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Chapter 1

Introduction en francais

1.1 Probléme de branchement, exemples

Un groupe algébrique affine complexe est une variété algébrique affine définie sur le corps
des nombres complexes C et telle que les opérations de multiplication et de passage a
I'inverse sont données par des fonctions réguliéres sur la variété. Un tel groupe posséde
un radical, qui est la composante connexe de son sous-groupe fermé résoluble distingué
maximal contenant ’élément neutre. Le sous-groupe des éléments unipotents de ce radi-
cal est appelé radical unipotent du groupe algébrique considéré. De maniére équivalente,
le radical unipotent d’un groupe algébrique complexe est son sous-groupe fermé distingué
unipotent maximal.

Exemples : Sin est un entier strictement positif, les groupes SL,,(C) et GL,,(C), formés
respectivement par les matrices carrées de déterminant 1 et et les matrices inversibles,
sont des groupes algébriques affines complexes. Le radical de SL,(C) est trivial, tandis
que celui de GL,(C) est composé des matrices d’homothétie ¢1,, (¢t € C*). Les radicaux
unipotents de ces deux groupes sont triviaux.

Définition 1.1.1. Un groupe algébrique affine complexe dont le radical unipotent est
trivial est dit réductif. Quand son radical est trivial et que le groupe est de plus connexe,
on dit qu'’il est semi-simple.

Exemples : D’aprés ce qui précede, SL,(C) est semi-simple (et donc réductif) tandis
que GL,,(C) est seulement réductif. On peut citer quelques autres exemples classiques
de groupes réductifs complexes : SO, (C) (groupe spécial orthogonal), Sp,,,(C) (groupe
symplectique), les groupes finis...

Le terme « réductif » vient d’une propriété importante de ces groupes : on dit que
leurs représentations sont complétement décomposables (« reducible » en anglais). Plus
précisément, toute représentation complexe de dimension finie d’'un groupe réductif com-
plexe se décompose en somme directe de représentations irréductibles (i.e. qui ne con-
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tiennent pas de sous-représentation non triviale). Une remarque tout aussi intéressante
est que, dans le cas d’un groupe connexe, on connait ces représentations irréductibles.

Soit G un groupe réductif complexe connexe. On peut lui associer son algebre de Lie
g, qui est une algebre de Lie réductive et posséde donc une décomposition en sous-espaces
radiciels, et ainsi un systéme de racines associé. Cette donnée combinatoire définit entre
autres une notion de poids, dont certains sont appelés « poids entiers dominants ». 1l
se trouve que, & tout poids entier dominant A de G, on peut associer une représentation
irréductible de G, de dimension finie, appelée module de plus haut poids A et notée
Vi (N). De plus les V() sont exactement toutes les représentations complexes de G qui
sont irréductibles, rationnelles, et de dimension finie.

Exemple : L’exemple le plus basique d’un groupe réductif complexe connexe est peut-
étre GL,(C), pour lequel il est facile de décrire les poids entiers dominants : il s’agit
exactement des suites finies décroissantes (au sens large) d’entiers, de longueur n. Une

telle suite finie @ = (aq,...,ay) donne un caractére du sous-groupe de GL,(C) forme
par les matrices diagonales — noté T — de la maniére suivante :
e*: T — C*
t1

— Lt
tn

Le GL,(C)-module de plus haut poids « est alors noté S*(C"). Par isomorphisme,
lorsque 'on s’intéresse au groupe GL(V') des automorphismes d’un C-espace vectoriel V/
de dimension finie, toute suite finie décroissante o d’entiers, de longueur dim(V'), donne
une représentation irréductible S*V de GL(V).

On va uniquement s’intéresser a un type particulier de représentations de GL, (C) : celles
qui sont appelées « polynomiales ». 1l s’agit des représentations pour lesquelles I'action
de tout éléement g € GL,(C) est donnée par une famille fixée de polynomes en les entrées
de g. Parmi les représentations irréductibles, celles qui sont polynomiales sont faciles &
caractériser : si @ = (ai,...,a,) est un poids entier dominant de GL,(C), la représen-
tation S*(C™) est polynomiale si et seulement si a,, > 0. Les représentations complexes
polynomiales irréductibles de dimension finie de GL,(C) sont donc données par les par-
titions de longueur au plus n, qui sont des suites finies décroissantes o = (ayq, ..., ax)
d’entiers strictement positifs, dont la longueur k est la longueur de la partition, notée
¢(a). On note de plus |o| = Zle a; la taille d’'une telle partition, qui est alors qualifiée
de « partition de 'entier |af ».

Le probléme de branchement : On considére & présent deux groupes réductifs com-
plexes connexes, G et G, et un morphisme f : G — G. Alors, pour tout poids entier
dominant A de G, le G-module VG(S\) est, via le morphisme f, une représentation (com-
plexe, de dimension finie) de G, et donc se décompose en somme directe de représentations
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irréductibles de G :

Ve(A) = a Va(A) o0,

)\ poids entier dominant de G

Définition 1.1.2. Les multiplicités c(/\,j\) apparaissant dans la décomposition précé-
dente sont des entiers positifs (ou nuls) appelés « coefficients de branchement ».

Le probléme de branchement consiste a étudier ces coefficients, ce qui peut vouloir
dire trouver une formule combinatoire pour les calculer (cela a été fait dans certains cas).
Cela peut aussi vouloir dire étudier certains aspects plus qualitatifs de ceux-ci, comme
on le fera dans la suite.

Exemples :

e Sin > 2, on peut introduire un morphisme de GL,,_1(C) dans GL,,(C) en envoyant
0

toute matrice A € GL;,_1(C) sur A 0 . Dans ce cas, les coefficients de

0 --- 0 1
branchements sont indexés par des couples de partitions : la premiére ayant une
longueur d’au plus n — 1, et la seconde de longueur au plus n. Pour une telle
paire ((Al,...,An,l),(Ml,...,,un)), le coefficient de branchement correspondant

=\ =
est connu:

O\ 1) = Losipn 2AM2pa>2X>p3> 2> fin—1 2> Ay = fin
H 0 sinon

e Si la situation de branchement est T C GL,(C), ou T est de nouveau le tore
maximal de GL,(C) composé des matrices diagonales (et le morphisme entre les
deux est donc l'identité), alors on est en fait en train d’étudier la décomposition
des modules de plus haut poids polynomiaux de GL,,(C) en somme directe de sous-
espaces de poids (i.e. des sous-espaces sur lesquels T agit par un certain caractére
A). Les coefficients de branchement correspondants sont appelés « nombres de
Kostka » et sont indexés par les couples formés d’une suite d’entiers positifs de
longueur n (un poids entier dominant — disons A — de T') et d’une partition de
longueur au plus n (un poids entier dominant particulier — disons pu — de GL,(C)).
Alors le nombre de Kostka £, ) peut étre calculé comme le nombre de tableaux de
Young semi-standards de forme p et de poids A : ¢’est-a-dire le nombre de fagons
de remplir le diagramme de Young de la partition p avec A fois le nombre 1, Ao
fois le nombre 2, etc, de maniére croissante (au sens large) en ligne et strictement
croissante en colonne.
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e Un exemple assez célébre est le cas du produit tensoriel de deux représentations
polynomiales irréductibles de GL,,(C) : lorsque G = GL,(C) est envoyé diagonale-
ment dans G = G x G, on s’intéresse en fait & la maniere dont le produit tensoriel de
deux représentations polynomiales irréductibles de GL,, (C) se décompose en somme
directe de telles représentations. Les coefficients de branchement correspondants
sont appelés « coefficients de Littlewood-Richardson » :

s(C) @ $P(C") = ST (C) s,

Ils sont indexés par des triplets de partitions et il existe une régle combinatoire
permettant de les calculer : la régle de Littlewood-Richardson. Elle exprime égale-
ment les coefficients de Littlewood-Richardson en terme de tableaux de Young
semi-standards particuliers : soient «, 3, et v des partitions vérifiant |a|+|5] = |7
(il s’agit d’une condition nécessaire pour avoir CZ[’ s # 0). On considére alors le «
diagramme de Young gauche » de forme v/« : il s’agit simplement du diagramme
obtenu en enlevant au diagramme de Young de v celui de « (si ce n’est pas possible,
c’est que le coefficient de Littlewood-Richardson est 0). Par exemple,

a ¥ v/

et donnent

On appelle alors « tableau de Littlewood-Richardson » un tableau semi-standard
gauche (i.e. la méme chose qu'un tableau semi-standard, mais en partant d'un
diagramme de Young gauche) tel que la suite obtenue en concaténant ses lignes
inversées (i.e. lues de droite a gauche) est un mot de treillis : dans tout préfixe de
cette suite, tout nombre ¢ apparait au moins autant de fois que le nombre 7 + 1.
La régle en question exprime alors que le coefficient de Littlewood-Richardson czv’ 5
est égal au nombre de tableaux de Littlewood-Richardson de forme 7v/a et de
poids 8. Voyons ce que cela donne sur un exemple : si a = (2,1), 8 = (3,2,1),
et v = (4,3,2), le coefficient est alors 2 car il y a exactement deux tableaux de
Littlewood-Richardson de forme (4,3,2)/(2,1) et de poids (3,2,1) :

1]1] o 1]1]

Un autre probléme trés intéressant concernant ces coefficients était appelé la
« Conjecture de Saturation » : a-t-on, pour tout triplet de partitions («, 3,7),

INEN', el ys 20 = L #0 7
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(Le fait que clﬁ #0 = VN € N¥ c%g’Nﬁ # 0 est bien plus facile & démontrer.)
L’importance de cette question venait notamment de son lien avec la « Conjecture
de Horn », provenant d’un probléme assez ancien concernant les matrices hermi-
tiennes : étant données deux matrices hermitiennes, que peut-on dire du spectre
de leur somme 7 Les personnes intéressées pourront par exemple se reporter & cet
article introductif de W. Fulton : [Ful00]. La réponse finale & cette question vint
de la démonstration de la Conjecture de Saturation par A. Knutson et T. Tao (voir
[KT99] ou [Buc00]).

o L’exemple qui va le plus nous intéresser dans cette thése est celui des coefficients
de Kronecker. Comme pour I'exemple précédent, il s’agit de décomposer le produit
tensoriel de deux représentations irréductibles d’un groupe réductif, qui se trouve
cette fois étre le groupe fini &y, des permutations de ensemble [1, k] (ot k£ est un
entier strictement positif). Tl est bien connu que les représentations irréductibles
d’un groupe fini sont en bijection avec les classes de conjugaison de ce dernier.
En particulier, les représentations irréductibles de & sont méme indexées par les
partitions de l'entier k. Etant donnée une telle partition «, on notera M, le &-
module irréductible correspondant. Les coeflicients de Kronecker sont alors les
multiplicités apparaissant dans la décomposition :

My ® Mg = @ My
vk

(o v et B sont des partitions de k). On utilise la notation g, g~, sans distinction
notable entre les trois partitions, car la valeur du coefficient ne dépend en fait pas
de lordre de celles-ci. Cela est di au fait que les Gg-modules irréductibles sont
auto-duaux. Bien que 'on pourrait penser qu’étudier les coefficients de Kronecker
serait plus simple qu’étudier ceux de Littlewood-Richardson (par exemple parce
qu’ils proviennent de la théorie des représentations des groupes finis), on sait en
fait que ces derniers sont des coefficients de Kronecker particuliers. Les coefficients
de Kronecker forment alors une classe plus large de coefficients de branchement
et il n’existe par exemple pour l'instant pas de régle combinatoire semblable & la
régle de Littlewood-Richardson pour les calculer. Une autre illustration possible
de la difficulté que leur étude peut présenter est que ’on sait que ces coefficients
ne possédent pas la propriété de saturation.

1.2 Organisation de la thése et résultats principaux

La majeure partie de cette thése concerne certaines notions de stabilité des coefficients de
Kronecker. Remarquons tout d’abord que ’on peut étendre la définition de ces coefficients
& des triplets de partitions n’ayant pas toutes la méme taille en décrétant simplement
que le coefficient de Kronecker est dans ce cas zéro.

Définition 1.2.1. Soit (a, 8,7) un triplet de partitions. On dit qu’il est :
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e stable lorsque g, 5., 7 0 et, pour tout triplet de partitions (X, i, v), la suite

(g)\+da,,u+d6,zz+d'y)deN

est stationnaire;
e faiblement stable lorsque, pour tout entier d strictement positif, giq 48,4y = 1;

e presque stable lorsque, pour tout entier d strictement positif, gin,dsay < 1 et
lorsqu’il existe un entier do strictement positif tel que g4 a,dog,doy 7 0-

Les notions de stabilité et de faible-stabilité proviennent des travaux de J. Stembridge
dans [Stel4]. La premiére a été introduite dans le but de généraliser un comportement
remarqué par F. Murnaghan en 1938 : avec la définition ci-dessus, Murnaghan s’est rendu
compte que le triplet ((1), (1), (1)) était stable. La deuxiéme notion a alors été introduite
par Stembridge dans le but de trouver une caractérisation de la stabilité qui serait plus
facile & vérifier en pratique. En effet, Stembridge a démontré que tout triplet stable
est faiblement stable et conjecturé que la réciproque est également vraie. S. Sam et A.
Snowden ont ensuite prouvé cette conjecture, dans [SS16], par des méthodes algébriques.
Notons aussi que P.-E. Paradan a également donné, dans [Parl7|, une autre preuve de
ce fait dans un contexte plus large.

Le but du Chapitre 4! est de donner une nouvelle preuve du fait qu'un triplet faible-
ment stable est stable. Cette preuve est plus géométrique, et basée sur une autre expres-
sion classique des coefficients de Kronecker : pour tout triplet (a, 3,7) de partitions, il
existe une variété projective X — un produit de variétés de drapeaux — sur laquelle agit
un groupe réductif complexe connexe G (les deux ne dépendant que des longueurs des
trois partitions), et un fibré en droites L, g, G-linéarisé sur X tels que :

Ya,By = dim H° (X, Eaﬂﬂ)G

(voir le Chapitre 3 pour les détails). Notre démonstration utilise de plus quelques notions
de Théorie Géométrique des Invariants (qui sont également présentées dans le Chapitre
3), en particulier la notion de points semi-stables relativement & un fibré en droites
G-linéarisé sur X (dont ’ensemble dans X est noté — si £ est le fibré en droites —
X?®¥(L)). On se sert en outre de certaines conséquences des résultats de V. Guillemin
et E. Sternberg dans [GS82], ou de C. Teleman dans [Tel00], sur ce que 'on appelle «
quantisation commute & réduction ». On y utilise enfin un corollaire du théoréme du
Slice Etale de D. Luna (cf [Lun73]). On obtient un résultat en un certain sens un peu
plus précis :

Théoréme 1.2.2. Soient («a, 8,7) et (A, u,v) deuz triplets de partitions, dont le premier
est faiblement stable. Il existe alors un entier positif D tel que, pour tout entier d > D,
X3 (L’A%V ® L84 ) C X% (Lapy). De plus, la suite de terme général gaida,p+ds,v+dy

a,Byy
est constante si d > D. En particulier, (o, 5,7) est stable.

!Précisons que ce chapitre forme avec les deux premiers paragraphes du Chapitre 5 un article soumis
en janvier 2017.
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Cette caractérisation d'une « borne de stabilisation » (I'entier D du théoréme) nous
donne la possibilité de calculer explicitement de telles bornes pour des exemples assez
petits de triplets stables. C’est en effet ce que 'on fait dans la suite : en utilisant le
critere de Hilbert-Mumford (voir dans le Chapitre 3), on peut calculer des bornes de
stabilisation explicites pour les triplets stables ((1), (1), (1)) et ((1,1),(1,1),(2)).

Théoréme 1.2.3. Soit (A, u,v) un triplet de partitions, tel que ny = £(\) et ng = £(p).
On pose 2

1 ni+ns—4

D, = {2 (—)\1 + A2 — 1+ p2 4+ 2(v2 — Vnyny) + (Va2 — Vrung—k))“ :
k=1

Alors, pour tout d > D1, gxid(1),utd(1),v+d(1) = 9r+Dy(1),u+D1(1),v+Di (1)

Théoréme 1.2.4. Dans le méme contexte, on pose m = max(—Ay — 1, —A\1 — p2), et

_1 ni+ng—4
5 (m + /\3 + p3 + 2(”2 - ’/n1n2) + Z (Vk+2 - Vn1n2k)>—‘ £l ny,ng > 3
k=1
_1 no—1
Dy = 2<m+/13+21/2”2n2+zl/k+2>w sinp =2

k=

'1 n1—11

2<m+)\3+21/2—1/2n1+21/k+2>-‘ st ng =2
k=1

Alors, pour tout d > D2, gxid(1,1)u+d(1,1),w+d(2) = I+ Ds(1,1) 0+ Da(1,1),04 Da(2)-

Précisons que, pour raffiner légérement les bornes obtenues (et ainsi obtenir celles écrites
ci-dessus), on utilise un résultat classique de quasi-polynomialité qui concerne la di-
mension d’un sous-espace d’invariants dans une représentation irréductible d’un groupe
réductif complexe. On écrit ainsi une démonstration de cette quasi-polynomialité dans
un contexte suffisant pour I'utilisation que ’on en fait.

Dans le cas du triplet ((1), (1), (1)), il existait déja certaines bornes, obtenues notamment
par M. Brion (cf [Bri93|), E. Vallejo (cf [Val99]), et E. Briand, R. Orellana, et M. Rosas
(cf [BOR11]). On observe que notre méthode permet de retrouver deux de ces bornes

celle due & Brion et une des deux dues & Briand-Orellana-Rosas. Pour le triplet
((1,1),(1,1),(2)) il n’existait & notre connaissance pas de telle borne.

Dans le Chapitre 5, on montre que les méthodes que 1’on utilise s’applique de maniére
intéressante & d’autres types de coefficients de branchement (ce qui n’est pas surprenant,
puisque 'on a expliqué que Paradan avait obtenu des résultats similaires a « stable
< faiblement stable » dans un cadre bien plus large). On s’intéresse donc d’abord,
dans le paragraphe 5.1, & des coefficients appelés coefficients de pléthysme. Il s’agit

2La notation [x] désigne la partie entiére supérieure du réel  (i.e. Pentier vérifiant [2] -1 < z < [x]).
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des coefficients de branchement qui apparaissent lorsque 'on compose des foncteurs de
Schur : si A et p sont deux partitions, si £(A\) n’est « pas trop grande » par rapport a
w1 (voir la Définition 5.1.1 pour plus de précision), et si V' est un C-espace vectoriel de
dimension finie au moins (1), alors S*(S#V) — qui par définition est un GL(S*V)-module
simple — est une représentation de GL(V'). Les multiplicités dans sa décomposition en
somme directe d’irréductibles sont les coefficients de pléthysme. On obtient sur ceux-ci
un résultat de stabilité — que Sam et Snowden avaient déja prouvé dans [SS16] —, que
I'on applique ensuite pour redémontrer que deux exemples de suites de tels coefficients
sont stationnaires. Ces deux exemples avaient déja été obtenus par L. Colmenarejo dans
[Coll7].

Le deuxiéme autre exemple de coeflicients de branchement considérés est celui du produit
tensoriel de représentations irréductibles du groupe hyperoctaédral. Il s’agit d’un groupe
fini qui est le groupe de Weyl W,, de type B, (pour n > 2), et qui peut s’écrire sous
la forme d’un produit semi-direct : W,, = (Z/2Z)" x &,, (cf Paragraphe 5.2 pour des
précisions). On doit d’abord utiliser une sorte de dualité de Schur-Weyl pour ce groupe —
due a M. Sakamoto et T. Shoji, dans [SS99] —, qui permet de ré-exprimer les coefficients
de branchement considérés uniquement a 1’aide de groupes connexes. On peut alors
obtenir un analogue de 1’équivalence « stable < faiblement stable » et trouver une borne
de stabilisation dans un cas similaire a la stabilité de Murnaghan pour les coefficients de
Kronecker.

Le troisieme et dernier exemple de ce chapitre concerne le produit de Heisenberg, intro-
duit par M. Aguiar, W. Ferrer Santos, et W. Moreira dans [AFSM15|. Leur but était
d’unifier différents produits ou co-produits définis dans différents contextes et, dans celui
des représentations du groupe symétrique, ce produit méne a la définition par L. Ying (cf
[Yinl7|) des coefficients de Aguiar, qui en un certain sens généralisent les coefficients de
Kronecker. Dans ce méme article, Ying démontre un résultat de stabilité des coefficients
de Aguiar similaire a la stabilité de Murnaghan. On parvient a redémontrer et généraliser
ce résultat en prouvant que les coefficients de Aguiar sont également les coefficients de
branchement pour la situation G = GL(V;) x GL(V2) — G = GL (Vi@ (Vi@ Va)®Vh)
(pour V; et Vo deux C-espaces vectoriels de dimension finie). On s’intéresse également a
quelques bornes de stabilisation.

Dans le Chapitre 6, on s’intéresse & présent a certaines faces de ce que l'on appelle
le cone de Kronecker : pour nq et ng deux entiers strictement positifs fixés, on note
P n, V'ensemble des triplets de partitions tels que £(a) < ny, £(5) < ng, et £(y) < ning.
L’expression précédente des coefficients de Kronecker induit par exemple facilement que
{(c, 8,7) € Pryns t.9- g,y 7 0} est un semi-groupe (i.e. est stable par addition). Ce
qui nous intéresse alors est le cone engendré par ce semi-groupe :

PKrong, n, = {(047577) t.q. AN € N, 9Na,NB,Nv # 0}

(que Pon note comme dans [Manlbal). C’est un coéne polyédral appelé le « cone de
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Kronecker » et un résultat connu (voir [Manlba|, Paragraphe 2.4) qui illustre I'intérét
des triplets stables est le suivant : ils sont situés sur des faces de ce cdone. On aimerait
donc trouver un moyen de produire de telles faces qui contiennent uniquement des triplets
stables, ou au moins presque stables.

Parmi les faces du céne de Kronecker, on s’intéressera tout particuliérement & certaines
qui sont qualifiées de « réguliéres » : il s’agit de celles qui contiennent au moins un triplet
(a, B,7) tel que v, B, et 7y sont régulieres (c’est-a-dire possédent respectivement ny, ng,
et ning parts deux a deux distinctes). On se place alors de nouveau dans le contexte des
coefficients de Kronecker (voir Chapitre 3) : autrement dit on pose G = GL(V}) x GL(1%)
et on considére un sous-groupe & un parameétre du tore maximal T de G formé des matrices
diagonales :
T: C* — T
ta th1

t9n1 tan

(avec ay,...,an,,b1,...,by, € Z). Supposons de plus que 7 est dominant et régulier (i.e.
ap > > ap, > 0et by > -+ > by, > 0), et également G-régulier (i.e. les entiers
a; + b; sont deux & deux distincts). On construit alors la matrice M = (a; + b;); j, ainsi
que ce que 'on appelle la « matrice d’ordre de 7 » : il s’agit de la matrice dans laquelle
chaque coefficient de M est remplacé par son rang dans la suite des coefficients a; + b;
ordonnés de maniére décroissante. Il existe alors un résultat da a L. Manivel (cf [Manlba|)
et E. Vallejo (cf [Vall4]) énongant qu’une telle matrice d’ordre donne une face réguliére
explicite de PKrony,, »,, de dimension minimale parmi ces faces (i.e. de dimension nina),
qui ne contient que des triplets stables. On étend ce résultat en prouvant qu'une matrice
d’ordre donne en fait d’autres faces :

Théoréme 1.2.5. Pour tout sous-groupe & un paramétre 7 de T dominant, régqulier, et
G-régulier, toute configuration du type suivant dans la matrice d’ordre:

() i
1

Jj Jj+1

donne une face réguliére de dimension niny du céne de Kronecker PKron,, n,, qui ne
contient que des triplets stables, et donnée explicitement dans le Paragraphe 6.3.4. De
méme, toute configuration du type
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Q —— row 1
@ — row i1+ 1

T

column j

donne une telle face explicite de dimension nine.

On définit aussi (cf Paragraphe 6.3.5) cing autres sortes de configurations pouvant ap-
paraitre dans une matrice d’ordre (appelées Configurations @ a @), qui mettent cette
fois en jeu trois ou quatre de ses coefficients. On montre alors que :

Théoréme 1.2.6. Soit 7 un sous-groupe & un paramétre dominant, régulier, et G’—régulier
de T. Toute configuration d’un des types @ o ® apparaissant dans la matrice d’ordre
de T donne alors une face — pas nécessairement réqulicre et possiblement réduite 4 zéro —
du céne de Kronecker PKron,, », qui ne contient que des triplets presque stables.

On conclut ce chapitre en regardant tous les exemples de matrices d’ordre possibles de
taille 2x2, 3x2, et 3x3, afin de voir combien nos résultats précédents produisent de
nouvelles (i.e. par rapport au résultat de Manivel et Vallejo) faces. Par exemple, dans le
cas des matrices d’ordre de taille 3x2, on obtient 23 nouvelles faces réguliéres de PKrons o
qui ne contiennent que des triplets stables, alors que 5 autres étaient déja connues. On
obtient également 2 autres nouvelles faces non réguliéres, qui elles ne contiennent que
des triplets presque stables.

Dans le Chapitre 7, on s’intéresse & des « zéros » apparaissant dans le cone de Kro-
necker : par zéros, on entend des triplets («,3,7) € PKrony, ,, tels que go5, = 0.
L’existence de tels triplets correspond au fait que les coefficients de Kronecker ne posse-
dent pas la propriété de saturation, et les comprendre est un grand probléme dans I’étude
de ces coefficients. Quand on considére un tel zéro («a, f,7), on va comme précédemment
s’intéresser a la demi-droite N*(«, 3,7), et plus particulierement a Ao, B,7) = {d €
N* t.9. gda,dp,dy 7 0}. On remarque que, dans quasiment tous les exemples connus, ce
semi-groupe est de la forme doN* pour un entier strictement positif dy. On montre que
c’est en fait toujours le cas lorsque le triplet de départ est presque stable (notons que
ceci est également une conséquence immédiate des résultats de Paradan, en particulier
du Théoréme B de |Parl7]) :

Théoréme 1.2.7. Soit («, B,7) un triplet de partitions presque stable. Il existe alors
do € N* tel que, pour tout d € N*,

de AN, B,v) <= dold
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Ce résultat n’est par contre pas vrai pour tous les triplets dans PKron,, ,,. 1l existe
en effet une famille de contre-exemples, donnée par Briand, Orellana, et Rosas dans
[BOR09] (Theorem 2.4), dont le plus petit est ((6,6), (7,5),(6,4,2)). Il s’agit a notre
connaissance des seuls exemples connus ou A(a, 8,7) n'est pas de la forme dpN*. On
étudie donc géométriquement et en détail cet exemple et on parvient a montrer que :

Proposition 1.2.8. Notons Q le groupe des quaternions, vu comme un sous-groupe (de
cardinal 8) de SLa(C). Alors, pour tout entier d strictement positif,

9d(6,6),d(7,5),d(6,4,2) = dim H’ (P*(C), O(Qd))Q = dim (C[z, y}24)“ ,

ot Clz,ylaq désigne le C-espace vectoriel des polynémes homogénes en deux variables
et y, de degré 2d, sur lequel @ C SLa(C) agit par son action naturelle sur (x,y).

Notons que ce résultat est aussi valable pour les autres contre-exemples de la famille
donnée dans [BOR09|. On aimerait alors utiliser ce genre de résultat pour produire de
nouveaux exemples comme ceux-ci. Malheureusement il est déja assez compliqué de trou-
ver un autre groupe fini dont, comme @), 'action sur des espaces de polynémes homogénes
donne des dimensions intéressantes pour les espaces des invariants. On parvient seule-
ment & trouver un exemple comme cela, mais on ne parvient pas vraiment a ’exploiter
pour produire d’autres triplets comme ((6, 6),(7,5), (6,4, 2))
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Chapter 2

Introduction

2.1 Presentation of the branching problem

A complex affine algebraic group is a group that is an affine algebraic variety defined over
the field C of complex numbers, such that the multiplication and inversion operations
are given by regular maps on the variety. Such a group has a radical, which is the
identity component of its maximal closed normal solvable subgroup. And the subgroup
of this radical formed by unipotent elements is called the unipotent radical of the affine
algebraic group. Equivalently, the unipotent radical of a complex affine algebraic group
is its maximal closed unipotent normal subgroup.

Examples: For a positive integer n, the groups SL,(C) and GL,(C) (of matrices of
determinant 1 and invertible matrices, respectively) are for instance complex affine al-
gebraic groups. The radical of SL,(C) is trivial, whereas the radical of GL,(C) is the
subgroup of the scalar matrices: {tI,; ¢t € C*}. Both unipotent radicals of these groups
are trivial.

Definition 2.1.1. A complex affine algebraic group whose unipotent radical is trivial is
said to be reductive. When the group is moreover connected and its radical is trivial, it
is said to be semisimple.

Examples: According to what precedes, SL,,(C) and GL,(C) are reductive, and the
former is even semisimple. Other classical examples of complex reductive groups include
SO, (C) (group of orthogonal matrices of determinant 1), Sp,,(C) (symplectic group),
all the finite groups...

The name “reductive” comes from an important property of these groups: the com-
plete reducibility of their representations. Indeed, every finite dimensional complex rep-
resentation of a complex reductive group decomposes as a direct sum of simple (or irre-
ducible) representations. What is moreover interesting is that, for connected groups, we
know how to construct these irreducible representations.

13
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To a complex connected reductive group G one can associate its Lie algebra g. It is a
reductive Lie algebra and comes then with an associated root system. This combinatorial
data brings in particular a notion of weights, and some of them are called “integral
dominant”. Then to any integral dominant weight A of G one can associate an irreducible
representation of GG, called a highest weight module. We will denote the highest weight
module of G of highest weight A\ by Viz(\). Conversely, any finite dimensional rational
complex irreducible representation of G is a Viz(A) for a certain integral dominant weight
Aof G.

