .1 < p~ ™. This concludes the induction step and
the proof. O

Exploiting this corollary, we can now prove a bound on more general local densities.

Proposition A.5. Let ¥ = (¢y,...,1¢) be a system of integral affine linear forms in d
variables and p be a prime so that the system reduced modulo p is of finite complezity, i.e.

no two of the forms are affinely related modulo p. Then
o= Oé\p(pal, o ’pat) S pf HlaXi;éj(ai+aj).

Proof. 1f all a; are zero, the result is trivial, so let m = maxa; and suppose m > 1; let
i # j be such that a; + a; is maximal (in particular, it is at least m). Suppose first that
either a; or a; is 0. Without loss of generality, suppose a;, = 0 and a; # 0. Then for
n € (Z/p™7)? to satisfy 1(n) = 0 mod p* for all k = 1,...,¢, we must have in particular
Qﬂj (n) = 0 mod p%, and using Corollary A.4, we find that

—max;;(a;+aj)

o = EnE(Z/me)d H 1pai\¢>¢(n) < EnE(Z/p“jZ)d 1paj‘¢j(n) < pfaj =D .
1E[t]

Now suppose 1 < a; < a;. Then for n € (Z/p™Z)? to satisfy ¥x(n) = 0 mod p for all
k=1,...,t, we must have in particular Qﬁl(ﬁ) = @Z;j(fz) = 0 mod p. This imposes that n
lies in the intersection of two affine F-subspaces, namely ker @ZN)Z and ker ng, which are two
nonparallel hyperplanes because these forms are affinely independent by assumption. Now

we use induction on m > 1 to show that

B = Pne(z/pmz)d(wi(n) = 1j(n) =0 mod p™) = p .

For m = 1, what we have seen above implies that 3; = p~2 (the intersection of two
nonparallel affine hyperplanes of Fg is an affine subspace of dimension d—2, so its cardinality
is p?72), so the statement is true. Suppose now that for some m > 1 we have 3,, = p~2™.
If x € (Z/p™Z)* satisfies ;(z) = ¢j(x) = 0 mod p™ and if y = z + p™z € (Z/p™ ' Z)*
for some z € (Z/pZ)? satisfies ¥;(y) = ¥;(y) = 0 mod p™!, then following the proof of

Lemma A.3, we infer that z has to satisfy two affine equations

a+VY,-z=0modp and a+ Vy;-2z=0mod p.
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This forces z to lie in the intersection of two nonparallel affine F,-hyperplanes of Fg (they
are nonparallel because we supposed that the gradients were not proportional). Hence for
a fixed x as above, there are p?=2 such y, so finally 3,1 = p*2f,, whence the conclusion.
In particular, putting m = a;, we have that E,cz/peizyals,(n)=¢;(n)=0 mod pri < p2, Tt

remains to induct on a; — a; > 0 using Lemma A.3 in order to find that

EnE(Z/pajZ)dlpai‘d)i( )1 a‘]|¢ (n) < pi(arkaj)’

which implies the desired result. O

We prove another statement which is helpful during the proof of the linear forms con-

ditions (Proposition C.1).

Proposition A.6. Let ® : Z¢ — 7! be a system of affine-linear forms. Let p be a prime
such that the reduction modulo p of the system is of finite complexity. Let K C [—B, B]?

be a convex body. Then

Z 1p2|Hie[t] pi(n) <Kt p_QVOI(K) + Bd_1p2,

neKNZda

Proof. First, we observe that p? | [Licjy ¢i(n) implies that either there exists ¢ € [¢t] such
that p? | ¢;(n) or there exist ¢ # j such that p | ¢;(n) and p | ¢;(n). Hence

Z 1p2‘Hie[t]¢i(” Z Z ]'P |¢i(n) +Z Z 1¢>1 =0 mod p-

neKNZd 1€[t] neKNZA i#j neKNZ4

Now for any ¢ € [t| we apply Lemma A.2 which implies
> Lo = Vol(K)ay, (5°) + O(B*'p?)
neKNZ3

and for any ¢ # j

Z 1¢>z )=¢;(n)=0 mod p — VOI( )O‘%qﬁj (p’p) + O(Bd*lp»

n€eKNZda

But the assumption of finite complexity modulo p means that we may invoke Proposition
A.5, which implies that ag, (p*) < p~2 and that ag, 4, (p, p) < p~2. The result then follows.
O
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Appendix B

Analysis of the local factors )

This appendix deals with the local factors appearing in Chapter 4.5. First, we check that
the limit defining [, in Theorem 4.1 exists. We fix integers d,¢,s > 1 and a system of
linear forms W : Z¢ — Z'** of finite complexity, and we suppose its linear coefficients are

bounded by L.

We also fix PDBQFs fii1, ..., ftxs of discriminants Dy 1, ..., D;s; these notions and
the notation py, were defined in the introduction. Let p be a fixed prime and M, =
max; v,(D;). For m > 1 an integer and a € (Z/p™Z), let

t t+s m
Pola) = [[ Agjpeei(a)) [] %f” (B.1)
i=1 j=t+1

Finally, let 8,(m) = Eqe(z/pmz)i Pn(a). Thus we want to prove that (,(m) is convergent as

m tends to co. This is a consequence of the following proposition

Proposition B.1. The sequence (8,(m))men is a Cauchy sequence. More precisely, there

exists Mo = Mo(Dyy1, - .., D) so that for all integers mog > My and m,n > my, we have
By(m) = By(n) = O(mgp~"/?).
In particular, this sequence has a limit B, and we have

Bp(m) = ﬁp + O(msp_m/Q)'
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Proof. Let mg > My and m,n > mqy. We split (Z/p™Z)? into two parts

Ay = Ay(m,mo) = {a € (Z/p"Z)" |Vj € [t+1;t+ 5] ¢;(a) # 0 mod p™}
and

Ay = Ag(m,me) = {a € (Z/p™Z)* | Fj € [t+1;t+s] j(a) =0 mod p™}.
Thus

ﬁp(m) = ]Eae(z/pmz)dpm(a)]_Al(m’mO)(a,) —|— Eae(z/pmz)de(a)1A2(m,m0)(a). (B2)

For the first term, we use the lift-invariance property [68, Corollary 6.4] already stated in
Lemma 4.6. It implies that

EaE(Z/me)de(a)1A1(m,m0) = EaE(Z/meZ)deO (a)1A1(mo,mo)

thus the first term on the right-hand side of (B.2) does not depend on m. For the second
term, we invoke the following general bound from [68] (see Lemma 6.3 and the proof of
Lemma 8.2)

pf/lrb a (pm) <
- ](rrz < E 11/Jj(a)50 mod pk -
p k=0

We also use the trivial bound Az/,; < 2 to infer the inequalities

t+s m
Pm(a’)lA2(a’) < 2t1A2(a) H Zl’L/Jj(a)EO mod pk
j=t+1 k=0
t+s
< mila,(a) + 1a,(a) > I 4(a)=0 mod 5

0<ktt1,. . kt4s<m j=t+1
max k; >mo

t+s

< (mg+1) Z H Ly (@)=0 mod p*i-

Here the factor m§ appears as the number of s-tuples whose entries are all in [0; mg —17];
moreover, the 2! is merged with the implied constant, which crucially remains independent

of m or mgy. The third line follows from the fact that if a € A,, then the sum over tuples

144



APPENDIX B. ANALYSIS OF THE LOCAL FACTORS fp

k; whose maximum is at least mg is at least 1. We then average over a and let

Z = (Cla'“aCs) = (thrla"'athrs) (B3)

be the system of the last s linear forms of ¥, obtaining

Eae(z/pmz)de(a)lAQ (a) <K mé Z EaE(Z/pMZ)d H 1pkz‘<2 (B4)

0<k1,....ks<m i=1
M:=max k; >mg

We recognise the local divisor density ay on the right-hand side, so we put

= D ezl M),

0<k1,....,ks<m
M:=max k;>mo

which enables us to rewrite (B.4) as
Eae(z/pmz)de(a)lA2 (CL) < mgép

Since the linear coefficients of Z are bounded and none of its forms is the trivial form,
we see that for any ¢ € [s], the maximal k such that ¢; is the trivial form modulo p* is
bounded. Write then t; = p*y! where v/ is not the trivial form modulo p. Thus applying
Corollary A.4 to the form v;, we find that a, (p) < p"% < p=™ as k; tends to oo while
p and k are bounded. Further,

ks

az(pklv cee apks) S Hl]lIl O[¢]. (pkj) < p—maxj

and thus

0y K Z p M.

