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Abstract

We pursue the study of local index theory for operators of Fourier-
integral type associated to non-proper and non-isometric actions of Lie
groupoids, initiated in a previous work. We introduce the notion of ge-
ometric cocycles for Lie groupoids, which allow to represent fairly gen-
eral cyclic cohomology classes of the convolution algebra of Lie groupoids
localized at isotropic submanifolds. Then we compute the image of ge-
ometric cocycles localized at units under the excision map of the funda-
mental pseudodifferential extension. As an illustrative example, we prove
an equivariant longitudinal index theorem for a codimension one foliation
endowed with a transverse action of the group of real numbers.
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1 Introduction

In a previous paper [12] we initiated a local index theory for Fourier-integral type
operators associated to non-proper and non-isometric actions of Lie groupoids
on smooth submersions. The difficulty in the non-isometric setting is that the
main tools of ordinary local index theory, such as the heat kernel expansion or
related methods, are no longer available. One thus has to invent entirely novel
techniques in order to handle such general situations.

The precise setting is the following. Let G = B be a (Hausdorff) Lie groupoid
acting smoothly on a submersion of manifolds 7 : M — B. We denote by
C$° (B, CL.(M)) the algebra of compactly-supported classical pseudodifferential
operators acting along the fibers of the submersion. This algebra naturally
carries an action of G, so we can form the crossed product C°(B, CL.(M)) x G.
The latter contains many interesting operators, including of Fourier-integral
type, that are of interest from the point of view of non-commutative index
theory. We can form the short exact sequence of algebras

0— C2(B,CL;Y(M)) x G = C=°(B,CLYM)) x G — C=(S:M) x G — 0

(see section 2). The quotient C°(SEM) x G is isomorphic to the convolution
algebra of the action groupoid S¥M x G, and describes the non-commutative
leading symbols of the operators under consideration. The fundamental question



is to compute the excision map F* induced by this extension on periodic cyclic
cohomology. We solve this problem in [12] in the case of cyclic cohomology
classes which are localized at appropriate isotropic submanifolds O C G. The
main result of [12], which we shall recall here in section 2 (see Theorem 2.1),
takes the form of a commutative diagram:

HP*(C=(B,CL; (M) % G) —2—= HP*+1(C®(S:M) x G)

c

-l | T 1)

HPg,,(C&(B) % G)jo] —— HPL N (C(S3 M) % G)re0)
The bottom map 7r!G is given by a fixed-point formula, involving residues of
zeta-functions which generalize the well-known Wodzicki residue [16].

Although the residue formula is an explicit local expression in the complete
symbols of the operators, it is extremely hard to compute. The reason is that
when the dimension n of the fibers of the submersion « : M — B is “large”
(typically m > 2 !) the residues involve an asymptotic expansion of symbols up
to order n, which produces a huge quantity of terms. However, in the case of
cyclic cohomology localized at units (O = B), using the techniques of [11] we
shall give here a close expression for the map 7 in terms of the usual char-
acteristic classes entering the index theorem, namely the G-equivariant Todd
class of the vertical tangent bundle of M. To show this we focus on a class
of elements in HPg, (C2°(B) x G)o) represented by geometric cocycles: the
latter are quadruples (N, E, ®, c) where N, E are smooth manifolds, ® is a flat
connection on a certain groupoid, and ¢ is a cocycle in a certain complex. See
section 3 for the precise definitions. This geometric construction of localized
cylic cohomology classes is of independent interest since it works for the cyclic
cohomology localized at any isotropic submanifold O C G. Moreover in the
case of the localization at units O = B, one recovers all the previously known
constructions of cyclic cohomology in special cases, including: the cohomology
of the classifying space for G and Gelfand-Fuchs cohomology (étale groupoids or
foliation groupoids [2, 3]), differentiable groupoid cohomology ([14]), etc. The
next result, Theorem 5.4 of this article, is a refinement of Theorem 2.1 in the
case of geometric cocycles localized at units.

Theorem 5.4 Let G = B be a Lie groupoid acting on a surjective submersion
m: M — B. The excision map localized at units

(C(B) % G)p) — HPR (C(S7M % G))isz )

top

7T!G : HP?

top

sends the cyclic cohomology class of a proper geometric cocycle (N, E,®,c) to
the cyclic cohomology class

([N, B, ®,c]) = [N xp SEM, E xg S M , 7;1(®), Td(T,M @ C) A 7*(c)]

where Td(T, M ®@C) is the Todd class of the complexified vertical tangent bundle
in the invariant leafwise cohomology of E xp SiM.

Once specialized to the case of a discrete group G acting by any diffeomorphisms
on a manifold M, this theorem completely solves the problem of evaluating the



K-theoretical index of the Fourier integral operators considered in [15] on cyclic
cohomology classes localized at units, in terms of the non-commutative lead-
ing symbol of this operator in K;(C*®(S*M) x G). Let us mention that an
adaptation of this result to the hypoelliptic calculus of Connes and Moscovici
(see [4]) gives a direct proof of their index theorem for transversally hypoellip-
tic operators on foliations, and moreover gives an explicit computation of the
characteristic class of the hypoelliptic signature operator. This is the topic of a
separate paper [13].

To end this article we also present an application of the residue formula of The-
orem 2.1 in a case not localized at units. We prove an equivariant longitudinal
index theorem for a codimension one foliation endowed with a transverse action
of the group R. Choosing a complete transversal for the foliation, this geomet-
ric situation can be reduced to the action of a Lie groupoid on a submersion.
The groupoid possesses a canonical trace, and we show that the pairing of the
corresponding cyclic cocycle with the index of any leafwise elliptic equivariant
pseudodifferential operator is given by a formula localized at the periodic orbits
of the transverse flow on the foliation. This gives an interesting interpretation
of the results of Alvarez-Lopez, Kordyukov [1] and Lazarov [8] in the context of
the K-theory/cyclic cohomology of Lie groupoids.

Here is a brief description of the article. Section 2 recalls the main result
of [12], namely the residue theorem computing the excision map in cyclic coho-
mology associated to the fundamental pseudodifferential extension. Section 3
describes a very general construction of cyclic cohomology classes from geomet-
ric cocycles. In the particular case of localization at units, this construction is
related to the computation of the excision map in section 4. Then Theorem 5.4
is proved in section 5, adapting the abstract Dirac construction of [11]. Finally
section 6 contains the example of a transverse flow on a codimension one folia-
tion.

2 The residue theorem

Let G = B be a (Hausdorff) Lie groupoid, with B its manifold of units. We
denote by 7 : G — B the range map and by s : G — B the source map. Both
are smooth submersions. We think of an element g € G as a left-oriented arrow:

g:7(g9) «— s(g)

The restriction of the vector bundle Ker s, C T'G to the submanifold B C G is
the Lie algebroid AG over B. Denote by A*G its dual vector bundle. Under the
range map, the line bundle |A™** A*G| over B can be pulled-back to a line bundle
r*(JA™**A*G|) over G. The latter is canonically identified with the bundle of
1-densities along the fibers of the source map. By definition, the convolution
algebra of G is the space of smooth compactly supported sections of this line
bundle (complexified):

C(B) x G :=CX(G,r*(JA™*A*G))) . (2)



The product of two sections a1 and as is given by convolution,

(ara2)(g) = / almes(s) 3)

where the integral is taken with respect to the 1-densities. More generally, if
R is a G-equivariant vector bundle over B, we denote by U, : Ry — Ry (y)
the vector space isomorphism induced by an element g € G between the fibers
of R above the points s(g) and r(g). If moreover R is a G-equivariant algebra
bundle, we define as above the convolution algebra

CX(B,R) x G := CX(G,r"(R® |A"*A*G])) , (4)

where the convolution product is now twisted by the action of G on R:

(ara2)(g) = / i) Uy, aal) (5)

Let now the groupoid G = B act (from the right) on a smooth submersion
of manifolds 7 : M — B. In [12] we define the G-equivariant algebra bundle
CL2(M), whose fiber over a point b € B is the algebra of compactly supported
classical (one-step polyhomogeneous) pseudodifferential operators of order < 0
on the submanifold M, = 7~'(b). It contains the algebra subbundle CL_ (M)
of order < —1 operators as a two-sided ideal, whence the fundamental extension
(E) of convolution algebras

0— C2(B,CL;Y(M)) x G = C®(B,CLYM)) x G = C=®(S M) x G — 0

where S M is the vertical sphere bundle over M, and the epimorphism onto
the convolution algebra CS°(S:M) x G is induced by the leading symbol. The
goal is to calculate the connecting map induced by this extension on periodic
cyclic cohomology

E* : HP*(C®(B,CL;*(M)) x G) — HP*TY(C(S:M) x G) . (6)

As it turns out, we can give explicit residue formulas for the map E* when cyclic
cohomology is localized. An isotropic submanifold O C G is a submanifold
with the property that any element g € O verifies r(g) = s(g). It is Ad-
invariant if it is stable by conjugation by any element of G. In [12] we define
the (topological) cyclic cohomology of G localized at any Ad-invariant isotropic
submanifold O, which comes with a natural forgetful map to ordinary (algebraic)
cyclic cohomology

HPg,,

(CZ(B) x G)jo) — HP*(C*(B) x G) .

Note that an element g € O acts by diffeomorphism on the manifold M, =
771(r(g)). We say that the action of O on the submersion M is non degenerate
if
e For any g € O, the set of fixed points M f(g) is a union of isolated subman-
ifolds in M,.(4), depending smoothly on g;



e At any point z € M Tg(g) the tangent space T;; M,(,) in the ambient manifold

M,.(4) splits as a direct sum

9)
T M, (g) = T M}y & NY (7)

of two subspaces globally invariant by the action of the tangent map g,
associated to the diffeomorphism. We denote g’ the restriction of g, to
the normal subspace N¢;

e The endomorphism 1 — ¢’ of N¢ is non-singular, that is det(1 — ¢’) # 0 at

any point x € Mf(g).

We then have the following residue theorem:

Theorem 2.1 ([12]) Let G = B be a Lie groupoid and let O be an Ad-
invariant isotropic submanifold of G. Let m : M — B be a G-equivariant
surjective submersion and assume the action of O on M non-degenerate. Then
one has a commutative diagram

HP*(C=(B,CL;Y (M) % Q) —2—> HP*+{(C>(S:M) % G)

T T (8)
HP;,,(C(B) % G) o] —S—> HPSLH(CX(SEM) %1 G) o)

top

where the isotropic submanifold 7O C SiM x G s the pullback of O by the
submersion SEM — B. The map 7T!G is expressed by an explicit residue formula.

The left vertical arrow comes from the canonical Morita equivalence between
the groupoid G and its pullback 7*G under the submersion 7.

Let us now explain the way 7T!G is constructed. For convenience we write
o =CX(S:M)x G, & = C®(B,CLY(M)) x G, = C>®(B,CL;*(M)) x G.
We use the Cuntz-Quillen formalism [6] and compute the cyclic homology of &7
by means of the X-complex of its non-unital tensor algebra T'.%7, completed in
the adic topology relative to the ideal Jo/ = Ker(T&/ — &):

T =lmTe/[Ja/™, X(T): T/ = Q' T, .