Example: Probably the most basic example of a connected reductive group is GL,,(C),
for which the integral dominant weights are easy to describe: they are exactly the non-
increasing finite sequences o = (aq, . . ., o, ) of integers, of length n. Such a finite sequence
yields a character of T', which is the subgroup of GL,,(C) formed by the diagonal matrices,
in the following way:

e : T — C*

— Lt
tn

The irreducible representation of GL,,(C) associated to such an integral dominant weight
is denoted by S*(C™). Isomorphically, when one considers the group GL(V') — of automor-
phisms of a finite dimensional C-vector space V —, every non-increasing finite sequence
a of integers, of length dim(V'), gives the irreducible representation S*V of GL(V).

We will only be interested in a particular sort of representations of GL,(C): the ones
which are said to be polynomial. They are the representations for which the action of
each g € GL,(C) is given by a fixed family of polynomials in the entries of g. Among
the irreducible ones, the polynomial representations are easy to characterise: for a =
(a1, ..., ay) an integral dominant weight of GL,,(C), S*(C") is polynomial if and only if
an > 0. Thus the finite dimensional irreducible polynomial complex representations of
GL,,(C) are given by the partitions of length at most n, which are finite non-increasing
sequences o = (aq,...,qp) of positive integers, whose length k is the length of the
partition, denoted £(a). We also denote by |a| = Zle a; the weight of such a partition
a, which is then said to be a partition of the integer |«|

The branchlng problem: Consider now two connected complex reductive groups, G
and G and a morphlsm f:G— G. Then, for any dominant weight A of G the highest
weight module VG()\) is, via the morphism f, also a (finite dimensional complex) repre-
sentation of G and, as such, it decomposes into a direct sum of irreducible representations
of G:

eh= D Ve,

A dominant weight of G
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Definition 2.1.2. The multiplicities c()\,j\) appearing in the previous decomposition
are non-negative integers which are called the branching coefficients.

The branching problem consists in studying these branching coefficients. Studying
these can mean finding a combinatorial way of computing them, and in some cases it has
been done. But it can also mean studying other more qualitative aspects of those, as we
will see later.

Examples:

e If n > 2, we can form a morphism from GL,_1(C) to GL,(C) by sending A €
0

GL,-1(C) to A 0 . Then the branching coefficients for this situation

0o --- 0 1
are indexed by a pair of partitions, the first one with length at most n — 1 and the
second one with length at most n. For such a pair (()\1, cey An—1), (1, - ,un)),

=)\ =u
the corresponding branching coefficient is known:

O\ ) = L ifun >2M>pe > > p3 > 2 tin—1 > Ap—1 > fin,
H 0 otherwise

e If the branching situation is 7' C GL,,(C), where T is the maximal torus in GL,(C)
constituted of the diagonal matrices (and the morphism between the two is then
the identity), then we are looking at how a polynomial highest weight module of
GL,(C) decomposes as a direct sum of weight spaces (spaces on which T acts by
a certain character \). The corresponding branching coefficients are called the
Kostka numbers and are indexed by pairs composed of a sequence of non-negative
integers of length n (a dominant weight — say A — of T') and of a partition of length
at most n (a particular dominant weight — say p — of GL,,(C)). Then the Kostka
number k, ) can be computed as the number of semistandard Young tableaux of
shape p and weight A, i.e. the number of ways to fill the Young diagram of p with
A1 1's, Ao 2’s, etc, in a non-decreasing way along each row and an increasing way
down each column.

e One famous example is the case of the tensor product of polynomial irreducible
representations of GL,(C): when G = GL,(C) is embedded diagonally inside
G = GL,(C) x GL,(C), we are in fact looking at how the tensor product of two
polynomial irreducible representations of GL,(C) decomposes into a direct sum
of such representations. The corresponding branching coefficients are called the
Littlewood-Richardson coefficients:

s*(C") @S (C™) @SV (C™)®ee,
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They are indexed by triples of partitions, and there exists a combinatorial way
of computing them: the Littlewood-Richardson rule. This also expresses the
Littlewood-Richardson coeflicients in terms of particular semistandard Young ta-
bleaux: let «, B, and 7 be partitions such that |a| 4+ |5 = || (this is a simple
necessary condition to have cl’ 5 # 0). Then we consider the “skew Young diagram”
of shape «/a: it is simply the diagram obtained by the set-theoretic difference of
the Young diagrams of v and «. For example,

o Y v/

and give ‘

Then a Littlewood-Richardson tableau is a skew semistandard tableau (i.e. the
same as a semistandard tableau, but starting from a skew Young diagram) which
has the additional property that the sequence obtained by concatenating its re-
versed rows is a lattice word: in every initial part of this sequence, any number %
occurs at least as often as the number i+1. The rule thus states that the Littlewood-
Richardson coefficient clﬁ is the number of Littlewood-Richardson tableaux of
shape v/a and weight 5. Let us return to our previous example: for @ = (2,1),
B =(3,2,1), and v = (4,3,2), the coefficient is 2 because there are exactly two
Littlewood-Richardson tableaux of shape (4,3,2)/(2,1) and weight (3,2, 1):

1]1] ond 1]1]

Another really important problem concerning these coefficients was the Saturation
Conjecture: is that true that, for all triple of partitions («, 3,7),

IN N, eyl yg 20 = clg#0 ?

(The fact that Cl,ﬁ # 0= VN € N*, C%;N/B # 0 is much easier to prove.) The
importance of this question was highlighted by its connection with the so-called
Horn conjecture, coming from an “old” problem concerning hermitian matrices:
given two hermitian matrices, what can one say about the spectrum of their sum?
Any interested reader can for instance read this survey by W. Fulton: [Ful00]. The
final answer to this question came with the proof of the Saturation Conjecture by
A. Knutson and T. Tao (see [KT99] or [Buc00]).

The example in which we will be the most interested in this thesis is the example of
the Kronecker coefficients. As in the previous example, it starts with the problem
of decomposing a tensor product of two irreducible representations of a reductive
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group, which is this time the finite group & of permutations of the set [1, k] (for
some positive integer k). For a finite group, it is known that the complex irreducible
representations are in bijection with the conjugacy classes of the group. Therefore,
for &y, the irreducible representations are even indexed by the partitions of the
integer k. Given such a partition «, the corresponding irreducible &p-module will
be denoted by M. Then the Kronecker coefficients are the multiplicities appearing
in the decomposition:
M, @ Mg = P My
Tk

(where o and /3 are two partitions of k). We use the notation g, g, (with no real
difference between the three partitions) because the value of the coefficient does
not depend on the order of the partitions indexing it. This is due to the fact that
the irreducible Gx-modules are self-dual. Although one could think that studying
Kronecker coefficients would be easier than studying Littlewood-Richardson coef-
ficients (for instance because they come from the representation theory of finite
groups), the latter are actually known to be special Kronecker coefficients. Then
the Kronecker coefficients form a bigger class of branching coefficients and, for ex-
ample, no combinatorial rule such as the Littlewood-Richardson rule is known for
them. Another possible illustration of their added complexity is that it is known
that they do not have the saturation property.

2.2 Organisation of the thesis and main results

A large part of this thesis will concern some notions of stability for Kronecker coefficients.
Notice that we have only defined Kronecker coefficients associated to triples of partitions
of the same size. For easier notations we can also define that the Kronecker coefficient
associated to a triple of partitions in which (at least) two have different sizes is simply
Zero.

Definition 2.2.1. Let («, 3,7) be a triple of partitions. It is said to be:

e stable if g, 5., # 0 and, for all triples of partitions (A, i, v), the sequence

(g)\-i-da,u-l-d,é’,u-&-d'y)deN
eventually stabilises;
e weakly stable if, for all positive integers d, gqa,ds,4y = 1;

e almost stable if, for all positive integers d, g4n,a8,4y < 1 and there exists a positive
integer do such that gqya.dos,dyy 7 0-

The notions of stability and weak-stability come from the work of J. Stembridge in
[Stel4]. The notion of stability was introduced in order to generalise a behaviour noticed
by F. Murnaghan in 1938: in the terms of Stembridge’s definition, Murnaghan noticed
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that the triple ((1), (1), (1)) is stable. The notion of weak-stability was then introduced
in order to find a characterisation of stability which would be much simpler to check.
Indeed Stembridge proved that a stable triple is weakly stable!, and conjectured that
the converse is also true. S. Sam and A. Snowden then managed in [SS16] to prove this
conjecture, by completely algebraic methods. Note that P.-E. Paradan also gave another
proof — approximately at the same time as ours — of this fact in [Par17], in a much more
general setting and with methods closer to ours.

The goal of Chapter 42 is to give another proof of the fact that a weakly stable triple
is stable. The proof that we give is a geometric one, based on a well-known expression of
Kronecker coefficients: for any triple («, /3, y) of partitions, there exist a projective variety
X — which is a product of flag varieties — on which acts a complex connected reductive
group G (both depending only on the lengths of the partitions), and a G-linearised line
bundle £, 3~ on X such that

Ya,8y = dim HY (X, Eaﬂﬂ)G

(cf Chapter 3). Our proof moreover uses some notions of Geometric Invariant Theory
(also presented in Chapter 3), and in particular the notion of semi-stable points relatively
to some G-linearised line bundle on X (whose set in X is denoted — if £ is the line bundle
~ by X*¢(L)), as well as some consequences of the work by V. Guillemin and E. Sternberg
in [GS82], or later C. Teleman in [Tel00], on “Quantisation commutes with reduction”.
We also use a corollary of D. Luna’s Etale Slice Theorem (cf [Lun73|). We obtain a result
which is a little more precise:

Theorem 2.2.2. Let (o, 3,7) and (A, u,v) be two triples of partitions, the first one
being weakly stable. Then there exists a non-negative integer D such that, for all integers

d > D, X*° <£)\7M7V ® Eéy@dﬁ 7) C X% (Lapy). Moreover the sequence of general term

Irtda,u+dB,u+dy 18 constant for d > D. In particular («, B,7) is stable.

This characterisation of a “bound of stabilisation” (the D from the theorem) gives us hope
to compute some explicit such bounds for not too difficult examples of stable triples. This
is in fact what we do next: using the Hilbert-Mumford numerical criterion (cf Chapter 3),
we are able to compute some bounds of stabilisation for two examples of stable triples,

namely ((1),(1),(1)) and ((1,1),(1,1),(2)).
Theorem 2.2.3. Let (\, u,v) be a triple of partitions, with ny = £(A\) and no = ().
We set 3

1 ni+ng—4
D, = {2 (—)\1 + Ao — p1 + po +2(V2 — Unyny) + Z (Vkt+2 — Vnina—k) | | -
k=1

Then, for all d > D1, gayd(1),u+d(1),+d(1) = 9r+D1(1),u+D1 (1) w+Di (1)

1We will therefore use this implication in — almost (see at the end of Section 7.1) — the whole thesis.

2Note that this chapter, together with the first two sections of Chapter 5, forms an article submitted
in January 2017.

3The notation [z] stands for the ceiling of the number z (i.e. the integer such that [2]—1 < z < [z]).
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Theorem 2.2.4. In the same context, set m = max(—Ay — 1, —A\1 — p2), and

1 ni+ngo—4
5 (m X3+ 3+ 200 = Vnymy) Y Wk — Vnﬂq—k))“ if ni,ng 23
k=1
'1 no—1
Dy = 5 (m + p3 + 2v9 — vop, + ; Vk+2>—‘ ifng =2
_1 n1_—1
2<m+)\3+2V2—V2n1+;Vk+2>“ if ng =2

Then, for all d > D2, gxid(1,1),u+d(1,1)w+d(2) = 9A+Da(1,1),u+D2(1,1),0+Do(2)-

Note that to refine slightly those bounds, we use a classical argument of quasipolynomi-
ality concerning the behaviour of the dimension of invariants in an irreducible represen-
tation of a complex reductive group. Before using it we write a proof of this quasipoly-
nomiality in a context — which is not meant to be optimal — sufficient for what we want.

In the case of the triple ((1), (1), (1)) there already existed some bounds, due notably to
M. Brion (see [Bri93]), E. Vallejo (see [Val99]), and E. Briand, R. Orellana, and M. Rosas
(see [BOR11]). We notice that our methods allow to re-obtain some of those bounds: the
one by Brion and one of the two given by Briand-Orellana-Rosas. Moreover we test our
bound and compare it on examples with the other ones. For the triple ((1,1), (1,1),(2)),
there was not — as far as we know — any already existing such bounds.

In Chapter 5 we show that our methods apply interestingly to other branching co-
efficients. It comes as no surprise, since we explained quickly earlier that Paradan has
proved — in [Parl7| — a similar result to the “stable < weakly stable” one in a much more
general setting. Actually the only thing necessary to make our techniques work is an
expression of the branching coeflicients as the one we gave for the Kronecker coefficients:
of the type dim HY(X, £)¢, where X, G, and £ are the same kinds of objects as for the
Kronecker coefficients (cf Chapter 3 for more precise statements and definitions).

At first we then use our techniques to obtain a stability result — already proven by Sam
and Snowden in [SS16] — concerning plethysm coefficients, in Section 5.1. They are the
branching coefficients that arise when one composes Schur functors: if one considers
two partitions A and p, with £(\) “not too big” relatively to u (see Definition 5.1.1 for
precisions), and a complex vector space V of finite dimension at least £(u), then S* (S#V)
— which is an irreducible GL(S#V')-module by definition — is a representation of GL(V'),
and thus decomposes as a direct sum of irreducible ones. The multiplicities in this
decomposition are the plethysm coefficients. We see thereafter that we can re-obtain two
stability properties for these coefficients given by L. Colmenarejo in [Coll7].

The second other example of branching coefficients we look at is the example of the
tensor product for irreducible representations of the hyperoctahedral group. It is a finite
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group, which is the Weyl group W,, of type B,, (for n > 2), and can be written as a
semidirect product: W, = (Z/2Z)" x &,, (see Section 5.2 for precisions). What we first
have to do here is using a kind of Schur-Weyl duality for W,, — due to M. Sakamoto and
T. Shoji in [SS99]| - in order to rewrite the considered branching coefficients as branching
coefficients for connected groups. We manage to do this for the following: if we consider
complex finite dimensional vector spaces V) = Vfr ® V] and Vo = V2+ @V, , then the
branching situation considered is with G = GL(V;") x GL(V;) x GL(V;") x GL(V;")
and G =GL (Vi@ V") @ (Vy @ V5 ) x GL (V" @V, ) @ (Vi ®V3')). This allows us
to obtain an analogous of the equivalence “stable < weakly stable” in that case and to
compute an explicit bound of stabilisation in a case similar to the Murnaghan stability
for Kronecker coefficients.

Our third and final example in that chapter concerns the Heisenberg product. It was in-
troduced by M. Aguiar, W. Ferrer Santos, and W. Moreira in [AFSM15] in order to unify
many related products and coproducts defined on various objects (species, representa-
tions of the symmetric groups, endomorphisms of graded connected Hopf algebras...).
In the context of representations of the symmetric groups, it lead to the definition by
L. Ying — in [Yinl7]| - of the Aguiar coefficients, which extend in a way the Kronecker
ones. In that last article Ying proves also an analogous of Murnaghan’s stability for these
coefficients, as well as a bound of stabilisation in that case. The Aguiar coefficients are
once again defined using finite groups, and thus the first part of our work is to express
them as branching coeflicients for connected reductive groups: the branching situation
we have to consider here is G = GL(V1) x GL(V4) and G = GL (Vi® (Vi ®Va) @ Va), for
V1 and V5 two finite dimensional complex vector spaces. Then we immediately obtain a
general stability result for these coefficients, implying in particular the stability proved
by Ying. We finally give some new examples of stable triples for Aguiar coefficients, and
look at some bounds of stabilisation.

In Chapter 6 we are interested in some faces of what is called the Kronecker cone,
which are related to the stable triples that we previously studied. Let n; and ns be two
positive integers and denote by P, n, the set of triples («, 3,7) of partitions such that
() < ny, (B) < ng, and £(y) < niny. The expression of the Kronecker coefficients that
we gave earlier for instance leads to the fact that {(a, 3,7) € Pnyny S-t. ga,g,y # 0} is
a semigroup (i.e. is stable under addition). We then consider the cone spanned by this
semigroup:

PKrony, n, = {(a,ﬁ,’y) st. AN € N*, gna,Ng,Ny # 0}

(we use the same notation as in [Manl5a|). This is a rational polyhedral cone called
the Kronecker cone. Then one of the classical results (see [Manlba|, Paragraph 2.4)
highlighting the interest for stable triples is that they are located on faces of the Kronecker
cone. Therefore one would like to produce some faces of PKron,,, ,,, which contain only
stable triples, or at least almost stable ones (see Definition 2.2.1). Among the faces
of the Kronecker cone, some particularly interesting ones are those that we will call
“regular” they are the ones which contain at least one triple («,f,7) such that «,
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B, and 7 are regular (meaning that they have respectively ni, ng, and ning pairwise
distinct parts). Then, in the settings of Kronecker coefficients (see Chapter 3 and set
G = GL(V1) x GL(V2)), consider a one-parameter subgroup of the maximal torus 7" of
G formed by diagonal matrices:

T: C* — T
t th

tanl tbng

(with ay,...,apn,,b1,...,bp, € Z). Assume moreover that 7 is dominant and regular (i.e.
ap > -+ > ap, > 0and by > -+ > by, > 0), and also G—regular (i.e. the a; + b; are
pairwise distinct). Then we build the matrix M = (a; + bj); ; and what we call the
“order matrix of 7”: it is the matrix in which each coefficient of M is replaced by its rank
(starting at 1) in the decreasingly ordered sequence of the a; + b;. Then one existing
result, due to L. Manivel (see [Manlba|) and E. Vallejo (see [Vall4]), is that each such
order matrix gives one explicit regular face of PKron,,, ,,,, of minimal dimension among
the regular faces (i.e. of dimension niny), and which contains only stable triples. We
extend this result by proving that an order matrix actually gives other such faces:

Theorem 2.2.5. For any dominant, regular, G’—regular one-parameter subgroup T of T,
each configuration of the following type in the order matriz:

() —— i
]

Jj Jj+1

giwes a reqular face of dimension ning of the Kronecker cone PKrony,, n,, containing only
stable triples, and explicitly given in Section 6.5.4. Likewise, each configuration of the

type
° —— row 1t
@ — row i+ 1

T

column j

gives such an explicit face of dimension nins.
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We also define (see Section 6.3.5) five other types of possible configurations in an order
matrix (from Configuration @) to ), involving this time three or four of its coefficients.
We prove:

Theorem 2.2.6. Let 7 be a dominant, regular, G—regular one-parameter subgroup of T.
Each of the Configurations Q) to ® appearing in the order matriz coming from T then
gives a face — not necessarily reqular and even possibly reduced to zero — of the Kronecker
cone PKron,,, ,, which only contains almost stable triples.

We end this chapter by looking at the actual number of new (i.e. compared to the result
of Manivel and Vallejo) faces that our two results produce in the cases of order matrices
of size 2x2, 3x2, and 3x3. For instance in the 3x2 case, we obtain 23 new regular faces
of PKrons o which contain only stable triples, whereas 5 others were already known. We
also get 2 other new non-regular faces, containing only almost stable triples.

In Chapter 7 we are interested in “zeroes” appearing in the Kronecker cone. By such
zeroes we mean triples (o, 8,v) € PKrony, ,, such that the Kronecker coefficient g, g
is 0. The existence of such triples is equivalent to the fact that the Kronecker coefficients
do not have the saturation property, and understanding them is a huge problem in the
study of those coefficients. Once we have such a triple («, 3,), we will as before consider
the half-line N*(«, 3,7). Then one can notice that, in most of the known examples, the
set Ao, 8,7) = {d € N* s.t. gga.dp,ay 7 0} — which is always a semigroup — has the form
doN*, for some dy € N*. We prove that, for almost stable triples, this is always true
(note that this can also be seen as a direct consequence of the results by Paradan, and
more specifically of Theorem B from |Parl7|):

Theorem 2.2.7. Let («, 3,7) be an almost stable triple of partitions. Then there exists
do € N* such that, for all d € N*,

deAa,B,v) < dyl|d

For triples in PKron,,, ,, that are not almost stable, this result does not hold. There is
indeed a family of counter-examples due to Briand, Orellana, and Rosas (see [BOR09],
Theorem 2.4), whose smallest example is the triple ((6,6), (7,5),(6,4,2)). But as far as
we know, this family is the only known example where A(«, 3,7) does not have the form
doN*. Therefore we study this example geometrically, in details, and manage (using the
result of [BOR09]) to prove:

Proposition 2.2.8. Denote by Q the quaternionic group, seen as a subgroup (of cardinal
8) of SLa(C). Then, for all positive integers d,

94(6.6),d(7,5),d(6,4,2) = dim H® (P*(C), O(Qd))Q = dim (C[z, y]24)% ,

where Clx,ylaq denotes the vector space of homogeneous polynomials in two variables x
and y, of degree 2d, on which Q C SLa(C) acts by its natural action on (z,y).
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Note that this result holds for the other triples in the family of counter-examples given in
[BOR09]. We would then like to replicate this kind of result to produce other examples
like these. But it is in fact already quite difficult to find finite groups like @, whose
action on spaces of homogeneous polynomials gives interesting dimensions for the spaces
of invariants. We manage to find only one small example like this, but we cannot really
use it to obtain other triples like ((6,6),(7,5), (6,4,2)).
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Chapter 3

Some prerequisites

3.1 Branching coefficients expressed geometrically

When the reductive groups involved in the definition of the branching coefficients are
connected, there is a nice geometric expression of these coefficients in terms of sections of
line bundles on flag varieties. Let G be a complex connected reductive group. Consider
moreover a Borel subgroup B of GG, containing a maximal torus 7' of G, and P a parabolic
subgroup of G containing B. Then G/B and G/ P are projective varieties which are called
flag varieties (the former is the “complete flag variety”, whereas the latter is said to be a
“partial flag variety” if P contains strictly B).

Example: When V is a complex vector space of dimension n and G = GL(V), the
previous flag varieties can be easily described. Here we choose a basis of V' and identify
G with GL,(C). Consider the Borel subgroup B of upper-triangular matrices, and T
the maximal torus formed by the diagonal matrices. Then the complete flag variety
associated to G is:

G/B= (V) = {({0} CVi C Vo C -+ C Vooy C V) |Vi, Vi subspace of dimension i .

The isomorphism between the two is explicit:

G/B — RV

v1 ... vy |modB — ({0} C Vect(vi) C Vect(vi,v2) C -+ C Vect(vr,...,vp—1) C V)

If we consider a parabolic subgroup P containing strictly B, G/P will be a partial flag
variety, meaning that it will contain flags which do not have subspaces of some particular

25
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dimensions. Let us give one example: for V = C® and

C G,

* XK K X KX ¥

O OO O * ¥
OO O O *x ¥
O ¥ ¥ X X X
O ¥ X X X ¥
O ¥ ¥ % X ¥

the corresponding partial flag variety is
G/P = FUC®2,5) = { ({0} € Vo € V5 € C°) | V& of dim 2, V5 of dim 5}
(and the isomorphism is given as before for G/B).

We can define interesting line bundles on these projective varieties: let A be an integral
dominant weight of G. Then —\ is a weight of G and it gives a character e~ of T', which
can be extended uniquely to a character of B. We denote by C_) the one-dimensional
representation of B associated to this character and set:

E,\:GXBC,)\.

This denotes a fibre product: B acts on G (on the right) and on C_) (on the left), and
we consider the quotient by this action. For a pair (g,v) € G x C_j, the corresponding
class modulo B is denoted by [g : v]. This defines a line bundle on the complete flag
variety G/B, whose associated projection on G/B is simply [g : v] — gB. The group G
acts on this line bundle by left multiplication, and £ is then a G-linearised line bundle.

For line bundles on G/ P one needs to consider particular weights: let A be an integral
dominant weight of G such that, for all simple roots « such that —a is a root of the Lie
algebra p of P, A(a") = 0 (where " is the simple coroot corresponding to «). The set
of such X’s will be denoted by A]ﬁ. Then e extends to a character of P, and we can
set:

L A= G x P C_ A-

As above, this is a G-linearised line bundle on the flag variety G/P. These line bundles
being all G-linearised, there is a linear action on the vector space formed by their sections.
The interesting fact about these spaces is the following;:

Theorem 3.1.1 (Borel-Weil Theorem). For any integral dominant weight X of G (resp.
A € AL), the space HY(G/B, L)) (resp. HY(G/P, L)) of sections of the line bundle L)
defined on G/ B (resp. G/P) is the dual of the irreducible representation V() of highest
weight X of G.

This result can for instance be found in [CG10].
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Example: Still for G = GL(V) and V of dimension n, an integral dominant weight is
a partition A of length at most n. The character e of T is then

e T — C*
t
— MLt
ln
and its extension to B is simply:
e B — C
b1 (%)
. — bIAl...b;A”'
(0) bn

The conclusion of the previous theorem is thus that HO(F¢(V'), £y) is the dual of S*V.

We can now give a well-known interesting expression for the branching coefficients.
Assume that G and G are complex reductive groups, that f : G — G is a morphism,
and that the groups are both connected. Then recall that Schur’s Lemma states that
every morphism of representations between two irreducible modules is either zero or an
isomorphism. Furthermore, if these two irreducible representations are the same, then
the vector space of endomorphisms of representations is of dimension 1. Therefore we
can derive from the definition of the branching coefficients:

Vé()\) — @ VG()\)@C(A’)‘),
A dominant weight of G
that G
dim (VG(A)* ® Vé(ﬁ\)) — ¢\ ).
Then an immediate consequence of Borel-Weil Theorem is the following:
Proposition 3.1.2. Let G and G be two complex connected reductive groups, with re-

spective Borel subgroups B and B, an({f G — G bea morphism. Then, for all A
integral dominant weights of G and all X\ integral dominant weights of G,

(A A) =dimH(G/B x G/B, L, & L3)°.

Note that the dual E’)f\ of L5 is simply the line bundle £

element of the Weyl group W associated to G. Moreover the external tensor product of
the line bundles £ and Lf is simply the line bundle on G /B x G/B such that, for all

(z,y) € G/B x G/B, the fibre over (x,y) is the tensor product of the fibre over z in £
and the fibre over y in ,C’)f\.

Y where wq is the longest
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We want to have this kind of expression for the Kronecker coefficients, but the defi-
nition that we gave used finite groups, which are obviously not connected. Fortunately
they can be expressed as branching coefficients for another branching situation, this time
involving connected groups. It is a consequence of Schur-Weyl duality (see [Wey39]): let
V' be a complex vector space of finite dimension n and k be a positive integer. Then
consider the vector space V®*. It is a obviously a representation of GL(V) — since V is
—, but it is also a representation of the symmetric group &g, which acts — on the left —
by permuting the factors in the tensor product. Moreover these two actions commute,
and thus V®* is a representation of the direct product GL(V) x &.

Theorem 3.1.3 (Schur-Weyl Duality). As a representation of GL(V) x &, VEF splits
i a direct sum of irreducible modules in the following way:

vek~ P SV e M,
atk s.t. L(a)<n
Here is the classical consequence for Kronecker coefficients:
Proposition 3.1.4. Let «, B, and v be three partitions of the same positive integer k.
Then, for any pair of finite dimensional vector spaces (V1,Va) such that dim Vi > /()
and dim Vy > £(3), the Kronecker coefficient g g~ is the multiplicity of the irreducible

representation S*Vi @SSPV of G = GL(V1) x GL(V2) inside the irreducible representation
SY(Vi @ V) of G = GL(V; ® V4).

Note that the morphism from G to G is given in that case by: (g1,92) € G defines
an automorphism of the vector space V1 ® V3, denoted by ¢g, 4., defined on elementary
tensors v ® va by ¢g, 4, (V1 @ v2) = g1(v1) @ g2(v2).

Proof. Consider two finite dimensional vector spaces Vi and V5 as in the statement of
the proposition. Then we look at the vector space

(Vl ® V'Q)@k: ~ V1®k: ® V2®k.
At first we use Schur-Weyl duality on the left side of this identity:

ek ~ PST(elkh)e M,
Yk
on), 4
. (S“%®S/3V2®Mv) 7
Yk, B
where the coefficients n] , are (almost all zero) non-negative integers, which exist since

ST(Vi @ Va) is a G-module and are the multiplicities mentioned in the statement of the
proposition. If we now apply Schur-Weyl duality on the right side of the first identity:

Vl®k ® V2®k ~ @ (S*VI @ M) ® @ (Sﬁv2 ® Mg)

aFk BHk
DYa,s,
~ P (svesen)
@bk

Then, for all triples (, B,7) of partitions of &, ga g~ =1, 5- O
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Proposition 3.1.5. Let (o, 8,7) be a triple of partitions of the same integer. Then
there exist a projective variety X and a complex connected reductive group G acting on
X, both depending only on the lengths of the three partitions, together with a G-linearised
line bundle L 5~ on X such that:

Jo g = dimH(X, Lo 5)C.
Proof. This is a direct consequence of Propositions 3.1.2 and 3.1.4 with:
X =F(Vh) x F(Va) x F(Vi @ Vo),
G = GL(V1) x GL(Va),

and
Lopr=La®Lg® Ef/.

3.2 Some notions from Geometric Invariant Theory

A notion from Geometric Invariant Theory, due D. Mumford, which will be central in
this thesis, is the notion of semi-stable points. Let X be a complex projective variety on
which a complex connected reductive group G acts. Consider furthermore a G-linearised
line bundle £ on X.