0<ktt1,eskt4s<m
M:=max k; >mg

Bounding the number of tuples (ki,..., k) satisfying maxk; = M crudely by (M + 1)°,
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we conclude that

0, < Z p*MMS

M>mg

< Z pr/2
M>mg

<, p ™2

Finally, this means that for m > mg, we have

Bp(m) = Eae(zpmozya P(@) 14 (momo) + O(mip™™/2). (B.5)
The same holds for 8,(n), hence
By(m) = By(n) = O(mgp™"™/?)
and the conclusion follows. O

We record a useful byproduct of the above proof.

Lemma B.2. As m > M, tends to infinity, we have

t t+s m
Pi; 5(a) (P™) m
Eoc(zppmzyt | [ Azppe(¥i(a)) 1] W%(aﬁéo mod pm = Bp + O(p™™%).
i=1 j=t+1

Proof. We simply use equation (B.5) with m = mg and the bound m®p~"/? <« p=™/3,
where the implied constant is independent of m and p. Together with the conclusion of
Proposition B.1 that 8, = B,(m) + O(m*p~™/?), this yields the desired result. O

We now analyse the behaviour of /3, as p tends to infinity.

Lemma B.3. For primes p tending to infinity,

Bp=1+ O(p_2).

Thus Hp By is convergent and

I1 o= (10 () ) 0

p<w(N) p
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Proof. Assume p is large enough so that p does not divide the product Dy 1 - Dyy 4 of the

(negative) discriminants of our quadratic forms.

Recall the notation P,,(a) from (B.1) and the sets A; = A;(m,m) and Ay = Ay(m,m)

introduced during the proof of Proposition B.1. As m tends to co, we have

Bp + 0(1) = Eae(z/pmz)dpm(a)
= EaE(Z/me)dP ( )1A1( ) + EaE(Z/me)de(a)lAQ (a)
= Z Pn(a) +2'0(sm®p™™).
acAq
To get this error term, we used Corollary A.4 and the triangle inequality to bound |As|,
and the fact that py, 5(p™)/p™ < m [68, Lemma 6.3(c)] to bound P, (a). This error term
tends to 0 as m tends to infinity, and thus merges with the o(1) of the left-hand side. Let
us now consider the main term. Thanks to the choice of p and the fact that the forms do
not vanish at @ mod p™, we can use Lemma 6.3 from [68] which states that if f is a PDBQF
of discriminant D, and if p is a prime which does not divide D, and if § # 0 mod p™, then
pm

PrslP™) (1= xo®)p™") D Lptmxo (")

Here xp is a real character modulo p, namely the Kronecker symbol [68, Lemma 2.1]. Thus

t t+s m
Bp =l Boezpmzy HAZ/pZ(wi(a)) H ((1 —xp,(P)p™") Z Lok s ()X D; (pk)>
where we have obviously reintegrated the once excluded a € A,, because their sparsity

ensures that they do not affect the limit. For a € (Z/p™Z)¢, we then write a = a’ + pb
with b € (Z/p™~1Z)? and o € [p]¢. Thus the average E, becomes

t+s t+s m
IT (0 —xo,p7") HAZ/,,Z i) Boeqzspmrzye [ D Lot arom X, (0F)-
j=t+1 j=t+1 k=0

(B.6)
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We expand the product of sums as follows

t+s m
k
H Z 1Pk|¢j(a+pb)XDj (p )
Jj=t+1 k=0
=142 Lo 0+ Y Lt g (at ) X D5 (P™)
Joki=1 0Lkt 1,05kt s<m

at least two k; >0

according to whether we take no, one or several nonzero k. The expectation over a from
(B.6) then splits into three terms. The first one is

t
EaE(Z/pZ)d H AZ/pZ (wl ((l)),

=1

and the second one is

t+s m t
Z Z XD, (pkj)Eae[p}d H AZ/pZ(@Z)z‘(a))Ebe(Z/pmflz)d ]-pkjwj(a_;_pb)' (B.7)
j=t+1k;j=1 i=1

Now we decompose 9;(a + pb) = ;(a) 4+ pi;(b), where ) is the linear part of . If p
is to divide v;(a) + pz/}j(b), we need p | ¥;(a). Thus we can write, for each such a fixed,
Y;(a+ pb) = p@[jj(b), where @Z;j is again an affine-linear form whose linear part is w] We
then need p¥~1 | 4);(b). Because of Corollary A .4,

EbG(Z/pm—lZ)d 1pkj_l\w~j(b) = p_kj+1
so the expression (B.7) equals
t+s m t

S X0, (00 VB [ [ Azspz(@i(@)plojy, @

j=t+1k;=1 i=1
To deal with the last term, which is

t t+s
Eoe(z/pmzyd H Azpz(¥i(a)) Z H 1pkj (@) XD (pkj), (B.8)
=1 0<kit1,e skt s<m j=t+1

at least two k; >0

we crudely bound Az/,z by 2 and xp, by 1. Recall the notation Z from (B.3). Thus as m
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tends to infinity, the expression (B.8) is bounded above by a constant times

@) Z az(p™, ... p™)
Ktk
at least two k; >0
To bound this expression, we remember that Z is a system of finite complexity. In par-

ticular, it has finitely many exceptional primes by Lemma 2.2. This implies, thanks to

Proposition A.5, that for p large enough depending on s, d, L, we have

OZZ(pkl 7pl€s) S p— max;-; (ki+kj) S p—l—max(ki)

g oo

whenever at least two k; are nonzero. For any k > 1, there are at most s(k+1)5~! s-tuples
that satisfy maxk; = k. Thus

Yoo agp o p) =000 sk ) = 0,07,

ki,...,ks k>1
at least two k; >0

Putting these three terms together and letting m tend to infinity, we get

t+s t
ﬁp = H (1 — XD; (P)pfl) (Eae[p]d HAZ/pZ(@/)z‘(a))
j=t+1 =1
t+s
+ Z Eeppaply;@)=o0 HAZ/pZ vi(a Z XD, ( ) +0,:(p7%). (B.9)
j=t+1

Lemma 2.3 proved that E,cp,e [T_, Azpz(¥i(a)) = 14 Ogy(p~2). Similarly, for any j €
[t+1;t+s], we have

Eucp Lo, [ [ Azpa(vita)) = p (]ﬁ) P((JTila).p) = 1 and p | ;(a))
=1 =1

= 14+0(p?

because the probability is p~(1 — t/p + O(p~2)) by linear independence. Moreover,

t+s i+s
IT G=xo,p™) (14 DD xp,0")p™ | =1+ 0,072
j=t+1 Jj=t+1k;>0
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so that finally, plugging these estimates in (B.9), we obtain

t+s t+s
Bo=TT (A=xo,p™") [ 14+ DD xp,@)p™" + 0u(p™) | =1+00@7).
j=t+1 j=t-+1k;>0

Here the implied constant depends on ¢,d, s, L and the discriminants only. This last equa-

tion is exactly the claimed result. O
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Appendix C

Verification of the linear forms

condition

This appendix is dedicated to the lengthy and technical proof of Proposition 4.12 and
Proposition 2.13; observe that the former does not exactly imply the latter, because the
latter allows unbounded coefficients, which the former does not. We actually prove the

following proposition, which proves both aforementioned propositions.