Then HP*(/) is the cohomology of the Z,-graded complex Hom(X (T.), C).
The extension 0 - £ — & — o/ — 0 can be inserted in a commutative diagram



where all rows and columns are exact:

0 0 0
0 I J& Jd 0
0 74 T& T 0 (9)
0 B & o 0

0 0 0

The ideal Z is the kernel of the homomorphism T'¢ — T'e/, and ¢ is the kernel
of J& — JA. The kernel of the homomorphism T'¢ — & is the ideal J& + Z.
We define the corresponding adic completion of T'§ and its X-complex:

TE =WmTE/(JE+R)",  X(T€):TE = Q'TE, .

Choose a continuous linear splitting o : &/ — & of the leading symbol homo-
morphism. As a vector space, & is a direct summand in T'&, hence we can view
o as a linear map to T'¢. By the universal property of the tensor algebra T'.o/
we can lift o to a homomorphism of algebras o, : T/ — T'&:

0 Jof T —> o —=0
Ll
0—=J& + % T& o —=0

One has 0, (a1 ®...®a,) =0(a1)®...®0c(ay,) in TE. Because o, respects the
ideals, it extends to a homomorphism T« — T'§ and also induces a chain map

0. X(Tt) = X(TE) .

Let € = C°(B) x G be the convolution algebra of G, and T% be the JE-
adic completion of its tensor algebra. Taking the locally convex topology of €
into account, we can replace algebraic tensor products everywhere by topological
ones and get the larger algebra T'%6,p. One can think of an element in 7% as a
collection of smooth compactly supported functions over the product manifolds
G™ for all n. The localization X (T'@op)[0] of its X-complex at an Ad-invariant
isotropic submanifold O € G is defined in [12] as a quotient, and its elements may
be viewed as collections of jets of smooth functions at localized submanifolds in
G". The localized cyclic cohomology H Py, (C2°(B) % G)|o) is the cohomology

of the Zs-graded complex Hom(X (T%Op); C) of cochains which satisfy certain
conditions of continuity and boundedness. There exists a residue morphism

Res : X(T&) = X(T%iop)(o) - (10)



This requires to choose a smooth section Q € C*°(B, CL'(M)) of elliptic, pos-
itive pseudodifferential operators acting along the fibers of the submersion 7.
Thus at any point b € B one has an elliptic positive invertible operator @, acting
on the manifold M, = 7=1(b). We may furthermore assume that, modulo per-
turbation by regularizing operators, each @ as well as its complex powers @, *,
z € C are properly supported. For Re(z) sufficiently large, @, * is used to regu-
larize operator traces and leads to meromorphic zeta-functions. In even degree
(10) is a linear map T'¢ — (T'Gop)j0]- The image of a tensor 1 ®...®e, € TE
is a jet of a function of n variables (g1, ...,g,) in G™:

(Res(el ®R...Q Gn))(gl, ce ,gn) =
Res Tr(e1(91) Ug, h(s(91),7(92)) - - - €n(gn) Ug, h(s(gn),7(91)) Qy5))

where h is a generalized connection on the submersion 7 : M — B according to
Definition 4.3 of [12]. In odd degree (10) is a linear map Q' T&, — (' TG op)(0)-
It is defined in a similar way:

(Res(i(e1 @ ... ® ep—1den))) (915 - - -, gn—1lgn) =
Res Tr(e1(91) U, h(s(91),7(92)) - -- Q5. €n(9n) Uy, h(5(gn), 7(91)))

These residues select the poles of zeta-functions like Tr(PU,Q, *), where g € O,
b = s(g) = r(g), and P is some classical pseudodifferential operator on the
manifold M, = 7=1(b). To see that they yield in fact local formulas, Proposition
5.3 of [12] computes these residues in terms of integrals of the complete symbol
op of P over the cosphere bundle of the fixed-point set of g. Suppose for
simplicity that M; C M, is a unique submanifold of dimension r. Then there
exists a local coordinate system (z;y) on M, which is adapted to M} (see [12]
for precise definitions), and a canonical coordinate system (x,p;y,q) on the
cotangent bundle T*Mp, such that (z,p) is a canonical coordinate system of
T*M;. Then one has

Res Tr(PU,Q, %) :/ {ei<§;v(1—g’)1§y> i etrema ) n(dn)™"!
R 5ears [det@—g))_, @ny
(1)

where S*M is the cosphere bundle of the fixed submanifold, n = (p,dz) is
the contact one-form over the cotangent bundle T* M/, the brackets [ ], select
the order —r component of a symbol with respect to the variables (x,p), and
¢’ is the matrix of partial derivatives d(¢*y)/0y. In the special case U, = Id,
this expression simplifies drastically and one recovers the well-known Wodzicki
residue [16]. Also note that in the general case the residue does not depend
on the choice of Q. Now we enlarge CL.(M) to the algebra bundle CL.(M )iog
of log-polyhomogeneous pseudodifferential operators and define as before the
crossed product algebra

-

Slog = C°(B,CLY(M)10g) x G .

Slog contains products of classical operators in & by logarithms of elliptic pseu-
dodifferential operators. For example the logarithm In@Q = f% “*|,=0 of Q

acts on &iog as a left multiplier: (InQ@ - e)(g) = InQ,ye(g) for all e € oy
and g € G. Replacing all preceding algebras of pseudodifferential operators



by log-polyhomogeneous ones, we define féﬁog as the adic completion of T'éjos
with respect to the ideal Jéiog + Hiog, and X(T& )llog as the subcomplex of

X(T& )iog having logarithmic degree at most 1. Then, the residue map (10) can
be extended to a chain map

X(T&)L, N Dom(Res) — X (TG 0p) 0]

1
log
with an appropriate domain Dom(Res). Typically, “commutators” with In @ in
a tensor product belong to this domain, and will be written as

e1®...0MmQ,eRer1 ®...Qe, =
e1®..0InQ-e,Re1®..0e,—1Q...06,RInQ 6,41 ®...0e,

for all e; € &. Now everything is set to give the explicit formulas for the map
WIC;. The image of a localized cyclic cohomology class of even degree [p] €
HP{ (C(B) x G)o) is represented by the following localized cyclic cocycle of

odd degree () € Hom(Qlf%, C):
T (2)(8(a1 @ ... @ ap_1day,)) = po Res(o(a1) ® ... @ 0(an-1) ® [nQ,0(an)])

for all f(a1 ®...®a,—_1day,) € Q'Te. In a similar way, the image of a localized
cyclic cohomology class of odd degree [p] € HPL, (C°(B)xG) o) is represented

by the following localized cyclic cocycle of even degree 7TIG(<,0) € Hom(fﬁzf ,C):

() (a1®. . .Qay) = Z @oRes(0(a1)®...[InQ,0(a;)]...do(a;)...Q0(ay))

1<i<j<n

foralla; ®...®a, €e TH.

By [12] Corollary 5.7, the residue theorem allows to evaluate the image of
the index map in algebraic K-theory associated to the extension £ : 0 — # —
E— o —0

Indg : K1 (o) = Ko(5) (12)
on localized cyclic cohomology classes. Let [u] € K;(4) be an elliptic sym-

bol represented by an invertible matrix u € My (&/)* in the unitalization
of the matrix algebra M (/). It canonically lifts to an invertible element
@ € Moo(T?)* under the linear embedding & C T.«/. We extend the lin-
ear splitting o : & — & to the unitalized matrix algebras My, (/)" and
Mo (&)T by setting o(1) = 1, and lift it to a unitalized algebra homomorphism
0yt Moo(T#)" — Moo (TE)F. The latter maps @ to an invertible element
o4 (1), whose inverse is

o (07 = Z clu ™)@ —ow) @c(u1))®" € Mo (TE) .
n=0

Under the hypotheses of Theorem 2.1, the evaluation of Indg([u]) on a cyclic
cohomology class [¢] € HPY, (C(B) x G)[o) localized at O is computed by
the residue formula

([ro). Indp([u])) = ¢ o Res#tr(o.(a™")[InQ, 0.(a)]) (13)

where Q € C°(B, CL*(M)) is any elliptic operator as above.



3 Geometric cocycles

For any Lie groupoid G = B we shall construct in a geometric way cyclic coho-
mology classes [p] € HPy, (C°(B) x G)g) localized at Ad-invariant isotropic
submanifolds O C G. Our approach is intended to combine all the already
known cohomologies giving rise to cyclic cocycles localized at the unit sub-
manifold O = B: the cohomology H*®(BG) of the classifying space of an étale
groupoid [3], the differentiable cohomology HJ(G) of any Lie groupoid [14], the
Gelfand-Fuchs cohomology appearing in the transverse geometry of a foliation
[2], etc..., and generalize them in order to include cyclic cohomology classes lo-
calized at any isotropic submanifold O. We start with a definition extending the
notion of Cartan connection on a Lie groupoid; note that all the formalism de-
veloped here could certainly be reinterpreted into the language of multiplicative
forms of [5].

Definition 3.1 A connection on a Lie groupoid (r,s) : I' = F is a Lie sub-
groupoid & = F of the tangent groupoid (1., s.) : TT = TE such that

o O a vector subbundle of TT" simultaneously transverse to Kerr, and Ker s,
in the sense that ® NKerr, = ® NKer s, is the zero section of TT,

e F is a vector subbundle of TE, of the same rank as .

The connection is flat if (®, F') are integrable as subbundles of the tangent bun-
dles (TT,TE).

By the transversality hypothesis, the tangent maps 7, and s, send the fibers of
® isomorphically onto the fibers of F. If the connection is flat, (®, F') define
regular foliations on the manifolds (T, ) respectively. The leaves of T" are locally
diffeomorphic to the leaves of E under both maps r and s.

When ® has maximal rank equal to the dimension of E, then ® ¢ Kerr, =
dPdKers, =TT and F = TE. In that case, a flat connection defines a foliation
of the manifold I" which is simultaneously transverse to the submersions r and
s and of maximal dimension. This foliation in turn determines a set of local
bisections of I'. Since ® is a subgroupoid of 7T, one can check that these local
bisections form a Lie pseudogroup with respect to the composition product on
I". This pseudogroup acts on the manifold E by local diffeomorphisms: any
small enough local bisection provides a diffeomorphism from its source set in
to its range set in E. Hence, any morphism « € I" can be extended to a local
diffeomorphism from an open neighborhood of s(v) to an open neighborhood of
r(7), in a way compatible with the composition of morphisms in T".