Definition 3.2.1. The line bundle £ is said to be:

e base-point-free if, for any x € X, there exists a section o of £ defined on X such
that o(x) # 0;

e very ample if there are a finite dimensional complex vector space V and an embed-
ding X — P(V) such that the pull-back of O(1) is isomorphic to L;

e ample if there exists a positive power of £ which is very ample;

e semi-ample if there exists a positive power of £ which is base-point-free.

Definition 3.2.2. A point z € X is said to be semi-stable (relatively to £) if there exist
n € N* and o € HY(X, £2")¢ such that o(x) # 0. It is said to be unstable otherwise.

We denote respectively by X**(L£) and X"*(L) the sets of semi-stable and unstable points
in X relatively to £. They are respectively open and closed subsets.

Remark 3.2.3. It is important to notice that this definition is not exactly the one that
was given by Mumford (see e.g. [Dol03| for this one): one usually requires in addition
that the set of points on which o is not zero is affine. These two notions of semi-stability
nevertheless coincide in the case of an ample line bundle, and the one that we use here
is a little bit better adapted for the case of semi-ample line bundles, which is the case
that we will always consider in this thesis.
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The purpose of this notion was the construction of good quotients for projective
varieties. For example the following result can be found in [Dol03| (Theorem 8.1):

Theorem 3.2.4 (Mumford). If £ is ample, there exists a good categorical quotient
m: X*¥(L) — X*(L) ) G,
where X*5(L) /| G is a projective variety. Moreover the morphism 7 is affine.

Maybe now would be a good time to wonder what an ample or semi-ample line bundle
looks like in our case, i.e. on a flag variety. So we temporarily set X = F(V), with
V' a complex finite dimensional vector space whose dimension is denoted by n. Then
we have seen that, for any partition A of length at most n, we have a GL(V)-linearised
line bundle £ on X. Then this line bundle will be ample if and only if the partition is
“regular”, i.e. has n pairwise distinct parts (the last one can be zero). If one looks at a
partial flag variety Y = F(V;dy,...,d;), with 1 < dy < --- < d, <n—1,itis a little
bit more complicated: from our construction, the line bundle £y will be well-defined if
and only if {i € [1,n — 1] s.t. A; > XNip1} C {d1,...,dr}. Moreover it will be ample if
and only if these two sets are equal.

Example: On Y = F/(C%2,4,5), for A = (5,5,3,3,2,0), u = (5,5,3,3,2,2), and
v =(5,4,3,3,2,0): Ly is well-defined and ample, £, is well-defined but not ample, and
L, is not well-defined on Y.

Notice now that one has a surjective map (which is a fibration)

p: X — Y
(VlC"-CVn_l) — (leC"-CVdT)'

If a partition A is such that £ is well-defined on Y, we then have two line bundles defined

)

by A: one on X and one on Y, that we denote for now EE\B) and £(AP respectively. Then

EE\B) is the pull-back of Eg\P) by p. Therefore if L’E\P) is ample, then EE\B) is semi-ample.
As a consequence, since for any non-zero partition one can find a partial flag variety on

which ,CE\P) is ample, every line bundle L’E\B)

on the complete flag variety X is semi-ample.
The same reasoning works to prove that every well-defined line bundle £§\P) on a partial

flag variety is semi-ample.

With the definition of semi-stability that we have chosen, there exists an important
numerical criterion of semi-stability which remains true for semi-ample line bundles (it
usually works for ample line bundles). Consider again any complex projective variety
X on which a complex connected reductive group G acts. Let £ be a G-linearised line
bundle on X, 7 be a one-parameter subgroup of G (we denote by X, (G) the set of such
subgroups), and x € X. Then, since X is complete, we can consider the limit

T = 1i t).
7 =lim (1),
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which is a point of X fixed by 7 (i.e. by Im 7). Thus C* acts via 7 on the fibre L£; over
#. This action is therefore given by an integer: there exists u”(x,7) € Z such that

Vt € C*, Yo € Ly, T(t)w =t + @)y,
These integers have the following properties:

Lemma 3.2.5. (i) For all g € G, p*(g.x,grg™") = p“(x, 7).

(i) The map L — p“(x,7) is a group homomorphism from Pic®(X) - the group of G-
linearised line bundles on X — to Z.

(#ii) For any G-variety and any G-equivariant morphism f :' Y — X, for all y € Y,
w Oy, 1) = 1 (f (), 7).

Lemma 3.2.6. Let v be a non-zero point in Lz. Then, when t tends to 0:
1. if p®(z,7) <0, then 7(t).v tends to zero in Lz;
2. if pF(x,7) = 0, then 7(t).v tends to a non-zero point in Lz;
8. if u~(x,7) >0, then 7(t).v has no limit in Lz.

All these results can for instance be found in |Resl0|, as can be the adaptation of the
following really important criterion to the case of semi-ample line bundles:

Theorem 3.2.7 (Hilbert-Mumford criterion). If £ is semi-ample, then

reX®(L) <= VreX.(G), pFlz,1)<0.
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Chapter 4

Characterisation of stability for
Kronecker coefficients, bounds of
stabilisation

4.1 Introduction

For a positive integer n, let &,, be the symmetric group over n elements. The complex
irreducible representations of this group are indexed by the partitions of n (i.e. non-
increasing finite sequences of positive integers — called parts — whose sum is equal to
n). For a partition a of n (for which the integer n is called the size, and denoted
|a]), we denote its length (i.e. the number of parts) by ¢(«), and write M, for the
associated complex irreducible representation of &,. An important problem concerning
the representation theory of this group is the understanding of the decomposition of the
tensor product of two such irreducible representations:

Mo ® My = €D My,
yFn

where the multiplicities g, g, are non-negative integers, which are called the Kronecker
coefficients. These coefficients appear in various situations, and are quite difficult to
study. Some of their properties are nevertheless known, one of which being that the
order of the three partitions indexing a Kronecker coefficient does not matter.

There are several different ways of studying the Kronecker coefficients, and we will be
interested in their asymptotic behaviour, in various senses. They hold indeed a remark-
able asymptotic property, noticed by F. Murnaghan in 1938: let «, 3, be partitions of
the same integer; if one repetitively increases by 1 the first part of each of these partitions,
the corresponding sequence of Kronecker coeflicients ends up stabilising. J. Stembridge,
in [Stel4], introduced two notions of stability of a triple of partitions in order to generalise
this Murnaghan stability:
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Definition 4.1.1. A triple («, 3,7) of partitions such that |a| = || = |v| is called:
e weakly stable if g4, 43,4y = 1 for all d € N¥;

e stableif g, 5, > 0 and, for any triple (A, i, v) of partitions such that |A| = |u| = |v|,
the sequence of general term gxyda,u+dg,v+dy s eventually constant.

The terminology “weakly stable” is in fact used by L. Manivel in [Manl5a|. The
notion of a stable triple is made to generalise the Murnaghan stability: the latter simply
means that the triple ((1),(1),(1)) is stable. By introducing the notion of a weakly
stable triple, Stembridge hoped to find a simpler criterion to determine whether a triple
is stable. He proved in [Stel4] that a stable triple is weakly stable, and conjectured
that the converse is true. S. Sam and A. Snowden proved shortly afterwards, in [SS16],
that it is indeed verified. We also learned during the redaction of this article about a
prepublication by P.-E. Paradan [Par17|, who demonstrated this kind of result in a more
general context which in particular contains the case of Kronecker coefficients (as well as
the plethysm case). In the first part of this chapter, we give another new proof of this
result:

Theorem 4.1.2. If a triple («, 3,7) of partitions is weakly stable, then it is stable.

A question then arises: given a stable triple, can we determine when the associated
sequences of Kronecker coefficients do stabilise? There have already been results on this,
at least in the case of Murnaghan’s stability: for instance, M. Brion — in 1993 — and E.
Vallejo —in 1999 — calculated bounds from which these sequences are necessarily constant.
In [BOR11], E. Briand, R. Orellana, and M. Rosas recall the two bounds from Brion and
Vallejo, and determine two other ones, still in the case of the stable triple ((1), (1), (1)).

The interesting aspect of our proof of Theorem 4.1.2 is that it gives a nice “geometric
bound” from which we can be certain that the sequence (gxtda,u+ds,+dv)d is constant, if
the triple (v, 8,7) is stable. Indeed, the Kronecker coefficients can classically be related
to the dimension of spaces of invariant sections from some line bundles: for all triples
(o, B,7) and (A, p,v), there exist a reductive group G acting on a projective variety
X, and two G-linearised line bundles £ and M on X whose spaces of invariant sections
respectively give -via their dimension- the coeflicients g, g~ and gy ., (cf. Section 4.2.1).
Then, for d € N, gxtda,utds+dy is the dimension of HY(X, M @ L2 the space of
invariant sections of the line bundle M ® £ on X. Recall that, if A/ is a G-linearised
line bundle on X, X*¥(N) stands for the set of semi-stable points with respect to NV, i.e.
the points = for which there exists a G-invariant section of a positive power of N whose
value at x is not zero.

Proposition 4.1.3. We suppose that the triple (a, 3,7) is weakly stable. Then:
e there exists an integer D € N such that, for all d > D, X**(M ® L®Y) C X*5(L);

o for all d > D, the Kronecker coefficient gxyda u+dgv+dy does not depend on d.
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What we prove precisely is in fact that HY(X**(£), M @ L®%)% does not depend
on d and that, if X*5(M @ £2%) C X55(L), then the restriction morphism H*(X, M ®
L8NG — HY(X*(L), M @ L)Y is an isomorphism. A natural question could thus
be: is the converse true? The answer here is “no”. A counter-example can be found
for the triples («,f,vy) = ((1),(1),(1)) and (\, pu,v) = ((4,1,1),(3,3),(2,2,2)): the
Kronecker coefficient gx{da,u+ds,v+dy does not depend on d > 0, but one can prove that
X9 (M) ¢ X*5(L).

We indeed manage, in Section 4.3.4, to improve slightly the previously-stated result
by proving that the sequence (gr+da,u+dsv+dy)d can already stabilise for a d such that
the inclusion X*(M ® £84) C X*%(L) is a priori not verified. The key points to obtain
this extension are an argument of quasipolynomiality (which is a known result, of which
we nevertheless write a proof in Section 4.3.4, inspired by [KP14]) and the structure of
what is called the GIT-fan (see for instance [Res00| for this notion and the description
of its structure).

In Section 4.3, we give a method allowing -at least for “small” weakly stable triples-
to compute bounds from which the inclusion X (M ® £%9) C X*5(L) is realised. We
perform the calculations for two examples of triples (namely ((1),(1),(1)) and
((17 1),(1,1), (2))) Taking into account the slight extension explained in the previous
paragraph, it gives us:

Theorem 4.1.4. If we denote n1 = £()\), ny = £(p), and set *
ni+ns—4
1
D, = {2 <_)\1 + A2 — p1 + p2 + 2(Ve — Vnyny) + Z (Vet2 — Vnﬂlz—k))“ ;
k=1

we have, for all d > D1, grid(1),u+d(1),v+d(1) = 9r+D1(1),u+Di (1),wv+D1(1)-

(it is in this case legitimate to reorder the partitions A\, u, and v to get the lowest bound
D, possible) and

Theorem 4.1.5. If m = max(—X\o — p1, — A1 — p2), and

_1 ni+ngo—4
5 (m + )\3 + p3 + 2(”2 - VTL17’L2) + Z (Vk+2 - Vnﬂu—k))“ Zf ni, Ny > 3
k=1
'1 no—1
Dy = <m+M3+2V2—V2n2+ZVk+2>—‘ if np =2
2 k=1
_1 ni—1
<m+)\3+2V2_V2n1+ZVk+2>“ if ng =2
2 k=1

\

then for all d > Da, gxyd(1,1),u+d(1,1),0+d(2) = I+ Da(1,1),+Da(1,1)+Da(2) -

!The notation [2] stands for the ceiling of the number z (i.e. the integer such that [z] -1 < = < [z]).
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We then prove that our method allows to recover some of the bounds already existing
in the case of Murnaghan’s stability: we re-obtain Brion’s bound, as well as the second
one given by Briand, Orellana, and Rosas. Moreover, we get slight improvements for
these in some cases. The bounds we obtained are in addition tested on some examples,
in Section 4.3.6. We also make a comparison on these examples with the four already
existing bounds that we cited.

4.2 Proof of the characterisation of stability

4.2.1 Link with invariant sections of line bundles

Thanks to Schur-Weyl duality, the Kronecker coefficients also appear in the decomposi-
tion of representations of the general linear group. If V; and V4 are two (complex) vector
spaces, v is a partition, and if we denote by S the Schur functor?,

ST V1@ V) ~ @ (Sa(Vl) ® SB(VQ)>@‘%’[M

a75

as representations of G = GL(V}) x GL(V2). Then, by Schur’s Lemma we have, for all
triples (a, 8,7) of partitions (such that |a| = |3] = |v|) and all vector spaces V; and V5
such that dim(V1) > ¢(a), dim(Va) > £(5), and dim(V;) dim(Va) > £(7):

G
Jo,p,y = dim ((Savl)* ® (Sﬁ‘/?)* ®S" (V1 ® V2)>

Finally, we use Borel-Weil’s Theorem: if V' is a complex vector space of finite dimension,
we denote by F(V) the complete flag variety associated to V. We know that, if B is a
Borel subgroup of GL(V'), the variety F¢(V) is isomorphic to GL(V)/B. We can then
define particular line bundles on GL(V')/B: for any partition A of length at most dim V|
the finite sequence of integers —\ defines a character e of B, and this allows us to define
Ly = GL(V) xp C_), where C_) is the one-dimensional complex representation of B
given by the character e=*. The fibre product £y is a GL(V)-linearised line bundle on
GL(V)/B ~ FY(V). Then Borel-Weil’s Theorem states that the representation (S*V;)*
is isomorphic to HO(FU(V4), L,), the space of sections of the line bundle £, on F¢(V7).
This is the same for (S?V3)*, and for V; ® V5 this yields SY(Vi ®@Va) ~ HO(F (V1 @V3), L)
Hence, we have the following important proposition:

Proposition 4.2.1. For any triple («, 5,7) of partitions such that |a| = |B| = ||, there
exist a reductive group G, a projective varielty X on which G acts, and o G-linearised
line bundle L 5~ on X such that

o, = dim (HO(X, Lo 5,)%) -

2In other words, if V' is a complex vector space of dimension n, and A a partition of length < n,
then S$*(V) is the corresponding irreducible representation of GL(V). Moreover, all complex irreducible
polynomial representations of this group are obtained this way.
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More precisely, the previous equality is true if V1 and Va are finite-dimensional complex
vector spaces such that {(a) < dim(Vy), £(B) < dim(V3), £(v) < dim(V;) dim(V2), and
for:
G = GL(W1) x GL(Va),
X = F(V1) x F(Va) x F(Vi @ Va),
Lopry=La®Ls® L.
Proof. This follows directly from the Borel-Weil Theorem. O

Thus, from now on, we consider a weakly stable triple (o, 3,v) of partitions, and
another triple (A, u, ) of partitions (also satisfying |A| = |u| = |v|). Then there exists a
reductive group G, acting on a projective variety X, and two G-linearised line bundles
L and M on X such that:

Jo,By = dim (HO(X’ 'C)G) and I\ uy = dim (HO(X, M)G)

(we denote by V7 and V5 the two vector spaces used to define those). We are interested
in the behaviour of HY(X, M ® £®4)& or rather its dimension, for d € N.

4.2.2 Semi-stable points
Definition and criterion of semi-stability

Definition 4.2.2. Given a G-linearised line bundle A" on X, we define the semi-stable
points in X (relatively to A') as the elements of

X*(N) ={z € X s.t. 3k € N*, o € HO(X,N®")C  o(x) #£ 0}.

The points which are not semi-stable are said to be unstable (relatively to A), and we
denote by X“$(N) the set of unstable points.

Let us emphasise that this is not the standard definition of semi-stability (cf. for
instance [Dol03], Chapter 8): most often there is an additional requirement to fulfil for
a point to be semi-stable. The definition we gave coincides nevertheless with the usual
one in the case of an ample line bundle. The following result is then due to V. Guillemin
and S. Sternberg:

Proposition 4.2.3. If N is a G-linearised semi-ample line bundle on X, then
HO(X, )¢ = HY(X (V) N)©.

Proof. A demonstration of this result for ample line bundles can be found in [GS82|, or
for example in [Tel00], Theorem 2.11(a). It is given with the more usual definition of
semi-stable points, which is not ours, but coincides with it in this case. Then, in the
case of a semi-ample line bundle A, there exists a G-equivariant projection 7 : X — X
(which is even a fibration with connected fibres) such that A is the pull-back by 7 of an
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ample line bundle A on a projective variety X.

Indeed, X is a product of flag varieties and, on such a variety, a semi-ample line bundle is
a Lg for § a partition. Moreover this L; is ample if and only if the type of the partition (i.e.
the indices ¢ such that 0; > d;41) coincides with the type of the flag variety. Henceforth,
for every partition 4, there exists a projection as announced above, which consists simply
in forgetting in the flag variety the dimensions which do not appear in the type of 4.

Then, with the properties of ,
H (X, V)¢ =~ H(X, N)% = H (X (W), N)© =~ HO(X**(N), N,

since 7 H(X (V) = X*5(\N). O

There is an extremely useful criterion of semi-stability which is called the Hilbert-
Mumford criterion. It is generally stated for ample line bundles but, with the previ-
ously given definition of semi-stability, it holds for semi-ample line bundles (cf. [Res10],
Lemma 2), which is the case for all the line bundles we consider. We are going to rephrase
this criterion to get a more geometric one, in terms of polytopes. Let us begin with the
case in which a torus T acts on X, and A is a T-linearised ample line bundle on X.

Then (see e.g. [Dol03], Section 9.4), as N is ample, we have a closed embedding of X
in P(V), where V is a finite dimensional vector space, the action of 7" on X comes from
a linear action on V, and some positive tensor power of A is the restriction of O(1) to
X. Then, since T is a torus, V splits into a direct sum of eigensubspaces,

V= P W,

xeX*(T)

where X*(T") denotes the set of all characters of T" and, for all x € X*(T'), V), = {v €
Vsit. Vt € T, t.v = x(t)v} is the eigenspace associated to the character y. Then, for
r€X CP(V)andav=>3 vy €V (vy €Vy) such that 2 = Span(v), we define the
weight set of x as

Wt(z) = {x € X*(T) s.t. vy # 0}.

Note that Wt(z) is a finite subset of X*(T) ~ Z~ c RV (N is the rank of T). We finally
define the weight polytope of x as the convex hull conv(Wt(z)) of Wt(x) in RY. Then,
Theorem 9.2 of [Dol03] states that the Hilbert-Mumford criterion means:

x € X¥*(N) <= 0 € conv(Wt(x)).

We want to express this in a way which does not use an embedding in a P(V'), and which
involves explicitly A/. For this, one has to wonder which objects of X correspond to
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objects in P(V):

In P(V) In X
P(Vy) (for V,, # {0}) fixed points of T
U(P(VX) NnX) XT = {fixed points of T in X}
X
P(Vy)NX a union of some irreducible components X1, ..., X3 of XT
X! character giving the action of T on Ny for i € [1,k]

So we set, denoting by Xi,..., X, the irreducible components of X7, for all i € [1, 5],

xi: Picl(X) — X*(T)
N +—— the inverse of the character giving the action of T on N/| X

Then, the Hilbert-Mumford criterion states:
z € X*¥(WN) <= 0¢€conv({xi(N); i€[l,s] st. xi(N)is a vertex of conv(Wt(z))}).

And the only object left which uses an embedding of X in P(V') is Wt(z). But we can
get rid of it thanks to the following lemma:

Lemma 4.2.4. With the notations used above, if v = Span (ZX UX> e X CP(V),

X is a vertez of conv(Wt(x)) < P(Vy) NT.x # 0.

Proof. Let us recall that there is a duality pairing between X*(7") and the one-parameter
subgroups of T', whose set is denoted by X,(T'): for all x € X*(T) and 7 € X.(T),
xot : C* — C* is of the form z +— 2™ with n integer. We set (x,7) = n. Then, according
to a classical property of convex polyhedra:

(x,7)=0

X is a vertex of conv(Wt(x)) <= 37 € X.(T) s.t. { Wy’ € conv(Wi(@) \ {x}, (x,7) >0 °

As a consequence, if x is a vertex of conv(Wt(z)), we have such a 7 € X, (T'). Moreover,

\V/Z € (C*, T(Z).ﬂf = Span ZX, o T(Z)’UX/ = Span Z Z<X/’T>’UX/

X X’

And thus hH(l)(T(Z).;L‘) = Span(vy) € P(Vy) N T.x.
z—

Conversely, if we suppose that x is not a vertex of conv(Wt(x)), then for all 7 €
X.(T), there exists x(7) € conv(Wt(x)) \ {x} such that (x(7),7) = (x, 7). We want to

prove that P(Vy) NT.z = (.
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By contradiction, let us assume that P(V,) NT.z # (). Then there exists 7 € X, (T') such
that 111%(7’(Z>.$) € P(Vy). On the other hand,
zZ—r

Vz € C*, 7(z).x = Span Z z<XI’T>vX/

’

X

So, for every X' € Wt(z) \ {x}, (X', 7) > (x, 7). This contradicts the existence of x(7)
which is necessarily a convex combination involving at least one element of Wt(x)

{x}-
Then,

O

€ X*¥(N) < 0€conv({xi(N);i€l[l,s]st. X;NT.x+#0}),

which now does not involve anymore any embedding of X in P(V). So this is also true
for line bundles which are semi-ample, and not necessarily ample (since Hilbert-Mumford
criterion holds for such ones). We now extend this to the case when G is reductive. Then
we take a maximal torus 7" in G and, using Theorem 9.3 of [Dol03], we finally get:

Proposition 4.2.5. In our settings (a reductive group G acting on a flag variety X ), if
N is a G-linearised semi-ample line bundle on X, then

r € X¥(WN)<=VgeG, 0ecconv{xiN); i€e[l,s] s.t. X;NT.(g.z) #0D}),

where T is a mazimal torus in G, and X1, ..., X, are the irreducible components of XT .

Inclusions of sets of semi-stable points

The following proposition could be deduced from well-known results on the GIT-fan
(see e.g. [DH98], Section 3.4, or [Res00], Section 5), but we give another demonstration
specific to this case:

Proposition 4.2.6. There exists D € N such that, for all d > D, X*(M ® L%?) C
X*5(L).

Proof. To all x € X and g € G, we associate E, 4 € P([1,s]) (i.e. a subset of [1,s]) as
follows:

Eyqg={i€[l,s]st. X;NT.(g.) #D}.
With this notation, we know that:
reX¥(L)<=Vge G, 0econv({xi(L); i€ Eyg}).

So we set A = {E;4s.t. 0¢ conv({x;(£); i € E;4})}, which is finite since contained
in P([1,s]). Then, for all E € A, there exists ¢r € (RY)* such that, for all i € E,
or(xi(£)) > 0. Moreover®,

£®d
VE € A, Vi€ E, pgox; (M® ) er(xi(L)) >0,
d d—+o00

3the additive maps ¢g o x; : Pic®(X) — R can be extended without problem to Pic®(X) ®z Q
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£
so there exists D € N* such that, forall d > D, foralli € E, pgox; (A/l@) > 0.

d

We then set D = max{Dg ; E € A}. Let d € N, d > D. Let = ¢ X*5(L), which
means that there exists g € G such that 0 ¢ conv({x;(L) ; i € E;4}). In other words,

©d M@ L2
ELg c A. SO, as d > D > DEz,g? (,DEz,g(XZ(M QL )) = dSDEI-,g o X; T >0
for all © € E, 4. Hence

0 ¢ conv ({Xz (M ® £®d) NS Ex,g}) ez ¢ XM LP),
Thus, X*$(M ® £LZ) C X*3(L). O

4.2.3 Use of Luna’s Etale Slice Theorem

Let us recall that we considered a triple of partitions («, 8,7) such that, for all d € N*,
9de,dp,dy = 1. This means that,

vd e N*, HO(X, £%4)¢ ~ C.
Then, using Proposition 8.1 of [Dol03], as X is projective,
X*(L) J G ~ Proj(CJ[t]).

So X*3(L) J G is a point. Thus X*°(L) contains exactly one closed G-orbit, denoted by
G.xo. Moreover, X**(L) is affine (since the canonical projection X**(L) — X**(L) J G
is affine). So we can use Corollary 2 to Luna’s Slice Etale Theorem (cf. [Lun73]): there
exist a reductive subgroup H — which is in fact the isotropy subgroup G, — of G and an
affine H-variety S such that

SH = {0}
Ve €S, xg € Hx
X*(L)~Gxyg S

Furthermore, since X is smooth, S is isomorphic to T,,X/T.,(G.z¢) as an H-variety.
Thus S is a vector space of finite dimension on which H acts linearly.

4.2.4 Proof of the characterisation

We are now ready to prove Theorem 4.1.2. We still have our weakly stable triple («, 3,7)
and another triple of partitions (A, u, ), which give rise to the two (semi-ample) line
bundles £ and M.

Proposition 4.2.7. If D € N is such that, for all d > D, X*(M ® L%?) C X*5(L),
then
vd > D, HY(X, M ® L&) ~ H(S, M),
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Proof. Let D € N be as in the statement, and d € N, d > D. Then, thanks to Proposition
4.2.3,
HO(X,M ® £®d)G ~ HO(XSS(M ® £®d),M ® £®d)G.

Consequently, since X*¥(M ® £%?) ¢ X*%(L) C X,
HO(X, M ® £84)C ~ HO(X*(L), M ® £L5%)C.
Now, using the consequence of Luna’s Slice Etale Theorem:
HO(X, M ® £8)C ~ HY(G xS, M & L8 ~ HO(S, M @ LONH.

We are almost done; it only remains to prove that HY(S, M @ L&) does not depend
on d. For this, we demonstrate that £ is trivial on S, using the following lemma:

Lemma 4.2.8. The map

¢Y: X*(H) — Picl(9)
X — Ly

Y

where L, is the trivial bundle S x C whose H-linearisation is given by the character x,
1§ an 1somorphism.

Proof. The only non trivial thing to prove is the surjectivity of ¢. Let N € Pic(S). We
have seen that z is a point of S fixed by H. So, H acts on the fibre A,,. This action
gives x € X*(H). Moreover, N is trivial because S is a vector space. Necessarily, its
linearisation is given by the character x. O

We consider the character x¢ given by the action of H on £,, and we want to prove
that xo is trivial. As 29 € X*%(L), there exist k € N* and o € HO(X, £L2*)F such
that o(zo) # 0. Moreover, dim(H%(X,£)%) = dim(H"(X, £LZF)%) = 1 so, if we take
o0 € HY(X, £)% \ {0}, we have 0% = to with t € C*. As a consequence, o3*(20) # 0
and so og(zg) # 0.

Furthermore,

Vh e H, Uo(xo) = Go(h.xo) = h.o‘o(xo) = Xo(h)o‘o(xo),
and then yo(h) =1 for all h € H. Thus, o is trivial and so is £ over S.
Finally,
Vd > D, HY(X, M @ L8 ~ HO(S, M),
O

Proposition 4.2.6 and Proposition 4.2.7 together conclude the proof of Proposition 4.1.3,
and as a consequence our proof of Theorem 4.1.2. Let us note that the formula we get for
the limit coefficient (i.e. dim H°(S, M)H) corresponds to the one obtained by Paradan
in [Par17], Theorem 5.12.
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4.3 Explicit bounds of stabilisation in small cases

We saw in the previous section that the sequence (gx+da,u+ds,v+dv)den stabilises as soon
as X (M ® L2 ¢ X*%(L). We now would like to see if one can compute the rank D
from which this inclusion is realised. The computation of D from the proof of Proposition
4.2.6 appears to be too tricky, and so in the following we focus on two examples in which
we can do explicit computations using another method.

4.3.1 Steps of the computation

The inclusion X% (M ® L®4) € X*%(L) we are interested in is equivalent to the following:
Xu(L) C X" (M ® L2), Here we are rather looking to prove this last one, principally
because we find that the fact of being an unstable point has -thanks to the Hilbert-
Mumford criterion- a more practical description. Here are the different steps we are then
going to carry out on the two examples:

e The first step is to consider the projection 7 : X — X onto the product of partial
flag varieties such that £ is the pull-back of an ample line bundle £ on X.

e The second step is to study the set X (L) of unstable points in X. More precisely,

we want to express this set as the union of some orbit closures: cl(G.77),...,
c(G.zp).

e Then one can prove that, thanks to good properties of the projection m, X"*(L)
is the union of the closures of 771(G.77),..., 7 1(G.7,). As a consequence, since
XM ®L2) is closed and 7 is G-equivariant, to prove that X**(£) C X"“(M ®
L£24) we only need to show for all i € [1,p] that 771(z5) C X% (M @ LZ?),

e In the fourth step we want to use the Hilbert-Mumford criterion. Let us write it
in a way different from before:

Definition 4.3.1. Let Y be a projective variety on which a reductive group H

acts, and NV a H-linearised line bundle on Y. Let y € Y and 7 be a one-parameter

subgroup of H (denoted 7 € X,(H)). Since Y is projective, }/in% 7(t).y exists. We
—)

denote it by z. This point is fixed by the image of 7, and so C* acts via 7 on

the fibre A,. Then there exists an integer MN(y,T) such that, for all ¢ € C* and

zeN,,

r(t).5 =t 7wz,

The Hilbert-Mumford criterion can then be stated as (see e.g. [Resl0], Lemma 2):

Proposition 4.3.2. In the settings of the previous definition, if in addition N is
semi-ample, then:

yeY®(WN) <« VreX,(H), Ny,T)<0.
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Set ¢ € [1,p]. Since T; € YES(Z), we can find a destabilising one-parameter
subgroup for T;: 7; such that pu* (75, 7;) > 0.

e Let us keep in mind that we want to get 7~ 1(7;) C X“(M ® £%9). By Hilbert-
Mumford criterion, this will be true when, for all z € 7~ (z7), M@ (2, 7;) > 0.
But, for such an z, we have:

M®L®‘i(

14 x77—i) = NM(xﬂ Ti) + duﬁ(fia Ti)'

So we only need to calculate M (z, ;) for all z € 7~ (7;):

— From the definition of the integers u™(.,7;), we see that we can restrict to
the case when x € 7—1(;) is a fixed point of 7;. Then at first we determine
the form of such a fixed point.