Proposition C.1. Let U = (¢y,...,%s) be a system of affine-linear forms on Z2. Let
Dy, ..., Dy be some discriminants of PDBQFs. Let cgr(x) be the constant appearing in
Proposition 2.9. Let W be divisible by W and every exceptional prime for the system V.
Fori € [t], let v; = vy g, and fori € [t+1;t+s], let v; = vy 4, p,- Suppose that
K C [0,N]* satisfies V(K) C RL. Let (by,...,bis) € (W]t be such that for any prime
p, we have (b;, W) =1 for any i € [t] and b; # 0 mod pr W) foranyjeft+1,...,t+s].
Suppose that no exceptional prime larger than w for ¥ divides any of the integers b;.

Further, suppose that

E,cnvi(n) = 14 o(1) (C.1)
for any i € [t + s|. Then
d—14+0(v)
Bnernae [] wlenn) =1+ 0 (e ) + 000 (©2)

1€ [t+s]

Observe that if rad(W) = O(log®™ N), hypothesis (C.1) is satisfied for any i € [t] by
Proposition 2.11, so Proposition C.1 does imply Proposition 2.13. Further, if W = W,
hypothesis (C.1) is satisfied for any i € [t 4 |, so Proposition C.1 does imply Proposition
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4.12 as well.

We loosely follow Matthiesen’s proof in [68], taking inspiration from the more recent
paper [17]. However, there is some flaw there, as the author overlooked the possibility that
u and dm*e may not be coprime; we provide, based on the earlier paper [66], a corrected
version of these computations.

Compared to Matthiesens’s articles, the presence of the majorant for the von Mangoldt

function introduces factors of log R which will be cancelled out during the Fourier trans-

W)
W

proof. And in the core of the calculation, it adds to the variables d, m, e, u another variable

formation step. It also introduces factors of which remain untouched throughout the
¢ also ranging among the integers whose prime factors are all greater than w(N), which
shall interact nicely with the other ones. The aim of the game is to dissociate the factors,
that is, to transform the average of the product into the product of averages. This way,
we will reduce the problem to the case where t = 1, s = 0, that is, Proposition 2.11, and
the case where t = 0, s = 1, which corresponds to Lemma 4.10.

Notational conventions for the proof. In order to somewhat lighten the formidable
notation, we will not always specify the range on sums, products or integrals. In principle,
the name of the variable alone should tell the reader what its range is. We list a few

important conventions.

e The integer vector n will always range in Z¢ N K.
e We put ¢;(n) = /Ww](n) +b;, for j € [t + s]. Let ® = (¢1,. .., Prys)-

e Fori =1,...,¢t and k£ = 1,2, the variable ¢, is a positive integer. Because it will
always be a divisor of ¢;(n) which satisfies ¢;(n) = b; mod W and (b;, W) = 1 by
definition of B, the prime factors of ¢, are all greater than w(V).

e For j =t+1,...,t+ s and k = 1,2, the variable e; is a positive integer in (Q;),

where Q; = Qp,. All its prime factors are greater than w(N).

e For j =t+1,...,t+ s, the variable s; will range from 2/v to (loglog N)* and i;
from log, s — 2 to 6logloglog N, while u; ranges in U(s;,4;). The s; should not be
confused with s, the number of factors of the form vypae 5. Notice that ¢ is also the

standard name of the index ranging in [t] but this should not cause any ambiguity.

e Occasionally we may want to write e; for e;; and €} = ¢;5 ; similarly ¢; = /;, and
l; = ;5. Moreover ¢; will be the least common multiple (lem) of e; and €, while \;
will be the lem of ¢; and ;.
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e For j=t+1,...,t+ s, the integer d; only has prime factors greater than w(N) and
lying in P; where P; = Pp,.

e For j=t+1,...,t+s, the integer m; only has prime factors greater than w(/N) and
lying in Q;.

e A bold character denotes a vector; thus e = (e;x)je[e+1;¢+s] and again the range of

k=1,2

such indices 7, k will frequently be omitted.

e For i € [t], let ¢; = ¢(x) be the constant appearing in Proposition 2.11, and for

JEe[t+1,t+s], let ¢;j = ¢(Dyyj, x) be the constant appearing in Lemma 4.10.

With these conventions, recalling the definitions (2.10) of A,  and (4.16) of rp -, we expand
the left-hand side of (4.19) as
Q=HY

where

log ¢; log !
r / i
Y = Epeninn [[ D nll)u(t)x (logR) X (bgR) Liili(n)

Z'E[t} fi,%

I ¥ 2 > 1 e (B y (T2 y (LB (Lo
ujlg;(n) djm2e;|¢;(n)H\E5)HE; )X log R X log R X log R X logR )~

y — .. . /
]7t+1 55515, Uj djvmjvej7e]‘

(C.3)

and H is defined by
T\ ftts
H = (logR@) Hc;l.
w i

To prove Proposition 4.12, we have to prove that

NA—1+0(7)

) +o(1).

Notice that H = O((log R)") = O((log N)*). We now work on €. It is an average over
n of t + s products, and we aim at transforming it into a product of ¢t 4+ s averages. We
will remember to multiply the error terms obtained for 2’ during the transformation of
this average by (log N)* to obtain error terms for €.

We observe that when u;, d;, mj, e;, € divide ¢;(n) and u; satisfies ged(uy, ¢;(n)/u;) = 1,
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there exists, for x equal to any of the symbols e, ¢/, d, m, a unique decomposition
= My i D ) = . :
rj =2, v, with ged(z;”’,u;) =1 and v, | u;. (C4)

We would very much like to perform this decomposition, but not every term satisfies the
required coprimality condition. However, the following claim shows that we can pretend it

does at a small cost. In fact it shows more.

Claim 1. The summands in (C.3) satisfying ged(u;, ¢;(n)/u;) > 1 for some j or ged(uj, ¢i(n)) > 1
for some i # j contribute only O(N—(gloeN)7/8) 4 Q)

Proof. Bounding p and x by 1, we find that the contribution S of these summands to €

satisfies
t+s
EEDY < 11 2) Enan,
is \j=t+1
where

t+s
or 327£]|gcd(u7 ¢Z(n))>1

with the notation A; = lem(u;, djm?ej). To bound E,a,, we apply the simple rule, based
on Cauchy-Schwarz, that

(EnEZdﬂKan)2 S Pn(an 7£ O)Ena

Now if a,, # 0 then either the value of one of the last s linear forms ¢;(n) has a repeated
prime factor, or the values of two of the ¢ + s linear forms have a common prime factor.
Such a prime p is a factor of some wu;, which, by Definition 4.3, only has prime factors
larger than N'/(oglosN)® and satisfies u; < N7 (see [66, Proposition 4.2]). Thus p certainly

lies between N/(osloeN)® anq N7, Using the triangle inequality, we get

t+s

Pn(an 7é 0) < Z ]P)n(p2 | H gbz(”))

N1/(loglog N)SSPSN’Y

Let N1/(oglogN)* < p < N7 be a prime. In particular, we have p > w(N). We use the
hypothesis of Proposition C.1 regarding exceptional primes. If p | W then for any ¢ € [t+s5],
the form ¢; mod p is constantly equal to the nonzero residue b;. So P, (p? | [[2 ¢i(n)) = 0.
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APPENDIX C. VERIFICATION OF THE LINEAR FORMS CONDITION

Otherwise, p is not exceptional for ¥ nor ¢, whence

9 9 , N/t 9 , Nt
Pn | | 3 B O =p O y
v ; diln) <p+ (p VOI(K)> b (p VOI(K)>
according to Proposition A.6 and Lemma A.1, i.e. the fact! that | K NZ4| ~ Vol(K). Hence

P(a, #0) < > P(p* | [Jo:n))

N1/(loglog N)SSPSN’Y

—2 Nd_l 2
<2 g 7

ple/(loglogN)S pSN"/

N3’y+d—1
N—l/(loglogN)3 )
< T Vol(K)
Assuming that «y is small enough (less than 1/3), the second term is O(N~¢) with ¢ > 0 so
it is negligible with respect to the first one.