When ® has rank < dim F, the corresponding local bisections are only defined
above each leaf of the foliation F' on E. This means that any morphism v € T’
can be extended to a local diffeomorphism from a small open subset of the leaf
containing s(y) to a small open subset of the leaf containing r(y). In general
there are topological or geometric obstructions to the existence of a connection
(flat or not) on a Lie groupoid. Here are some basic examples:

Example 3.2 An étale groupoid I' = B has a unique connection of maximal
rank 7T which is always flat. The corresponding pseudogroup of local bisections
is thus the pseudogroup of all local bisections of I'. Hence, any morphism v € T’
in an étale groupoid determines a local diffeomorphism from a neighborhood of
the source s(7y) to a neighborhood of the range () in a unique way.



Example 3.3 Let G be a Lie group acting on a manifold B by global diffeo-
morphisms. Then the action groupoid I' = B x G is endowed with the canonical
flat connection Ker(pr,) C TT, where pr : I' — G is the projection. In this case
the pseudogroup of local bisections determined by the connection is precisely
the group G.

A flat connection ® = F on a Lie groupoid I' = FE leads to the I'-
equivariant leafwise cohomology of F. Indeed at any point v € I', the fiber
&, is canonically isomorphic, as a vector space, to the fibers s,(®,) = Fy(,)
and r,(®,) = F,(,). Hence any ~ yields a linear isomorphism from the fiber
Fy(,) to the fiber F,(,), in a way compatible with the composition law in T'.
This means that the vector bundle F' over E is a I'-bundle. Here the flat-
ness of the connection is not used. In the same way, the dual bundle F* is
also a I'-bundle. In general the cotangent bundle T* E may not carry any ac-
tion of I'; but the line bundle A™** A" ® A™**T*E always does. As usual AT’
is the Lie algebroid of T. If F|, = TE/F denotes the normal bundle to F,
then one has a canonical isomorphism A™T*E = AM*EF¥ @ A'PF*. Since
I" acts on the line bundle A™®*F' through the connection ®, one sees that the
tensor product AM*A @ AM™T*E @ AM™EF =2 AMXAT @ A™*FT is a I'-
bundle. We define the bicomplex of I'-equivariant leafwise differential forms
c* (F, A.F) = (Cm (F, AmF))n207m20 where

C™(T,A™F) = C®(I'™, s* (|A™™AT| @ |[A™F}| @ A™F*)) (14)

is the space of smooth sections of the vector bundle [A™**AT'| @ [A™™F| ®
A™F*, pulled back on the manifold '™ of composable n-tuples by the source
map s : T — E, (y1,...,7) — s(7n). In particular for n = 0, CO(T', A™F) =
C®(E,|A™AT| @ |A™**FY| @ A™F*) is the space of leafwise m-forms on E
twisted by the line bundle [A™**AT'| @ |[A™**F'f|. Note that |[A™**F| is the
bundle of 1-densities transverse to the foliation F' on E. The first differential
dy : C"(T,A™F) — C™"(I'; A™F) on this bicomplex is the usual differential
computing the groupoid cohomology with coefficients in a I'-bundle. It is given
on any cochain ¢ € C*(I', A™F’) by

n
(dic)(v1, -, Tng1) = 0(727---7’Yn+1)+Z(*1)ZC(%V~,%’th+1,---a%+1)
i=1

UL - (e o)

for all (v1,...,7n+1) € I+ The last term of the r.h.s. denotes the ac-
tion of the linear isomorphism U%lﬂ C(|APAT| @ [AMEY | @ A F*) g(,) =
(JA™* AT @ [A™FF [ @ A™F*)g(4,,1) o0 ¢(71,...,7,). The second differen-
tial dy : C*(T,A™F) — C™(I', A™T'F) comes from the leafwise de Rham dif-
ferential dp : C®°(E,A™F) — C°(E,A™"'F) on the foliated manifold E.
Indeed we first observe that the foliation F' on E defines the sheaf of holonomy-
invariant sections of the line bundle of transverse 1-densities |[A™**F'f |, which
in turn induces a canonical foliated connexion dp, : C*°(E,|[A™F}|) —
C>(E,|A™>F¥|®@ F*). This connexion is flat in the usual sense (dp, )? = 0. In
the same way, viewing r* AI" as a subbundle of TT', the foliation ® on I' defines
the sheaf of holonomy-invariant sections of the line bundle r*|A™®* AT'| which

descends to the line bundle |[A™**AT'| over F, and subsequently defines a flat

10



foliated connection dar : C®(E, |[A™*AT|) — C®(E,|A™AT'| @ F*). The
sum dar + dp, +dr is a I-equivariant operator on the space of sections of the
vector bundle [A™*AT| @ [A™**F%| @ A®*F* which squares to zero. Finally we
extend the foliation ® on I' to a foliation ®(™ on I'™ in such a way that all pro-
jection maps p; : T™ — T, (71,...,7,) — ~ induce vector space isomorphisms
(pi)« : (1)221) ’’’’’ vy~ Py, Since @ is a subgroupoid of I' the foliation d(") exists

and is unique. Moreover the source map s : '™ — E is a local diffeomorphism
from the leaves of ®(™ to the leaves of F. We use this local identification to lift
dar +dp, +dp to an operator s*(dar + dr, + dr) on the space of sections of
the vector bundle s*(|A™**AT'| ® |[A™* F¥ | @ A*F*) over T'™). For any cochain
ce C"(I',A"™F) we set

(dQC) = (71)“5*(d14p -+ dFL + dF)C .

Since dar + dp, + dp is I'-equivariant, the two differentials on C*(T', A*F™*)
anticommute: dyds 4+ dod; = 0. The I'-equivariant leafwise cohomology of F is
by definition the cohomology of the total complex obtained from this bicomplex.
If n: E — N is a submersion, we define C3(I', A*F*) as the subcomplex of
cochains having proper support with respect to 7.

Definition 3.4 Let G = B be a Lie groupoid and let O be an Ad-invariant
isotropic submanifold of G. A geometric cocycle localized at O is a quadruple
(N,E,®,c) where

o N 5 B is a surjective submersion. Hence the pullback groupoid v*G =
N acts on the isotropic submanifold v*O C v*G by the adjoint action.

e E % v*0 is a v*G-equivariant submersion. Any element v € v*O,
viewed in v*G, is required to act by the identity on its own fiber I, .

e & = F is a flat connection on I' = E x v*G, with F oriented. The
canonical section E — v*O — T, restricted to a leaf of F', is a leaf of ®.

e c c€ C’,',(F,A'F*) is a total cocycle with proper support relative to the

submersion E — v*0, assumed normalized in the sense that
c(,---,m) =0 whenever 1.7 =n(s(m)) -
(N,E,®,c) is called proper if E is a proper v*G-manifold.

From now on let G = B be a fixed Lie groupoid. We shall associate to
any geometric cocycle (N, E, @, ¢) localized at an isotropic submanifold O C G,
a periodic cyclic cohomology class of C°(G) localized at O. This requires a
number of steps. On the action groupoid I' = E x v*G we first define the
convolution algebra

9 =C(E,A°F") « T (15)

which is the space Cp°(I', r*(A* F* @ |[A™** A*T'|)) of properly supported sections
of the vector bundle |[A™**A*T'| @ A®* F* pulled back by the rank map r : ' — E.
By definition the groupoid I' acts on the vector bundle A®F*, but there is no
such action on the density bundle |[A™#*A*T|. For any v € I' we thus define
the linear isomorphism U, : A®Fj_ ) — A*F_ leaving the space |A™X AT 5

S
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untouched. The convolution product of two elements a1, as € ¢ is then given
by
(o) = [ alm)Alyaate),  viET, (o)

Y1Y2=Y

where a1(71) A Uy az(r2) € A°FY ) @ [APAT () @ [AATT (o, in-
volves the exterior product of leafwise differential forms, and the integral is
taken against the 1-density [A™**A*T[,(,,) while r(y1) = r(y) remains fixed.
Hence (a1az)(7) really defines an element of the fiber A®FJ ) @ [A™* AL |,(,).
Note that the subalgebra of ¢4 consisting only in the zero-degree foliated dif-
ferential forms coincides with the usual convolution algebra Cp°(E) x I' =
Co (T, r*|[Am** A*T|) of (properly supported) scalar functions over the groupoid
I. Now let dasr : CP°(E,|A™A*T|) —» C*(E,F* @ |[A™*A*T|) be the
flat foliated connection dual to dar, induced as before by the connection ®.
Combining d 4« with the leafwise de Rham differential dp : C°(E, A™F*) —
C*(E,A™ 1 F*), we obtain a total differential dg on ¢,

dea =1r"(dp + daT)a , ac¥

where dp + da«r, acting leafwise on F, is lifted to a leafwise operator on T"
through the local identification between the leaves of F and the leaves of ®
provided by the rank map. Then dg satisfies the graded Leibniz rule do (i) =
(dear)as + (—=1)*lay (deay), where |ay| is the degree of the differential form
aq. Hence (¢,ds) is a differential graded (DG) algebra.

The periodic cyclic cohomology of a DG algebra is defined in complete analogy
with the usual case, simply by adding the extra differential and taking care of
the degrees of the elements in the algebra. Hence the space of noncommutative
differential forms Q% is the same as in the ungraded case, but the degree of an
n-form w = apday ... day, is now |w| = n+ |ag| + ...+ |an|. The differential dg
is uniquely extended to a differential on the graded algebra 2%, in such a way
that it anticomutes with d. Hence we have

de(aoday . . .day,) = (deag)day . . . day, — (71)‘a1‘o¢0d(d¢a1) Lodag 4.

The Hochschild boundary is as usual b(wa) = (—=1)“l[w,a] for any w € QF
and o € ¢4, where the commutator is the graded one. Then dg anticommutes
with b, with the Karoubi operator K = 1 — (bd + db), and with Connes’operator
B = (14+k+...4+£™)d on QY. The periodic cyclic cohomology of ¢ is therefore
defined as the cohomology of the complex Hom(ﬁ% ,C) with boundary map the
transposed of b+ B + dg. R

We now define a linear map A : C3(I', A*F*) — Hom(Q2¥, C) which, once re-
stricted to normalized cochains, will behave like a chain map. For any cochain
ce Cp(T,A™F™) set

/\(C)(Oéodal . dan) =

/ 20(30) A V@1 (1) -+ AUs s @n(n) A (755 7m)
(71,...77")er(n)

where 7y is defined as a function of the n-tuple (y1...7,) by the localiza-
tion condition 7o ...v, = n(s(vs)). We use the vector space isomorphism

AP AT (4g) @ [APXAT g4,y = C to view the wedge product under the
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integral as an element of the fiber |[A™™A*T|, ) @ ... ® [A"™A*T|,(,, ) ®
A"H“‘”FS*(%)7 with |a| = |ag| + ... 4 |an|. Since F is oriented, the integrand
defines a 1-density which can be integrated over the manifold I'™ when the

leafwise degree m + |«| matches the rank of F; otherwise the integral is set to
Zero.

Lemma 3.5 Let ¢ € Cp(I', A*F*) be a normalized cochain in the sense that
c(v1,--yn) = 0 whenever vy1...v, = n(s(yn)). Then the periodic cyclic
cochain A(c) € Hom(Q¥, C) verifies the identities

A(e) ob = A(dic) , Ac)od=0, A(e) odg = A(dac) .