— Finally we calculate explicitly the action of 7; on the fibre of M over such a
point.

e As a conclusion, as soon as
M
d > —MZ%
pc (T, 7i)

vai)

for all i € [1,p] and x € 7—(Z;)™, we have the inclusion we were looking for.

4.3.2 Case of Murnaghan’s stability
Reduction to ample line bundles

In this case, the stable triple we are interested in is simply ((1),(1),(1)). It has been
known for a long time that it is a stable triple. Consider
denoted X

. X s PW) x P(Va) x B(Vi ® Va)") .
(Wrii)is, Way)i, (Wi)i) = (Wi, War {p € (V1 ®@Va)" st. kerp=W, . })

Since a = 8 = v = (1), we have that £ = L, ® L5 ® L, is the pull-back of O(1) ® O(1) ®
O(1) (denoted L from now on) by . Moreover,

HY(X, L) ~ (V@ VoV @ V)¢ ~C.

So X*(L) = {x € X s.t. 5o(x) # 0} for any 79 € HO(X, L)%\ {0}. A simple non-zero
section on X is
Cv1 ® Cvg ® Cp — p(v1 @ v2).

And
X*(L) = {(Cvy,Cuy, Cy) € X s.t. v1 @ vg ¢ ker @}
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Determination of X ()

Let us take (ey,...,epn,) a basisin V; (with ny > 2), and (f1,..., fn,) @ basisin Vo (ng >
2). Their dual bases are denoted with upper stars. Moreover, we set n = min(ny, ng).

Proposition 4.3.3. The set YHS(Z) consists in the closure of the G-orbit of the element
T = (Cex, Cfa, Cpn), where g = Y0y e ® fi € Vi @ V5 = (Vi ® V)",

Proof. At first, since X (£) = {(Cvy,Cuvy,Cy) € X s.t. p(v1 @ v9) = 0}, X (L) is

pure of codimension 1.

Then P((Vi @ V2)*) ~ P(V}* ® Vi) ~ P(Hom(V4, V5°)). So we consider (I1,l2,Ct) €
P(V1) x P(V2) x P(Hom(V1, V5)). The action of G is then:

V(g1,gg) € G> (91,92)~(Z17527C7/J) = (Ql(ll)aQZ(ZZ)aCt951 © ¢ o gfl)'

So we know that the orbits of the action on the third part (Ct)) are classified by the rank
of ¥. Moreover, this triple (I1,l2, Ct) defines several subspaces:

inVi | inV | in V}* | in V5
Ih I Hy =1f Hy =y
ker ) ker t) Imtp = (keryp)t | Tmyp = (kerisp) L
N (Hy) | ' (Hy) | "p(le) = o~ H(Ha) T | (h) ="y (H)t

and the different possible positions of 1 and Il with respect to kert, 1~ '(Hz), and
respectively ker ‘1), 9o~ (H7), shall help us to describe the orbits. Furthermore, ker C

Y (Hs), ker 'y € tp~(Hy), and Iy C o~ (Hy) < Iy C W1 (Hy).

First case: n; = ngy (so n = ny = na).
Let us first assume that rk¢ = n. Then, kert) = {0} and ker®y) = {0}. So this leaves
two possibilities for the positions of [; and [lo:

e Iy C Y (Hy) and Iy C “4p~1(Hy). One can check that such (Iy,ls, Cy) form one
orbit, Oy.

e Iy ¢ Y Y(Hy) and Iy ¢ '~ 1(Hy). One can also check that such triples form a
second orbit, Os.

We can see that Oq is unstable, whereas Oy is semi-stable.

What if rk¢) < n — 17 The closed subset Y = {(I1,l2,C¢) s.t. rky < n — 1} satisfies
codim(Y NX (L)) > 2 because, for all I; and lo, {Ct); rktp < n—1 and P(l1)(l2) = {0}}
has codimension 2 in ]P’(Hom(V17 V5)). So the complement of Y N X **(£) intersects every
irreducible components of X °(£). Thus, Y¢ = {(I1,13,Ct)) s.t. rke¢p = n} intersects
every irreducible components of X (L)

Conclusion for this case: X' (L) = cl(Oy), the closure of orbit ©;. Furthermore, a
representative of O; is T = (Cey, Cfa, Cyp).



46 CHAPTER 4. STABILITY FOR KRONECKER COEFFICIENTS

Second case: n1 < ng (and then n = ny).

In this case, {Cv¢ s.t. rki) < n — 1} has codimension at least 2 (because the minors of
rank n must be zero, and there are at least 2). So, as in the previous case, it suffices to
consider the case where rk 1) = n, for which ker+) = {0} and ker ) # {0}. This leads to

three possibilities for 1 and ls:

o Iy C Y~ Y(Hy) and Iy C ker’sp C 'p~1(Hp). One can check that such (Iy,ls, Cy))
form one orbit, O;.

o Iy C Y~ (Hy) and Iy ¢ kerap, but Iy C “4p~1(Hy). Once again, one can check that
this gives only one orbit, Os.

o Iy ¢ v Y(Hy) and I ¢ “4p~1(Hy). One can still check that these triples form one
orbit, Os.

The orbit Oj is semi-stable, whereas O; and Oy are unstable. In addition, O; C cl(O2)
because, if ki = n and (1,1, Ct) is unstable, (I1,l2,Cy) € O & tah(lo) = {0} and
(l1,12,Cy) € Oy & td)(lz) # {0}.7718 -

Conclusion for that case: Here, X (L) = cl(O2) and a representative of Oy is the same
T as before: T = (Cey, Cfa, Cyy,).

Third and last case: n; > no.
Everything happens similarly to the previous case, if we exchange the roles of V; and V5.
So we have also the orbit of T = (Cey, Cfo, Cy,) which is dense in X *°(£). O

Restriction to 7—1(7)

The projection 7 we use is of the form
7:G/B — G/P,

with G a complex reductive group, B a Borel subgroup, and P a parabolic subgroup
containing B. So the fibres are all isomorphic to P/B (m is even a fibration). This
is also true for its restriction to X*“$(£) = 7~ (X **(£)). Thus, since G.T is dense in
X"(L), 7 YG.T) is dense in X" (L). As a consequence, X" (L) C X"(M @ £29) if
7 HG.T) C X¥(M® L) (because XU (M ® LP?) is closed). And finally, if 7~(F) C
X (M ® L), then 771(G.T) C X"$(M @ LP?) since 7 is G-equivariant. Hence the
following lemma:

Lemma 4.3.4. If dy € N is such that, for all d > dy, 7~ 1(T) C X"$(M @ LZY), then

Vd > do, gxyd(1)utd(1)w+d(1) = Irtdo(L)utdo(1)w+do(l)-
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Computation of the bound

We identify GL(V1), GL(V2), and GL(V; ® V2) respectively with GL,, (C), GLj,(C), and
GLy,n, (C) thanks to the bases (e1,...,en,) and (fi,..., fn,) of V1 and V5 respectively
that we considered. The basis in Vi ® V5 is then (e; ® f;);;, ordered lexicographically.
Moreover we use the following notation for one-parameter subgroups of some GL,, (C) x
-+ X GLyy,, (C):

7: C* — GLyp,(C) x -+ x GL,, (C)

1 J
(1) agz)

t% t
a5 o
t — ( ) ) )
pain) t“gﬁ;
is denoted by 7 = (aﬁl), aél), e 7(1%3 e ’agp)7 SRR a%i).

Destabilising one-parameter subgroup for Z: We set the following one-parameter sub-
group of G:

7= (1,-1,0,...,0 | = 1,1,0,...,0).

Then, since the action of 79(¢) on the lines Cey, Cfo, and Cy,, is the multiplication by ¢,
t, and 1 respectively, we have

Mﬁ(fv 7—0) =2

Let now z € 7~ 1(Z). We want to calculate p™(z, 7). Thanks to the way p is defined
(first, one has to take the limit when ¢ — 0 from 79(¢).x and gets a fixed point of 79),
and since 7 is fixed by 79, it suffices to calculate p™(z, 79) for z € 7= 1(Z)™. So we take
r € m(z)™.

Form of an element x € 7 (Z)™: First of all, the action of 7p on V; has three different
weights: 1,-1, and 0, whose corresponding subspaces are

W1 = Ceq, W_1 = Cesq, and Wy = Ceg + - -- —s—(Cem.

Thus, the component of z in F¢(V}) is a flag given by a basis of V; composed of: e;
at first, eo in a position ¢ between 2 and ny, and ny — 2 vectors forming a basis of Wj.
For the same reasons, there exists an integer j between 2 and ng such that the second
component of x (in F¢(V3)) is a flag given by a basis of V5 composed of fo at first, fi in
position j, and ng — 2 vectors forming a basis of Cf3 +--- + Cf,,.

For the third component (in (Vi ® V3)) of x: the action of 7y on Vi ® V5 has now
five different weights, 2, -2, 1, -1, and 0, whose respective corresponding subspaces are

Wy =Ce1®fa, W_g = Cea®f1, W1 = Ce1® f3+- - +Ce1® fr, +Ces® fo+- - -+Cep, @ fo,
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W_1=Cea®f3+---+Cea® fr, + Ces @ f1 +--- + Cep, ® fi,
Wy spanned by the rest of the e; ® f;.
Thus, the component of x in F¢(V; ® V3) is a flag given by a basis of V] ® V5 of the form:
® e1 ® fo at a position ko between 1 and ning — 1,

® o ® f1 at a position k_o between 1 and nino — 1,

(1) (1)

e 11 +ng —4 vectors forming a basis of Wy at positions m; ... My 4 o4 (between
1 and ning — 1),
e N + ng — 4 vectors forming a basis of W_; at positions mg_l), ... ,mgi)nrél (be-

tween 1 and ning — 1),

¢ the other vectors forming a basis of Wj.

Calculation of the action of 7y on the fibre of M over x: (We denote this fibre by M,).
Let us recall another description, for § a partition, of the line bundle L5 on a flag variety
FU(V) (with dimV = n > £(5)). We have the embedding

L F(V) — I, PN V)
(Cv1,Cvy & Cug,...,Cu & ---®Cuvy) > (Cv1,C(vy Ava),...,Cor A Awvy)

Then Ly is the pull-back of the line bundle O(6; — d2) ® -+ @ O(6p—1 — 0) @ O(8,,) by
¢ (for all the partitions that we use, we take the convention that, if i > ¢(4), §; is simply
0). Using this description and the form of an element x € 7~1(Z)™, we can easily get
the following:

Lemma 4.3.5. For x € 7~ Y(T)™, there exist i € [2,n1], j € [2,n2], and 2(n1 + ng — 3)
(1) (1) (=1) (=1)

distinct integers ko, k_o,my’, ..., my o omy o my vy € [1,nang — 1] such
that
ni+ng—4
M / / ! !
pMmo) = A = Nk =20, v+ Y (- V)
k=1 )
with (U1, .., Viny) = Wnings - -, v1). Moreover, all the possibilities for 4,7, kg, k_o, the

(1)

—1 . . . 1 /=
my. " ’s, and the m,g )'s arise when x varies in T Lz)m.
As a consequence,

ni+ns—4

max _ (—,UM (,70)) = =A1+ Ao — p + p2 + 2(V2 — Vnyny) + Z (Vk+2 = Vnino—k)-
zenm—H(T) 1

Finally, Lemma 4.3.4 leads to the following result:
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Proposition 4.3.6. If we set

1
dy = 3 (—)\1 + A2 — g1+ p2 + 2(V2 — Vnyny) +

we have for all d € N such that d > d,
IA+d(1),u+d(1),v+d(1) = I+ |do+1](1),u4|do+1](1),v+|do+1](1)"

Proof. For all z € 7~ (%) and all d > dj,

pMEE 2, m0) = M (7o) + A (F, 7o) = pM (2, 70) +2d > 0

1
because d > dy > —§,uM (x,70). Thus, by Hilbert-Mumford criterion, x € X“(M ®
£84) and we conclude using Lemma 4.3.4. O
Remark 4.3.7. We even have the inclusion X*$(M ® £L®9) C X*5(L) which is true for

all d > dy, d € Q. Indeed, the definition of X**(N) (and the one from 1V (.,70)) can be
extended to N € Pic%(X) ®7 Q:

X*(N) = {z € X |3k € N* s.t. N® € Pic¥(X) and Jo € HO(X, N®)E, o(z) # 0}.

4.3.3 Case of the triple ((1,1),(1,1),(2))

We now have a look at the triple ((1,1),(1,1),(2)) which is also stable (cf. for instance
[Stel4]|). We consider

denoted X
X — ]-'é(Vl; 1,2) X Fg(VQ; 1,2) X P((Vl & VQ)*> .
((Wa)i, (Wi, W)i)  — (W, Wa), (W1, W3),{p € (Vi @ Va)" [ kerp = Wy, 1})

n

Similarly as before, the line bundle £ is the pull-back by 7 of £ = L, ® L5 ® O(2).
The same arguments that we have used throughout the previous section are also going
to work here. The only changes will be the orbits of G in X which are unstable:

Proposition 4.3.8. If ny > 3 or ny > 3, then the set YUS(Z) of unstable points consists
in the union of the closures of two G-orbits: that of T1 = ((Cey,Cey + Ces), (Cf3,Cfs +
Cf1),Cepy) and that of To = ((Cey,Cey + Cea), (Cfa,Cfo + Cfs),Cop).

Proof. 1t is completely similar to the proof of Proposition 4.3.3. O

We then set two destabilising one-parameter subgroups of G for the two elements 71
and To (we still consider the case when ny,ng > 3):

7= (0,1,-1,0,...,0 | 0,—1,1,0,...,0)

and
7= (1,0,-1,0,...,0 | - 1,0,1,0,...,0),
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which give

pE @, T) = 2 = pE (@2, ).
As before, we only have to get a bound from which 7=}(7;) € X%(M ® £%) and
7N (Ty) C X (M @ LEY). We have already seen the form of elements of 7! (Z;)™ and
71(Z2)™, and as a consequence we get:

Lemma 4.3.9. Ifny > 3 and no > 3,

ni+ns—4

max (_NM(bel)) = —Ao+ A3 — 1 +ps+ 2(V2 - me) + Z (Vk+2 - ansz)

z1€n~1(T1)

k=1
and
ni+nz—4
max_ (—p (w2, 72)) = = A1+ Ay — pi2 + p3 +2(v2 — V) + (Vk+2 = Vning—k)-
a1 (22) s

What remains to be seen is what happens when ny = 2 or no = 2. Let us focus on
the case where n; = 2 and ng > 3. Then, 71 and 79 become:

7= (0,1]0,-1,1,0,...,0), = (1,0 | =1,0,1,0,...,0).

We still have ,uz(fl, T)=2= uz(@, T2), but this time
ng—1
max (—pM(21,71)) = —Ag — p1 + g + 200 — Vopgy + Z VE42,
z1€ET—1(Z1) P
and
ng—1

max (—MM(iUzaﬁ)) = —A1 — p2 + p3 + 202 — vap, + Z Vi+2-
zoEm—1(ZT2) P

By exchanging the roles of V4 and V5 (that is to say A and p), we easily get the result
for the case n; > 3, no = 2. Only the case ny = 2 = ny remains, and we could do exactly
the same. But the result we would get would be exactly the formula for ny = 2, ny > 3
in which we take us to be zero. Finally we have:

Proposition 4.3.10. If we set m = max(—Xy — 1, —A1 — p2) and

( 1 ni+ngs—4
5 <m + A3+ s 20 = Vi) + ) (ke — Vn1n2—k)> if n1,n2 >3
k=1
1 no—1
dop = B <m+ﬂ3+2V2—V2n2+ ; Vk+2> ifng =2 ,
1 nlil
5 <m+)\3—|—21/2—l/2n1—|- ; Vk+2> an2:2
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then we have, for all d € N such that d > dy,

IA+d(1,1),u+d(1,1),v4+d(2) = 9r|do+1](1,1),u+|do+1](1,1),0+|do+1](2)

Proof. Tt is exactly in the same way as the proof of Proposition 4.3.6. O

Remark 4.3.11. We can notice that, in the cases where ny = 2 or ny = 2, we have
two possible bounds: the one which concerns only these cases, or the general one, which
we can use by considering A (respectively u) of length 3 by setting A3 = 0 (respectively
w3 = 0). We will come back to this in Remark 4.3.16.

Remark 4.3.12. As after Proposition 4.3.6, we have also here that the inclusion X*(M®
L£24) ¢ X*5(L) is true for all d > do, d € Q.

4.3.4 Slight improvement of the previous bounds

In Propositions 4.3.6 and 4.3.10, we got an integer or half-integer dy such that the se-
quence (gat+da,u+ds,v+dvy)d is constant for all integers strictly greater than dy. We now
want to prove that, if this dg is an integer, this sequence of Kronecker coefficients already
stabilises for our bound dy. We need at first, in the following subsection, to expose a
well-known result of quasipolynomiality.

Piecewise quasipolynomial behaviour of the dimension of invariants in an
irreducible representation

This part of the chapter is quite disconnected with the others. The inspiration for the
proofs given here is the article |[KP14|, in which the case of T-invariants is studied. Note
also that the quasipolynomial behaviour of this kind of multiplicities can be seen as a
consequence of the work of E. Meinrenken and R. Sjamaar on [@, R] = 0 (it is explained
in Section 13 of [PV16]). The following settings concern this subsection and only this
one.

Let G be a connected complex reductive group, and H be a subgroup of G, also
reductive. We consider a maximal torus T, a Borel subgroup B of G such that T' C B,
and the corresponding flag variety X = G/B. We denote by X*(T) the (multiplicative)
group of characters of T, and by @ and A respectively the root lattice and the weight
lattice. AT (resp. A™T) denotes the dominant (resp. dominant regular) weights.

Let us recall that X*(7') can be embedded as a sublattice of A (let set ¢ : X*(T') < A)
and that
Q C u(X*(T)) C A

Set X*(T)* = o(X*(T)) N AT, and

m: X*(T)" — N
A s dim V(A
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where V(A) is the irreducible G-module with highest weight A. The result we want
to show is that m is piecewise quasipolynomial. For a more precise statement, let us
consider X*(R) = «(X*(T)) ®z R, X*(R)" the cone spanned by X*(T)*, and X*(R)**
the relative interior of this cone.

Here we use the more standard definition of semi-stability: if £ is a H-linearised line
bundle on X, a point z € X is said semi-stable (with respect to £) if there exist n € N*
and o € HY(X, £8")H such that {y € X s.t. o(y) # 0} is affine and contains z. To avoid
confusion with the notion of semi-stability that we use everywhere but in this subsection,
we denote by X5°(L) the set of these semi-stable points with respect to £. Finally let
us denote by Ci,...,Cx the chambers in X*(R)**, ie. the GIT-classes of maximal
dimension. Let us recall that the chambers are the relative interiors of convex rational
polyhedral cones in X*(R)™* (see [Res00]). For all k, denote by X5 (Cy) the set of
semi-stable points common to all £y for A € Cj.

Lemma 4.3.13. There exists a sublattice T of o(X*(T)) of finite index such that, for all
k € [1,N], for all X € T, the H-linearised line bundle L, = G xp C_) descends to a
line bundle on X5 (Cy) /) H (i.e. the restriction of Ly to X3(Cy) is H-isomorphic to
the pull-back of a line bundle on X3 (Cy) J H).

Proof. For better readability we have divided this demonstration into four steps.

First step: we want to prove that, for all k& € [1, N], there exists a sublattice I'y of
L(X*(T)) of finite index such that, for all A € 'y N Cf, (where Cf = Ci N o(X*(T))), L2
descends to X3 (Cy) J H.

Let k € [1, N]. We set

Ap = {\ € Cf s.t. L descends to X55(Cy) J H}.

Then it is clear that Ay is stable by addition. Thus consider 'y the lattice generated by
Ayp. It satisfies A, =T, N Cﬁ and so, for all A € 'y N C’ﬁ, L descends to X5(Cy) J/ H.
Let us now check that T'y is of finite index in «(X*(7T)). It suffices to prove that there
exists n € N* such that, for all A € Cf, nA € Ty, i.e. L\ ~ L™ descends to X3¢ (Cy) J H.
For all A € Cf = CpN(X*(T)) and z € X35 (Cy) C X5 (L)), by definition we know that
there exist n, » € N* and o0, ) € HO(X, E?nI’A)H such that o, z(z) # 0. Let X € Cﬁ.
Then the algebra
R=@PH (X, LI

n>0

is of finite type. Let us set o1,...,0, a system of generators of R (we can choose
o; € HO(X, L") for some n; € N*). Write ny = [[I_, n; € N*. Then, for x € X5 (Cy),
there exists

orp =07 @ @

with ai,...,a, € N not all zero such that o, (z) # 0. So there exists i € [1,r]

such that o;(z) # 0. Hence oo™ =1t r gy £ () with g™ — o @
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HO(X, £§™)H.
Thus, if we denote by x the character by which H, acts on the fiber (E%n*)z, we have

Vh € Hy, x(h)oo(x) = h.oo(x) = og(h.x) = op(x),

and so x is trivial. We have just proven that, for all x € X5°(Cy), H, acts trivially on
(E?"A)m. In other words, by Kempf’s Descent Lemma (see e.g. Lemma 3.8 in [Kum08|),
Ly, descends to X5°(Cy), i.e. nyA € I'y.

Now, C’ﬁ is finitely generated, since it is the intersection of a lattice and a closed convex
rational polyhedral cone (see e.g. Section 5.18 from [Sch03| on Hilbert bases). So if we
take A1, ..., \, generators, by setting n = [[}_, ny, € N* we get:

VYA e Cp, nh €Ty,

Thus T’y is of finite index in «(X*(T)).

Second step: Now we set

N
T'= ()T
k=1
It is a sublattice of «(X*(T")) of finite index, since I'1,..., 'y are. Moreover, for all

k€ [1,N], for all A € ' NCy C I'y N Cy, L descends to a line bundle denoted ﬁg\k) on
X (C).

Third step: Let k& € [1, N]. We can notice that I' N Cy is a semigroup: it is the
intersection between a lattice and the interior of a convex rational polyhedral cone. Let

us consider Zj the subgroup of I' generated by I' N C. Let A\ € Zi. It can be written as
A1 — Ao, with A, Ao € I'N C). Then we define

a(k 5(k s(k)\*
=i e (£)

which is a line bundle on X5 (Cy) J H. It X = X — X, also (A}, X, € T'N Cy), then
_ Alk) L pk)
A+ A, =N + X € 'NCy and so Lyiin, = L3y
line bundle to which a line bundle can descend (cf. |Tel00], §3), EE\I?HJQ ~ [IE\I? ® ﬁg\z),
(k) Thus
1A ’

Al+A2
£P e (1) ~ 20 (£0)",

Moreover, by uniqueness of the

and similarly for L

and our ﬁf\k) is well defined. As a consequence £y descends to a line bundle on X5 (Cy) /

H for all \ € Z.

Fourth step: To conclude, let us prove that Zp = I'. We consider 71, ..., a system
of generators of I', and a norm ||.|| on X*(R). Set d = max{||y;||; i € [1,7]}. Then there
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exists A € I' N C}, such that B(A,d), the closed ball of center A and radius d, is contained
in Cy. Hence A +; € B(\,d) C Cy for all ¢ € [1,7].

So, for all i, A+ v € I' N Cyk, and thus v, € Z;. Hence Z; = I', which proves the
lemma. O

The following result is then a classical one. The proof we write here is an adaptation
(but with less quantitative results) from the one by Kumar and Prasad in [KP14]|, which
was in the case of T-invariants.

Theorem 4.3.14. Let i = p+ T be a coset of I in o(X*(T)) and k € [1,N]. Then
there exists a polynomial fg 1 : X*(R) — R with rational coefficients such that,

YA € Tr N i, m(A) = fur(N).
Proof. Let i and k be as in the above statement. Applying the Borel-Weil-Bott Theorem
we get that, for all A € X*(T)T, HY(X, £)) ~ V(\)* and, for all p > 0, HP(X, L)) = {0}.
As a consequence, since dim (V' (A)f) = dim ((V()\)*)H>,

m(\) = dim (H°(X, £,)").

Let us begin by considering A € Cyx N fi. Denote by 7 the standard quotient map
X35(Cy) — X5(Cy) /) H and, for any H-equivariant sheaf S on X25(Cy), by m«(S)H the
H-invariant direct image sheaf of S by 7 (it is then a sheaf on the GIT-quotient).
Then, by [Tel00], Remark 3.3(i),

D( YV SS Hy {0} ifp>0
(o) f e ={ Qi e §270
And thus, if x is the Euler-Poincaré characteristic,

X(X5(Cr) [ Hym(£0)) = ) (-1)P dim (HP(XZ(C) /) H,m (L)) = m(N).

p=>0

Take now A € C,Nji. We consider P (containing B) the unique parabolic subgroup of
G such that £, descends as an ample line bundle £{ on G/P via the standard projection
q: X =G/B— G/P. Let v € Cy, N o(X*(T)).
Then, by [Tel00], §1.2, for any small enough rational € > 0, the pull-back ¢*(LY) is
adapted to the stratification on X coming from ¢* (L) ® £&°. So, by [Tel00], Remark
3.3(ii),

¥peN, HP(X3(q"(LY) ® L7F) ) H,m(q"(LF))) =~ B (X, ¢" (L))"

Moreover, ¢*(LF) = £y and X3¢ (q* (L) ® £Z%) = X5 (Lrter) = X5(Ck) (because
A+ ev € Cy if € is small enough), and thus

VpeN, HP(XS(Cy) ) H,m (L)) ~HP(X, L))
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Consequently we have once again

m(\) = x(X3(Cr) [ H,m(L2)T).

We now introduce a Z-basis (1, ..., 7, ) of the lattice I'. For any A = p+> . , a;y; €
Ci N (i.e. with ay,...,a, €7Z),

(L) = m ()T @ £ L

by definition of the lattice I and the projection formula for m,, and with the notation L
defined in the proof of Lemma 4.3.13. Finally, for any such A we apply the Riemann-Roch
Theorem for singular varieties (see e.g. [Ful84], Theorem 18.3), to the sheaf 7, (£) and
get
m(A) = X(X&E(Cr) / H>(7T*(£(A)I;) )
aici(m) + -+ arei ()"
=> , N r(m(£,)1),
n>0 Y X (Cr)/H n:

where, for all i, ¢1(7;) is the first Chern class of the line bundle EASY]:), and 7(m. (L)) is
a certain class in the Chow group A, (X5 (Ck) J H) ®z Q. Hence m(\) is a polynomial
with rational coefficients in the variables a;. ]

Improvement of the bounds of Sections 4.3.2 and 4.3.3
We now come back to the notations of Section 4.2.

Proposition 4.3.15. If dy € N is such that, for all d € Q such that d > dy, X**(M ®
L&) C X*5(L), then

dim (HO(X,M ® £®d0)G> — dim (HO(S, M)H) .

Proof. Let us write £ = dim (HO(S, M)H), consider a dg € N as in the statement above,
and denote by Ci,...,Cn the chambers (i.e. GIT-classes of maximal dimension) in
QLB QM = {L£®* @ M®: a,b € Q} for the action of G on X. Since, for all d > dg
(d € Q), X**(M®LZ) c X*5(L), and thanks to the results by N. Ressayre (cf. [Res00])
concerning the GIT-fan, the situation is necessarily the following:

e the M ® L% for d > dy are in a chamber, say for instance Cj;

e L belongs to C7, the closure of this chamber;
e M ® L®% belongs also to Cf.

We can draw a picture of this situation: in QL & QM, the set of semi-ample line bundles
is a closed convex cone. As a consequence, up to multiplication by a positive rational
number, this set can be represented by a line or a segment. The two cases can here be
treated in the same way, so we assume for instance to be in the case of a line. Then the
situation of the chambers is typically:
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Cil Ciz Ci3 Oi4 Ci5
| | | |
[ [ [ [

If M® L% ¢ Cy, then X*(M @ L) c X*(L) and Proposition 4.2.7 gives imme-
diately that dim HY(X, M ® L%%)¢ = ¢. So we assume from now on that M @ L& ¢
?1 \ 01:

Ch

N
M ®4\£®do L
(if £ belongs to the boundary of Cy, this does not change what follows).

Applying Lemma 4.3.13 and Theorem 4.3.14, we get that there exists a sublattice
I' of finite index of the lattice ZL @ ZM = {£%* @ M®*; a,b € Z} such that, for all
7 = ymodl' € (ZL & ZM) /T, there is a polynomial P5 with rational coefficients such
that
YN € C1 N7, dim (H(X,N)€) = Py(N).

In particular, if we denote 59 = (M @ LZ)modTl,
dim (HO(X, M® £®d0)6‘) = Py, (M ® LE%).
We then consider the polynomial function in one variable
P:d— Py (M ® L%,

We want to prove that P is constant and we know that, for all integers d > dy such that
(M@ LENmodI = 79, P(d) = dim (H(X, M ® £®)%) = ¢. 1t is consequently sufficient
to notice that there exist infinitely many such d’s: if we denote by N = M®4 @ L&
and Ny = M®%2 ® L8 the elements of a Z-basis of ', each d € N(byas — a1bs) + do does
the trick. Finally, P is constant and dim (HY(X, M @ LZ0)C) = P(dy) = 1. O

Thanks to this result we can improve slightly Propositions 4.3.6 and 4.3.10, and get
Theorems 4.1.4 and 4.1.5.