We then bound E,a? quite crudely as follows

t t+s 2
E.a; < En< > I e 11 1Aj|¢j<n>>

d,m,e,l,u i=1 j=t+1
2(t+s) 1/(t+s) 2(t+s) 1/(t+s)
t t+s
< T {E | 2t II{E| > lajem
=1 Zi,q j:t+1 dj,mj,ej,e;.,uj

< (log N9,

The second inequality is Holder’s. The last one follows from bounds of Matthiesen [66,
Lemma 3.1] on moments of the divisor function, and the observation that for instance
>ove Wieiny < 7(¢0i(n))?. Thus [E,a,| < N~ (oglog N)™/4 * Qumming now over i,s and
mult{plying by H, we get H|S| < N—UoglogN )7*/8 as desired. This concludes the proof of
Claim 1. O

Thus to evaluate (C.3), we shall pretend all summands satisfy the coprimality condition,

transform them under this hypothesis, and then reintegrate the formerly excluded terms,

log log N)*3/8)

which generates an error term of size O(N~( So from now on, the vectors

Here, we assume that Vol(K) > N'? or at least that N’4~1 = o(Vol(K)). Indeed, in the statement of
the main theorem, we could also add the assumption that Vol(K) 3> N? because otherwise the error term
is not smaller than the main term.
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d, e, m will be assumed to be entrywise coprime to the vector u. Under this convention,

—(loglog N)~ 3/8)

and up to an error term of size O(N , the expression €)' of equation (C.3) is

equal to

/

lgl t+s '
E3E I (Swtwn () e | T2 5

is u €[t],k=1,2 \ ik Jj=t+1 dj,ej,e;,mj coprime to w;
log x,v;
E J )T /
H X ( lOgR /’L(ejvjﬁ)/’l’(ejvj,e/)1ujdj6jm?|¢j(n) (05)
Vj,d»Vj,m;Vj,esVj of a:]-E{dj,ej,e’j,mj}

divisors of u;

where the dashed sum indicates a sum over vectors whose entries are coprime.

By the coprimality condition, we can perform the decomposition (C.4). The vector v
stands for (vj)ze{de,’;m} je[t+1;¢+s] Where we impose for every j the conditions v;, | u;
and v; 4 € (P;),Vjm € (Q;),v;. € (Q;). Furthermore, we shall use the notation

B Aj if 7 € [t]
= djeym; i je[t+1;t+s].
Claim 2. The main term of (C.5) is equal to

S aln )

is u dem,t

log £; 1 95 log x;v; ,
Z H (i r)x ( log R ) H U—M(e Vjer ) 1(€50j) H X (W

v oig[t],k=1,2 je[t+1;t+s] 7 z;€{d; e;.€},m;}

(C.6)

up to an error of size O (N~ 1+90) /Vol(K)).
We note that this error term, after multiplication by the initial factor H = O((log N)?),

is still of the same magnitude.

Proof. First, we apply Lemma A.2
t+s
nEZdﬂK H 1)\ [i(n) H 1u]d im2 6]|¢](TL) ((qz)ze[t}a (uij)jE[[t-i—l;t+8]]>+O(Nd71+O(’Y)/VOI(K))‘

Jj=t+1

To explain the error term, observe that for any set of tuples bringing a nonzero contribution,
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for any j € [t + s], we have u; < N7 and ¢; = N9 because dj,my, ez, e, L, 0 < N7
To bound the contribution of this error term to the sum defining the main term of (C.5),
we simply notice that the number of terms is N°) anyway, that the p and y factors are
1-bounded, and that 2% is always o(N”) because s; < (loglog N)?.

Notice that we can also exclude summands for which ged(A;, u;) > 1 for some i € [t]
and j € [t+ 1;t+ s] because of Claim 1. For summands satisfying on the contrary
ged(A;, u;) = 1, by multiplicativity of @ and because of the other implicit coprimality

conditions, we can write

a(qla ey Qt+s)
a((@)ie, (uiq5)jere1;e+s]) = :
€[t] 745 )je[t+1;t+s] Hj u;

This concludes the proof of this claim with a dashed sum on u instead of the normal sum,
and a sum on £ restricted to tuples satisfying ged(\;,u;) = 1 for all i and j. We can
reintegrate now the formerly excluded terms because they have a negligible contribution

anyway, so Claim 2 is proven. O

From now on, we fix vectors i, s in their usual ranges, and consider the individual terms

S 5 ot T1 st (225)

u d,e,m,f i€(t],k=1,2
2% log z,v; .
S IO Twenonon  IT (). @)
. U ) og R
v ]e[t"rl ;t+$ﬂ xljé{dj,ej,e].,m]-}

Recall that we introduced the Fourier transform 6 of the function z — e"x(z) during the
proof of Proposition 2.11. When plugging the Fourier transforms into our sum, we need
4s+2t real variables §; , with k =1,... 4forj =t+1,...,t+sandk =1,2forj =1,...,¢.
Collectively, they form the vector E. Furthermore, we write z;;, = (1 +4&;x)/(log R). We

sometimes allow, for a function f, the slight abuse of notation

[Hr&n=T1 rfen I F&w,
7.k

ielt],ke[2) JE[t+s]\[t].ke[4]

and write



We introduce the notation ; = x;v,, for = equal to any of the symbols e, €', d,m, and

Vi = (Vi ds Vie, Vier, Vim). For any fixed values of the tuples s,i,u,v,d, m, e, £ we write
253 ,
M= [ s I —wlevnee).
i€ft],k=1,2 je[t+1;t+s] 7

Observe that p(ejvj.) = p(e;)p(vje) by coprimality, and the same with €. Finally, we

introduce

Fd,m,e,E(E): E _ E 1—[~ z]1~ zjzd z]3~ zj4H£ZlZz1£ z12. (CS)

j>t i€(t]

We now insert (2.16) into the expression (C.7) to get

Z alqr, -y Qeys Z M(/ F(E)d= + O((logR)~ H il kd ;)" 1/logﬁ))

4 2t
d,m,e,l 1ast ik

Above we abused notation slightly and wrote
in:k i€t k=1,2  j>tk'=12
We shall use this notation again in the sequel.

Now the term arising from the big oh will not matter too much, thanks to the following

claim.
Claim 3. For A > 0 large enough,

—1/logR
HY Y > oy, qees)|M[log ™ R (H éj,kfi,kﬂijmJ') = o(1).

s,i u,v dm,el 1,5,k

Proof. Matthiesen [66, Proposition 4.2] showed that
t+s

I Y S =ow.

s,i g=t+1 U,jEU(Sj,ij)

On the other hand, we can suppress the sum over v by reintegrating into the sum over

d, m, e the summands not termwise coprime to u. We can then drop the ~ on the variables.
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We put q; = (;¢; for j € [t] and ¢j = e;ejd;ym; for j € [t + 5]\ [t]. By multiplicativity,

1
TlosR
Y Al i) (Hej,kez-,kdjmj) — 3 I at, ) T v
]

d,m,e,f 1,5,k d,m,e.€piflg; JE[t+s
/
P4

Z H e max a;(1+(2log R)~1)

d,m,e,f pi H‘h

< H(l — p logR)‘l))—O(tJrs)
p
< logO(t+s) N.

IN

Here we used a); > a;/2, Corollary A.4 and a crude bound kO+s) for the number of tuples
a; satisfying max; a; = k. The last inequality follows from a well-known estimate for the

Riemann zeta function near 1, namely

g(x):o(xil).