Hence if ¢ is a normalized total cocycle, A\(c) is a k-invariant periodic cyclic
cocycle over the DG algebra 9.

Proof: The three identities are routine computations. Since A(c) od = 0 for any
normalized ¢, one has A(c) o B = 0. As a consequence (d; + dg)c = 0 implies
Ac) o (b+ B +dg) = 0, thus A(c) is a periodic cyclic cocycle of the DG algebra
4. Moreover for any normalized cocycle c,

Ace)o (1 —k) = A(c) o (db+bd) = Mdyic) od = —A(dac) od = —A(c) oded =0

since dg and d anticommute, which shows that the periodic cyclic cocycle A(c)
is k-invariant. ]

The s-invariance of the cocycle A(c) means that the latter can as well be in-
terpreted as an X-complex cocycle for certain DG algebra extensions of (¥, dg).
The X-complex of any associative DG algebra (52, d) is defined in analogy with
the usual case by

X(s,d): H# = Q'

where Q1.7 is the quotient of Q'.# by the subspace of graded commuta-
tors [, QL] = Q2. Since d acts on Q. and anticommutes with the
Hochschild operator b, it descends to a well-defined differential on X (J#, d) and
anticommutes with the usual X-complex boundary maps d : 7 — Q.7 and
b: Q' — . We always endow the X-complex of a DG algebra with the total
boundary operator (§d®b)+d. Now take # as the direct sum % = @9, .
where

Sy = CX (T P AF* @ rf[A™™ AT ® ... @ ri[A™™AT])  (17)

and 7; : '™ — E is the rank map (71,...9s) — 7(7;). The component /7 is
isomorphic, as a vector space, to ¢4. The product of two homogeneous elements
a1 € ,, and ag € J,, is the element ooy € I8, 1p, defined by

(041012)(")/1, cee a7n1+n2) = 041(’}/1, v 37n1) A U’Yl---’ynl 042(7711-"-13 o 37n1+n2)

We equip 7 with a grading by saying that an element a € C° (LM A" F*
AP AT ®. .. r|A™** A*T|) has degree |a| = m. A differential d of degree
+1 on 42 is then defined by combining the leafwise differential dx with the flat
connections on the density bundles A™**|A*T|:

doa = (ri(dp) +ri(da=r)+ ...+ 7 (da-T))
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for any such a € J,. Obviously d satisfies the graded Leibniz rule. By con-
struction (7, d) is an extension of (¢4,ds). Indeed a surjective DG algebra
morphism m : J — ¥ is defined as follows: the image of any a € J7;, is the
element m(«) € ¢4 given by the (n — 1)-fold integral

(m()(7) :/ a(rierm) s Wy eT

Y1 Yn =7

where the integral is taken against the density bundle 75|[A™A*T| ® ... ®
ri|A™**A*T|. Let .# be the kernel of the multilication map. In fact 2 is a
kind of localized version of the tensor algebra extension 7% of ¢. The latter is a
graded algebra, the degree of a tensor o ®...® a,, being the sum of the degrees
of the factors. TY is endowed with a differential dg making the multiplication
map TY — ¢ a morphism of DG algebras:

do(a1 ® ... ® an) = (o) @ ... Q ay + (=) @ (dpas) ® ... @ an + ...

A straightforward adaptation of the Cuntz-Quillen theory to the DG case shows
that the X-complex X (T¥,ds) is quasi-isomorphic to the (b+ B+ dg)-complex
of noncommutative differential forms 9% , under the identification of pro-vector
spaces X (T9) = Q¥ taking the rescaling factors (—1)"/?[n/2]! into account.
Since the periodic cyclic cocycle A(c) is k-invariant, it can as well be viewed as
an X-complex cocycle:

XN (c) € Hom(X(T9,dg),C) .

In fact this cocycle descends to a cocycle over X (jZ’?, d), where J denotes the
#-adic completion of .77. Indeed we note that the canonical linear inclusion
4 — , which identifies ¢ and the vector subspace 7], commutes with the dif-
ferential. The universal property of the tensor algebra then implies the existence
of a DG algebra homomorphism 7% — ¢, mapping the DG ideal J¥ to .Z,
whence a chain map X (7%, de) — X (J/f: d). Observe that the homomorphism
T% —  has dense range. The following lemma is obvious.

Lemma 3.6 Let c € Cp(I', A*F*) be a normalized cocycle. Then N'(c), viewed

as a cocycle in Hom(X(T\%, de),C), factors through a unique continuous cocycle

X (c) € Hom(X (Hop, d), C). L]

The last step is the construction of an homomorphism from the convolution
algebra of compactly supported functions C°(B) x G to the convolution algebra
of properly supported functions Cp° (E) x . Indeed, the pullback groupoid
v*G = N is Morita equivalent to G = B, so using a cut-off function on N we
realize the equivalence by an homomorphism

C(B) x G — C(N) x v*G .

Next, by definition the submersion E -5 v*O = N is v*G-equivariant. Hence
any v € I' = F x v*G determines a unique g € v*G, and the resulting map
I' - v*G is a smooth morphism of Lie groupoids. The latter identifies the
preimage of the source map I'y(,) in I' with the preimage of the source map
v*Gy(g) in "G, whence a canonical vector space isomorphism between the fibers
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ATl (y) and A(v*G), (g of the corresponding Lie algebroids. We conclude that
any smooth compactly supported section of |[A™**A*(v*G)| over v*G can be
canonically pulled back to a smooth properly supported section of |A™*A*T|
over I, and this results in an homomorphism of convolution algebras C2°(N) x
v*G — C°(E) x I'. By composition with the Morita equivalence, we obtain
the desired homomorphism

p:CR(B)x G — CP(E)xT . (18)

The latter depends on the choice of homomorphism realizing the Morita equiv-
alence. However this dependence will disappear in cohomology. Now put
¢ = CX(B) x G. Since C;°(E) x I is the subalgebra of ¢ consisting of zero-
degree foliated differential forms, we regard p as an algebra homomorphism
€ — 4. The latter lifts to a linear map ¢ : € — S after composition by the
canonical linear inclusion ¥4 = 54 — 5. The diagram of extensions

0 J€ T¢ 3 0
p*l p*l . lp (19)
P
0 54 H @ 0

thus allows to extend p, to an homomorphism of pro-algebras TC — .

Lemma 3.7 The linear map x(p.,d) € Hom(QT'C, X(%/ﬂt\op, d)) defined on any
n-form ¢od¢y ... dé, by

Z(—l)“”—“dp*(ém) - dpu(En) pu(@0) dpa(@1) .. (@)

i=

(n+1)!

1 ¢ R
; Z ps(C0) dpe(é1) ... dp.(&;) ... dp.(én))

is a chain map from the (b + B)-complex of noncommutative differential forms
to the DG X -complex. Moreover the cohomology class of x(p«,d) in the Hom-
complex Hom(ﬁf(f,X(j%i\op,d)) is independent of any choice concerning the
homomorphism p.

Proof: A routine computation shows that x(p«,d) is a chain map. The indepen-
dence of its cohomology class upon the choice of homomorphism p is a classical
homotopy argument using 2 x 2 rotation matrices. ]

Proposition 3.8 Let G = B be a Lie groupoid and let O C G be an Ad-
invariant isotropic submanifold. Any geometric cocycle (N, E,®,c) localized

at O defines a class [N, E,®,c] € HPS (CZ(B) x G)o), represented by the
composition of chain maps

X(ps,d) A (e)

X(T%) ——= 0% X (Hiop,d) —>C

where 7y is the generalized Goodwillie equivalence, € = C°(B) x G is the convo-

lution algebra of G, and (jg‘{\op, d) is the DG pro-algebra constructed above from
the geometric cocycle. ]
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4 Localization at units

Let G = B be a Lie groupoid and (N, E,®,c) a geometric cocycle localized
at units. Hence v : N — B is a surjective submersion, n : E — N is a v*G-
equivariant submersion, ® = F' is a flat connection on the action groupoid
I'= Exv*G, and ¢ € Cp(T,A*F*) is a normalized cocycle. Throughout this
section we assume that E is a proper v*G-manifold. Let m : M — B be a
G-equivariant submersion. We make no properness hypothesis about the action
of G on M. Then the algebra bundle of vertical symbols CS.(M) over B is a
G-bundle. Its pullback CS.(N x g M) under the submersion v is a bundle over
N, whose fibers are isomorphic to the same algebras of vertical symbols. The
pullback groupoid »*G = N acts naturally on CS.(N xp M). By hypothesis
the action of v*G on N also lifts to E, hence the pullback of CS.(N xp M)
under the submersion 7 yields a I'-bundle CS.(F xp M) over E. The vector
bundle F' C TE being also a I'-bundle, we can form the convolution algebra

0 = C*(E,\*F* @ CS,(E xg M)) x T, (21)

which is a symbol-valued generalization of the algebra ¢ of section 3. The
product on & is formally identical to (16), involving the algebra structure
of the bundle A*F* ® CS.(E xp M) together with the linear isomorphism
Uy : (AF* ® CS(E xp M))gyy = (A*F* @ CSc(E x5 M)),(q) for all v € T
The agebra ¢ is naturally graded by the form degree in A®F™.

Let (id, 7). be the tangent map of the submersion (id,n) : E xg M — E.
The preimage of the integrable subbundle F' C T'E is an integrable subbundle
(id, 7);1(F) of T(E x g M) defining a foliation on E x g M. Choose an horizon-
tal distribution H in this subbundle, that is, a decomposition (id,7);*(F) =
H @ Ker(id, 7). By construction the groupoid T' acts on (id,n);!(F), and
by properness we can even assume that H is I'-invariant if necessary. Let
C(E xp M) — E be the bundle over E whose fibers are smooth vertical func-
tions with compact support. We can identify this bundle with PS?(E x g M) —
E, the polynomial vertical symbols of order 0. Combining the distribution H
with the leafwise de Rham differential dp : C*°(E,A™F*) — C>®(E, A" F*)
yields a “foliated” connection on this bundle, in the sense of a linear map

dg : C®°(E,A"F* @ CX(E xg M)) — C®(E,A""' F* @ C(E x5 M))

which is a derivation of C*°(E)-modules. In general the subbundle H is not
integrable and dy does not square to zero. Its curvature

(du)* =0 € C®(E,A*F* @ CS'(E x5 M))

is a I'-invariant leafwise 2-form over E with values in vertical vector fields. By
definition the bundle of vertical symbols CS.(E x g M) acts by endomorphisms
on the bundle C°(E x5 M). Hence the graded commutator dgy = [dg, ] is
a graded derivation on the algebra of sections C*°(E,A*F* @ CS.(E xp M)),

with curvature (dz)? = [f, ]. Combining further dz; with the flat connection

dasr 1 C°(E, A" A*T|) = C™(E, F* @ |A™*A*T))

as in section 3, we get a derivation (still denoted by d 1) on the algebra &. Then
(dgr)? still acts by the commutator [0, ], where 6 is viewed as a multiplier of
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0. In order to deal with cyclic cohomology we construct an extension of this
algebra. Define the vector space & = @, ~; &, where

Py = CX (T 15 (A F* @ CSc(E xp M) @7} A AT @ ... @1} A" AT))

and r; : I™ — E is the rank map (y1,...7,) = 7(7i). The component &2, is
isomorphic, as a vector space, to . The product of two elements a; € £,
and ag € &, is the element oy € P, 4, defined by

(061042)(’)/1, e 7’Yn1+n2) = Q1 (717 e a’)/nl) A U’yl...'ynl 042(7n1+1, s a7n1+n2)

We equip & with the grading induced by A®*F. Then & is a symbol-valued
generalization of the algebra J# of section 3. One has a multiplication homo-
morphism m : & — O, and the derivation dg on ¢ extends in a unique way
to a derivation on the algebra &. We let 2 be the ideal Ker(m) and denote
as usual by Z the Q-adic completion of &. Hence P is a graded pro-algebra,
endowed with a derivation dy of degree 1. R
Let o = C°(S:EM) x G. We want to construct an homomorphism from 7.«
to 2. Using a cut-off function on the submersion v : N — B, we know that
the Morita equivalence between the groupoids G and v*G is realized by an ho-
momorphism C(B) x G — C°(N) x v*G of the corresponding convolution
algebras. Using the same cut-off function, we get an homomorphism

& = C®(B,CLY(M)) x G — CZ°(N,CLYN x5 M)) x v*G .