Remark 4.3.16. We had previously noticed that, in the case of the triple ((1, 1),(1,1), (2)),
if n; = 2 (or ny = 2), there were two ways to compute a bound:

¢ by using the formula in the previous theorem which is special to this case,

e by using the formula valid for ny,ny > 3, setting A3 = 0 (or ug = 0) and considering
A (or p) as a partition of length 3.

Let us compare the two bounds we can obtain. For instance for three partitions of the
form (Ai,...,An;), (01, p2), and (v1,...,v2p,) (with ny > 3), we obtain by the first
method:

1
Dy = ’72(m+)\3+21/2_7/2n1 +V3+V4+"'+V7L1+1)-‘ :
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And by the second method we get:

1
DIQZ ’72(m+)\3—|—2V2+V3+V4—|—~--—|—an+1)-‘.

So we have Dy < D) and D) — Dy = LV22”1J. Similarly, for (A1, A2), (u1,p2), and
(v1,...,14),

1 1
Dy = [Q(m + 29 — vy + 1/3)-‘ , whereas Dj) = {Q(m + 21y + 13+ V4)-‘ .
Once again, Dy < D). And, this time, D} — Dy = vy.

As a conclusion, it is better to use the first way of computing the bound, and that is
what we do later on the examples.

4.3.5 Possibility of recovering already existing bounds by our method

In the case of Murnaghan’s stability, there are some already existing bounds for the
stabilisation of the sequence (see the Introduction). An interesting fact is that we can re-
cover (and sometimes improve) some of them by our method, if we choose one-parameter
subgroups different from the one that we had chosen. We focus only on two of the four
bounds we cited: Brion’s one (denoted by Dpg), and the second one from Briand, Orel-
lana, and Rosas, which we denote by Dpora (these authors introduced two bounds, and
this one is the second). They are the ones who have a form similar to our bound; the
two other ones seem far too different to be obtained this way.

Conversion to our settings

In the article [BOR11], the settings are different from ours. So, if we want to recover
the bounds given here, the first thing is to convert them into our settings. For the
authors, the bound given (for a triple of partitions (a, 3,7)) is the first integer n for
which @[n] = (n — |a|,a1,..., ay4)), B[n], 7[n] are partitions and the sequence

(9ax{n] B 70

reaches its limit value (we know that it is a stationary sequence). Whereas for us, our
bound for a triple (A, u, v) of partitions (such that |A| = |u| = |v|) is the first integer d
such that the sequence
(Irt(d) ot (@) ,04-(d) )d

reaches its limit value.

The correspondence between the two points of view is then (we adopt the following useful
notation: for a partition §, d>2 denotes the partition obtained by removing the first -i.e.
biggest- part of J):

o= A>2
5:M22
V= V>2

n=d+ |MN=d+|ul=d+ ||
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M. Brion’s bound, which in [BOR11] notations is Mpg(a, B;v) = |a| + |B] + 71, then
becomes
DB()U/’L?V) = |PL| - )\1 — Y1+ vo.

Similarly the bound Dpogr2, which in their notations is

laf 4+ 8] + |y| + o1 + b1 +’Y1J
2 )

Na(asi) = |

becomes

=1+ 2| —vi + A2+ pe +I/2J
2 .

DBORQ()H 22 V) = \‘

One parameter subgroups corresponding to Dp and Dpopgs

Case of Dp: We define the following one parameter subgroup of G:
5= (1,0,...,0 | = 1,0,-1,...,-1).

Thus 75 satisfies ,uz(f, m5) = 1 and, for all 2 € 7~ 1(Z),

ML (1 7p) > 0= d > max, e 1z (—pM (2, 78))
- _)\1+,U2+,U3+"'+Mn2+V2_Vn1+n2_"'_l/nln2~

Until now, we did not make any particular assumption on the flag varieties we considered.
We had always taken complete ones, but we could also consider partial ones. Here, let
us consider the partial flag variety F¢(V) ® Va; 1,2, ..., n1 +ng — 1) for the third factor of
X. This corresponds to forgetting the terms —v4, 4y, -+ — Vpyn, in the right-hand side
of the inequality above. This way, this right-hand side is just Dp(A, p,v). Hence the
bound Dpg can be recovered by our method, with the one-parameter subgroup 75.

Remark 4.3.17. We can thus have an improvement of Dp in the case of a “long”
partition v: if we keep on with complete flag varieties, we keep the terms —vy, 1p, - —
Unin, at the end of the bound, and so it gives a lower value (and then better one) for
partitions v of length at least ny + no.

Case of B-O-R 2: We define the following one parameter subgroup of G:

mporz = (1,-1,0,...,0 | —2,0,—1,...,-1).

This Tpore satisfies u£(Z, Tpore) = 2 and, for all z € 7~ 1(z),

1
/LM®C®d(J:‘,TBORQ) >0<«<—=d > 5 malxi (—IUM(J:‘,TBORQ))
zem—1(T)
1
= 3 =M1+ A2+ 2p0 + |p>3] — v+ v2 — Upygng—1

T Vnyng—ny—ng+2 — 2(Vn17l2*n1*n2+3 T+
+Vn1n2—1) - 31/”1”2)'
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Once again, considering the partial flag variety F¢(V) @ Va;1,2,...,n1 +ng — 2) (slightly
different from the previous case), we can “forget” the terms concerning the last parts of
partition v (i.e. —Vni4n,—1 =" = Vnino—ni—no+2 — 2(Unino—ni—no+3 + * + Vnyng—1) —
3Unyn,) and thus recognise Dpogra(A, i, v) in the right-hand side of the previous inequal-
ity. Hence the bound Dppgre can be recovered by our method, with the one-parameter

subgroup TpoR2-

Remark 4.3.18. As for Dp, we can also have an improvement of Dpopro by keeping
the complete flag variety F(V; ® Va): if £(v) > ny + n2 — 1, our method gives a lower
bound.

4.3.6 Tests of our bounds and comparison with existing results
Tests and comparison for ((1),(1), (1))

We are now going to test the bound D; from Theorem 4.1.4 on a dozen examples. We
also compare it to the four other bounds exposed in [BOR11]| (Vallejo’s bound is denoted
by Dy, and the first one from Briand, Orellana, and Rosas by Dpor1)-

The following array presents the results of these bounds on chosen examples. We
also added a column giving the minimal integer coming from all the bounds obtainable
by our method: ours, Dp (a little improved, by Remark 4.3.17), and Dpogre (likewise,
cf. Remark 4.3.18). We denote this by D,,. Finally, we calculated with Sage* the
first integer — denoted Diyea — from which the sequence (gatd(1),u+d(1),v+d(1))den actually
stabilises.

triple A, u, v Dieal | D1 | D | D | Dpore || Dv | Dpori
(8,5,2),(6,5,2,2),(4,4,3,3,1) 5 6 | 5|5 6 5 5
(4,3,3),(3,23,1),(23,1%) 3 41 4|5 4 4
(5,5,4,4),(6%),(3,3,24,1%) 5 51 5 |10 9 11 6
(6,5,5) (8,8),(4,4,3,3,2) 4 41 4] 6 7 7 4
5 ) (49), (24,112) 4 51 4 |13 10 14 6
(63), (36) (26,16) 6 716 |11 9 11 7
(5,5,4,4),(6%),(3,2%,13) 4 41 419 8 11 5
(7,6),(6,5,2),(7,3,2,1) 3 313 |3 3 4 3
(8,4,3,3,1),(7,3%), (14,3, 2) 0 0| 010 0 0 0
(8,5,3,1),(2,11%),(4,3,3,2,2,13) | 1 31116 6 7 2
(6,6,4),(8,8),(5,5,4,1,1) 6 716 |7 8 7 7
(8,6,6,2,1), (14,5 ),(54,3) 5 6| 6 | 6 6 8 5

We can notice (see e.g. the third row in the array) that there exist cases in which
our bound is optimal whereas the other known bounds compared here are not. Ours is
of course not always better: see e.g. the last row.

*http://www.sagemath.org/
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Tests of the bound for ((1,1),(1,1),(2))

Here we compute the bound Dy from Theorem 4.1.5 for a dozen examples and compare
it, in the following array, to the first integer Dyey from which the sequence actually
stabilises. This last integer was once again computed with Sage.

A K 4 Dy Dreal

(5,5,4,4) (6) 3,3,24,1Y) [ 5 | 4
(5 (4%) (24112 | 5| 4
(6,5,5) | (6,5,5) | (3,3,2%,1,1) | 4 | 4
(8,5,2) |(6,5,2,2) | (4,4,3,2,2) | 4 | 4
(4,3,3) | (4,3,3) (23,1%) 3 3
(5,4,4) | (5,4,4) (3,23,1%) 3] 3
(6,5,5) (8,8) (4,4,3,3,2) | 3 | 2
(6,6,6) (9,9) (6,4,3,3,2) | 3 1
(10,8,6) | (12,12) |(6,5,4,4,3,2) | 1 1
(8,2) (6,4) (5,4,1) 1 1
(6,6) (8,4) (6,4,2) 0| 0
(20,5) (13,12) | (11,10,3,1) | 2 1



Chapter 5

Application to other branching
coeflicients

In literature one can find results of stability similar to those observed for the Kronecker
coefficients in various contexts (see [Will4, SS16, Coll7, Yinl7|). In this chapter we use
our previous techniques to re-obtain and improve quite a few of these results. Actually,
as soon as — similarly to Chapter 4 — we are looking at sequences (d € N being the
variable) of coefficients given by dim H*(X, M ® L% with G a connected complex
reductive group acting on a projective variety X (both independent of d) and £ and M
two G-linearised line bundles on X, our previous methods can be applied.

This allows us to look at three other examples of branching coefficients, and we begin
in Section 5.1 with a look at plethysm coefficients. They are the branching coefficients
arising when one looks at the composition of Schur functors, and are considered to form
an extremely difficult problem. A result of stabilisation about them was proven in [SS16],
and we manage to reprove it. As an application it allows to re-obtain some examples of
sequences of plethysm coefficients that were proven — by L. Colmenarejo in [Coll7]| — to
be eventually constant.

The second example that we consider, in Section 5.2, concerns the multiplicities
in the tensor product of two irreducible representations of the hyperoctahedral group.
This (finite) group is the Weyl group of type B,,, which we denote by W,,, and can be
expressed as a semidirect product: (Z/2Z)" x &,,. Then we explain that the irreducible
Wp-modules are indexed by double partitions of n, i.e. ordered pairs of partitions whose
sizes sum up to n. This allows to define the branching coefficients corresponding to the
tensor product of two such W,,-modules. A key point is then that there exists a kind of
Schur-Weyl duality in that case, which allows to interpret these coefficients as branching
coefficients for connected reductive groups (see Section 5.2.2). Therefore we obtain in
Section 5.2.3 a stability result similar to the one concerning Kronecker coefficients and
apply it for instance to obtain and study an analogue of Murnaghan’s stability.

61
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Finally we study a third example in Section 5.3: M.Aguiar, W. Ferrer Santos, and
W. Moreira introduced in [AFSM15] a product called the Heisenberg product, that they
defined on various objects (their goal was to unify many existing related products and
coproducts). We are interested in their definition of it in the context of representations of
symmetric groups, particularly because it defines coefficients — called “Aguiar coefficients”
in [Yinl7] — which extend in a way the Kronecker coefficients. Moreover L. Ying proved
a kind of Murnaghan’s stability for these coefficients. In Section 5.3.2 we manage to
express the Aguiar coefficients as branching coefficients for connected reductive groups,
which allows us to prove the usual general stability result (i.e. the equivalent of “stable
< weakly stable”) and to get some new examples of stability such as the one proven by
Ying. We also discuss bounds of stabilisation in Section 5.3.3, because Ying in addition
computed in [Yinl7] such a bound in the case of this analogue of Murnaghan’s stability.
We compute therefore a bound of stabilisation for this example too, as well as for two
other examples.

5.1 Application to plethysm coefficients

5.1.1 Definition and some known stability properties

The plethysm coefficients were introduced by J. Littlewood in 1950. To define them
we still denote by S the Schur functor. For any partition A, we also denote by n) the
dimension of the representation S*(V'). By Weyl’s Dimension Formula, if £(\) < dim(V/),

H Ai—Aj+J—i

ny = . .
J—1

1<i<j<e(N)

(see e.g. [GWO09]). The difficult problem of the composition of Schur functors gives rise
to the following definition:

Definition 5.1.1. Let A and p be partitions such that £(A) < n, and V a complex
vector space such that n = dim V' > ¢(u). Then S}(SH(V)) is a representation of GL(V)
and thus splits as a direct sum of irreducible ones:

SMsH(V) = P af,SV).

vs.t. L(v)<n
The coefficients ay. . are called the plethysm coefficients.

Remark 5.1.2. There is a necessary condition (known since the work of Littlewood)
on the sizes of the partitions for these coefficients to be non zero: if |A|.|u| # |v|, then
ay ,=0.

Ap

There exist for those coefficients some stability properties similar to the ones we

studied concerning Kronecker coefficients. The following four are for example given in
[Coll7]:
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Proposition 5.1.3. For any partitions \, u, and v, such that |\|.|u| = |v|, the following
four sequences of plethysm coefficients are constant for n sufficiently large:

v(|pln)
1. (a)\Jr(:)’u Ins

v+n
2. (a/\+(7/;),u)”’

v+(|AIn)
3. (a)\*#(n) )ns

b u+n|/\\ﬂ))n for any partition .

A p+nm
Furthermore, the first one has limit zero when £(u) > 1, and the second and fourth are
non-decreasing.

5.1.2 Relation with invariant sections of line bundles

Starting from Definition 5.1.1 we get, thanks to Schur’s Lemma:
af . = dim(SY(*(V)) @ (§"V)")“
(denoting GL(V') by G). Then, Borel-Weil’s Theorem gives
(S"V)* ~HY(FUV), L)
and
SMEH(V)) = BO(FU(SL(V)), £3)-

Let us keep in mind that, as a vector space, S#(V') is simply C™*. So we obtain the
following proposition:

Proposition 5.1.4. IfV is a complex vector space of dimension n and A, u, v are three
partitions such that L(\) < ny, {(p) < n, and £(v) < n, then

ay , = dim (H°(X,,, £1,)°) ,
where G = GL(V), X, = F(V) x FU(C"™), and Ly, = L, ® L3.

For instance, it gives interesting things for two of the sequences cited earlier:

v+dp . 0 d \G
ai = dim (H (X Law @ L3 ) )

and (dlpl])
v+(dp|) _ 4. 0 ®d G
Ui (d)e = dim (H (X Law @ L) () )
As, in these cases, the projective variety X,, does not depend on d, we can apply our
techniques. For comparison, for the two other sequences cited, it would give a variety

depending on d and so it would be a lot different.
More generally, we are going to consider sequences of general term
d .
T = dim (HY (X L £2)°)

where o and «y are partitions such that |af.|u| = ||
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5.1.3 Application of the previous techniques

Using exactly the same method as for Kronecker coefficients, we get the following result
(Sam and Snowden obtained the same in [SS16] by completely different methods, whereas
Paradan reproved it in [Parl7]):

Theorem 5.1.5. Let A\, u, v and «, 7y be partitions such that |\|.|u| = |v| and, for all

d € N¥, azzé u = 1. Then the sequence (a;’:z’; u) is non-decreasing and stabilises for
’ 7/ deN

d large enough.

Proof. The fact that this sequence is non-decreasing is, as in the case of Kronecker
coefficients, quite easy: let o9 € H(X,, La~)¢ \ {0} (such a section exists because
ag = 1). Then, for all d € N, we have the following injection:

i H(X, Ly, @ L2DCE — HY(X,, Ly, @ L65T)E
o — o0& oo

9

vidy v+(d+1)y

and thus Uz tdap S D (d41)au”

For the fact that it stabilises, since it is exactly the same method as for Kronecker
coefficients, we are not going to write every detail. But here are the principal steps of
the proof. First of all,

0 0
HO (X, Lo, ® £39)C HO(X35(Law ® £89), Ly, @ LE)C

HO (X35 (Lap), Loy @ LEL)E for d>>0

R

(because X5%(Ly, ® L) C X;*(Lay) for d > 0). Then, since HO(X,,, £§9)¢ ~ C for
all d € N* and using Luna’s Slice Etale Theorem,

(X, Ly © L5902 HOG s 8, L2, © L34)°
~ HY(S, Ly, ® £

(notations are the same as in the Kronecker coefficients’ case). Finally, we have also here
that the line bundle £, 4 is trivial on S. Thus

HO(X,,, Ly ® L39)S ~HO(S, Ly,)" for d>> 0.

O]

This theorem applies to one of the examples given above: the sequence (azi%’u)deN.

To see that, one just has to check that, for all d € N*, a?g) b= 1. Let us set d € N*. The
m

coefficient gy, 18 DY definition the multiplicity of the irreducible representation S (V)
in the decomposition of Sym?(S#(V)) (Sym denotes the symmetric power).
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e First, if v € S#(V) is of weight p (denoted v € S#(V),,), then v? € Sym?(SH(V)) is
of weight du. So dim (Symd(S“(V))du) > 1.

e Moreover, dimS#(V'),, = 1 and the set of weights in S*(V') is Wt(SH(V)) = {p} U
{weights < u}. So, since a well-known (and easy to understand) fact is that the
weights of Sym?(S#(V)) are among {x1 4+ -+ + Xd ; X1,--->Xd € Wt(SH(V)},
dim (Sym?(S#(V))q4,) = 1.

e Finally, Wt(Sym?(S¥(V))) C {x1+ -+ Xd; X1»---,Xd € Wt(S¥(V))} also gives
us that Wt(Sym?(S#(V))) = {du} U {weigths < du}.

dp
Thus we have Ay = 1.

5.1.4 Another example with different proof

Now what about the other sequence cited as example: (a;igjl)“ ,L))dGN? When ¢(pn) =1, it

is the same as before. So assume £(u) > 1.

Let us set d € N* and compute (zg')“)}. This coefficient is the multiplicity of Sym# (V)

inside Sym4(S#(V)). If Sym®* (V') appears in Sym®(S#(V')), then there exist vectors of
weight (d|u|) in Sym?(S#(V)). But we already explained what weights of Sym?(S#(V))
look like. So, if Sym®*! (V) appears in Sym?(S#(V)), then (d|u|) = x1 + - - + xq With
X155 Xd € Wt(SH(V)). Then, for all ¢ € [1,d], x; = (|u|). But (|u|) is not a weight of
SH(V') (because £(p) > 1 and the weights of S#(V') are in the convex hull of W.u, where

W denotes the Weyl group of G). Thus Sym?* (V) does not appear in Sym?(S#(V)),

which means that a(dlul) =0.
(d),p

As a consequence, X;*(L1),(j,)) = 0 and there exists D € N such that, for all d > D,
X2 (Lo @ LG () = 0 Thus, for all d > D,

v(dlpl) _ s 0(yss d d\G\ _
atar) = dim (WX (L, @ £59), £y @ £59)6) =0,

We recover the result from Proposition 5.1.3.

5.2 Application for the hyperoctahedral group

5.2.1 Notations and coefficients studied

For n > 2, we consider the group W,, = (Z/2Z)" x &,,, which is the Weyl group in
type By, (if we see the root system of type B,, in R™ with basis (e1,...,&,), &, acts by
permuting the ¢;, whereas 1; = (0,...,0,1,0,...,0) € (Z/2Z)" acts just by &; — —¢&;).
It is called the hyperoctahedral group, and it is known (cf. [Will4] or [GP00]) that its
rational irreducible complex representations can be built up from the ones of &,, and are
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classified by double partitions of n. These are ordered pairs of partitions (™

that [at| +|a~| = n.

,a”) such

When (a™,a7) is a double partition, we choose to denote by M+ the associated
irreducible representation of Wi,z (where |o™| stands for [a*|+[a~[). Given two double
partitions (a™,a~) and (871, 37) of the same integer, consider the non-negative integers

”Zyi,gi such that

@nzi fgi
Moz ® Mg+ = 6}9 A4&i P
(Yr7)

where the direct sum runs over all double partitions of |a™|.

5.2.2 Schur-Weyl duality in that case

Let VT and V'~ be two complex vector spaces and set V = VT @ V. Then the groups
GL(V*) = GL(V*') x GL(V™) and W, act on V&, (For W,, &, acts simply by
permuting the factors in V" and 1; € (Z/2Z)"™ acts by multiplying by —1 the i-th
factor in V®".) Furthermore, these two actions commute and thus GL(V*) x W,, acts
on V&,

Proposition 5.2.1. As a representation of GL(VE) x W,,, V" decomposes as a direct
sum of irreducible representations in the following way:

Ve = D Vo (GL(VH)) @ My,

(at,a7)

where the direct sum runs over all double partitions of n such that £(a™t) < dim(V™T)
and {(a~) < dim(V ™). Moreover, Vo« (GL(V)) denotes the irreducible representation
ST (V) @S (V™) of GL(VE).

Proof. This result comes from [SS99]. O
We now consider complex vector spaces Vi = Vfr @V, and Vo = V; @V, and we

set GL(V{E) = GL(V;") x GL(V;"), GL(VsY) = GL(V,") x GL(V,). Then, on the one
hand,

Ver @ VEn P Ve GLVF) @My | @ | @ Vi (GL(V;Y)) @ Mg

(eF,a7) (B*,67)
= @ (T0Hes () es” (15 es’ (1) e M)

ot BE yE

@nvi
ot gt

Y
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with the direct sum over all triples (a™,a™),(8%,87),(y",7") of double partitions of
n.
On the other hand,

VPRVt = (Vieh)® = @ V= (GL(VY)) ® M,
(vt7)
where GL(VF) = GL(VT) x GL(V™) and V* = (ViF @V, o (Vy @ Vy), V- =
(VireVy)e (Vi @Vy") (then Vi® Ve =Via V7).
Moreover, one has a branching

GL(V;") x GL(V;) x GL(V5") x GL(V, ) — GL(V') x GL(V ™)

denoted by G denoted by G
and then a decomposition
_ _ @...
e@GLvE) = @ (sTvhes (v)es () es (1)
(aF,a™),(B1,87)
Thus, by identification:
Proposition 5.2.2. The coefficients ”ﬁ,ﬁi are also the coefficients in the branching

situation G — G, i.e. for all double partitions (vt,77),
+
_ _ _ &n”
sTVhesT (v = @ (sTWHes (v)esT ey (1) T
(at,a7),(8+,67)

This new expression yields, by Schur’s Lemma,
_ _ _ G
nli e =dim (87 (V) @8 (VD) @St () @8 (V) @87 (1) @8 (1))
And finally we prove the following proposition:
Proposition 5.2.3. Let (a™,a7), (8%,87), and (vT,~v7) be three double partitions of
the same integer. Then there exist a complex reductive group G acting on a projective
variety X, and a G-linearised line bundle Lo+ g+ + on X such that
”ch,,ei = dim (HO(X, Eaiﬁiﬁi)c) .
Proof. According to what precedes and thanks to Borel-Weil’s Theorem, it is sufficient
to consider complex vector spaces Vi", Vi, Vo', and V;~ such that dim(V;") > £(a™),
dim(V;") > l(a™), dim(V,") > £(8T), and dim(V, ) > £(87). Then one sets
X = AV <PV ) x PV ) x F(Vy ) xRV @ Vm @ Vi @ Vo )x AV o Vy @V @ V),
v+ V-
G = GL(V;") x GL(V;) x GL(V;") x GL(V; ),

and
Lot pt ot =Lot @ Lo~ @ Lo+ @ Lg- QL R LY.
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5.2.3 Stability results and analogue of Murnaghan’s stability
General result and examples

According to the previous section, we find ourselves in the same situation as for Kronecker
coefficients. As a consequence, the same demonstration as in Section 4.2 can be applied
here.

Theorem 5.2.4. If o™ = (a™,a7), F = (BT,87), and v* = (y*,y7) are three double
partitions such that
x dyE _
Vd € N¥, Mot dpt = 1,

then the triple they form is stable in the sense that, for every double partition \* =
(AT, A7), pt = (ut, 1), and v* = (v, v7), the sequence

(58 )
AEtdat pt+dpE | joy
stabilises for d large enough.

Example 1: There is in this situation an analogue of Murnaghan’s stability. It has
already been observed and proven in [Will4], and we retrieve it here: according for
instance to Proposition 5.2.3, we notice that

((1.0)

n((1>,@),((1),@) = 9(1),1),1)

(0 here stands for the empty partition, of size and length zero). Then we can apply
the previous theorem to conclude that, for all double partitions (AT, A7), (u™, u), and
(vt,v7) of the same integer, if we increase repetitively by one the first part of the
partitions AT, u*, and v T, the associated sequence of coefficients ¢ eventually stabilises.

Example 2: Let us consider the following triple of double partitions:

(@, 2), (2, ), (2, 2)))
Lemma 5.2.5. For all d € N*¥,

d((2),2)

n =1

d((2.2).4((2).2)

d((2.(2)

Proof. Let us set d € N*. We proved that the coefficient n
d((2,2).d(@.

) is the multi-

plicity of
Sym*! (V") @ Sym*! (V") @ Sym*! (V") @ Sym*!(V)
n
Sym* (Vit @Vt @ Vi @ V) @ Sym*™ (Vi @ V- @ V7 @ Vy)
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(if ViT, Vi, V', and V, are large enough vector spaces). But we have (cf. for example
[FH91|, Exercise 6.11)

Sm*(ViFevrevrevy) = @ Sym"(F eV esym (VT e V)
m+n=d
- b sTwhHes w)
m+n=d, A\tFm, \—Fn
@SN (V) @SN (V).
And the same kind of formula exists for Sym?!(V;" @ V;” @ V" ® V,"). Hence,

Smed(Vfr RV OV ®Vy)® Smed(Vf' DV, @V @Vy)
+ + + -
= D sV (v est () est (1) e st (1)

(VF A=), (i) st [NE|=|ut =24
RSN (V) @SH (Vi) oS (V) ® skt (V3)

V1:V2,V3,V4
- vi(1+ va (17 + v3 (17— va (17— )P0t Lt
= D (8" (Vi) @ 8" (V") @87 (V) ;§1(V3)) s
)\+,A_”u,+,/j,_71/1,11271/37114
where this last sum runs over partitions verifying |A\*| = |u®| = 2d, and
vi,V2,Vv3,va __ V1 V2 V3 V4
AE = Ot Ot = O = Ot

is a product of four Littlewood-Richardson coefficients. Henceforth, the multiplicity of
Sym*!(Vi") @ Sym®!(V;") @ Sym®! (V") ® Sym®! (V") is
(2d) (2d) (2d) (2d)
Z Otk Oxt = O = Ox= o
AT AT ut
where we take the sum over partitions such that |A\T|+|A7| = |ut|+|u~| = [AT|+|pt]| =
A L] = A+ | = A+ ] = 2d, e. X = [A7| = it = |i~| = d. Then

(2d) (2d) (2d) (2d)
o Z Ot it Ot = O = A=t
d@@)dee) L
Finally, the Littlewood-Richardson rule shows that cg?f? =0 unless A = u = (d). And in
that last case, the coefficient is 1. This concludes the proof of the lemma. O

Proposition 5.2.6. For every triple (()\“‘, A7), (wt,w), (v, 1/_)) of double partitions,
the sequence

( v +d((2),(2)) )

n

ME4d((2),2) w2 +d(2)2) ) ey
stabilises for d large enough.

Proof. This is a direct consequence of the previous lemma and of Theorem 5.2.4. 0
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An example of an explicit bound

We can also here compute in some special and not too difficult cases a bound for the sta-
bilisation of the sequence of coefficients. We do this in the case analogous to Murnaghan’s
stability (Example 1). As before we set £ = L((1),0),(1),0),(1),0) and M = L&+ +. If
we consider the usual projection (cf. Section 4.3.1)

L------- > L
T X X

such that £ is the pull-back of an ample line bundle £, we notice that X and £ are
exactly the same as in Section 4.3.2. Then we know that it is sufficient to determine
when 771(Z) C X"$(M ® LZ?) (same notation as in 4.3.2 for T). As a consequence, if
we consider for instance the one-parameter subgroup

0= (1,-1,0,...,0] 0,...,0 | =1,1,0,...,0 | 0,...,0)

of G, we have as before p£(Z, 1) = 2. And

max,er-1(z) (—pM(@,70)) = —AT+ A — i 4 pg +2 <V2‘+ - ’/zj(ﬁ)am)w(x—)e(u—))
L) +e(ut)—4
+ Vita — VZE/\Jr)E(u*)M()\‘)f(u‘)*k)
)+ eio)
) (”k_ - ”e?mzur)+4<A7>e<u+>—k+1) :

k=1

Theorem 5.2.7. Let (AT, A7), (u*, ™), and (vT,v™) be double partitions of the same
integer. We set m = LAT)0(u™) + LA )(p™), n=L(AT)(pu™) + LA )(u™), and

() ()4 (AT
MM ud 208 )+ (Vhvo = Vmok) + Z (e = Vngid) | |-
k=1 k=1

Then, for alld > D (d € N),

QD) _ D))
@A) +@) ™) — POFHD) A (u +H(D) ™)

5.3 The Heisenberg product and the Aguiar coefficients

5.3.1 Definition and first properties
Construction

The Heisenberg product was first defined by Marcelo Aguiar, Walter Ferrer Santos, and
Walter Moreira in [AFSM15]. They defined it in different contexts, but we will only be
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interested in one of them, related to what we have done before: the representations of the
symmetric group. In this context, this product extends in particular what is sometimes
called the “Kronecker product” (meaning the tensor product of Gy-modules).

Remark 5.3.1. Let us recall that, for all nonnegative integers a and b, S, x G} can
naturally be seen as a subgroup of G,,. We denote the corresponding injective group
morphism by t4p : G4 X G = Sy

On a different side, for any nonnegative integer a, &, can be considered as a subgroup
of 6, x &, through the diagonal embedding A, : 6, — S, X &,.