Given that H = O(log" N), the claim follows for A large enough depending on ¢ and s

only. O

We are left to deal with

> alaan) M [ PEHE (C.9)
uv 145 2t

d,m,e,£

We now swap the summation » 4 ., and the integration over the compact set [*+%
using Fubini’s theorem. This causes no problem because the sum is absolutely convergent;

this absolute convergence is a byproduct of the proof of Claim 3.

We also continue swapping summation and multiplication, by enforcing at little cost
an extra coprimality condition: we show we can restrict to tuples where (g;, ¢;) = 1 for all
1 # j. We need another, more subtle argument to impose this coprimality compared to the
coprimality condition involving the variables u; in Claim 1, because a crucial ingredient of
the proof of that claim was that the prime factors involved were all at least N(°glogN )

an assumption we do not have for d, m, e.

Claim 4. Let s,i,u,v be fixed vectors of integers satisfying the usual conditions. Then

159



we have

> alar,- - qes) F(E) HM i) (i) 11(85,0)1(€52)
d,m,e,£
!/

=1+ 0w(N)™2) Y alar,. -, 4s) F(E) HM i)l 2)p(€.0) 1(852),

d,m,el

where the dashed sum is restricted to tuples satisfying (g¢;, ¢;) = 1 for all i # j.

Proof. The goal is to bound the contribution of the entries failing the coprimality con-
ditions. To achieve this, we observe that each summand is a product of 6(E), a term

depending only on the fixed tuple v and a term 7'(d, m, e, £) of the form

t+s
q17 <oy Qits H €Z fl lg ZI 2 z z 2 H 6 Z] 1 Z] 2d o Smj—sz,u(ej,l),u(ejQ)a (ClO)

Jj=t+1

whose multiplicativity we will exploit, in order to write it as a product over primes; only
primes greater than w(/N) need be considered, as smaller ones have no chance of divid-
ing any of the parameters. We can even partition the primes p into two classes C; and
(s, according to whether p divides a single g; or at least two of them. Thus, the term

T(d, m,e,£) can be written as

Ha (pr4) ) A,(d, m, e, £)) Ha ((p9));)A,(d, m, e, £)

peCy peClh

where A, is a complex number of modulus at most one and v, is the p-adic valuation. For

any given tuples d, m, e, £ and j € [s + 1], we write r; = [] ¢, p*(%) . Thus

p|/€i:>P‘H’§j-

J#i
We now arrange the terms 7'(d, m, e, £) according to their tuples (kq, ..., kis). Let us fix
such a tuple (K1,...,Ki1s). Let k be the radical of k... ks, that is, the product of its

prime factors. Thus a number n is coprime to [, #; if and only if it is coprime to x. The
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sum of terms T' corresponding to this tuple is equal to

Slil,...,lit_t,_s = Eﬂ Z T(da m, e7£>7 (Cll)
d,m,e,£
Vjqj=kK;

where
/

E,. = Z T(d,m,e,¥)
d,m,e,£
Vj(Qj,K):l

is absolutely convergent, as a subsum of the unrestricted sum which was shown during

Ot+s) N'. The second sum in the

the proof of Claim 3 to be convergent and less than log
right-hand side of equation (C.11) is a finite sum. Note that the coprimality condition

denoted by the dashed sum defining E, implies that a(qy, ..., ¢s) = (q1 - qrs) . Now

we write )
E= Y T(dm,e?t) = Z Z T(d,m,e,£). (C.12)
d,m,e,l d,m,e,£
(I1; 5% K)=5
Fix a divisor ¢ of k. By the coprimality condition, for 6 = p; - - - p, with pq,..., p, pairwise

distinct primes, we have

/ /

Z T(d,m,e, £) = Z Z T(d,m,e,¥£).

d,m,e,f Filr]—[t+s] d,me,f
(8,11 a5)=6 Vi (qi,k)=I17(jy=i Ps
Fix a map f : [r] — [t + s] (there are (¢ + s)" choices) and write A; = f~!({i}) and
6i = [ljea, pj, thus 6 = [[;0; and the 0; are pairwise coprime. For i € [t], we have
(gi, k) = ¢; if and only if there is a (unique) pair of sets A; 1, A; 2 such that A; = A;; U A;»
satisfying (0;k, k) = HjeAi,k pj = 0;. For i >t we similarly need four sets with A;; U
AisUA 3 UA , = A; satistying (e;x, k) = HjeAi,k p;j and (di, k) = [];ca,, pj as well as
(mi, k) = [l;ea,,pj- We shall use the obvious notation 4, = HJEAUC p;. Fix now sets
A, 1 as described and consider the sum of the terms 7'(d, m, e, £) over tuples d,m,e, £
satisfying the ged conditions corresponding to these sets A; . (as well as the coprimality

conditions). This sum equals

E. [ o7 T] ot (=0 T ] 6;57°0,47

1€[t+s] k=1,2 j>t
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where the factor after E, has modulus at most §=!. Now the number of choices for the

collection of sets A; ; is exp(O(r)). Thus equation (C.12) can be rewritten as

E= En H(l + O(pil))a

pl

an equation we can invert to get

E.=E[[a+0(p™).

plk

Plugging the last line into equation (C.11), we obtain

=ES/

K1y Rt4s Kl,eesKtts

S

where

S =Y. T(dmere) [[ @+0p™). (C.13)

d,m,e,£ p|Hj Kj
Vjqj=kK;

What is left to do is to bound

_ /
S = E : Sm:---:f@ws'

K1,.-sKt+s

33 K]j)l
We observe that in equation (C.13), we have |T(d,m,e,£)| < a(ky,...,kKs). Using
multiplicativity, we can then crudely bound S by

IT |1+ Y. O+ +d +a + - +a, )e(™)A+ 0@ ") | -1

pzu) at least two ;>0

where we have used the simple bound 74 (p%) < a*~* for k = 3 (because of \; = A\ /£;-\; /£
0;0;/\;, hence the number of occurrences of \; is bounded by the number of decompositions
of it into three factors) and for k =5 (because of dymie; = d; - m3 - ¢;/e; - €;/¢) - eje); /).
The requirement that at least two a; be positive comes from the very definition of ;.
Notice that the —1 is here to remove the 1 arising from «(1,...,1). To further bound
this expression, we first bound a? by a} and recall that the number of tuples (a1, . .., as )

t'—1

satisfying maxa; = k is at most ¢'(k + 1)" ' (with ¢’ = t + s). For such tuples, we have
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> ai < t'k* and because of the hypothesis on primes larger than w and the fact that at

least two a; are nonzero, a((p™ )ie+s)) < p~ "' according to Proposition A.5. Thus

Y O+ +al Faty, -+ af)a(P)(1+O0p™)
at least twa ;>0

is bounded by
Zp—k—lt/th/+3 < Zp—BkM—l < p—3/2

k>1 k>1
the first inequality being provided by obvious growth comparisons valid for large p (we
may assume N to be large enough for p > w(N) to satisfy automatically this condition).