Then as done in section 3 the I'-equivariant map n : E — N induces a pullback
homomorphim CZ°(N, CLY(N x g M)) xv*G — C2°(E, CLY(Ex g M))xT. Tak-
ing further the projection of classical pseudodifferential operators onto formal
symbols one is left with an homomorphism

p &= Cr(E,CSAEXxp M))xT C O,

sending the ideal & = C°(B,CL;'(M)) x G to the convolution algebra of
symbols of negative order C;°(E, CS_Y(E xg M)) x T'. By the linear inclusion
O — P it extends to an homomorphism p, : T¢ — £, sending the ideal
J& to 2. Moreover the image of the ideal Z = T(# : &) C T'& contains only
symbols of order < —1 in &. Therefore p, first /e\xtends to an homomorphism
from @n TE/R™ to &, and then from TE to 2. Composing with the homo-

morphism o, : T/ — T& of section 2, one thus gets a new homomorphism
ol = iy 0 0y T -TE = P (22)

Now we twist the algebra 7 by adding an odd parameter €, with the property
€2 =0. Let fﬁ[e] be the resulting Zs-graded algebra: it is linearly spanned by
elements of the form ag + eay for ag, a1 € tﬁ, with obvious multiplication rules.
Choose a section Q € C™(E,CL*(E xp M)) of vertical elliptic operators of
order one over E, with symbol ¢ € C*(E,CS'(E xp M)). By properness we

can even assume that @ and g are I'-invariant if necessary. The superconnection

V =dy+e€lng, (23)
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o~

acting by graded commutators, is an odd derivation on P[e]. Indeed [V, a] =
dia+tellng, a] € P[e] for all o € P]e]. Moreover, any derivative of the logarith-
mic symbol In g being a classical symbol, the curvature of the superconnection

V2=0—edylng € C°(E,A*F* @ CS(E x5 M)[e])

is a multiplier of 2| [€]. Let H be the algebra constructed in section 3. From
the homomorphism ¢’ and the superconnection V we construct a chain map
xB(0), V) € Hom(QT o, X(%/’Z)p €], d)[g)) by means of a JLO-type formula [7].
Since the complex X (L%/’é\op €], d) (g is localized at units, the Wodzicki residue of
vertical symbols gives a linear map

o~ o~

Res : X(Z[e]) = X(Hople],d) (g - (24)
For any n-form apda; . ..da, € O"T.of we set

XReS(O{“ v)(&odfll - d&”) = (25)
Z(—)i("_i) / Res(e_tiﬂvl) [V,0i41]- - et Vgl etV [y o] e_t'ivz)dt
1=0 AV

n
b 30 [ Resope T T oot ol e Lo
i=17An

where o = o/ (a;) for all 4, and A, = {(to,...,tn) € [0,1]" | to+ ... +t, = 1}
is the standard n-simplex. This formula makes sense because V? = 6 — edy Ing
is nilpotent as a leafwise differential form of degree > 1 over E. Hence the
products under the residue are well-defined elements of X (Z[e]), depending
polynomially on the simplex variable ¢. The nilpotency of the curvature also
implies that y®°(0’, V) vanishes on Q"T./ whenever n > dim F + 2. Basic
computations show that (25) are the components of a chain map from the (b+B)-
complex QT4 to the X-complex of the DG algebra Hople] localized at E. Now
xR (0, V) may be expanded as a sum of terms which do not contain e, plus
terms exactly proportional to e. We define the cocycle xR (0., dg,Ing) €
Hom(ﬁfﬂ,X(ﬁZ’é\op,d)[E]) as the coefficient of € in the latter expansion, or
equivalently as the formal derivative

3]
R0, dpy, Inq) = &XReS(OL,dH""dDQ) . (26)

By classical Chern-Weil theory, higher transgression formulas show that the
cohomology class of the cocycle xR (o, dgr,In ¢) does not depend on the choice
of connection dy and elliptic symbol ¢, and is a homotopy invariant of the
homomorphism o”,.

Proposition 4.1 Let .o/ be the convolution algebra of the action groupoid S M x
G. Then image of the cyclic cohomology class of a proper geometric cocycle lo-
calized at units (N, E, ®,c) under the excision map

7t HPS

top

(C2(B) x G)p) = HPSEHCE (S5 M) % G) (5= )
is the cyclic cohomology class over of represented by the chain map

N(e) o xR (oL, di,Ing) oy : X(T/) = OT/ = X(Hiop, )iz — C  (27)
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Proof: Since (dg)? = 0 # 0, (3/77, dr) is not a differential pro-algebra. We use
a trick of Connes ([3] p.229) and add a multiplier v of P of degree 1, with the
constraints v2 = 0 and ajvas = 0 for all oy, s € jff Then the algebra f?T[v]
generated by Z and all products with v is endowed with a canonical differential
d as follows:
da = dgo +va+ (—1)aw | dv=20,

where |af is the degree of « € Z. One easily checks that d2 = 0, i.e. (@v], d)
is a DG pro-algebra. The homomorphism p, : TE — @ and the differential d
on 3”[ ] give rise to a cocycle x (., d) € Hom(QT@f” X(@[ ],d)) defined by the

same formulas as the cocycle x(ps,d) € Hom(QT%,X(%ﬁd)) of Lemma 3.7.
By remark 4.4 of [12], choose a generalized connection on 7 : M — B by fixing
some horizontal distribution H' C T M. Using this generalized connection the
residue morphism (10) extends in an obvious fashion to a morphism

Res: QT& — (ﬁf‘éop)[m
On the other hand, the pullback of H' on the submersion £ xg M — E
yields a compatible horizontal distribution H” C T(F xp M). Choose H =
H"N(id, 7)1 (F) as horizontal distribution defining the foliated connection d
(remark that the latter is generally not I'-invariant), and thus also the DG al-
gebra (ﬁ [v],d). The residue map (24) extends to a morphism of DG-algebra

X-complexes Res : X(Z[v],d) = X(Hop,d)[g) in an obvious fashion. Then a
tedious computation shows that one has a commutative diagram of chain maps

o~ X (s, d) —
Qrée ——= X(Z[v],d)

lRes J{Res

x(px,d)
(QT(gtop)[B] - X(%opv d)[E
Replacing the differential d by the superconnection V; = d 4+ v acting by com-
mutators on eﬁ[v], a JLO-type formula as (25) gives a cocycle x(p«, V1) €
Hom(QT&, X (g’?[v], d)). By a classical transgression formula, the linear homo-
topy between d and V; shows that the cocycles x (4, d) and x(u«, V1) are coho-
mologous. Now we proceed as in section 2 and enlarge the complexes QT& and
X (ﬁ [v],d) by allowing the presence of log-polyhomogeneous pseudodifferential
operators. Thus let ﬁféi})g and X (éi[ ], d)i,g be the complexes containing at
most one power of the logarithm In@. The cocycles x(u«,d) and x(ps, V1)
extend to cohomologus cocycles in Hom(QT (opll og? (ﬁ [v], )log) Also the above
residue morphisms extend to morphisms
Res : ﬁfé"kl)g N Dom(Res) — (ﬁf‘éop)w] ,
Res : X(Q/Z\[ 1, d)log N Dom(Res) — X(%‘éop,d)[m ,

where the domains Dom(Res) are linearly generated by differences of chains for
which only the place of In @ changes. Let ¢ € [0, 1] be a parameter, and denote
by 0[0,1] the de Rham complex of differential forms over the interval, with
differential d;. Using the superconnection

Vo=d+di+v+teln@
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we view the corresponding JLO cocycle x(u«, V2) in the complex Q[0,1] ®
Hom(QT€, X (2[v][€], d)},,). Define the eta-cochain

8 1
n(psx, Vo) = ~ e /t_ox(u*,Vz)

in Hom(ﬁfﬁ’,X(ﬁ[v],d)l ). The property dix(p«, Va) + [0, x(pts, V2)] = 0

log
implies the equality of cocycles

Res(

X (0%, d,Ing) = Res o [0, 1(x, V2)] 0 0

in Hom(ﬁfﬂ,X(f%f’{\op,d)[E]). Nowifé=e1®...®e, € TE is a tensor, we
define its product with the left multiplier In Q asln@Q-e=(InQ-e1)®...Qe,.