Consider from now on two symmetric groups: & and &;. Here is the definition of
the Heisenberg product:

Definition 5.3.2. Let V and W be two (complex) representations of S5 and S; respec-
tively. Let i € [max(k,!),k + []. One has the following inclusions:

Li—l k4-1—i Xlk+l—ii—k

Gi g X Gpq—i X Gpy—i X G Sk x G
ldg,_, ><Ak+l_i><ld6i_k
Gi | X Gy X Gy < L’i*lvlo(lde’i—zﬂmz—ii—k) S;
We then set
(VﬁW), = Indg;l><6;€+l,iXGi,kRengjfékHﬁXGifk(V ®W)

(which is an &;-module), and the Heisenberg product of V' and W is
k+l1

viw = & (Viw).

i=max(k,l)
A remarkable result proven in [AFSM15] is that this product is associative.
Definition 5.3.3. Let A - k and p = I. The Heisenberg product between the associated
irreducible representations of the symmetric group decomposes as:

k+1

MM, = P Pm

i=max(k,l) vHi
The coefficients af , are called the Aguiar coefficients.

We will adopt the convention that, if the weights of the partitions A, p, and v are

not compatible to define an Aguiar coefficient (i.e. |v| ¢ [max(|Al,|pu|), |A| + |¢|]), then
aiﬂ =0.
Remark 5.3.4. As written earlier, the Heisenberg product extends the Kronecker one:
when k = [, the lower term (VW) of VW is just Resg:XG’“ (VeW). As a consequence,
when the three partitions A, p, and v have the same size, the Aguiar coefficient ay. u
coincides with the Kronecker coefficient gy ;..
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First stability results by Li Ying

In this paragraph we recall some results from [Yin17]. If X is a partition and n a positive
integer, A[n] is the sequence (n—|A[, A1, A2, ..., Agy)). The main result of [Yin17] is then:

Theorem 5.3.5. Let A and p be two partitions, and d and h be two nonnegative integers.
Then the decomposition of the &, yp-module (MM ,pn—aq)ntn stabilises when n >
IA| + |p| + A1+ g1 + 3h +2d. Moreover, the stabilisation begins exactly at this particular
integer.

The first part of the theorem can be expressed in terms of Aguiar coefficients as
follows:

Proposition 5.3.6. For all partitions A\ and p, nonnegative integers d and h, integer n
such that n > |X| + [u| + A 4+ p1 +3h +2d, and v n+ h,

v _ v+(1)
AX\n),u[n—d] = a)\[n-i-l],u[n—d—l—l]'

The proof of the previous proposition is strongly based on a remarkable expression

of the Aguiar coefficients in terms of Littlewood-Richardson and Kronecker coefficients:

Proposition 5.3.7. For all partitions \, pu, and v,

v A o T v
A\p = E €a,8 Snp 9Bm0 Cas Crp:
a,B3,6,m,p,T

Li Ying deduces also from Proposition 5.3.6 a bound for the stabilisation of a sequence
of Aguiar coefficients once A, u, and v are fixed:

Corollary 5.3.8. For all partitions X\, u, and v, and nonnegative integers d and h, the
sequence of general term ai%zr:[]n_d} stabilises when n > —(|A| + |p| + V| + A1+ p1 +v1 —

1
2
)+ h+d

5.3.2 Stability results by the previous methods
The Aguiar coefficients as branching coefficients

In order to use on the Aguiar coeflicients the same methods that we used on Kronecker
coefficients, we express these as branching coefficients for connected complex reductive
groups.

Theorem 5.3.9. The Aguiar coefficients are the branching coefficients for the groups
GL(V1) x GL(Va) < GL (Vi @ (V1 ®@ V) & V). More precisely, if X, p, and v are three
partitions then, for all (complex) finite dimensional vector spaces Vi and Vo such that

((X) < dim(V1), £(p) < dim(V2), and £(v) < dim (Vi & (Vi @ Va) @ Va),

Da¥
s'e(VieW e = <S>\V1 ® SHVQ) K
Al

(as representations of GL(V7) x GL(V42)).



5.3. THE HEISENBERG PRODUCT AND THE AGUIAR COEFFICIENTS 73

Proof. Let A\, u, v, V1, and V, be as above. Then, using well-known properties of the
Littlewood-Richardson and the Kronecker coefficients (recalled for instance in Part 1 of
[SS12]: (3.11.1), (3.12.1), and (3.9.1)):

SWieVienhel) = P, STVeVioV) sV,

T)p

= P ¢, s SMes (el e s
Tvp7a75

= P ¢, s gsms VISV RSV, ® SV,
T,050,0,8,m

= @ ¢ o Cos 986 c?‘xﬁ S @ STV @ SPV;
T,0,0,0,8,m,A

= @ CZvP 6276 9577]76 02\475 C%"’p SA‘/l ® S“V2
7,0,0,0,8,m,A, 1

= @aiu S)‘Vl &® S’MVQ,
At

using Proposition 5.3.7. O

Corollary 5.3.10. Let A, u, v be three partitions. Taking Vi and Va as in the previous
theorem, we set:
G = GL(V1) x GL(V2),

X =F(Vi) x F(Va) x F(Vi @ (Vi @ Vo) & Va),

and

L=L\®L,®L,
(G-linearised line bundle on X ). Then
af , = dimH(X, £)°.
Proof. It works exactly as in the case of Kronecker coefficients (i.e. one uses Schur
Lemma and Borel-Weil Theorem). O

Consequences and new examples of stable triples

Since the Aguiar coefficients can be expressed as dim H(X, £)%, for well-chosen G, X,
and L (cf previous paragraph), the same techniques as for Kronecker coefficients apply.
This allows to obtain the following:

Theorem 5.3.11. Let o, B, and v be three partitions such that, for all d € N*, aZZ =
1. Then, for all triple (X, pu;v) of partitions, the sequence (az\i%,uﬂlﬁ)dGN stabilises.

Definition 5.3.12. A triple (a, 8;7) of partitions such that alﬁ # 0 and that, for all
triple (A, u;v) of partitions, (af\iﬁ u+d6)d€N stabilises is said to be Aguiar-stable.
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With Theorem 5.3.11 we re-obtain immediately Li Ying’s result on the stabilisation
of the Aguiar coefficients (minus the bound of stabilisation), which can be reformulated
as follows:

Corollary 5.3.13. The triple ((1),(1); (1)) is Aguiar-stable.

Proof. For all d € N*, according to Remark 5.3.4, QEZ;,(d) = 9@d),(d),(@) = 1. O

Remark 5.3.14. On a more general note, the same reasoning shows that every stable
triple (i.e. in the sense of Kronecker coefficients) is Aguiar-stable. For results producing
stable triples, see [Stel4], [Manlba], [Vall4], and Chapter 6.

We can also give some other explicit examples of “small” Aguiar-stable triples:

Proposition 5.3.15. The triples
((2),(1):(2), ((2),1);(1,1), ((2),(1);(3)), and ((2),(1);(2,1))

are oll Aguiar-stable triples.

Proof. Let us write the proof in detail for ((2),(1);(2)), for instance. The three other
ones work similarly. Let d € N*. Then

d(2) _ (2d) (d 2d
Qa(2),d1) = Z Ca,B 01(7,;)) 98.m,6 C;,a C(T,p)'
a,p,T,B,m,0

2d)

But the Littlewood-Richardson rule shows that the coefficient ¢°% is zero unless o and I3

a7ﬁ
have only one part, and |a|+ || = 2d (and then this coefficient is 1). As a consequence,
d(2) _ d 2d
@q(2),d(1) = Z 07(7,;)) I(n)m8 C(2d—n).5 c‘(r,p)'
p7T7’r]757
n€f0,2d]

(d)

The same is true for the coefficient ¢; , and the partitions n and p. So

ajg;,du) = Z 9(n)(d—m).8 C2d—n) Cf(%‘
7,0,
ne[0,2d]
me[0,d]

And then the Kronecker coefficient g(,) —m),s is zero unless n = d — m. Moreover, if
this is verified, g(,),(n),s is zero unless § = (n) (and then this coefficient is 1). Hence

d(2) - T (2d)
Ag(2),d(1) = Z €(@2d—n),(n) Cr (d-n)"

nef0,d]



5.3. THE HEISENBERG PRODUCT AND THE AGUIAR COEFFICIENTS 75

The coefficient c(5,_,,) (,) is then zero unless |7| = 2d. Furthermore, the other coefficient

(2d)

CT,(d—n)

is zero unless 7| =2d —d+n=d+n. So

d(2) . T (2d) . T (2d)
Taioya(t) = D i@ Crid-a) = D_ )@ o)
TH2d TH2d
Finally this product is zero unless 7 = (2d) (by the Littlewood-Richardson rule, for

instance). Thus
a2 ed () _
@4(3).a(1) = C(d)(d) C(2d),0) = b

and ((2), (1);(2)) is Aguiar-stable by Theorem 5.3.11. O

5.3.3 Some explicit bounds of stabilisation

The same method as for Kronecker coefficients can be used to get explicit bounds of
stabilisation. Let us fix from now on an Aguiar-stable triple (a, 8;7) and a triple (\, u; v)
of partitions. We also consider vector spaces Vi and V5 as before (of dimension at least
2), and denote V =V, @ Vo & V] ® V3, such that

alﬁ(: 1) = dimH°(X, £)¢ and a, = dim H°(X, M)©,

with G = GL(V1) x GL(Va), X = FU(V1) x FU(Ve) x FUV), £ = Lo @ Ly ® L2, and
M=L\®Lu® L,. We fix finally a basis (e1,...,epn,) of Vi and a basis (f1,..., fn,) of

Va.

For the three examples of Aguiar-stable triples that we are going to study in this
section (namely ((1),(1);(1)), ((2),(1);(2)), and ((2),(1);(3))), we must begin by con-
sidering the projection:

T X — X = P(Vl) X P(Vg) X ]P(V*)
(Wia)i, Wag)is W)i) — (Wi, War,{peV*st. kero =W, . . 1}

n
We also denote by £ the ample line bundle on X whose pull-back by 7 is L.
Proposition 5.3.16. The G-orbit Oy of To = (Cey,Cfy, Clei+en, +fi+ 1, +on)) € X

n

(where n = min(ni,n2) and @, =" eX ® ) is open in X.
Moreover, if we denote respectively by O1, Os, and Os the G-orbits of

T1 = (Ce1,Cfo, C(ef + e + f3 + [1, +¢n)),
Ty = (Ce1,Cf1,Cley, + f1 + fr, +¢n)),

and
T3 = (Cer,Cf1,Cle] + €5, + fr, + ¢n))
in y; thenoilu@uoid = {((C’Ul,(C’UQ,(C( ®1 + ©2 + ("2 )) S Y s.t. 901(7}1)()02(1}2)
=N~ =~

evyr  evy  e(VieVa)*
o(v1 @ vg) = 0}. In addition, among {O1, 02,03}, no orbit is contained in the closure
of another one.



76 CHAPTER 5. APPLICATION TO OTHER BRANCHING COEFFICIENTS

Proof. We consider an element (Cvl,Cvz,C( Y1 + 2 + % )) € X. Similarly to
N =~

eVyr  eVy  g(viele)*
what we did in the case of Kronecker coefficients (see the proof of Proposition 4.3.3), we
are only interested in the orbits which will contain all others in their closures. Then,
considering the usual isomorphism (V; ® V2)* >~ Hom(V1, V5"), we say that ¢ corresponds
to a linear map ¢’ : V4 — V5, on which G acts by conjugation. As a consequence we
only need to consider the case when ¢’ is of maximal rank (n, that is), since all the orbits
with ¢’ of lower rank will be contained in the closure of such an orbit.

Thus we rather consider an element T = ((Cvl, Cvo,C( 1 + w2 + gon)) € X, with
~— =~
ey evy
On =y el @ fF e Vi ®Vy, corresponding to a linear map ¢}, : Vi — V5. Then
the linear maps ©1, 2, @, ¥n, together with the vectors v; and vy, give some vector
subspaces of V1, Vo, and Vi ® Vo, whose relative positions will give us descriptions of the
orbits we are interested in:

e in V; : Cuy, kery), C (¢),)"'((Cvg)t), and ker ¢1;
e in V : Cug, ker'e], C (*¢),) 71 ((Cuy)t), and ker po;

e in V1 ® Vs : Cuy ® vg and Ker ¢,,.

Then we see that there is an open orbit, Op, characterised by:

e p1(v1) #0, @ (v1) # 0, ker ], & ker @y (or rather, if n = ny, (¢},)"((Cv2)t) ¢
ker ¢1), ker o1 ¢ ()71 ((Cva)h),

o pa(v2) # 0, ', (v2) # 0, ker ‘!, ¢ ker pa (or rather, if n = ng, (Y¢},) ! ((Cv1)t) ¢
ker ¢3), ker oo & (Y¢,) 1 ((Cv1)t),

° (pn(’vl X UQ) 75 0.

And the point T given above verifies all these conditions.

Finally the subset {(@1, Cvz, Cp1 + 92 + ©)) € X s.t. p1(v1)p2(v2)p(v1 @v2) = 0}
can be written as O7 U Oz U O3 for three orbits O, Og, and Os, characterised by the
same equations as Oy except for:

e (v ®vy) =0 for Oy,
e p1(v1) =0 for Os,
e 2(v2) =0 for Os.

Then it is easy to check that 1 € O1, T2 € 09, and 73 € Os. L]
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Murnaghan case and comparison with the results by Li Ying
In the case when (o, 8;7) = ((1),(1);(1)), £ = O(1) ® O(1) ® O(1). Moreover, since
dimH°(X, £)¢ = 1 and since (Co1,Cug, Clp1 + @2 + ¢)) € X = p(v1 ® vg) gives a
non-zero G-invariant section of £ over X,
Yus(z) = {(Cvlv Cuvz, C(p1 + @2 + <P)) € X s.t. o(v1 ®vg) =0},
Thus, according to Proposition 5.3.16 (and its proof),
X“(L) = 0.

Then the one-parameter subgroup m = (1, 0,...,0 ‘ 0,1,0,... ,0) is destabilising for
x1 :
,u,ﬁ(fl,ﬁ) =1.

Moreover a calculation similar to what we did (several times) for Kronecker coefficients
yields:

ni+ng—1
max (_NM($77'1)) =—-A— 1 +vi+2v0+ Z Vki2-
SCEﬂ'_l(CEl) Pt

As usual, it follows that:

Theorem 5.3.17. The sequence of general term af\ig‘;g () is constant when d > —A\1 —
ni+ng—1
w1+ v+ 29 + Z Vk42.
k=1

Retrieving Li Ying’s bound with our method: This is possible by choosing a
different one-parameter subgroup destabilising T;. First we express this bound in our set-

tings: if we rewrite the sequence (ai[[zr:[]n_mo (settings from [Yinl7]) as (agi((?) /3+(d))d’
then "

A A —1
n2||+|ﬂ\+”/’+ 1+p+ S h4m

2
—la| —ar+as— Bl =i+ B2 +3Y -1+ —1
5 )
As a consequence, if we consider the one-parameter subgroup

= (2,0,1,...,1]0,2,1,...,1),

<~ d>

it destabilises Z,: pu£(Z1,7]) = 2. Moreover,

max (—MM(x,T{)) = —2A\1— A3 — - — Ay — 201 — p3 — - — lp, + 201 + 41

zem—1(Z1)
+3(V3 +ot Vn1+n2—2) + 2(Vn1+n2—1 +oee annz—nl—n2+5)
FVUning—ni—not6 T+ Vningdni+na—3,

which gives even a slight improvement of Li Ying’s bound for “long” partitions v (i.e. of
length > ny 4+ ng — 2), according to the previous expression of this bound.
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Examples: The bound of Theorem 5.3.17 is for instance 15 for the triple ((7,3),
(5,4,2);(6,6,5,4)), whereas Li Ying’s (cf Corollary 5.3.8) is 18 (note that the improved
bound obtained right above is 17). But the contrary is also possible: for the triple
((3,3,3),(4,3,2,1);(5,4,1)), Li Ying’s bound is 4 whereas ours is 7.

Two other cases

For (o, 8;7) = ((2),(1);(2)): Then £ =0(2) ® O(1) ® O(2) and a non-zero G-invariant

section of £ over X is given by C(p1 + @2 + ¢)) € X — p1(v1)e(v; @ v2). As a
consequence,

X"(L) = {(Cv1,Cua,Cp1 + p2 + ¢)) € X s.t. @1(v1)p(v1 ® v2) = 0} = O1 U Oy,

thanks to Proposition 5.3.16 and its proof. B
Then we take the same 71 as before to destabilise T3 (still p% (%1, 7) = 1), and 7 =
(1,0,...,0 | = 1,0,...,0) which destabilises To: u*(Z2,72) = 1. Finally,

no ni
max (—pM(z,72)) = =1+ + Z Vk+1 — Z Uning+ni+ng+1—k-
zem—1(Z2) —1 1
Theorem 5.3.18. The sequence of general term azigg,m—(d) 18 constant when
ni+na—1 ng ni
d > —A1+max <—ﬂ1 + v+ 21 + Z V2, 1 + Z V1 — Z Vn1n2+n1+n2+1—k:> :
k=1 k=1 k=1

For (o, B;7) = ((2), (1); (3)): Then £ = O(2) ® O(1) ® O(3) and a non-zero G-invariant
section of £ over X is given by C(p1 + @2 + ¢)) € X — ¢1(v1)p1(vi)pa(v2). As a
consequence,

X"(L) = {(Cv1,Cva, Cip1 + @2 + ¢)) € X s.t. p1(v1)p2(v2) = 0} = O3 U O;.

Then we take the same 75 as before to destabilise 7y (still 1 (Tg,72) = 1), and
T3 = ( -3,-2,...,—2 ‘ 1,0,...,0, —2) which destabilises Zs: p*(T3,73) = 1. Finally,
nyi—1 nyp—1
MaX,cr—1(z;) (—MM(.T,Tg)) = 3\ +2 Z Akt+1 — M1+ 2u2 — 201 + 19 — Z Vno+k
k=1 k=1
nings—ni—no+2 no—1
—2 Z Vnitno—1+k — 3 Z Vnina+1+k
k=1 k=1
ny1—1
—4 Z Vningtno+k = Oning-
k=1

v+(3d)

M (2d) it (d) 15 constant when

Theorem 5.3.19. The sequence of general term a

n2 ni

d > max (M +p1 Z Vk+1 — Zl/n1n2+n1+n2+1—ka GHE‘:}?(Q ) (*MM (:c,7'3))> .
k=1 k=1 wem s



Chapter 6

Production of stable triples

6.1 Introduction

In this chapter we come back to the Kronecker coefficients, and more precisely to the
notion of a stable triple of partitions related to them. Let us recall the definition of such
a triple (due to J. Stembridge in [Stel4|), as well as the characterisation conjectured
by Stembridge and proven by S. Sam and A. Snowden in [SS16| (that we re-proved in
Chapter 4):

Definition 6.1.1. A triple («, ,7) of partitions is said to be stable if g, 5. # 0 and, for
any triple (A, u, v) of partitions, the sequence of general term gxida,u+dg,+dy is constant
when d > 0.

Proposition 6.1.2. A iriple («, 5,7) of partitions is stable if and only if, for any positive
integer d, gda,d,dy = 1.

This characterisation in particular leads us to define another notion close to this one:

Definition 6.1.3. A triple (a, 3,7) of partitions is said to be almost stable if, for any
positive integer d, gga,a8,4y < 1 and there exists dg € N* such that ggya,dy8,d0y 7 O-

Stable triples are of particular interest because of a well-known result that we give
now: let us consider the following set, for ny and no positive integers:

Krong, n, = {(, 8,7) s.t. £(a) <y, £(B) < ng, €(y) < ning and g 5, 7 0},

where the notations are the same as in [Manlb5a]. A classical result is that Kron,, ,, is
a finitely generated semigroup, and we consider the cone generated by this semigroup:

PKrony, n, = {(a, 8,7) s.t. £(a) <y, £(B) < ng, £(y) < ning and AN € N*, gno ng,Ny 7 0}

It is a rational polyhedral cone called the Kronecker cone, or the Kronecker polyhedron.
Then a result highlighting an important aspect of the stable triples is the following, which
can for instance be found in [Man15b]| (Proposition 2):

79
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Proposition 6.1.4. The set of stable triples in Kron,,, ,, is the intersection of Kron,, .,
with a union of faces of the Kronecker cone PKron,,, ,,.

As a consequence we want to find ways to produce such faces of PKron,, ,, which
contain only stable triples. There already exists one result in this direction, proven
independently by L. Manivel (in [Manlba]) and E. Vallejo (in [Vall4]), expressed in
terms of additive matrices: a matrix A = (a;;)i; € Mn, n,(R) having entries which are
non-negative integers is said to be additive if there exist integers 1 > --- > z,, and
Y1 > -+ > Yn, such that, for all (4, 7), (k,1) € [1,n1] x [1, ne],

Qi j > Qg = T +Y; > T + Y.

The result of Manivel and Vallejo is then that any such additive matrix gives an explicit
face of PKron,, ,, which contains only stable triples. This face is moreover regular,
which means that it contains some triple (a, 3,7) of regular partitions (i.e. «, (, and
7 have respectively ni, ne, and ning pairwise distinct parts, with the last one being
possibly 0), and it has the minimal dimension possible for a regular face: nins.

In this chapter we obtain results producing, from an additive matrix, more faces of
this kind. Actually, rather than looking precisely at an additive matrix, we look instead
at what we call the order matrix, which sort of “encodes the type” of the additive matrix:
considering an additive matrix A = (a;;);; whose coefficients are pairwise distinct!,
instead of the coefficients of A we write their rank in the decreasingly-ordered sequence
of the a; ;’s. Then our first result (see Section 6.3.4) is:

Theorem 6.1.5. Any configuration of the following type in the order matriz:

I

J J+1

gives an explicit reqular face of the Kronecker cone PKron,, ,,, of dimension nina, con-
taining only stable triples. The same result is true for each configuration of the type

Q —— row 1
@ — row 1+ 1

T

column j

!This assumption in fact does not make us produce less faces at the end.
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Then we also obtain another result, concerning other types of configurations in the
order matrix (called Configurations @) to (), and involving now three or four coefficients
of the order matrix, see Section 6.3.5), and which is more about almost stable triples:

Theorem 6.1.6. Each one of the Configurations @) to E) in the order matriz gives a face
— not necessarily reqular and possibly reduced to zero — of the Kronecker cone PKrony,, n,
which contains only almost stable triples.

Obtaining these results is based on the notions of dominant and well-covering pairs,
coming from the work of N. Ressayre and that we present in Section 6.2, as well as the
usual interpretation that we use for the Kronecker coefficients in terms of sections of line
bundles on flag varieties (see Proposition 3.1.5). At the end of this chapter (in Section
6.4), we apply our results as well as Manivel and Vallejo’s to all possible order matrices
of small size (namely 2x2, 3x2, and 3x3) in order to have a look at the number of new
interesting faces of PKron,,, , that we can produce.

6.2 Definitions and a few general results

6.2.1 Definitions in the general context

For now G is a connected complex reductive group acting on a smooth projective variety
X. Let us consider a maximal torus 7" in G, 7 a one-parameter subgroup of T' (denoted
by 7 € X.(T)), and C an irreducible component of X7, the set of points in X fixed by
7. We denote by G” the centraliser of 7 (i.e. of Im7) in G and set

P(r)={g9€Gst. }in(l)T(t)gT(t_l) exists}.
—

Notice that P(7) is a parabolic subgroup of G and that G” is the Levi subgroup of P(7)
containing T'. Consider then

Ct={reXst lim7(t).recC},
t—0

which is a P(7)-stable locally closed subvariety. For any x € C, we define the following
subspaces of T, X, the Zariski tangent space of X at a:

T, X0 ={{ € T, X s.t. 2yn(l) 7(t).€ = 0},
—

TeXco={£ € ToX s.t. %n%f(t—l)_g =0},
—

TxXO - (T$X)T7
Ty X>0 =T, X50 @ T2 Xo,
TxXSO =T X0 T, Xp.

Theorem 6.2.1 (Bialtynicki-Birula).
(i) C is smooth and, for any x € C, T,C = T, Xj.

(ii) C* is smooth and irreducible and, for any x € C, T,CT = Ty X>¢.
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We can now consider
n: G X p(r) ot — X
lg : ] — g.T

The following definition comes from [Resl10].

Definition 6.2.2. The pair (C,7) is said to be dominant if n is, and covering if n is
birational. It is said to be well-covering when 7 induces an isomorphism onto an open
subset of X intersecting C.

6.2.2 In the context of Kronecker coefficients

We consider from now on Vi and Vs two complex vector spaces of dimension respectively
ni and ng. We then set G; = GL(V1), Go = GL(Va), G = G1 x Ga, G = GL(V; @ V3).
We also choose 11, Ts, T' =T x Tp, and T>T respective maximal tori, and B;, Bs,
B = By x By, B respective Borel subgroups containing the corresponding tori. Recall
then our usual interpretation of the Kronecker coefficients (see for instance Proposition
3.1.5): if , B, and v are partitions of lengths at most n1, ny and ning respectively, then
there exist explicit line bundles L, L, and L, on G1/B1, G2/ Bo, and G / B respectively,
giving a G-linearised line bundle £, 3 = Lo ® Lg ® L3 on G/B x G/B such that:

o = dimH(G/B x G/B, Los-)C.

We consider in addition parabolic subgroups P of G and Pof G containing the Borel
subgroups. All corresponding Lie algebras will be denoted with lower case gothic letters.
We consider

X =G/PxG/P,

on which G acts diagonally. We finally denote by W and W the Weyl groups associated
to G and G respectively, and by Wp (resp.Wp) the Weyl group of the Levi subgroup of
P (resp. P) containing T (resp. T'). The latter is canonically a subgroup of W (resp.

W).

We also give notations concerning the root systems: let us denote by ® (resp. <i>) the
set of roots of G (resp. G), with ®1 and &~ (resp. &t and &) the subsets of positive
and negative ones with respect to the choice of B (resp. E) Finally, the set of roots of
p is denoted by éﬁ.

Let us consider 7 € X, (7). It is known that the irreducible components of X7 are
the GTo™'P/P x G0~ 'P/P, for v € Wp\W/Wp(,) and © € Wp\W/Wp ). We then
fix two such v and ¥, and denote by C' the corresponding irreducible component of X7.
Therefore, if (o, 8,7) is a triple of partitions such that £, g~ descends to a line bundle
on X - that we will also denote by L, g~ — then, for any z € C, C* acts via 7 on the fibre
(La,8)x over x. This action is given by an integer n which, since C' is an irreducible
component, does not depend on 2 € C. We then set i~ (C, T)=—n.
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Lemma 6.2.3. For any dominant pair (C,T) we consider the set of all triples («, 5,7) €
PKron,,, n, such that p“=6~(C,7) = 0. Then it is a face of PKrony,, ,, (possibly reduced
to zero). Moreover it can also be described as:

{(a, B,7) s.t. X*¥(Lap~)NC #0D}.
We denote this face by F(C).

Note that this result is actually valid in the general context of Section 6.2.1, where X is
any smooth projective variety and G is a connected complex reductive group acting on X.
The equivalent of PKron,,, , is then the cone {£ s.t. IN € N*, HO(X, £®N)F £ {0} }.

Proof. 1t comes directly from [Resl0], Lemma 3. O

Lemma 6.2.4. If P = B or P = B, and if (C1,71) and (Ca,72) are two well-covering
pairs such that F(C1) = F(C2), then there exists g € G such that g.Cy = Cf.

Proof. This comes from [Resl1|, Lemma 6.5. O

Ressayre also proved, in [Res10], that any regular face of PKron,, ,, is given by a
well-covering pair?. Finally, another consequence of [Resl1] is that, if C is a singleton
and (C, 7) is well-covering, then the face F(C) is a regular face of minimal dimension of
PKrony, n, (i.e. ning).

6.3 Application to obtain stable triples

6.3.1 Link between well-covering pairs and stability

Theorem 6.3.1. Assume that (C,T) is well-covering. Then, for all G-linearised line
bundles £ on X such that *(C,7) =0,

HO(X, L)Y ~H(C, £|)¢".
Proof. It is Theorem 4 of [Res10]. O

Remark 6.3.2. If we only make the hypothesis that (C, 7) is dominant (and p*(C,7) =
0), we still have that
HY(X, £)¢ — HO(C, £])¢".

Corollary 6.3.3. Assume that (C,T) is well-covering, and that G™ has a dense orbit in
C. Then the face F(C) contains only almost stable triples.

Proof. Tt is an immediate consequence of the previous theorem: let (a,8,7) € F(C).
Then 6+ (C,7) = 0 and therefore

Vd € N*, Gaa,5, = dimHO(X, La,)¢ = dimH(C, £])9 < 1

since G™ has a dense orbit in C. OJ

2He even proved it in a much more general setting than PKron,, n,.
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Remark 6.3.4. If we only make the hypothesis that (C,7) is dominant, Remark 6.3.2
tells us that we still have almost stable triples: for all («, 8,7) € F(C), for all d € N*,

Yd(o,py) < 1.

But note that F(C) can be reduced to zero.

Remark 6.3.5. There is an important particular case when 7 is dominant, regular (i.e.
for all & € ®, (a, 7) # 0), and G-regular (i.e. for all & € ®, (&, 7) # 0). Then G7 =T
and G™ = T'. As a consequence, C is a singleton — say {xo} —, and the condition “G™ has
a dense orbit in C” is automatic. Moreover one then has:

dimH(C, £|)¢" =1 <= T acts trivially on Ly, <= Yo € X.(T), p“(C,0) = 0.
All the previous results and remarks lead directly to the following main result:

Theorem 6.3.6. Assume that (C,7) is well-covering and that T is dominant, regular,
and G-regular (then C' is a singleton). Then F(C) is a reqular face of minimal dimension
(i.e. ning) of the Kronecker cone PKrony,, », and contains only stable triples.