Since

[T a+p)-1< > 02 <w(N) 2,

p>w(N) n>w(N)

Claim 4 follows. O

The extra coprimality condition that Claim 4 allows us to assume enables us to write

a as the product of the reciprocals of its arguments, resulting in

/ t+s t
Z] 1 7752 25,3 00, T Rd,4 / Zi,1 27, 2
E a(qi, -, Grvs) H (e €52 d] m; H (€ (L )621 g
d,m,e,f ] t+1 =1
l t+s t /
E : H o P g TR 2d 1—z;, Bmf2*Zj,4 H U@z‘)ﬂ(gz‘)g 23, 1€ zz 2
€1 €2 J s i,1 :
d,m,e,lj=t+1 i=1 v

Notice that the above is an equation without tildes. We will in the sequel avoid them,

observing that for any fixed u, we have

t+s t ’
:LL _Z] 1 ~—%2j, Qd_l 25,3 ~ —2— Zj,4 /’L(€Z>M(€Z)€ Zi, lg Zz 2
€1 €52 m; i 1,1
d,m,ev,l j=t+1 i=1 v

t+s

t /
j —Z] 1 —zj, 2d—1 Zj,3 —2—2,7',4 M(él)lu’(fz) E_Zi,lg_zi,Q
€1 G2 4y m; \, i1 Lio
dm,el j=t+1 i=1 v

—Zj5,1, 752 T3, —Zj4
X § :,U,Uje U]e J.e U]e/ U_]d U]m )

where the sum over v is as usual over vectors (v;,) where v,, | u; and v,, satisfies the

same condition on its prime factors as x (all in P; for d and e, all in Q; for m).
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Next we claim that we can remove the dash on the sum.

Claim 5. The following equality holds, for any choice of the family §; , in I = [—+/log R, \/log R].

! t+s t

'
H —Zj, 1 —Zj, 2d 1-zj, sm—Q—ZjA H M(Ei)u(fi)g—zi,lgl—zi,z
§ : €1 G2 4y J i @ @
d,m,e £ j=t+1 i=1 v
t+s ILL
1/2 —Zj1 _—Zj2 1—2z;, 3 2 2]4 —zi1 222
(14+0(w y H e ey d; G
d,m,e£ j=t+1 ielt] Z

Proof. The justification is basically the same as for Claim 4, because the claim simply

consists in replacing the dashed sum by a complete sum, at the same small cost. O

Let us introduce for any ¢ € [t] and £, = the notation
Ol s
V; _ V;(e) E) _ lu( i\lu( z)g z,léé i,2

1

and

Similarly, for any j € [t + s; t + s] and tuples u, v,d, m, e we define

25 . ,
= _ —Zj,1,,7%5,2,,7%5,3,  "%j,4
Si(u,v,B) = —u(v]e),u(vjye/)vjve V0 Vg Vg
Uj
/
_ L A RS S
Tj(damaea‘z‘) = ’ ej Z],lej ZJ’QdJ' 2.773mj Z]A'
€5
Finally we put
t+s t+s
=) =[] s and  T(d,meE) =[] T
j=t+1 j=t+1

With this notation, one can rewrite (C.9) as

(14 O(w™1?)) / EZS E) ) T(d,m.eE)> V(e

Ias+2t d,m,e £

(1l

dE.  (C.14)

Now we show that the error arising from the O(w~%/2) term in (C.14) is indeed negligible:
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APPENDIX C. VERIFICATION OF THE LINEAR FORMS CONDITION

we must ensure that

WY / 02) Y Suv,E) Y T(d,m,e,=) S V(6 E)E = ol). (C.15)

I4s+2t

This follows because on the one hand
25,1, —%5,2, —75,3,  T%j4 4
Z,u U]e U]e j.e Uj,e’ j,d U_]TTL < T(“j)

and
t+s

> 1T #7E —ony

s,i,u j=t+1

by similar calculations? to the ones of Matthiesen [66, Proof of Proposition 4.2]. And on

the other hand, the next claim provides a fitting bound.
Claim 6. We have

/

where the integral is over 14572,

Given that H = O(log R)*, the bound (C.15) follows from this claim.

0(E) ) T(d,m.eE)> V(LE)|dE=0(1/(logR)"), (C.16)

d,m,e £

Proof. We first replace the sum over ¢;, £}, for any i € [t], by a product over primes, using

multiplicativity, to get

ZV Z /‘L Zz 16/ 2i,2 — H 1 o S*l Zil 717,21'72 + SflfziylfziQ).

0.0 0.0 seP
Then we notice that for large primes s and complex numbers z, 2’ of positive real part

1-— S_l_z — 3_1_2/ + S—l—z—z/ _ (1 - 87172)(1 — 3/717Z/>
1 — g 122

+0(s7?),

2The main ingredients are the easy observation that any u € U (i, s) has 270(%) divisors and the bound
ZuEU(z,é) ut < (Zpe]ip l)mo < (log2)™, where I; = [N2 o N2 ]
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so that

1—s717%)(1 - s_l_z/)
1 — g~ 1-2—2 :

H(l _ Sflfzjyl _ S*l*ijg _'_ Sflfz]',lfzjyg) << H (

s€P s€P
Finally we recall that the Riemann zeta function is defined for 8z > 1 by
()= n==]Ja-p)"
n>1 D

and satisfies .

for values of z near 1. From this fact, a quick computation yields

+0(1)

1—s172)(1—s 1 27
l l ( l(lfzfz’ ) < 1’
p 1—s zZ+z

whence the bound

H(l _ 8717,21'71 _ 8717,21'72 _'_ Sflfziylfzig) << Z’i,lz’i,Q ) (Cl?)
P Zig Tt Zi2
for any ¢ € [t] and & € I (for k = 1,2) and the corresponding z; . Similarly, for any
je{t+1,...,t+ s}

ep(e) L .. _o .. . 1z T
Z :u( Jilu( ])ej J,le; ],zdjl ly,sij 34 H(l_q 1 Z]’l_q 1 27’24‘(] 1—2;1 Z],Q)
dj,mj,ej,e; J (IEQj
[Ja-r2= [T -p %) (C18)

reQ; PEP;

Notice that the product in 7 is a convergent product, bounded by a constant when z;4

varies in the permitted range.

Given that P; and Q; each have density 1/2 among the primes, we can write®

11
Y gt = log - + O(1
q Qng (1)

qGPj

3This amounts to saying that if a set of primes has a natural density, it has a Dirichlet density which
is equal to its natural density.
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APPENDIX C. VERIFICATION OF THE LINEAR FORMS CONDITION

for Rz > 0. This provides a bound for the product (C.18), similar to the one in (C.17),

namely

qugj (1 _ qflfzj,l _ qflfzj,Q + q—lfzjqujg) H (1 _ 7,.*2*2]'74)71 H (1 _pflfzjﬁ)*l

reQ; pEP;

1/2 1/2|Zj’1 + zj72|71/2|zj,3|71/2.

< zal el

Recall that zj, = (1+&;%)(log R) ™1, thus |z | < (14]&;4])(log R)~! by triangle inequality,
and |z;1 + 22|t <log R for any j € [t + s]. Moreover, (2.15) yields

0(E) = Oa (H(l + Ifj,kl)_A> :

gk

Multiplying all these bounds, we find that the integrand in (C.16) is bounded by

t+s
[Ty Jzeallziallzin+ zial ™" T 12021252l 20 + 2ol P lzial 2 T+ 16560~
j=t+1 gk
. -4/ 44 1/2-A
< (logR)™ (H(l + &) (1 + |£¢,2|)> ( IT a+lgaha+ |§j,2|)>
i—1 j=t+1

< (log R~ [T+ lguh
jk
when A is large enough (for the last step). This last product is certainly integrable as soon

as A > 2, so the final expression is O((log R)™") as claimed. O

We now study the main term of (C.14). We can again swap summation and integration
using Fubini’s theorem. Using separation of variables, we transform the main term of
(C.14) into

t t+s
> [ veeoneaiadss TT [ 57 T] o6 ©19
wvdeme i=171" j=t+1 /1 kel[4]

It is now time to undo the truncation to I in these integrals, in order to be able to
collapse them into factors of x. The error term arising from the removal of this truncation
is the same as the one introduced by the truncation, so it can be subsumed into the o(1)

of (4.19). Thus, up to an error term FEj satisfying (log R)" }7; ( Eis = o(1), the expression
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(C.19) is equal to

() p(lis) log ;.
S ()

u,v,d,e,m,£ i=1 k=1,2
T2 (uy) sl )nl€use)  (logdvia | (10g MU log ¢ 40,
11 - dm2e; . "\ logrR )X\ IR 11 x los R )
j=t+1 Uj 715 €5 0g 08 k=1,2 08