Then define a linear map ¢ € Hom(QT'&, QT &}

log) as follows:

on any n-form, n > 1, and 9(éy) = InQ - &y. The commutator of ¢ with the
Hochschild boundary map b on both Q7' and QTé"lé is the degree -1 map

[b, ZZJ}(éodéldég den) = eo(an 61)d€2 d — eoeld(an 62) dén

for n > 2, and [b,¢](épdé1) = éo(In @ - €1) — (InQ - €p)é1. Similarly [B, ] is
a simple algebraic expression involving differences of pairs of terms where only
In @ moves. Hence the range of [0, 9], with & = b+ B the total boundary of the

cyclic bicomplex, is actually contained in the domain of the residue morphism.
Therefore [9,1] € Hom(QT&, QT&L N Dom(Res)) is a (non-trivial) cocycle.

log
The diagram
OTE
wi Wﬁ
QT &}

77l 1
IOgX(lt* v15)(<'@[v]7 d)log

is not commutative, but the only difference between n(u., Vo) and x(p«, V1) o)
is that In @ does not appear at the same places. Hence the range of the difference

(s, Va) — x (s, V1) 09 is contained in the domain X(Q/’;[ 1, d)log N Dom(Res)
of the residue morphism, and the cocycle [8 N, V2)] is cohomologous to the
cocycle x(px, V1) 0 [0, 4] in Hom(QT'&, X(@[ ],d)i, NDom(Res)). Finally, the

equality Res o x (4, d) = x(p«, d) o Res extends to an equality in Hom(QT(E”‘lég

log

Dom(Res),X(%p,d)[E]). Collecting everything, we get a diagram of chain
maps

04,07

OT&

0.n(p ¥
wﬂﬂl W]

Qfé" » N Dom(Res) e )X(@v], d)llOg N Dom(Res)

/ lRes =

~ P PPN x(p,d) — A (e)
X(TGiop)ip) <——— (T Crop)ip) —— > X (Hop,d) gy —————> C

X(To)
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which is commutative up to homotopy. The bottom left arrow px is a homo-
topy equivalence, with inverse given by the map v : X (T'%iop) 8] — (T Ctop) 5]
By construction the cocycle ¢ € Hom(X(f‘ﬁtop), C) representing [N, E, ®, ] is
the composition of the bottom arrows. By Theorem 2.1, the cocycle W!C,(go) €
Hom(X (T'«7),C) is the path surrounding the diagram via the bottom left cor-
ner, while (27) is the upper path. n

5 Dirac superconnections

Let A*TM ® C be the (complexified) exterior algebra over the vertical cotan-
gent bundle associated to the submersion m, and denote by V' its pullback under
the projection £ xg M — E. Then V is a Zy-graded complex vector bundle
over E xXp M, and its algebra of smooth sections, which is a quotient of the al-
gebra of all differential forms over E x g M, may be called “vertical” differential
forms. The algebra bundle of (non-compactly supported) vertical scalar symbols
CS(FE xp M) can be enlarged to a Zs-graded algebra bundle CS(E x5 M, V)
over E, whose fiber is the algebra of vertical pseudodifferential symbols acting
on the smooth sections of V. Let PS(E x g M, V) be the subbundle of polyno-
mial symbols, i.e. the symbols of vertical differential operators acting on the
smooth sections of V. Since CS(E x5 M, V) is an algebra bundle, there is a left
representation L : CS(E xp M,V) — End(CS(E xp M,V)) and a right repre-
sentation R : CS(E xp M,V)°? — End(CS(E xp M,V)) as endomorphisms,
and the two actions commute in the graded sense. In particular the graded
tensor product CS(E x5 M, V) ® PS(E x5 M, V)°P is naturally represented in
the endomorphism bundle. We let

ZL(ExpM) =1Im (CS(ExpM,V)QPS(Ex5M,V)°® — End(CS(ExpM,V)))

be the range of this representation. Hence Z(E x g M) is a Zs-graded algebra
bundle over E, whose fiber is a certain algebra of linear operators acting on verti-
cal symbols. To become familiar with these objects we introduce a local foliated
coordinate system (2%, y*) on an open subset U C E, such that (y"),=1,2, . are
the coordinates along the leaves of the foliation F', and (2%)4=1,2,. are trans-
verse coordinates. We complete this system with vertical coordinates (ﬂ?i)izl,g,m
on the fibers of M, so that (2%, y*,z*) is a local foliated coordinate system on
E xp M. The vertical vectors are generated by the partial derivatives 9/0x¢,
and the smooth sections of the vector bundle V' (the vertical differential forms)
are generated by products of one-forms dz’ modulo horizontal forms. Denote by
ip;, with i = /=1, the Lie derivative of vertical differential forms with respect to
the vector field 9/dx%. Viewing the coordinate z¢ as multiplication operator by
the function %, these operators of even dgree fulfill the canonical commutation
relations
[z, 27] =0, [xl,pj] = 15;' ) [piapj} =0,

and of course all commutators with the basic coordinates z%,y* vanish. Let 1
denote the operator of exterior product from the left by dz® (modulo horizontal
forms) on vertical differential forms, and 1, the operator of interior product by
the vector field d/0z'. Then 1,1 are operators of odd degree and fulfill the
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canonical anticommutation relations

where the commutators are graded. Thus in local coordinates a polynomial
section a € C*(E,PS(E x5 M,V)) of the bundle of symbols is a smooth func-
tion of (z,y,z,p,v,1) depending polynomially on p. Since ¢ and v are odd
coordinates any smooth function of them is also automatically polynomial. In
the same way, a section a € C*®(E,CS(E xp M,V)) of order m is locally an
asymptotic expansion a ~ Y >0 Om—j where each a,,—; is a smooth function

of (z,y,2,p,v,1) homogeneous of degree m — j in p. One then shows ([11])
that the sections s € C®(E, Z(E xp M)), which act by linear operators on
C>(E,CS(E xp M,V)), are asymptotic expansions of the partial derivatives
0/0z and 9/0p of the form

ko & —s 7 ON\as ON\B
5= 20 2 D Y Gasns @@k (5;) (5,) (28)

|al=081=0 /20 [3]>0

where «, 3,7, 6 are multi-indices, and s, g,~,6 is a local section of CS(Ex g M, V).
Let € be an indeterminate (of even parity, not to be confused with the previous
odd parameter €) and consider the Zs-graded algebra bundle of formal power
series S (E xg M) = Z(E xg M)[[e]] in e. One defines a filtered, Zo-graded
algebra sub-bundle

P(E xpM)= | 2™(E xp M) C Z(E xp M) (29)
meR

as follows: a formal series s = Y, ske® is a section of 2™(E x g M) if each
coefficient sy, is locally an asymptotic expansion (28), where the symbol s, 3 ~,5
has order < m + (k + |8] — 3|a])/2. According to this filtration, the partial
derivatives 0/0z have degree m = 3/2, the partial derivatives 9/0p and e both
have degree m = —1/2, and a symbol a € C*(E,CS™(E xg M,V)) in the
left representation ay, has degree m. Following [11] Definition 5.1, a generalized
Dirac operator as an odd section D € C®(E,Z(E xp M)) which in local
coordinates reads

. 0 — 0
D zlg(wl)R<ami +> + (d)i)R(api —|—)

where the dots are operators of lower degree (according to the filtration of
P(E xp M)) given by expansions in powers of the partial derivatives 9/90p.
Summation over the repeated indices ¢ is understood. Using a partition of
unity one shows that such operators always exist globally on E xg M. More
importantly, the general form of a Dirac operator above is preserved under any
change of local coordinates compatible with the submersion. This makes the
present formalism particularly well-adapted to groupoid actions. The square of
D is a generalized Laplacian taking locally the form

A=-D?=ie——
leaaﬂﬁpi—i—
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Due to the presence of an overall factor ¢ in the Laplacian, the heat operator
exp(—D?) € C*(E,.%(E xp M)) is a well-defined formal power series. More-
over, a Duhamel-like expansion holds for the heat operator of perturbed Lapla-
cians [11]. Then let .7 (E x g M) be the vector subbundle of . (E x g M) whose
sections are of the form sexp(—D?), for all sections s € C°(E, Z.(E xp M))
with compact vertical support. One shows as in [11] that J(E xp M) is a Za-
graded 2(E x g M)-bimodule, and that there exists a canonical graded trace

Try : C™(E, 7 (E x5 M)) — C®(E) (30)

coming from the fiberwise Wodzicki residue. .7 (E x g M) is called the bimodule
of trace-class operators.

In local coordinates, the horizontal distribution H associated to a choice of
decomposition (id, 7);1(F) = H @ Ker(id, ). is the intersection of the kernels
of the collection of 1-forms da! — w’ ndyt (summation over repeated indices),

where w“ are scalar functions over E x g M. The associated connection dy on
the bundle of vertical scalar functions is locally expressed by

dy = dy“(% + iwftpi) on C®(E,AF*® C®(E xp M)) .

with values

The curvature of dg is the horizontal 2-form 6 = %dy“ A dy”@fw BT
in vertical vector fields, whose components read
oWt - Ow?

7 v 7 v
0#1/ - 6y“ +w# OxJ !

Now we promote dgy to a derivation on all vertical differential forms. The new
local expression has to be modified as follows:

9] , owl, 1 R
dir = dyf* 5+ dy (i G E0D) = Sy Ny (0,7

o owl = . . _ . . .
Note that iw;p; + BZ; YIp, is the L1e derivative of vertical differential forms
with respect to the Vector field "Ju a;pw while GWw is the interior product by
the vector field Gz“, 5,7 - Both are smooth sections of the bundle PSYExpM,V)
of vertical polynomial symbols (i.e. differential operators) locally defined over
U. The action by commutator dg = [dg, ] is an odd derivation on the space of

sections C®(E,A*F @ CS(E xp M,V)), explicitly

~ ) . owi .
Ay = dy' o dy” (i + 2k 3) — iy (i + S

1 vipt o, 1 vipt o,
_§dyﬂ /\dy (@w%)L + §dyﬂ /\dy (@w%)R

Except for the derivative term dyt-2- By all other terms are local sections of

A*F ® 9(E xp M) over U. Hence using the formalism of superconnections we
can add genuine global sections of this algebra bundle to dg. We consider the
family of Dirac superconnections

D =ic(dy + A)+ D, (31)
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where A € C®(E,A'F ® Z(E xg M)), and D € C®(E,2(E xg M)) is a
generalized Dirac operator. Since the complementary part of D has an hor-
izontal form degree > 1, a Duhamel expansion shows that the heat operator
exp(—D?) € C®°(E,A*F ® J(E xp M)) is a trace-class section. Now observe
that the bundles . (E xp M), 2(E xp M), T (E xp M), etc... over E are all
I'-bundles. In particular we can form the convolution algebra

U = C(B,r* (A F* ® 9.(E x3 M))) x T . (32)

It naturally inherits Zs-graduation from A*F and Z.(ExpM). % is a bimodule
over the algebra of sections C®(E, A*F* @ 9.(E xp M)), and if the horizontal
distribution H is [-invariant, the commutator [dg, | defines an odd derivation
on 7% . Following the general recipe we construct an extension of the convolution
algebra. Define the vector space ¥ = @, ~; ¥n, where

Y = C2(TM 7} (A°F* @ D.(E xp M) @ rj[A™ AT @ ... @ 1} |[A™™A*T])

As a vector space ¥ is isomorphic to . A product ¥, X ¥n, = Vni+n, 1S
defined as usual, as well as the multiplication map ¥ — %. Hence ¥ is a
Zo-graded extension of %. The commutator [dy, ] lifts uniquely to an odd
derivation on ¥. More generally the commutator with any Dirac supercon-
nection yields an odd derivation, where C*®°(E,A*F* @ Z.(E xp M)) acts by
multipliers on ¥ in the obvious way. Finally we denote by # = Ker(¥ — %)
the kernel of the multiplication map, which is stable by [JH, ], and by ¥ the
W -adic completion of 7.