Remark 6.3.7. When X has this form, there is a characterisation of the dominant and
covering pairs in terms of a Schubert condition. It can be found in [Resl0]. Let us
explain it quickly here: we use the cohomology ring, H*(G/P(7),Z), of G/P(7) and we
denote, for any closed subvariety Y of G/P(7), by [Y] € H*(G/P(7),Z) its cycle class
in cohomology. We also use, with the same notations, H*(G/P(r), Z).

Then, since P(r) = G N P(r), G/P(r) identifies with the G-orbit of P(7)/P(r) in
G/P(7), which gives a closed immersion ¢ : G/P(r) < G/P(r). It induces a map ¢* in
cohomology:

HY(G/P(7),Z) — H*(G/P(7), 7).
Then the result from [Res10] (Lemma 14) is:

Lemma 6.3.8. (i) The pair (C,7) is dominant if and only if
[PoP(r)/P(r)] - *([POP(r)/P(7)]) # 0.
(ii) It is covering if and only if

[PoP(r)/P()] - *([PoP(r)/P(7)]) = [pt],

i.e. if and only if the intersection between two gemeric translates in @/15(7) of
PvP(7)/P(7) and PoP(7)/P(7) contains ezactly one point.
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6.3.2 A sufficient condition to get dominant pairs

We now want to see that we can indeed obtain dominant or well-covering pairs (C, 7).
For this we consider respective bases of the vector spaces Vi and Va: (e1,...,en,) and
(fi,..-, fny)- They give also a basis of Vi ® Va: (e; ® f;)i,; ordered lexicographically (i.e.
(e1 ® f1,e1® fa,...,en, @ fn,)), sometimes denoted (é1,...,€pn,n,)>. Thanks to these
bases we will often identify G1, Ga, and G respectively with GL,,(C), GL,, EC), and

GLy,n, (C). We finally take B and B the respective Borel subgroups of G and G formed
by the upper-triangular matrices, and set from now on X = G/B x G/B.

Start now from a one-parameter subgroup 7 of T which is supposed to be dominant,
regular, and even G-regular. In particular, 7 has the form

7. C- — T
tT1 ty1
t '_> ( .. ) , - . ) I
tTn tYno

with non-negative integers x1 > -+ > xp,, y1 > -+ > yYn,. We then create the matrix
M = (x; + y;)ij € Mp,ny(R). Since 7 was taken G-regular, it has pairwise distinct
coefficients. From this we define what we will call the “order matrix” of 7: it is a matrix
having the same size as M but whose coefficient at position (4,7) is the ranking of the
coefficient x; + y; when one orders the coefficients of M decreasingly (we will usually
circle that ranking when we write the order matrix in order to highlight the difference
with the coefficient x; + y;).

Giving such an order matrix is equivalent to giving a flag @.B/B fixed by T' (and
then a well-defined @ € W): to each matrix position (i, ) € [1,n1] x [1, no] we associate
the element e; ® f; of the basis of V1 ® V5. Then we create a T-stable complete flag in
V1 ® Vo by ordering the elements e; ® f; according to the numbers in the order matrix.

Example: For the one-parameter subgroup

. C- — T

3The ordering of the basis of V1 ® V4 gives in particular an explicit bijection between [1,n1] X [1, n2]
and [1,n1n2], which we will regularly use to identify the two in what follows.
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7 4
the matrix M is | 5 2|, and so the order matrix of 7 is
30

(ORN©
@ ®
@® ®

Then the flag ﬁ)B/B happens to be

(Cer® f1

CCei® fi®Cer® fi

CCe1® f1DCer® f1 ®Ce1 ® fo
CCei®@fidCes® f1dCe1 ® fodCes® fi
CCei@fidCer® f1®Ce1 ® fo ®Ces® f1 @ Cea ® fo
CCe1®f1i®Cer® f1 ®Cei @ fo®Ces® f1 ®Cep ® fo ®Ces ® fo),

which we denote by
flle1 ® fi,e2® f1,€1 ® fa,e3® f1,e2 ® fo,e3® f2) € (V1 @ Va).

This corresponds to

(1 2 3 45 6\ _ G
w—<1 5 9 5 4 6>_ (2 3)(4 5) € G~ W.

notation as a product of transpositions

As usual with such a one-parameter subgroup, we get two parabolic subgroups P(7)
and P(7) of G and G respectively. According to the hypotheses made on 7, P(1) = B
in that case, and P(7) is a Borel subgroup denoted instead B(7). The set of positive
(resp. negative) roots of G for this choice of Borel subgroup is denoted by @*(T)A(resp.

®~(7)). The unipotent radicals of B, B, and B(T) are respectively denoted U, U, and
U(7), while those of the respective opposite Borel subgroups will be U=, U~, U~ (7).

Consider now two elements v € W and 9 € W. They give
C = {wo} = {(v"'B/B,i ' B/B)},
an irreducible component of X7, As usual we then have
C* =Bv'B/Bx B(r)o"'B/B
and

n: GxgCt — X
[g: x] — g.x
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On root spaces for non-negative weights (i.e. on T, ,C* = T,,X>0), Tle:xo)n 18 just the
identity (cf Theorem 6.2.1). As a consequence,

Tle:zo)n 18 an isomorphism

= Tigl- v —u Noluv@i (r)Nno!

U~ 9 is an isomorphism.

Then, if we define

we have T[e:xo]n‘u* = T.orb. Moreover Tcorb is an isomorphism if and only if it is injec-
tive, i.e. if and only if the isotropy subgroup U, of g in U~ is finite. As a consequence,
Teorb is an isomorphism if and only if the Lie algebra of U is {0}. Therefore,

Tle:zo)n 18 an isomorphism
— u ~u N lumvd i (1) N~ M~ as T-modules

—= @ 93 ~ @ g5 as T-modules.
Bed—Mu—1o+ Bed—(r)Ni—1d-

-1

Let us denote by p the morphism of restriction of roots of G (which are morphisms from
T to C) to characters of T. Moreover, notice that one has &~ (7) = w® ™, where w € W
is the element coming from the order matrix, as explained above. Then @~ (7)No~1d~ =

@ (&7 1 ((940)V) 719 ), denoted* by b ((od)"). Thus:
Te:z)7 18 an isomorphism
— p(d(r)N fflif) Ccd Nuldtand p: ()N '® — & Nov~ BT is bijective
— wé(((@w)vrl)) C @(v~) and p: ®(((5)") 1) — d(v~1) is bijective,

A

where, for all u € W (resp. @ € W), ®(u) = &~ Nudt (resp. ®(a) = &~ Nnadt).
We sum it up in the following proposition:

Proposition 6.3.9. If p(ﬁ@(((f)ﬁ))v)_l)) C @) and p : w‘i(((@w)v)_l) —

®(v~1Y) is bijective, then the pair (C,7) is dominant.

Remark 6.3.10. It is a classical result that, for u € W (resp. 4 € W), the cardinal of
the set ®(u) (resp. ®(a)) corresponds to the length of the element u (resp. @) of the
Coxeter group W (resp. W), denoted £(u) (resp. £(@)). As a consequence f®(v™!) =
L(v™1) = L(v).

In this context (C' = {(v"'B/B,o 'B/B)}), there is a characterisation of well-
covering pairs given by Ressayre in [Resl0], Proposition 11:

Yor any 4 € W, 4" is defined as o, where 0 is the longest element of the Weyl group W
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Lemma 6.3.11. The pair (C,7) is well-covering if and only if it is covering and
vt Z al+plo7h Z al = Z Q.
aced—Nvd— deé—mﬁ@—(f) aed—
Lemma 6.3.12. Ifv and v are chosen as in Proposition 6.3.9, then:
(C,7) is covering = (C, 1) is well-covering.

Proof. Assume that v and ¢ are chosen as in Proposition 6.3.9 and that (C, 7) is covering.
Then:

vl Z al+p|ot Z a —Za

a€d—Nud— de@*ﬂ@i’*(T) acd—
= g a— E a+p E a
aed—Nu—1o- aed— Ged—(r)Ni—1d-
aEd—Nu—1o+ a€d—Nu—1o+
=0
and, by the previous lemma, (C, 1) is well-covering. O

6.3.3 Element v of length 0: an existing result

The first and simplest case to satisfy the condition of Proposition 6.3.9 is the case when
1®(v=1) = 0, i.e. £(v) = 0. This means that v = 1y, the unit in W. But then we also
need that §& (((9w)")~!) = 0, i.e. w19~ i = ((0)¥) " = 13, Thus 97! = iy gives
a dominant pair (C, 7).

Moreover the Schubert condition given in Lemma 6.3.8 is not difficult to check here:
according to the form of C' = {(B/B,wwoB/B)}, the first Schubert variety to consider
is just B/B, which is a single point, whereas the second one is Bigw—1B(7)/B(r) =
BB / B, which is the whole variety G / B. Hence the product of the two Schubert classes

is in fact the class of a point, and then (C, ) is well-covering by Lemma 6.3.8 and Lemma
6.3.12.

Theorem 6.3.13. Fach order matriz corresponding to a dominant, regular, G’—regular
one-parameter subgroup T of T gives a well-covering pair (C,T) with:

C = {(B/B,ininB/B)}.

As a consequence the corresponding face F(C) of the Kronecker cone PKron,,, p, contains
only stable triples.
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This theorem is actually an already existing result, due independently to L. Manivel
(see [Manl5al) and E. Vallejo (see [Vall4]). Let us now explain their result and why it
is exactly what we have.

We consider a matrix A = (a;j)i,j € Mp, n,(R) having entries which are non-negative
integers. We call A and p its 1-marginals, i.e. the finite sequence of integers (A, ..., An,)

and (p1, ..., tn,) given by
n2 ni
)\i = Zam and ,uj = Zai’j,
j=1 i=1

and we suppose that A\ and p are partitions (i.e. are non-increasing). Moreover, we
denote by v the m-sequence of A, i.e. the (finite) non-increasing sequence (v1,...,Vniny)
formed by the entries of A.

Definition 6.3.14. The matrix A is said to be additive if there exist integers 1 > --- >
T, and y; > -+ > yy, such that, for all (4, j), (k,1) € [1,n1] % [1, n2],

Qi > Q] = Ti +Y; > Tk + Y.

Theorem 6.3.15 (Manivel, Vallejo). Assume that the matriz A is additive. Then the
triple (N, u,v) of partitions is a stable triple.

Manivel and Vallejo gave different proofs of this result. What we want to highlight
here is that it corresponds to Theorem 6.3.13.

Proof. The parabolic subgroup P of G we consider this time is the one corresponding to
the “shape” of —wo.v, i.e. the one such that £} is the pull-back of an ample line bundle
on G/P. Furthermore, we take P = B, and so

Y =G/BxG/P.

The matrix A gives a flag in G / P, similarly to what we explained about the order matrix
of a one-parameter subgroup of 7T": the ordering of the coefficients a; ; in non-decreasing
order (it is different from before) gives a partial (since some of these coefficients can
be equal) ordering of the elements e; ® f; of the basis of Vi ® V5. Then this ordering
corresponds to a T-stable partial flag in V1 ® V5 that is precisely an element of G / P.

Example: The additive matrix <§ f) gives the flag (Cea ® fo C Cea ® fo®Ce1 ® fo C

Cero®fodCei®@fodCei®f1PCea® f1=1® Vz) € ff(1,2; Vi ® ‘/2), which we will
denote by fl(e2 ® fo,e1 @ f2, {e1 @ f1,e2 ® f1}).

The obtained flag is thus of the form QP/P, with 4 € W ~ Gnyn,- In the previous
example, the flag can for instance be written with @ = (1 4 3).
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Remark: This element @ is in general not uniquely defined: what is unique is its class in
W /W p, but it is sufficient to pick one representative 4 € W of this one.

We then set
xg = (B/B,uP/P) €Y.

The point xg is fixed by T, and we can check (this is an easy computation) that, for any
one-parameter subgroup 7 of T,

pEr (z9,7) = 0.

Since A is additive, there exist integers 1 > -+ > x,, and y1 > --- > vy, such that, for
all (i,), (k. 1) € [1,m] x [1,n],

Qi > Qg == T +Y; > T + Y.
This means that, if we consider the following one-parameter subgroup 7 of 7"

T: C* — T
twl tyl
t '_> ( , ) Y
t(Em tyn

it is dominant, regular, and verifies that, for all & € <i>,

i"taed\ oy = (a,7) > 0. (6.1)

Moreover, we can always assume that 7 is G—regular5. As a consequence, C' = {xg} is an
irreducible component of Y7 (cf Remark 6.3.5).

This pair (C, 7) corresponds actually to the same pair as in Theorem 6.3.13: consider
the order matrix of the one-parameter subgroup 7 of T and w € W the well-defined
(since 7 is dominant, regular, G—regular) Weyl group element we associated to such an
order matrix.

First case: Assume that the coefficients of the matrix A are pairwise distinct. Then the
relation between w and @ is simply @ = wwg. Then the pair (C,7) is exactly the one
of Theorem 6.3.13 and thus the face F(C) of PKron,, ,, contains only stable triples.
Finally, considering what we have written before, (A, u,v) € F(C).

Second case: Assume some of the coefficients of A are equal. Then the relation between
w and @ is rather that 4 and wwy are the same modulo multiplication by W}g on the
right. But this means that the two still define the same partial flag in G’/P and, for
the same reasons as in the first case, the triple (A, u, ) is on the face of the Kronecker

®The set of one-parameter subgroups of T verifying condition (6.1) is an open convex polyhedral cone
and, among those subgroups, the not G-regular ones are elements of some hyperplanes. Thus the set of
dominant G-regular one-parameter subgroups of T verifying condition (6.1) is not empty.
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cone PKron,, ,, given by Theorem 6.3.13. As a consequence it is stable. Moreover,
the face of PK]ern,:Ll,n2 N{(a, B,7) st. L is a line bundle on G/ P} given by (C,7) with
C ={(B/B,uP/P)} CY issimply the intersection of this former face with the subspace
{(a, B,7) s.t. L2 is a line bundle on G//P}. O

The fact that an additive matrix gives in fact a face of minimal dimension (among
regular faces) of the cone PKron,, ,, was already explained by Manivel in [Man15a].

6.3.4 Second case: length 1

At first we need some more notations: for i € [1,n1], 7 € [1,n2], and k € [1,n1n2]
(which corresponds to a pair (¢/,j") € [1,n1] x [1,n2], see Footnote 3), &;, n;, and
€r = €(ij) are the characters of T (the set of diagonal matrices in G1), To (same in

A

G2), and T respectively, defined by

ty
€ : — 14,
75711
3]
nj: — 15,
ny
and
1
z’fk — g,
tn1n2

Assume that §®(v~!) = 1, i.e. £(v) = 1. This means that v = v~! = s,, with a a
simple root of G (and then ®(s,) = {—a}). There are two kinds of such «:

e the roots of G; = GL(V}), which are the &; — €41, for i € [1,n; — 1],
e the roots of Go = GL(V3), which are the 7; — n;41, for i € [1,n9 — 1].

In addition, since we also want h@(((@uﬁ)v)_l) = 1, it is necessary that ((0w)Y) ™! = s4,

for & a simple root of G, i.e. a & — &p4y for k € [1,n1n9 — 1]. Then we have
0.9(s4) = {ahi1) — Ear) }-
As a consequence we see that o and & will be suitable if and only if
e w(k)=(i,7) € [1,n1] x [1,n2] ~ [1,nine] and w(k +1) = (i,j + 1),

e or w(k) = (i,5) and w(k + 1) = (i + 1, 7).
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In these cases it is easy to then express v~! and 9! and we will get the following result:

Theorem 6.3.16. o As soon as we have k € [1,niny — 1] such that w(k) = (i,j) €
[1,n1] x [1,ne] ~ [1,n1ne] and w(k+1) = (i,j+ 1), we have a well-covering pair
(C,7) (and hence a reqular face F(C) of the Kronecker cone PKron,, », containing
only stable triples), where

C= {((1,(j J+1)).B/B, ik k+1)w0.B/B)}.

o Likewise, if k € [1,ning — 1] is such that w(k) = (i,7) and w(k+ 1) = (i + 1, ),
the pair (C,T), where

C= {(((i i+1),1).B/B, ik k+1)wo.B/B)},

s well-covering.

Proof. We have already seen why these two kinds of properties for @ give dominant pairs
(thanks to Proposition 6.3.9). Then all that remains to be seen is whether these pairs
are in fact well-covering, which will be done by looking at the Schubert condition (see
Lemma 6.3.8): recall that we have an injective map

v: G/B —» GZB(T)
9B — gB(7)

(with B(7)/B(r) = wB/B). We can be a little more precise while describing what, ¢
does on flags:

L: ]-'B(Vl) X ]'Y(VQ) — ]-'E(Vl ® Vg)
(B1C++CEp-1),(F1 C-++CFyy1)) —> (Hi C--CHppgo1)

with:

Vk € [[1,711712—1]], Hy, = Hk,1+Ei®Fj, where (Z,j) = ’lf)(k‘) and Hy = {0},En1 = Vl,Fn2 =W.

Then we want to look at the intersection between two generic translates of

Xy = BoB(r)/B(r)
and
1(X,) = «(BvB/B)
(with the usual notation C' = {(U_IB/B,@_IB/B)}). Here, in both cases, there exists
ko € [1,n1n9 — 1] such that X is of the form Bwosdkomlé(f)/é(r) = Ewosdko B/B,

i.e. is a Schubert variety of codimension 1, and hence a divisor of G/B = F(V; @ Va).
As a consequence it can be rewritten as

X{, = (Hl c---C Hn1n2_1) S ]-"£(V1 ®V2) s.t. dim (Hko ﬂVect(él, .. ~7én1n27k0) > 1}.
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Then all the translates of X correspond to
{(Hl C - C Hpny-1) € (V1 @ Vo) s.t. dim(Hg, NS) > 1},

for all vector subspaces S of Vi3 ® V5 of dimension ning — k.

First case: v = (1,(jo jo+1)) = sg,, (L.e. w(ko) = (io,jo) for some ig and w(ko +1) =
(i0,Jo + 1)). Then

X,, =Bss B/B

Jo 0

= {((Vect(el) C .-+ C Vect(eq, ..., en,—1)), (Vect(f1) C -+ C Vect(f1,..., fjo—1) C Fj,
C Vect(fi,. .., figs1) C -+ C Vect(f1, ... ,fm_l))) € FU(V1) x FU(Va) ; Fy, of dim jo}.

As a consequence, L(XSBj ) is the set of all flags (H; C --+ C Hpyn,—1) such that
0

there exists a subspace Fj, of dimension jy of V, verifying Vect(fi,..., fj,—1) C F; C
Vect(fi,..., fjo+1) and, for all k € [1,n1ns] corresponding to some (3, j),

HkZHk,1+VeCt(€1,...,€i)®F‘j'0 Whenj:jo
Hjy = Hy_1 + Vect(eq,...,e;) @ Vect(f1,...,f;) otherwise

Then a generic translate of X is
{(H1 c---C Hn1n271) c ]:f(Vl & V2> s.t. dim(Hk N S) > 1}

for S of dimension niny — ko which does not intersect Vect(€(1), - - - €p(ko)). Thus

L(X )ﬂY = {(Hl Cc---C Hnlnz—l) S L(Xsﬁjo) st. HpNS # {0}}
= {(Hi C - CHpny1) € L(Xsﬁjo) s.b. Fjo = Vect(f1, ..., fio—1, fio+1) }

SB].O

(since w(ko + 1) is (ip,jo + 1)). This is a singleton, and the Schubert condition is then
verified. As a consequence, the pair (C, 7) is covering, and hence well-covering by Lemma
6.3.12.

Second case: v = ((io io+1), 1) = Sa,,- 1t 18 sufficient, to exchange the roles of ¥} and
Vs. O

These kinds of properties of w are really easy to “read” on the order matrix, which
allows us to reformulate the previous theorem in the following equivalent way:

Theorem 6.3.17. For any dominant, regular, G—T@gular one-parameter subgroup T of
T, each configuration of the following type in the order matriz:
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(V) —— i
I

Jj J+1
gives a well-covering pair (C, 1), with

0= {((1,(j j+1)).B/B, ik k+1)w0.B/B)}.

Hence we obtain a reqular face of the Kronecker cone PKron,,, ,,, of dimension niny and
containing only stable triples:

F(C) = {(0,8,7) € PKrong ny s.t. ((k k+1)y]p = (o (G 5 +1)-8) },
where (a, (j 7+ l)ﬁ) and (ﬁ)(k k+ 1)).7 are respectively identified with characters of

T and T.
Likewise, each configuration of the type

@ —— row 1
@ — row 1+ 1

T

column j
gives a well-covering pair (C,T) with

C = {(((i i+1),1).B/B,w(k k+1)w0.1§/1§)}.

ORNE)
@ ®
which comes for instance from the one-parameter subgroup

() (0 )

and corresponds to @ = (2 3) € &4 ~ W, gives two different well-covering pairs accord-
ing to the previous theorem:

Example: The order matrix
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e one with C; = {(((1 2), 1)'B/B’w(1 2)@0'.13’/3?)},

=(1 4 3)

o the other with Cy = {(((1 2),1).B/B, (3 4)wO.B/B)}.
=12 4)

It is not difficult to see that they cannot come from additive matrices: with Lemma 6.2.4
in mind, we can “normalise” these well-covering pairs by the action of G so that C' is of
the form {(B/B,uB/B)}.

e ((12,1).01={(B/B.(1 2 4.B/B)},
e ((12),1).co={(B/B,(1 43).B/B)}.

Then we see that these @ cannot be a wwy, for a @ coming from an additive matrix.
Hence, thanks to Lemma 6.2.4, these two examples give two new faces — F(C7) and F(Cs)
— of the Kronecker cone PKrons s which contain only stable triples. The equations of
the subspaces spanned by these faces in {(a,ﬁ,’y) st |al = 18] = ]|, la) <2, B) <
2, {(v) <4} are easy to write:

o1 =7+
for F(C1),
.{51271+W2 or 7(C1)

a1 =72 +73
for F(Cs).
.{512%4-72 or 7(C2)

We can in addition for instance give a minimal list of inequalities describing the face
F(C1) inside the previous vector space of dimension 4:

{72273274
Y1 — Y2 = Y3 — V4

We can then notice that this face is a simplicial face. It is moreover interesting to note
that the previous inequalities are not entirely those saying that « is dominant. In the case
of a face obtained by the theorem of Manivel and Vallejo, this minimal list of inequalities
would in fact exactly be vy > v > -+ > Ynin,-

6.3.5 Third case: length 2

We follow exactly the same reasoning as in the second case, and keep the same notations.
We assume here that §®(v™!) = 2,ie. v7™1 = 5,55, for  and 3 distinct simple roots of G.
If s, and sz commute, one then has ®(v™!) = {—a, —3}. If not, ®(v!) = {—a, —a—f}.
According to the different possibilities there are for & and 3, we then have seven different
types for ®(v1):

1. (I)(vfl) = {5i+1 — €y Mj+1 — 77j}, with 7 € [[l,nl — 1]], ] c [[1,77,2 — 1]],
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1

2. (v ={eit1 —€isgjp1 — €5}, with ¢,5 € [1,ny — 1] and |i — j| > 2,
3. (v = {nix1 — miymi+1 — 5}, with 4,5 € [1,ny — 1] and |i — j| > 2,
4, ®(v7 1) = {ei41 — €i, 6502 — &}, with 4 € [1,ny — 2],
5. ®(vh) = {es40 — €ix1, 802 — &}, with i € [1,ny — 2],
6. ®(v=1) = {nir1 — ni,Mire — i}, with i € [1,n9 — 2],

(v™)

7. ®(v by = {77i+2 — Ni+1,Mi42 — ’I’]i}, with 7 € [[1,712 — 2]]

Then we must also have ((9w)Y)~!

yields three kinds of @(((ﬁw)V)*l):

= Sass, for &, B simple roots of G. As before, this

() ®(((00)")™Y) = {érs1 — Eky Epp1 — €}, with k, &' € [1,nino — 1] and [k — K| > 2,
(b) ®(((0)")™Y) = {Eks1 — ks Era — Ex}, With k € [1,n1ina — 2],

(c) é(((@ﬁ))v)_l) = {€k12 — €kt1,Ekro — €k}, With k € [1,n1ng — 2].

And finally some of the cases 1 to 7 are compatible with some of the cases (a) to (c¢), and
will give — as in Paragraph 6.3.4 — configurations (concerning ) providing v~! and 91
which verify the condition from Proposition 6.3.9. After removing those which are not
possible for a @ coming from a dominant, regular, G’—regular one-parameter subgroup
(i.e. coming from an additive matrix), we obtain the following:

Configuration @ (corresponding to cases 1 and (a)):
There exist k, k" € [1,n1n9 — 1] such that |k — k¥'| > 2 and

w(k) = (i,7)

Wk +1) = (i+1,5)
w(k') = (', 5')
wk'+1)= (', 7 +1)

It corresponds to the following situation in the order matrix:

————— oW 1§

@ —grow i+ 1
J

I T (k,k + 1,k k' + 1 pairwise distinct)
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This gives:

v = ((i+1),( j+1) and o'=d(k k+1)(K K + 1)
(with [k — &'| > 2).

Configuration B) (cases 2 and (a)):
There exist k, k" € [1,n1n2 — 1] such that |k — k’| > 2 and

w(k) = (i,7)
wk+1)=(i+1,7)
w(k") = (i',5") ’
Wk +1) = (7' +1,5)

with |i — 4| > 2. It corresponds to the following situation in the order matrix:

Q — 1OoW ¢
@ —row t+ 1
(pairwise distinct)
@ —— row 7'
@ —vrow i +1

T I (k,k+ 1,k k' + 1 pairwise distinct)
column j column j’

This gives
vih= (G i+ D 7 +1),1) and 07 =k k+1)(K K + 1)
(with |i — |, |k — k| > 2).

Configuration ©) (cases 1 and (b)):
There exists k € [1,n1n2 — 2] such that

{ww>=uu>
D({k+1,k+2}) = {(i +1,5), (i,j +1)}

It corresponds to two types of situation in the order matrix:
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—row i+ 1 —row i +1

I I

Jj J+1 Jj Jg+1
And this gives

v = (G i+1),G j+1) and o =k k+1)(k+1 k+ 2)ip.

=(k k+1 k+2)

Configuration @) (cases 1 and (c)):
There exists k € [1,n1n2 — 2] such that

{ w({k,k+1}) ={(,5+1),(+1,5)}
Wk +2)=(i+1,j+1)

It corresponds to two types of situation in the order matrix:

——— TOW 1 ——— TOW 1

@@ —row 7+ 1 Q@ —row ¢+ 1

Jj J+1 j g+1
And this gives

vi=(Gi+1),(J j+1) and o '=wk+1 k+2)(k k+ 1)do.

=(k k+2 k+1)

Configuration (E) (cases 4 and (b) on the one hand, and 5 and (c¢) on the other):
There exists k € [1,n1n2 — 2] such that

w(k) = (i,7)
Wik +1) = (i +1,7)
Wk +2) = (i+2,7)

It corresponds to the following situation in the order matrix:
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e ———— TOW 1©
@ —row i+ 1
@ —row 7+ 2

T

column j

And this configuration gives two different pairs (v=1,671):

vl =((i i+1i+2),1) and o' =w(k k+1 k+ 2)iy,

and
vl=({i+2i+1),1) and o ' =w(k k+2 k+ 1)do.

Furthermore the Configurations B) and () each have a “transposed configuration” in
which the roles of the rows and columns are exchanged. Those two transposed configu-
rations will be denoted respectively by (5) and (¢). They also give a pair (v=!,971) (or
two, in the case of Configuration (e)) in which the roles of Vi and Vs are exchanged. In
other words, 9~! does not change and — for instance — v~! = ((i i+ 1)(¢ ¢ +1),1) (for
configuration @) becomes v=! = (1,(j j+1)(j' j'+ 1)) (for configuration [®)).

Theorem 6.3.18. Let 7 be a dominant, reqular, G—regular one-parameter subgroup of
T. Let

C={(v'B/B,o"'B/B)},
with v™' and 9~ coming from one of the Configurations &) to E) or one of their trans-
posed configurations. Then the pair (C,T) is dominant and, as a consequence, gives a face
- not necessarily reqular and possibly reduced to zero — of the Kronecker cone PKrony,, n,
which contains only almost stable triples:

F(C) = {(, 8,7) € PKrong, s, s.t. (67 40)y] = v (e, ) }.

Remark 6.3.19. As we wrote, the two configurations

—row i1+ 1

o e

column j j g+15+4+2

TOwW 1
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(® for the former and (¢) for the latter) each give two — a priori different — dominant
pairs . We will see later (cf Paragraph 6.4.2) that such configurations can indeed give
two different faces of PKron,,, »,.

Example: When one applies Theorem 6.3.18 to the same order matrix <g g) as in

Paragraph 6.3.4, one gets two new dominant pairs: a Configuration (C) and a Configura-
tion (D) can be observed, which give respectively

C3 = 1 2),(1 2)).B/B,w(l 2 3).B/B
s=1{(((1 2,010 2).B/B,0(1 2 3)ig.B/B)}
=(1 4 3 2)
and N
Cy = {(((1 2),(1 2)).B/B, (2 4 3)@0.3/3)}.
—
=(12 3 4)
Once again we can normalise these C’s:

o ((12),(12).0s= {(B/B, (2 4).3/3)},
e ((12),012).C4= {(B/B, (1 3).B/B)}.