(C.20)

Interchanging summation and multiplication, we find that, up to error terms of the desired

: i-1:0p() \ . : :
magnitude (Op <%> in Claims 1 and 2, various o(1) throughout the proof),
equals
i~ (e (€ 0,.0)
-1 &M €5Vj,e )€V o log xjv; »
H CYD]' Y ZSj,ij,uj,Uj Zdj,mj,ej,e; Uj d]-m?q Hze{d7m7eve/} X < log R
j=t+1

w (€)p(£) log x
X Hie[t] (lOgRW(W) Zei,ég £ ,\M er{ei,e;} X (13%{)) )

which is a product of ¢+ s factors, independent of the system of linear forms. It follows that
the jth factor, for j € [t+ s], is also the main term of the average of the jth pseudorandom
majorant for the one-variable system W : Z — Z,n + n. Now because of the hypothesis
(C.1) on W, each of these averages is 1 + o(1), whence the result.
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Appendix D

Digression on the Type I sum and

sums of spaces of multiples

In this appendix, which pertains to Chapter 7, we give a treatment of the Type I sum
which is valid for k as large as n/2. As a result, in order to prove Theorem 7.3, it would
be enough to understand the Type II sum for k in a shortened range such as [n/4 —
o(n),3n/4 4+ o(n)]. We thought constraining & to this range might enable us to find an
alternative, unconditional argument for the Type II sum, but we were not successful so
far. Nevertheless, we present this method, because of its independent interest and of its
potential use. The argument is much deeper than the one we used for £ < n/9 in Section
7.6.

We present the statement we will prove in this section. The hypothesis is essentially

the result we get when the Type I sum is large in Proposition 7.11.

Theorem D.1. Let ¢ > 0 be some arbitrarily small constant. Let P be a quadratic form
on Gp. Let n/9 < k <n/2(1 —c)— 1. Suppose that there is a set X C Ay of size at least
¢~ such that for any d € X, the rank of the quadratic form w + P(dw) is alt most en
on G,_i. Then the rank of P is O((n+/€/c)).

Observe that the form w — P(dw) on G,,—, is equivalent to the restriction P|g, of the
form P to the subspace (d), = dG,_ < G, of multiples of d, because the map w +— dw is
a linear isomorphism G,_, — (d),. So if d € X, we know that the restriction P|(g is of
small rank. Let B the symmetric bilinear form underlying P. Thus for any = € (d),, the
bilinear form B has small rank on (d),, x (d,), that is, the rank of the restriction of B to
(d)n, x (dy) is small. And if d’' is any other element of X, the bilinear form B has rank at
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most 2en on ((d), N (d'),) x ((d), + (d'),). Note that because k < n/2, the intersection
(d), N (d)y, = (lem(d, d')),, D (dd'),, is not empty, its codimension being at most 2k.

We see here that spaces of multiples and their sums will play a crucial role for the
discussion. Because of Bézout’s theorem, if ged(d, d’) = 1, then the sum of the two ideals
(d) and (d') in F,[t] equals the whole algebra F,[t], that is, (d) + (d') = F,[t], but when we
replace (d) by (d), = (d) N G, the situation may change. If degd = degd’ = k > n/2,
one cannot have (d), + (d'), = G, because dim(d),, = dim(d’), = n —k < n/2. On the

contrary, if £ < n/2, one has
dim ((d), + (d')n) = 2(n — k) — dim ((d), N (d')n) = 2(n — k) — dim(lem(d, d')), = n

so that (d), + (d'), = G,. The same argument shows that if d and d’ are “almost coprime”
in the sense that (d,d’) has degree at most v, then (d), + (d'), almost equals G,, in the
sense that it has codimension at most v in G,,.

We now prove Theorem D.1. We first claim that for at least | X|?(1 — O(g~*)) pairs
(a,b) € X2, we have deg ged(a, b) < 3ek. Indeed, for a given m € (3¢k, k) and a polynomial
d € A,,, there exist at most ¢>*~™ pairs of monic polynomials of degree k divisible by d.
As a result, the number of pairs of monic polynomials of degree k& whose ged has degree
more than 3ek is bounded by > ., . qmq?* 2 = O(¢* ), which proves the claim.

Let D = {(d,d) € X? | deg gcd(d,_d’) < 3ek}. By the above, we have |D| > ¢~k
Consider £ = {dd' | (d,d") € D}. The Cauchy-Schwarz inequality and a bound on the
second moment of the divisor function (Lemma E.2) shows that |E| > D*/(¢*k*) >
¢*(1=29 Besides for any e = dd’ in E (with (d,d’) € X), the form B has rank at most 2en
on (€), X ((d),, + (d'),), and hence at most < 5en on (e), X G,.

The next proposition shows that because of the size of E C Ay, (where 2k is bounded
away from n), for t sufficiently large, for most ¢-tuples (eq,...,e;) from E* the sum
22:1(61')71 covers almost all the space GG,,. In the next lemma, for any d € Gy, we ab-
breviate (d),, = dG,,—; into (d). With this convention, (d) is a subspace of G,,_1 and thus
of G,,.

Proposition D.2. Let ¢ > 0 and £ < n(1 — ¢). Suppose E C G, contains at least ¢*="*
elements. Let n < n' < 1 be another constant. Then there exists t = O(1/(cn)) and
(e1,...,e:) € B such that codimg, "i_ (e;) = O(n'n).

The sumspace is in fact inside G,,_1, so we could consider codimg,, , instead of codimg,,,
but they differ by 1 only.
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APPENDIX D. DIGRESSION ON THE TYPE I SUM AND SUMS OF SPACES OF MULTIPLES

Proof. Note that if ¢ < n/2, the arguments at the beginning of the section yield the

conclusion, taking ¢ = 2 and ey, e; approximately coprime. So we suppose instead that

¢ > n/2. Let (e1,...,e;) € E*, for some ¢ to be determined later. Let S = SI_ (e;),

where (e;) is a shortcut for (e;), = €;Gn—¢. We introduce the functions f; = 1) and the

convolution

g(x) = fix- - x fi(x) = Bomy,y [ [ filw)-
i=1

Thus t
() = {(er,. ) €GL | x= D cie})
=1

The aim is to bound the codimension of the subspace S in G,,. Observe that for any
x € S, we have g(z) = ¢(0). Besides, the solutions (c1,...,¢;) € G _, to the equation
S, ciei =0 form a linear subspace, so that g(0) = ¢~ for some s € N. Thus |S|¢~* = 1

and so we need to show that s =n — O(n'n).

We then use the circle method, which basically consists in the identity

t

Loty = /ae(oz(x —) )da

i=1

where the integral is with respect to the Haar measure on T. Thus

g(x) = /e(—(m) Z He((xcl-ei)da.

(c1,..,c)EGE _, =1

n—~0

We need to pause to introduce some notation. Let 8 =>"" _ S;it" € F,((¢t™1)) for some
m € Z. We write {8} = 37"~ & T for the fractional part of 3, so that 5—{8} € F,[{],

and ||8]] = {8} < ¢! for the distance of 3 to the closest polynomial. Now we observe
that

> e(Be) = Lygj<qm

CEGm

for any m € N and € F ((1/t)). As a result,

t
g(O) = / H 1‘{a€i}‘<q—n+€ dao.
@ =1

Observe that this integral is at least ¢=", because the integrand is constantly 1 on the set

171



t~"T C T whose measure is ¢~". Our aim is to show that on average over (eq,...,e;), the

—n+O0(n'n

integral is not much larger, that is, at most ¢ ). So we now consider

t
t
E(el,...,et)EGfgg(O) = E(eh...,et)EGz/H1|{ae¢}|<q—”+[ do = / (EeEGzl\{ae}Kq_"‘*‘e) da.
& =1

Fix = 3. agt’. The map e — {ae} is linear, and for § = 37" Git?, the condition
|B] < ¢ is linear. Consequently, we note that E.cq,1jae}j<q-n+t = g ™Mo where M, is

the rectangular (n — ¢) x ¢ Hankel matrix

a_1 a_y
a_g @y |
M, =
Apye - O_pyl

Now we aim at showing that this matrix is “almost surely” (in the sense of the Haar
probability measure) of large rank. To do that, we provide a characterisation of the rank

of Hankel matrices.