Since the space of vertical O-forms on E X g M is a direct summand in the space
of all vertical forms, the algebra bundle of scalar symbols CS(E xp M) sits
naturally as an algebra subbundle of CS(E xp M, V). The latter may further
be identified with a subbundle of 2(FE xp M) through the left representation
L. Hence one gets a canonical inclucion CS.(E xp M) < P.(E x g M), which
in turn induces an homomorphisy\l of pro-algebras P . Composing with
the homomorphism o7, : T/ — 2 constructed above one gets a representation

ol =Lod, T = PV . (33)

Choose as above an elliptic section Q@ € C*(E,CL'(E xp M)), with symbol
q € C®°(E,CS*(E xp M)). Extend ¢ to an elliptic symbol acting on vertical
differential forms § € C°°(E, CS*(E x g M, V)), requiring that the leading sym-
bol of § remains of scalar type. Let €, €2 = 0 be the odd parameter introduced
above. For any Dirac superconnection D, the new superconnection

V=D+e¢lnqg

acting on the algebra ”/7[6] by graded commutators is a graded derivation. We

use the homomorphism ¢’ and the superconnection V to construct a cocycle

X (0?,V) € Hom(ﬁf.@/,X(,}ﬁop[e],d)[E}) by a JLO-type formula. We first
extend the graded trace (30) to an X-complex map

Try : X(7[e]) N Dom(Try) — X (Hople], d)s
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taking into account a rescaling factor of (i) ™! for each leafwise form degree in
€. Then on any n-form agday .. .da, set

X (0, V) (aoday . .. day,) = (34)

S ()it / Tr, (e 5V [V, 0/ ] ..o Y ol e 0V [V, 0] .. e 5V )dt

i=0 Apti

n
+ Z/A T1ré —toV? V,of]...e b= 1v? do/ et v [V,U,’l']eft"w)dt

=1

where o} = o?/(a;) € ¥ for all i. As above the e-component of Y™ (¢, V)
0
X (01, Dy Ingr) = oox (0, D+ eIngr) (35)

is a cocycle in Hom(ﬁf@f , X(Hiop,d)(g]), whose cohomology class does not
depend on the choice of Dirac superconnection D and elliptic symbol q. Choos-
ing genuine Dirac superconnections thus allows to build cohomologous cocycles.
We now exploit this fact. Let dy be the vertical part of the de Rham op-
erator on E xpg M, acting on the vertical differential forms. Omne thus has
dy € C*(E,PS(E x ) B,V)) and in local coordinates

dy = ipiy)" .

Of course dy is completely canonical and d2, = 0. The choice of horizontal
distribution H allows to identify V' with a subbundle of A*T*(E xpg M), and
according to this identification the total de Rham differential on E xp M is
exactly the sum dy + dy. Thus in particular (dg + dv)? = d% + [dg,dyv] = 0.
This can be explicitly checked in local coordinates using the formulas above.
Next, taking the image of dy under the right representation R yields a global
section of Z(FE x g M). In local coordinates one has

() =~ (g — Gipo)e)

using the commutation relations. A Dirac operator D is called of de Rham-Dirac
type [11] if it is exactly given by

» 0 — 0
D =ie(w)r( gy~ (pr) + @on (g +--)
where the dots represent an expansion in higher powers of 6@ ensuring that D is
globally defined. Since dy is completely canonical, the term proportional to ¥g
is always [-invariant. Only the term proportional to ¢ , may not be I'-invariant,
however using the properness of the action we can always find a [-invariant de
Rham-Dirac operator.

Proposition 5.1 Let D = iedy + D be a Dirac superconnection constructed
from a T-invariant horizontal distribution H and a I'-invariant de Rham-Dirac
operator D. Let q, q be I'-invariant_elliptic symbols of scalar type. Then one
has the equality of cocycles in Hom(QT'</, X (Hiop, d)[£))

X" (0, D,Ingr) = x"*(0l,dy,Ing) . (36)
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Proof: Let Il € C*°(E,PS(Expg,V)) be the natural projection operator of ver-
tical differential forms onto their O-degree component (scalar functions). Write
D = —ie(dy)r + V where V contains all the terms proportional to P p. Since
left and right representations commute one has [dy, o7 (a)] = ([du, ol (a)I])L
and [D, 0" (a)] = [V,0”(a)] for any a € T.«/. Thus

[D,0%(a)] = ([du, o%(@)]) + [V, 0l (a)] -

On the other hand D? = —&2(dy)? +ie[dy, D] 4+ D?, with (dg)? = 61, — 0 and
ie[dr, D] = 2([dm, dv))r +ic[dr, V] = —20r +ie[dr, V). Hence the Laplacian
reads ~

-D? =£%9;, — D? —ig[dy, V]

At this point we can apply verbatim the proof of [11] Proposition 6.4 (and 6.7),
showing that the terms [V, 0” ()] and [dsr, V] do not contribute, and that the
effect of the graded trace Tr; is to reduce the JLO cocycle x(o2/,D,Inqy,) to the
JLO cocycle x(ok,dm,Inq). n

Choose a torsion-free affine connection on the manifold E x g M and take its
restriction V7 to the vertical tangent bundle E x g T M. In local coordinates
we can write VT = dz°V, + dy*V, + dx*V;, and because we are interested to
differentiate in the directions of the leaves (z fixed) we only retain the covari-
ant derivatives VZ and V7 in the horizontal and vertial directions respectively.
Their effect on vertial vector fields is expressed in terms of the Christoffel sym-
bols Ffu =Tk and Ffj = F?i of the affine connection:

Qi
7] 0 0 0
T =Tk T~ ) =1k _~_
Nz (@) =Tuggr Vi <6xj) Vi gar -
In particular we denote V7w = %‘;j + Fi-“jwj the covariant derivative of the
1-form w” = wﬁdy“ defining the horizontal distribution H. In local coordinates

the curvature of the affine connection acts on vertical vector fields by

(7 (gar) = R e

where the coefficients Rf are leafwise 2-forms over F xp M. We decompose
them into purely horizontal, mixed and purely vertical components

1 1 . .
Rl = inWdy“ Ady” + R, dy" A dz + §leijdxz Adx?

where the components of the curvature tensor are expressed as usual via the
Christoffel symbols

ork,  ork
k _ T ™k __ vl vl k m k m
Rluu - [vu ’ vll]l - ayu - ay# + Fum vl Fum wl
ork  ork
k _ T Tk _ Jl ul kE pm k 1m
Rluj - [vu ) vj ]l - ayu - Oxd + Fum gl ij wul
ory  ark . .
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Definition 5.2 A Dirac superconnection D = ie(dg + A) + D is called affili-
ated to the affine connection V7 and the horizontal distribution H if in local
coordinates

A = (T Ty (e + @e)u o)
J

+ ()R (Gp(Viek + Thdy") +...),

4 0 0 — — 0
D = iE(W)R(axi + (P?jpk)L@ + (T ) + - ) + (wi)R(ap,-, +. )

where the dots denote an expansion in higher powers of 6%.

The global existence of such operators A and D on E xg M is proved as usual
by gluing together local operators by means of a partition of unity. From now
on let us abusively denote by m the submersion £ xp SiM — E, and by
7, its tangent map. The preimage 7, !F of the subbundle F C TFE under
the tangent map defines a foliation on E xp SEM. Pulling back the vertical
tangent bundle and its affine connection from E xp M to E xpg SEM, we can
view the above curvature R as a leafwise 2-form on E xp SiM with values in
the endomorphisms of the vertical tangent bundle. By Chern-Weil theory, the
Todd class of the complexified vertical tangent bundle Td((E x5 T, M) ® C) is
represented by the closed leafwise differential form

iR/2m

) € C™(E xp S M, A1 'F) , (37)
which is a polynomial in the Pontryagin classes. Next, the submersion 7 :
ExpSiM — E being I'-equivariant, it extends to a morphism of Lie groupoids
7w (ExpSiM)xT — T. Its tangent map 7, is a morphism of the corresponding
tangent groupoids. Hence the preimage of the flat connection ® C T,

7,1 (®) CT((E xp SIM) % T), (38)

is a flat connection on the groupoid (F xp SEM) x I', and the latter acts on
leafwise differential forms over E xp SiM. If we start from a I'-equivariant
affine connection V7, which is always possible by the properness of the action,
then the Todd form Td(iR/27) € C°°(E x g S M, A** 7 1F) is invariant, and a
classical homotopy argument shows that its class in the cohomology of invariant
leafwise differential forms is independent of the choice of connection. Also note
that one can further assume V7 to be a I'-equivariant metric connection, in
the sense that it preserves an invariant scalar product on the vertical tangent
bundle. Now define the convolution algebra

X =CP(ExpSiM, A7 "F) xT . (39)

It comes equipped with the grading of leafwise differential forms, and the leaf-
wise de Rham operator d which squares to zero. Hence (%27, d) is a DG algebra.
As usual we build an extension % = (P, ., %;, with

%, = CX((ExpSpM)=xD)™ riAn L F*@r] A AT |®. . .@r) [A™A*T))

where for notational simplicity we identify the fiber of the algebroid AI' with
that of A((E xp SiM) x T'). Then #; = 2 as a vector space, there is a
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product %, X %,, = %, +n, and a multiplication map # — 2. Moreover
the differential d on 2" extends uniquely to a differential on #'. We let & =
Ker(# — %) be the kernel of the multiplication map which is a DG ideal in
%, and denote by Y the #-adic completion of #'. The DG pro-algebra (@\, d)
is the analogue, for the groupoid (E xp S:M) x I' with connection 7,1 (®),
of the DG pro-algebra (ﬁ d) introduced in section 3 for the groupoid I" with
connection . In order to apply Lemma 3.7 in this context, we need to build an
homomorphism from Tof to #. To this end, observe that the cut-off function
previously chosen on the submersion v : N — B yields, by pullback to the
cosphere bundle, a cut-off function on the submersion N xp SiM — S:iM
whence an homomorphism of algebras

o = C(SEM) % G — C®(N xp SEM) x v*G

realizing the Morita equivalence between the corresponding groupoids. Then
as before the I'-equivariant map 7 : £ — N induces a pullback homomorphim
CE(NxpSyM)xv*G — CF(E xpSyM) xT' C 2. The resulting homomor-
phism p : & — 2 extends as usual to an homomorphism of pro-algebras

po Td U (40)

Remark that p : & — 2 could as well be obtained by composition of the
linear map o : &/ — & with the homomorphism p : & — 0° (where the
range only contains formal symbols of order < 0), followed by the projection
homomorphism ¢° — 2 onto leading symbols (i.e. scalar functions over the
cosphere bundle) Hence (40) is the comp051t10n of the homomorphism o,
Tef — P° with the projection P - U onto leadmg symbols. Lemma 3.7
yields a chain map x(p«,d) € Hom(QTﬂ,X(@,d)), defined on any n-form
aoday . ..da, € Q"T.o/ by

ﬁ Z(—l)i(n_i)dp*(&iﬂ) <o dpsi(an) ps(ao) dp«(ar) . . . dp.(a;)
T i=0

Also note that the wedge product by a closed, invariant, leafwise differential
form on E' x g S M defines in an obvious way an endomorphism of the localized

complex X (@t\op, d)(Ex sz m)- Moreover, integration of differential forms along
the fibers of the submersion £ xp S:M — E gives rise to a chain map of total
complexes

/S : X(@t\opad)[ExBS;M] — X(ﬁ/ﬁ\op,d)w]
*M

Proposition 5.3 Let D = is(cZH + A)+ D be a Dirac superconnection affiliated
to a T-equivariant metric connection VT on the vertical tangent bundle and a
[-invariant horizontal distribution H. Let § be a I'-invariant elliptic symbol of
scalar type. Then one has the equality of cocycles in Hom(QT'o , X (Hop, d)(5))

(0", D, Indy) = / TA(R/27) A x(pord) (41)
*M

™
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where R is the curvature 2-form of V7.