The equations defining the subspaces spanned by the corresponding faces — possibly
reduced to zero — F(C3) and F(Cy) of the Kronecker cone PKrony o are respectively:

{a1=71+74 {041:72+73

and
Pr=m2+% Pr=72+7
One can then check that F(C3) and F(C4) are indeed not reduced to zero:
((5,5),(5,5),(3,3,2,2)) € F(C3) N F(Cy) (it is really a non-stable almost stable triple).
But in fact, F(C3) and F(Cy) are equal: the equations of the subspace that they span
can be rewritten as

Y1 =72
V3 =74
o =7 +73
Br=71+73

So we have actually found only one face of PKrong 2, which is not regular and contains
only almost stable triples.

6.4 Application to all cases of size 2x2, 3x2, and 3x3

6.4.1 All order matrices of size 2x2

For a dominant, regular, G’—regular one-parameter subgroup 7 of T, there are only two
possible order matrices (i.e. types of additive matrices) in this case:

® ® 1 ® 0
® @ an @ @)
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corresponding — for instance — respectively to the one-parameter subgroups

Tl:t»—>(<t2 1>,<t 1)) and TQ:tH(C 1),(t2 1)),

which we will from now on denote by 71 = (2,0[1,0) and 7 = (1,0]2,0). Each one of
these order matrices gives one face of PKrons o, that we will call “additive”, coming from
the result of Manivel and Vallejo (i.e. Theorem 6.3.13). They are respectively given by

ol = {(B/B, 1 4)(2 3)3/1%)}
and
o = {(B/B,(l 4)3/3)}.

Then Theorems 6.3.17 and 6.3.18 enable us to find other faces (all those coming from the
first order matrix will be denoted with an exponent (1) and all others with an exponent
(2)). While giving them, we will at the same time “normalise” the singletons C’s as we
did in the previous examples: they will all have the form {(B/B, aB/B)} with @ € W.
(It allows to apply Lemma 6.2.4 when the pairs are well-covering).

Theorem 6.3.17 applied to the first possible order matrix gives two well-covering pairs,
with
eV ={(B/B,(1 4 2 3)B/B)},

oV ={(B/B, (1 3 2 4)B/B)
Theorem 6.3.18 gives two dominant ones, with

oV =1{(B/B,(2 4 3)B/B)

c\V ={(B/B,(1 2 3)B/B)

Let us do the same for the second possible order matrix (it is actually what we did in
the examples of the previous section). With Theorem 6.3.17:

>

c® ={(B/B,(1 2 9B/B)\,

And with Theorem 6.3.18:
These examples being small, it is then not difficult to look in details at every possibly

non-regular face (i.e. those coming from Theorem 6.3.18). What we find is that these four
dominant pairs actually define all the same non-regular and non-zero face of PKrons s.
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As before, the subspace of {(a,ﬁ,fy) s.t. ol =8| = 1y, la) <2, 4B) <2, {(y) < 4}
spanned by this face has the following equations:

Y1 =72
V3 =74
o =7 +73
Br=71+73

In total, we have then found 4 new distinct (by Lemma 6.2.4) regular faces of PKrons o
which contain only stable triples, whereas 2 others were already known. And we have
also found 1 non-regular face containing only almost stable triples.

6.4.2 All order matrices of size 3x2

Let us do exactly as in the previous case. Five order matrices are possible here:

D @ O @ ® @ ® @ ® @
® @], ® ®]|, ® ®]|, ® @|, and ® ®
® ® ® ® ® ® ® ® @ ®

We number them in that order from 1 to 5 and will denote accordingly some possible
corresponding one-parameter subgroups:

71 = (4,2,0[1,0), 2 = (2,1,0|3,0), 73 = (4,1,0(2,0), 74 = (4,3,0]2,0), 75 = (4,2,0|3,0).

We have then 5 additive faces with:

={(B/B,(1 6)2 5)(3 9B/B) },
=1(B/B,(1 6)(2 4 5 3)B/B) ¢,
=(B/B,(1 6)(2 4 3 5)B/B) ¢,
=(B/B,(1 6)(2 5 3 4B/B) ¢,
={(B/B,(1 6)(2 4)(3 5)1%/3)}

Theorem 6.3.17 furtheranoge gives 15 well-covering pairs: since we normalise them by
writing C' as {(B/B,@B/B)}, we give in the following table the list of elements @ ob-
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tained, together with the name of the singleton C that they give.

name of C' | element 4 giving C
ctV (1526)
gV (15)(2 6)(3 4)
iV (1625)
ct? (1 6)(3 4 5)
c? (16324 5)
cl? (145326)
c? (1 6)(2 4 3)
) (15236)
) (143526)
ci? (1 6)(2 4 5)
ct¥ (1 6)(25 3)
Y (163425)
iy (1625 4)
cp (1 6)(3 5)
g (1 6)(2 4)

(The numbers written in exponent between parentheses indicate from which order matrix
the considered well-covering pairs come.) Theorem 6.3.18 gives also 20 dominant pairs,
written in the same kind of table:

name of C' | element @ giving C
ctV (1526 3)
ctv (134 5)26)
ctV (1 5)(2 6 4 3),
ctt (146 25)
ct? (145 36)
cl? (1 26)(3 4 5)
ci? (165)(243)
cf? (16324)
¥ (1 5)(2 4 6)
iy (15 2)(3 6)
cl? (146 235)
i) (1 3 6)(2 5)
cf? (15234 6)
% (16254 3)
iy (16 4)(25)
iy (15 3)(2 6)
iy (1 5)(2 6 4)
iy (1 4)(2 5 6)
c? (156 24)
c (1536 2)
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If we check here one by one whether these dominant pairs are actually well-covering,
we find that eight of them indeed are: those given by Céz), Céz), C§2), C§2), C§3), C’éS),
Cf), and Cé4). Let us give two examples, for CéQ) and Céz): the equations defining the
subspaces of {(a,3,7) s.t. o] = [B] = ||, €(a) < 3, £(B) < 2, £(y) < 6} spanned

respectively by F (CE()2)) and F (C’éQ)) are respectively

ar =71+ a1 =71+
a2 =72+ % and ag =y2+ 1
Br=71+7+73 fr=71+7+73

We can for instance notice that ((4,3,2),(8,1),(4,3,1,1)) belongs to J—"(Céz)), whereas

((4,3,1),(7,1),(4,2,1,1)) is in ]-"(Céz)). Then, since these faces contain each some triple
(a, B,7) of partitions which is such that either « and f are regular (meaning that the parts
of a are pairwise distinct, as are those of ), or v is regular (likewise), a theorem from
|[Res10] (Theorem 12) ensures that these two dominant pairs are in fact well-covering.
Moreover, Lemma 6.2.4 proves that the two (thus regular) faces are distinct. This is
interesting because they come from the same Configuration (), appearing in the first
column of the order matrix number 2. Hence this kind of configuration can indeed give
two different regular faces of PKron,,, », (cf Remark 6.3.19).

Lemma 6.2.4 furthermore ensures that all the regular faces corresponding to the 28
well-covering pairs that we presented are pairwise distinct. Looking in more details at
the 12 other dominant pairs, which are not well-covering, we can see that they in fact
give only two distinct non-regular faces of PKrong s containing almost stable triples: the
equations of the subspaces that they respectively span are

v =0 71i72
_ V3 = V4
V3 =74 =~
=7 +7v3+
Bi=m+73+7 By = 1 + s+ 7

In total we then obtained 23 new regular faces of PKrongz s which contain only stable
triples, whereas 5 others were already known. We also got 2 other non-regular faces,
containing only almost stable triples.

6.4.3 All order matrices of size 3x3

For this case the numbers begin to become much larger: there are 36 possible order
matrices (i.e. 36 types of additive matrices) of size 3x3. As a consequence we do not
write all of them here, but they can be found in Appendix A, along with the number of
well-covering and dominant pairs that each provides. First Manivel and Vallejo’s theorem
yields 36 additive faces of PKrons 3 with this 36 additive matrices. But then if we look
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in details at these matrices, we find that Theorem 6.3.17 gives 144 well-covering pairs,
i.e. 144 regular faces containing only stable triples. Moreover, Theorem 6.3.18 adds
232 dominant pairs to this, i.e. 232 faces of PKronss — possibly non-regular and not
necessarily pairwise distinct — containing only almost stable triples. Considering what
happened in the two previous cases, we can hope that some of those dominant pairs are
in fact well-covering. It would be of course possible to check whether this is true, but it
is far too tedious to do it here.

Let us nevertheless give one detailed example of a new face of PKrons 3 that we can
obtain with our results: look at the order matrix

© @ @
® ® ®
@ ® O

coming for instance from the dominant, regular, @—regular one-parameter subgroup 7 =
(4,1,0|7,5,0) of T. Theorem 6.3.18 tells us that the pair with

C= {(B/B,(l 942 6)5 8)B/B>}

is dominant (it comes from a Configuration () in the third column of the matrix). And
we can compute the equations of the subspace spanned by F(C) in {(a, 8,7) s.t. |a| =

18] = |yl, £(e) <3, €(B) <3, £(y) <9}

o1 =7 +7%+7
o2 =71+ 72+ 78
Br=71+73+"
B2 =247 + Y6

Then one can notice that ((6, 5,4),(7,6,2), (3, 26)) € F(C). As a consequence Theorem

12 from [Res10] assures that the pair (C, 7) is well-covering, and F(C) is indeed a regular
face of PKrong s containing only stable triples.

6.5 A question on Configurations @) to (B

A natural question to ask after Theorem 6.3.18 is the following.

Question 1: For C obtained from a Configuration between @) and ), is the face F(C)
regular?

According to what we explained earlier right at the end of Section 6.2, it is equivalent
to the following question.
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Question 2: Are the pairs (C, 1) obtained from Configurations @) to @) well-covering
(or simply covering, since by Lemma 6.3.12 it is equivalent in that context)?

In the previous examples, we noticed that the faces obtained from Configurations @)
and ) were regular every time. On the contrary, those coming from Configurations )
and (D) were never regular. Note that the examples that we considered were too small
to observe a Configuration ). But our guess would be that this configuration should
behave similarly to Configuration @).

Question 3: Is it true that a dominant pair (C,7) coming from Theorem 6.3.18 is
well-covering if and only if it comes from a Configuration @), B), or E)?

A first step to answer this question would be to consider the following one:

Question 4: Is the answer to Question 2 independent from (ng,ng)?



Chapter 7

About zeroes in the Kronecker cone

By a zero in the Kronecker cone PKron,, ,, we mean a triple (o, 3,7) € PKrony, ,
such that g, 5~ = 0. The existence of such triples corresponds to the fact that the
Kronecker coefficients do not have the saturation property, and the problem of under-
standing these zeroes is an important and difficult one. In this chapter we look at the
half-line N*(«, 3,7) for such a zero (a, 3,7), and more precisely at the set A(«, 8,7) =
{d € N* s.t. gda.ds,d4y 7 0}. One can notice that in most examples this set is of the form
doN* (for a positive integer dp), and we prove in the first section that, for almost stable
triples, it is always the case. Nevertheless this result is not true if the triple is not almost
stable: there is a family of counter-examples due to Briand-Orellana-Rosas in [BORO09].
Therefore we study in details these known counter-examples in order to try to replicate
them, which we have not managed thus far.

7.1 Almost stable triples

It is of course obvious that a stable triple of partitions is almost stable, since we have
explained that any stable triple (a, 3,7) verifies: for all positive integer d, gga,dg,dy = 1
(recall that the definition of almost stable is the same condition with < 1). But one can
easily see that the converse is not true: there exist almost stable triples which are not
stable.

Example: For a=p=+=(1,1) and all d € N*,

| 0 ifdisodd
JdadB,dy =\ 1 if d is even

So (v, B,7) is almost stable, but not stable.

We can notice, in the previous example, that A((1,1),(1,1),(1,1)) = 2N* is a semi-
group. Then a reasonable question to ask would be: is A(a, 8,7) always of this form for
almost stable triples? And for any triple?

107
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Remark 7.1.1. The interpretation of the Kronecker coefficients as dimensions of spaces
of sections of line bundles shows that the Kronecker semigroup {(a, B,7) st. gagny F# 0}
is indeed a semigroup, as we said before, but it has also a slightly stronger consequence:
as soon as ga B~y 7 0, GrtaputBu+y = Gaup for any triple (A, p,v). Indeed, gop~ =
dimH°(X, £)¢ and Gy = dim HO(X, M)€ for some reductive group G acting on some
projective variety X and some G-linearised line bundles £ and M on X. Then, if
Ja,8~ 7 0, there exists a non-zero G-invariant section o of £. And thus, if (71,...,7)
is a basis of H(X, M)%, then (0 ® 71,...,0 ® 1) is a linearly independent family in
HO(X, £ ® M), Hence dimH(X, £ ® M)¢ > dimH(X, M)C.

Remark 7.1.2. A straightforward consequence of the previous remark is that the se-
quence (gda,dp,dy)deN+ is non-decreasing when g, 5, # 0. Furthermore, if dy € A(a, 3,7),
then dogN* C A(«, 3,7).

Theorem 7.1.3. Let (o, 3,7) be an almost stable triple of partitions. Then there exists
do € N* such that, for all d € N*,

deAa,B,v7) < dyld

Proof. Let dy = min{d € N* s.t. gga,a8,dy # 0}. The fact that, if d is a multiple of dy,
9da,dg,dy 7 0 has already been explained in Remark 7.1.2. We now prove the converse:
We can as before write g, 5, = dim HO(X, £)¢, with a product of flag varieties X on
which acts a reductive group G and a G-linearised line bundle £ on X. Then,

Vd € N*, 9do,dB,dy = dim HO(X, E®d)G

Moreover, X can be taken so that £ is an ample line bundle. In that case, the line bundle
L is even very ample (see e.g. |Bri04|, Proposition 1.4.1). As a consequence,

S = @HO E@d
d>0
is integrally closed, by [Har77|, Chapter 11, Exercise 5.14(a). Take now d € N* which is
no multiple of dg. Then d = dpq + r with ¢ € N and 0 < r < dy. By contradiction, let
us assume that gia.ds.dy # 0, i.e. HY(X, L5 £ {0}. Consider o € HO(X, £54)¢\ {0}.
Independently, since gaya.dos.doy 7 0, We can also take og € HY(X, £5%)%\ {0}. Then

there exists ¢ € C such that:
do
o
—co®" = 0.

Indeed, o®% /(557 @ ¢&") € C, since dog + 7 = d and ¢®% and ¢&¢ are both in
HO (X, £&ddo)C Wthh is of dimension 1. Thus ¢ /o3 is a root of T% — co§™ € S[T], for

some ¢ € C. And then .

— eS8
®q
0

since S is integrally closed. Hence o/og? € HO(X,£®7)¢ \ {0}. This is a contradiction
because r < dj. ]



7.1. ALMOST STABLE TRIPLES 109

Let us signal that the previous result can also be seen as a direct consequence of the
works of P.-E. Paradan in [Parl7]: it follows from the first statement in Theorem B.

Remark 7.1.4. This result does not hold for any triple of partitions: Theorem 2.4 in
[BOROQ] ylelds that g(ﬁ,ﬁ),(7,5),(674,2) =0 Whereas, for all d > 2, gd(ﬁ,ﬁ),d(7,5),d(6,4,2) > 0.

We will study this example in more details in the next section. Before this we take
a moment to finally prove a fact that we have been using the whole time, because it has
already been proven by J. Stembridge in [Stel4]. So forget only for now that stability
and weak-stability are two equivalent notions.

Lemma 7.1.5. If a triple («, 8,7) of partitions is stable, then it is almost stable.

Proof. Let us consider a triple («, 3,) which is not almost stable and write, exactly as
in the proof of the previous theorem:

Gopr = dimHO(X, £)¢
with X a product of (partial) flag varieties, G a connected reductive group, and £ an
ample G-linearised line bundle on X. Consider the projection to the GIT-quotient:
X*(L) — X**(L) J G. 1t is then known that some power of £ descends to X**(L) J/ G
(see e.g. [Tel00], §3). Up to replacing £ by a power, we can consequently consider that
L descends to an ample line bundle M on the GIT-quotient. Then (by [Tel00], Theorem
3.2(a)), for all d € N*,
HO(X, £®d)G ~ HO(XSS(E) // G, M®d).

Moreover, by Proposition 8.1 of [Dol03], since («, 8,7) is not almost stable, X**(L) / G
is not reduced to a point. So dim(H°(X*3(L) J G, M®%)) — . Thus,
—00

li =
dgf)lo 9do,dp,dy = 9,
and (a, 8,7) is not stable. O

Proposition 7.1.6. If a triple of partitions («, 3,7) is stable, then it is weakly stable.

Proof. It («, B,7) is stable, then it is almost stable (see the previous proposition). More-
over, since go g, 7 0 and using Remark 7.1.2,

Vd € N*, gda,dp,dy = 1.
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7.2 Geometric study of the examples of Briand-Orellana-
Rosas

The exact theorem in [BOR09] giving the whole family of counter-examples that we have
mentioned is:

Theorem 7.2.1 (Briand-Orellana-Rosas). Let i, j, and k be integers such that i > j > 0
and k > 2i+j. Set a = (k,k), B=(k+1,k—1), and v = (2k — 2i — 24,21,2j). Then,
for all d € N*,

d—1

—— ifdis odd
9da,dB,dy = d 2 .
3 +1 ifdis even

In particular, go g =0 and, if d > 2, g4a,48,dy > 0.

We would like to understand geometrically these examples. Take then integers 1,
J, k, and partitions «, 5, v of 2k as in the theorem. We know that, if we set G =
GL2(C) x GL2(C), X = {pt} x P(C?) x .FE(((CQ)* ® Cz), and L = Lo ® L ® Ly, then:

Ga,8,y = dim HO(X, E)G.

Lemma 7.2.2. Let us denote by Q the quaternionic group, seen as a subgroup of SLa(C)
(of cardinal 8). Then, for any positive integer d, there is a natural embedding

HO(X, £54)G —s HO (PL(C), 0(2d))°.

Let us set some notations concerning the group of quaternions Q:

0 1 0 i i 0
=00 =) w60
and then Q = {+ 1y, +1,+£J,+K}, with [J = K = —JI, JK = = —KJ, and KI =
J=—IK.

Proof. Let d be a positive integer. We first set ¥ = P(C?) x F¢(M3(C)) and L' the line
bundle on Y which is L5+ ® £, (with 8* = (—=k + 1, —k — 1)) on which the action of G
is twisted by the character xx : (g1, 92) — (det g1)~*. Then

HO(X, £84)9 ~ HO(Y, (£/)®)%.
The action of G on Y is:

(gl,gg).((Cv, ((CMl CCM;®»CMy; c CM; ®»CM; @ (CMg))
= (Cgaov, (CgaMigyt € CgaMigyt @ CgaMagy 't € CgoMigy* @ CgaMagy ' @ (CQQMSQ:L_I))v
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and one can see that C* Iy acts trivially. So it is actually an action of G’ = PGLy(C) x

PGL,(C). Let
1 0 0 1 00
i=(p B) m=(o) m=(00)

29 = (Cly C CI;®CH C CI, ®CH & C(E + F)) € FI(M3(C)).

and

Then we look at the isotropy subgroup G, of xo in G: let (g1,92) € Gg,. Therefore
g2 1o gfl € Cls, i.e. there exists A € C such that g = Ag2. Denote from now on g2 by g.
We have moreover

AN lgHg ' e CI,®CH

and then, since the action by conjugation preserves the trace, gHg~' € CH. But this
action preserves also the eigenvalues, and then gHg ' = +H.

e First case: gHg~! = H. Then g is diagonal and can then be written g = <é t01>

with t € C*. Furthermore

G o)) (o D=2 0)

has to be symmetric. Hence t* =1, ie. t € {£1,4i},i.e. g€ {£1s, £K}.

e Second case: gHg™' = —H. Then (gI)H(gI)~' = H, and thus g = go.I ™! with go
as in the first case. This gives g € {+I,£J}.

Finally we find that G, C {()\g, g); AeC* g€ Q}, and conversely it is not difficult to
check that G, = {()\g,g) ;AeCrge Q}. In particular, the isotropy subgroup G, of
zo in G’ is finite and, since dim G’ = 6 = dim F(My(C)), the (G- or G'-, since it is the
same action) orbit of zg is open in F¥(M3(C)). As a consequence,

HO(Y, (£)®4)C¢ s H° (PY(C) x G.x0, (£/)%9)

~  H°(G xq,, (PY(C) x {x}), (L)%
HC (P!(C) x {xo}, (£)%) 0
~  H(PY(C), £ @ H({ao}, (£")®%) o,

G

12

where £” is the line bundle £, on F(M3(C)) on which the action of Gy, is twisted by
the character Xk|GIO : (Ag,g) — A2k Then one can check without problem that G,

acts trivially on the fibre over zq in (£”)®?, and therefore the dimension of the second
factor of that last tensor product is 1. Finally,

HO(X, £84)¢ — H° (P1(C), 0(2d))°.
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Proposition 7.2.3. For any positive integer d,
Jdonap,dy = dim H (PL(C), 0(2d))? = dim (C[z, yJ2a)? ,

where Clx,yloqg denotes the vector space of homogeneous polynomials in two variables x
and y, of degree 2d, on which QQ C SLo(C) acts by its natural action on (z,y).

Proof. Let d be a positive integer. By the previous lemma,
9da,d,dy < dim H° (Pl((C), O(Zd))Q.

But we are actually going to prove the equality by computing directly the dimension of
HY (P1(C), O(Qd))Q and comparing it to the result given by Briand-Orellana-Rosas about
9da,dp,dy- Indeed, by standard algebraic geometry,

HY (PY(C), 0(2d)) ~ Sym**(C?)* ~ (C[z, y]24) -

Hence we obtain the second equality stated in the proposition. Now the dimension of the
space of (Q-invariants in this space of homogeneous polynomials can be computed. Since
Q = (1,J), it is sufficient to look at the action of I and J:

e The element [ = <_01 é) acts by: if p 4+ ¢ = 2d, 2Py? — (—1)Pz9yP. Therefore,

2d 2d 2d
Z cpPy?d=P € (Clx, y]gd)(l> = Z cpaPy?dP = Z(—l)pcpxzd_pyp
p=0 p=0 p=0

Cod—p  if piseven

<~ Vpe[0,2d], Cp:{ —co4—p if pis odd

e The element J = <? Z) acts by: if p + ¢ = 2d, 2Py? — (—1)%w%yP. Therefore,

0
2d 2d 2d
> ety P € (Cla, ) = D Pyt = (1)1 gt ryr
p=0 p=0 p=0

_J c2q—p ifdiseven
— Vpe [[O; 2d]]7 Cp = { —C2d—p if d is odd

As a consequence,
e if d is even:
2d
p. 2d—p Q Vp € [0,2d] even, ¢, = caq—p
Zocpx y 6 (C[x’y]Qd) — { vp c |I072d]] Odd, cp — O
—

d
and dim ((C[a:,y]gd)Q =3 + 1 = gda,a3,dy (by Theorem 7.2.1);
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e if d is odd:
2d
b 24 0 Vp € [0,2d] even, ¢, =0
Zocpx Y € (Clz,y)2q) — { Vp € [0,2d] odd, ¢, = —C2d—p
p:
) d—1
and dim (C[$7y]2d)Q =5 9de,dB,dvy -

7.3 An attempt at constructing examples

Now that we managed to express the Kronecker coefficients of Theorem 7.2.1 quite simply
(as dimensions of invariants in spaces of homogeneous polynomials under the action of a
finite group), we would like to do the opposite reasoning and try to produce other such
examples of family of triples like the one given in [BOR09|. So we would like to start
from a finite group acting on spaces of homogeneous polynomials, which gives interesting
dimensions when one looks at the spaces of invariants. But this first step already appears
to be quite tricky, and for now we only found one such example of finite group. It concerns

the following subgroup H of SL3(C): set w = eim/3,
w 0 0 1 0 0
A - O w 0 N B = 0 0 1 ,
00 —w 0 -1 0

and
H=(A,B)={A*B"; k€ [0,5],1 € [0,3]} ~ Z/6Z x 7./AZ

(A and B verify the relations A =1, B* =13, and BA = AB~'). Then, for all d € N*,
H acts linearly on the vector space C[z,y, 2|34 of homogeneous polynomials of degree 3d
in three variables x,y, z, via its natural action on (z,y, z). Let d € N*. We can compute
the dimension of the space (C[z,y, z]gd)H of invariants.

Proposition 7.3.1. The dimension of the vector space ((C[:U,y,z]gd)H is:
Zd*+3d+1  ifd=0 ( )
9 3 3 e
Zd>+3d+3  ifd=2 ( )
2d*—3d+L ifd=3 ( )
In particular, f(1) =0 and f(d) > 0 as soon as d > 2.

Proof. Denote by P3q the set of all triples of non-negative integers whose sum is 3d.
Then:

e The matrix A acts by: if (p,q,r) € Paq, 2Pylz" s (—1)4T"2Pyd2". Therefore,
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Z Cp,q,rxpyqzr € (C[xu Y, Z]Sd)<A> — V(p, q, T’) € Pza, Cp,qr = (_1)d+rcp,q,r
(p,Q7'r)€7)3d

— v(p7Q7r) € 733d>

rodd = cpqr =0 1if diseven
reven = cpqr =0 ifdisodd

e The matrix B acts by: if (p,q,r) € Psq, 2Pylz" — (—1)%2Py"29. Therefore,

Z Cp,q,rxpyqzr € ((C[m, Y, Z]3d)<B> — V(p, (LT) € Psa, Cpqr = (_1)rcp,r,q~
(p7Q7T)€7)3d
As a consequence,
o if d is even:
Z pgra’y?z" € (Clz,y, 2Jsa)"”
(p,q,’!’)elngd

orrodd = ¢ =0
— V(p,q7r)EPsa, 4 ¢ par
gand r even = Cpgr = Cprg

and thus

dim (C[ZL‘,y, Z]3d)H = ﬁ{(pv(br) € P3gst. q<r and q,T are even}
ifd=0 (mod 4)

ifd=2 (mod 4)

—_

9, 3
= 16d+2d+{i

(after computation).

e if d is odd:
H
Z CP,QJ"rpyqzr € ((C[.’L', Y, Z]3d)
(p,q,;7)EP3a
qorTeven = Cpgr =0
v k- &
< VY(p,q,7) € Paq, { gand r odd = cpgr = —Cprg

and thus

dim (Clz, v, z]gd)H = ﬁ{(p,q,r) € P3q s.t. ¢ <r and q,r are odd}
3

gd2—§d —1—16 ifd=1 (mod 4)
16 8 +oc ifd=3 (mod4)

O]

The simplest thing after this would be to identify H as more or less the isotropy
subgroup in GL3(C) of a sequence of linear spaces of the right dimension, in order to do
the reasoning of the proof of Lemma 7.2.2 in the opposite direction. Unfortunately as of
now we were not able to do this. But we could maybe in the future find another way of
using this action of H on Clz, y, z]34 to create a new example like Theorem 7.2.1.



Appendix A

List of all possible order matrices of
size 3X3

There are 36 possible order matrices (i.e. 36 types of additive matrices) of this size:

® @ ® ® @ ® ® @ ® ® @ ®
D|l® 6 @l® 6 @ ®le® 6 @ @|le ® @
® ® ® ® ® © ® @ © ® ® ©

® @ o ® @ @ ® @ @ ® @ @
@(@@) @(@@@) @(@@@) (@@)
® © ® © ® © ® ® © ® © ©
® @ ® @ @ ® @ ® ® @ 6
@(@@@) (@@) @(@@@) @(@@@)
® ® ® © © ® ® © ® ® ©

®
—
® 0o
® O
©® e
~_— —
®
—
® O
Qe
®
—
® o
Qe O

©®e

|

and exactly all the transposed matrices of these ones (that we number in the same
order: the transposed matrix of Matrix (k) has number 18+k). Respectively associated
dominant, regular, G—regular one-parameter subgroups are for instance (using once again
the notation explained in Section 4.3.2 for such subgroups):

®
~
®
SRS

© @
~_

® @ 0 ® @ O
e @ ® ©®le o ®
® © © ® ©® O
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71 = (6,3,0(2,1,0) > = (10,4,0]5,2,0) 3 = (8,2,0[4,3,0) T4 = (10,3,0(6,2,0)

5 = (7,1,0[4,2,0) 76 = (8,5,0/4,2,0) 7 = (6,3,0[4,2,0) s = (12, 5,010, 6,0)
T9 = (12,5,0]10,4,0) T10 = (9,2,0]8,4,0) m = (7,5,0[4,3,0) 12 = (12, 8,0(9,6,0)
713 = (10,6,0|8,7,0) T14 = (8,2,0(9,4,0) 715 = (8,4,019,6,0) 716 = (8,2,0/10,7,0)

17 = (4,2,0]6,5,0) 718 = (4,1,0]7,5,0)
(for the transposed matrices, one simply has to exchange the roles of V; and V43).
Then each one of these matrices gives exactly one “additive face” of PKron,,, ,, by
the result of Manivel and Vallejo, i.e. one well-covering pair. Moreover, by Theorem

6.3.17, they also give other such pairs. Here are the numbers of new well-covering pairs
that each one gives:

®6 @+ ®5 @5 @5 @+ @2 ©3 O3
Ws Ws @3 @+ W+ W3 W3 s s

Each transposed matrix gives furthermore by Theorem 6.3.17 the same number of well-
covering pairs as the original one. As a consequence that makes in total 144 new well-
covering pairs.

In addition to Theorem 6.3.17, Theorem 6.3.18 provides from these 36 order matrices
a certain number of dominant pairs. Among them some are probably well-covering while
others do not in fact define a new face of PKrongz 3. Here are the numbers of dominant
pairs that each order matrix gives (for the transposed matrices, it will be the same):

D6 @4 @9 @9 B12 ®4 @2 @5 O3
e (An9 (123 @6 (@6 (36 165 (AD12 (189

(232 dominant pairs in total.)
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