Lemma D.3. Iftk M, =r < n —{, then there exists a decomposition r =i + h such that
the first i rows are independent, the next n — { — r rows are a linear combination of the

first i rows, and the minor formed of the first ¢ and last h rows and columns is nonzero.

This statement is an easy consequence of Lemma 2 and Theorem 23 from [31, Chapter
X, Paragraph 10]. We provide a further characterisation of the rank based on Diophantine

properties of a.

Lemma D.4. Iftk M, =r <n—/{, then there exist a decomposition r =1+ h and d € A;
such that

||dOé|| <q—n+1+h.

Proof. Let Lq,...,L,_; be the rows of M,. We invoke Lemma D.3. Let r =7 + h be the
decomposition in its conclusion. In particular, we have i < n — ¢. For any m € [n — /],
write L,, = (L], a,,) where a,, is the last coefficient of L,, and L/, the row of the first

¢ —1 coefficients. By Lemma D.3, we have a relation L;;; = Z;n:l CmLy,. In fact, we shall
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show that for any 7 =0,...,n—r — /¢ — 1, we have
Liy1j = Z Crm Lo (D.1)
m=1

This equation holds for j = 0. So we argue by induction and assume equation (D.1) holds

for any j' < j for some j < n—r—{¢—1 and prove it for j+ 1. To start with, equation (D.1)
implies that L], il = Z en Ll +j+1- Applying the induction hypothesis iteratively, we
m=1

find coefficients ¢ for m = 1,...,2and k£ < j + 1 such that

(k
z+1+k

and
Lij1yjn = Z AR (D.2)

These coefficients satisfy the initial condition cﬁg) = ¢,, and the recurrence relations ¢y,

(k) L+ ;i) for m > 1 and G ) — crey.

On the other hand, we know that there exist coefficients dy, ..., d; such that

(k+1) _

Liti4j41 = Zd L, (D.3)

Comparing equations (D.3) and (D.2), and using the linear independence of the first ¢

rows, we find that d,, = cnjfl)

Thus aj414j11 = Zin ) g, But Zinzl Cmlmtjt1 = Zin ) S an by definition
of the coefficients c\). We infer that Ait14je1 = Zinzl Cm@m+j+1, Which concludes the
inductive argument.

To see the connexion with Diophantine properties of «, notice that L; is the row of the
first n coefficients of {t'"*a}. Thus the validity of the identity (D.1) for all j =0,...,n —
r — ¢ — 1 implies that {t'a} = {32! _ ct™ a} + B where 8 € T satisfies |3 < ¢+
That is, using the polynomial P =t — 3! _ ¢,,t™", we find that | Pa| < ¢~"+'*". This

concludes the proof of the lemma. O

Now we want to infer from Lemma D.4 that Hankel matrices of low rank are very
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rare. Suppose rk M, < r and let i, h be as in the conclusion of the lemma. Let d € A;
be such that ||dal| < ¢~ ™'+ We note that the map o +— {da} is linear. As a result,
for ||dal| < ¢~™ to hold, the vector @ = (a_i,...,a_i_y) has to be in the kernel of the

m x (m + i) matrix

do . difl 1 0
0 do dz'fl 0

Ld == )
0 dO . dz—l 1

whose rank is m. Applying this observation with m = n—1— h, we see that the probability
that « lies in the kernel of Ly is ¢ ™+!. The map o — o being a measure preserving
—ntlth g gnthtL
By the triangle inequality, the probability that o satisfies ||ad| < ¢ ""'*" for at least
one d € A; is at most ¢ """, But then the probability that rk M, < r is bounded by
r2q~ "7 On other other hand, when rk M, > r, we have Eccq,1j{ae}j<g—m+t < ¢ 7. Allin
all, this implies that

operation from T to F;***, the probability for o € T to satisfy ||ad|| < ¢

/ (Ee€G41|{ae}|<q—n+5)t do < T2q7n+1+r + qitr. (D4)

We take r of the form r = n/(n—¥¢)/4 > en'n/4, and t = 4/(cn’). This way, both terms are
O(g~ "), So we use Markov’s identity to infer that

]P)el,---,eteGe (/ H 1||ozei||<q*"+lda > q—n+277 n) = O(q_n n)

In other words,

]P)e1,...,et6G1g (/ H 1||ozei||<q*"+4d04 < q—n+277 n) >1-— O(q_n n)

Because 7 < 17/, one can ensure that there exists (ey,...,e;) € E* such that

9(0) = / LT Ljaei<qneeda < g2
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Finally, g(0) = ¢"~°®™ which concludes the proof of Proposition D.2. O

We finish the proof of Theorem D.1. Write ¢ = 2k +1 < (1 —2¢)n. The observations at
the beginning of this section imply that there exists a set E C Gy of cardinality ¢(—29¢-1
such that for any e € E, the rank of B is at most 5en on (e) x G,. We then apply
Proposition D.2 for some value of ' > 2¢ to determine later, which provides us with ¢
elements ey, ..., e; of E such that codimg, >'_,(e;) = O(n'n). In particular, we infer that
the total rank of B is at most (5te +O(n'))n. Besides, we have t = O((r'c)™!), so selecting

n' = v/€ + 2¢, we conclude that the rank of B is O(y/en/c), which concludes the proof.
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Appendix E

Divisor bounds

We list some facts regarding the divisor function in IF,[t] which we will need in the sequel.

Let 7(f) denote the number of monic divisors of f € F,[t]. We first give a pointwise bound.

Lemma E.1 ([60, Lemma 8]). Ifdeg f =n > 1, then

(o))

Consequently, the number of monic irreducible factors of f is O, <$>

The next result is a bound for the second moment of 7.

Lemma E.2. We have
]Edegd:nT(d)2 S 4n3.

Proof. We observe that for any irreducible P and any integer k, we have 7(P*)? = (k+1)2.
Thus the Dirichlet series D = >0 > feA, T‘(f—fl)f of the function 72 can be written as an
Euler product as

D=]]D (k+1)P ™ (E.1)

Next we note the following relations between formal power series

—+00 “+00 “+00

Z<k 4 1)k = Z(k +2)(k 4 1)2* — Z(k +aF =201 —2)? —(1—2)?% = (1—x)

k=0 k=0 k=0
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so finally
+oo

3 (k4 1)%" = (1 - ;4. (E.2)

k=0

Combining equations (E.1) and (E.2) yields
1—|P|™2
D= _.
ey

We can then express this Euler product in terms of the zeta function of Fy[t]. Letting

u = q~° we obtain
D =((s)'/¢(2s) = (1 = ¢"™*)(1 = ¢' ™)™ = (1 — qu*)(1 — qu) ™.

This is a power series S(u) in u, and S(u) = > a,u™ = %u” where a, =

Zdeg 4—n T(d)?. Now for n > 3, deriving n times using Leibniz’ formula, we find that
S() = (1= qu)q"(4x - x (n+3))(1—qu)™™"
— 2qung"” '(4 x - x (n+2))(1 —qu)*"

- 2 (Z) ¢" A x e x (n 1)1 - qu) "

Evaluating in u = 0 gives

S™(0
(' ) =(n+3)n+2)(n+1)/6—q 'n(n+1)%/6 < 4n®
qmn!
where the left-hand side is exactly Eqega—n7(d)*. O
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