Proof: This is a direct generalization of [11] Theorem 6.5, stating that for Dirac
operators affiliated to metric connections the JLO cocycle x™s (¢, D,In ;)
only involves the leading symbols of its arguments, so has a simple expression
as an integral of ordinary differential forms over the cosphere bundle. Indeed
one has

. do' (a do’ (a _ .
[D,U;'(a)]:lsdy“( gyia)ﬂ—kfszk (;p(_a)ﬂ—ﬂwkvgwkai(a))L
j
» Ao’ (a oo’ (a — ) .
4o+ o) Z;Tf)nJrFfjpk ‘;;(?)H—Hwk(vfwk+F§Mdyu)a;(a))L
j
— . (90.(a)
+ (%)R( a; H)L+

for any a € T , where the dots denote expansions in higher powers of 9/9p.
On the other hand the Laplacian reads

NI . .0
-D* = w(axia—pi L+ ng -+ ) edy (Pi)ng -+ )

2 P _
+ %dy“ A dy”((Rfuqu)LaTgl + (R, i) (' + ') — (0 + wl)R))

o 9 _
+ ey (v + WJ)R((Rfujpk)Lafm + (R, (@' + o) — (' + wl)R))
2

+ SO R + ) r((Bp)ng - + (BE B +0))) +

0
" op
The identities 1, ' T = §FT1 = Mep,1b' and ¥, IT = 0 = IIy)! for all indices k, I, to-
gether with the fact that V7 is a metric connection (R}, = Ry,; = Rf;; = 0),
allows to show as in [11] Theorem 6.5 that the terms involving ¢/, do not con-
tribute. The rest of the proof follows exactly the lines of [11] Theorems 6.5 and

6.8. [

Now remark that the bicomplex of equivariant leafwise differential forms
C*((E xp S:M) x T',A*r ' F) is naturally a module (for the wedge product)
over the algebra of closed invariant leafwise differential forms. In particular, if
c € C*(I',A*F) is a normalized total cocycle, we can take its pullback 7*(c)
under the projection 7 : E xg SiM — E, and the product

TA(R/2m) AT*(c) € C*((E xp SEM) x T, A*n;'F) (42)

is a normalized total cocycle. Clearly the latter descends to a cup-product on
the corresponding cohomologies. Collecting all the preceding results we obtain

Theorem 5.4 Let G = B be a Lie groupoid acting on a surjective submersion
w: M — B. The excision map localized at units

(C(B) % G)p) = HPR (C(S5M % G))is: )

o, °
T - HP, top

top

sends the cyclic cohomology class of a proper geometric cocycle (N, E,®,¢c) to
the cyclic cohomology class

7o([N, E,®,c]) = [N xg S!M, Exg S:M, m,;Y(®), Td(T,M @ C) A *(c)]
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where Td(T, M ®@C) is the Todd class of the complexified vertical tangent bundle
in the invariant leafwise cohomology of E xp SiM.

Proof: By Proposition 4.1 the class 7 ([N, E, ®, c]) is represented by the co-
cycle N (c) o xB(al,dpy,Ing) oy in Hom(X(f,;zf,(C). Then Proposition 5.1
implies that this cocycle is cohomologous to X (c) o x™ (¢, D, In §r) oy for any
choice of Dirac superconnection D. By Proposition 5.3 it is also cohomolgous
to N(Td(T M @ C) Am*(c)) o x(p«, d) oy, which is precisely the construction of
the class [N xp SiM , E xp SiM , 7,1 (®), Td(T,M @ C) A 7*(c)]. L]

Combining Theorems 2.1 and 5.4 yields a commutative diagram computing
explicitly the excision map of the fundamental pseudodifferential extension on
the range of proper geometric cocycles localized at units:

E*

HP*(C>®(B,CL;*(M)) x G) HP*TH(C®(S:M) x G)

T | T (13)

HP,,(C2(B) % G) 5] ——= HPLLN(C(S: M) % G)issan
This together with the adjointness theorem in K-theory [9, 10] gives the follow-
ing

Corollary 5.5 Let P € My (CLY(M) x G)T be an elliptic operator and let
(N,E,®,c¢) be a proper geometric cocycle localized at units for G. The K-
theoretical index Ind([P]) € Ko(CL, (M) x G) evaluated on the cyclic cohomol-
ogy class TN, E,@,c) 1S

(v, 8,0 » Ind([P))) =
(INxp SiM,ExpSiM, n, (@), Td(T-M ® C) An*(c)], [P])

where [P] € K1(C(S:M) x G) is the leading symbol class of P. L]

6 Foliated dynamical systems

Let (V, %) be a compact foliated manifold without boundary. We recall [3] that
its holonomy groupoid H is a Lie groupoid with V' as set of units, and the arrows
are equivalence classes of leafwise paths v from a source point z = s(7) to a
range point y = r(vy) belonging to the same leaf, with the following relation:
two leafwise paths v and +’ from z to y are equivalent if and only if they induce
the same diffeomorphism (holonomy) from a transverse neighborhood of z to a
transverse neighborhood of y. The composition of arrows is the concatenation
product of paths. It is well-known that the holonomy groupoid can be reduced
to a Morita equivalent étale groupoid upon a choice of complete transversal.
Indeed, let B — V be an immersion of a closed manifold everywhere transverse
to the leaves and intersecting each leaf at least once. The subgroupoid

Hp={y€ H|s(y) € Bandr(y) € B} (44)

is étale, i.e. the range and source maps from Hpg to B are local diffeomorphisms,
and is Morita equivalent to the holonomy groupoid. Hp naturally acts on the
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submersion s : M — B, corresponding to the restriction of the source map
s : H — V to the submanifold

M={z€ H|s(x)eB}. (45)

The right action of Hg on M is given by composition of arrows in H: for any
x € M and v € Hp such that s(z) = r(vy) € B, the composite z - v is indeed in
M. The range map r : M — V, z — r(z) is a covering, mapping the fibers of
the submersion M to the leaves of V.

Now suppose in addition the foliation (V,.%#) endowed with a transverse flow
of R. Hence there is a one-parameter group of diffeomorphisms ¢;, ¢ € R on
V, such that ¢; maps leaves to leaves, and the vector field ® generating the
flow is nowhere tangent to the leaves (thus in particular does not vanish). Since
M — V is a covering, the generator of the flow ¢ can be lifted in a unique way
to a vector field also denoted ® on the submersion M. Since ¢ preserves the
leaves, ® descends to a vector field ® on the base B. By hypothesis B is a closed
manifold, hence ® can be integrated to a flow ¢ on B, and consequently ® also
generates a flow ¢ on M, mapping fibers to fibers. By construction the range
map r : M — V is R-equivariant:

r(¢u(z)) = du(r(x)) VeeM,teR. (46)

The vector field ® on B is obtained as follows: at each point b of the submanifold
B C V, the tangent space T,V decomposes canonically as the direct sum of T, B
and the tangent space to the leaf. ® projects accordingly to a vector field on
B precisely corresponding to the generator ®. The flow ¢ also lifts to a flow
on the groupoid Hp because the range and source maps Hg == B are étale.
This results in an action of R on the groupoid Hg by homomorphisms, i.e.
&, (76) = ¢, (7)$,(0) for all 4,6 € Hp and t € R. We form a new Lie groupoid
by taking the crossed product

G=HpxR. (47)

The arrows of G are pairs (v,t) € Hp x R, with composition law (v,%)(d,u) =
(yé_,(8),t+u). Combining the respective actions of Hz and R on the submer-
sion s : M — B yields the following action of the crossed product: z - (vy,t) =
bi(x - 7) = ¢e(x) - d,(7). To summarize we are left with two Morita equivalent
groupoids, namely V' x R and M x G. This equivalence can be realized at the
level of convolution algebras via a homomorphism

p:CX(VxR)— CF(MxG) (48)

constructed as follows. The range map r : M — V is a covering of a compact
manifold, hence choosing and partition of unity relative to a local trivialization
of the covering one can build a “cut-off” function ¢ € C° (M) with the property
Drer—1() c(z)? =1forallv € V. Then p sends f € C°(V xR) to the function

p(f) € C* (M x G) defined by

p(f)(x, (7,1)) = c(x) f(r(z),t) c(¢e(x - 7)) (49)

for any © € M, v € Hp and ¢t € R. Note that ¢¢(x - ) is the action of (v,t) € G
on z. One checks that p is a homomorphism of algebras, and that the resulting
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map in K-theory p : Ko(C®(V x R)) = Ko(C°(M x G)) is independent of
any choice of cut-off function.

Now let E = E @& E_ be a Zo-graded, R-equivariant vector bundle over V.
We consider an R-invariant leafwise differential elliptic operator D of order one
and odd degree acting on the sections of E. Hence according to the Zs-grading
D splits as the sum of two differential operators of order one acting only in the
directions of the leaves Dy : C°(V,E;) - C*(V,E_) and D_ : C*(V,E_) —
C*(V, E;). This may be rewritten in the usual matrix form

0 D_

D= ( D, 0 > . (50)
We make the further assumption that D is formally self-adjoint with respect to
some metric on V' and hermitean structure on E. Note that the condition of
R-invariance for D imposes strong restrictions on the flow on V. The vector
bundle E defines a vector bundle (still denoted by E) on the manifold M by
pullback with respect to the range map r. Since D is an R-invariant leafwise
differential operator on V', it pullbacks accordingly to a G-invariant fiberwise
differential operator on the submersion s : M — B. Let S' = R/Z be the circle,
endowed with the trivial action of G. We view the product M’ = S x M as a
submersion over the base manifold B, endowed with its G-action, and consider

the differential operator
0, D_
o= %) (51)

where 0, = a% denotes partial differentiation with respect to the circle variable
2 € [0,1]. Then @ is a G-invariant fiberwise differential operator on M’ and is
elliptic because Q% = D? + (9,)%. As pseudodifferential operators, the modulus
|Q| and its parametrix |Q|~! are well-defined only modulo the ideal of smoothing
operators. Hence the “sign” of @) and the “spectral projection” onto the 1-
eigenspace

Q 1+ F

Q[ 2
are represented by fiberwise pseudodifferential operators of order zero on the
submersion M’ — B, and modulo smoothing operators F' and P are G-invariant
and fulfill the identities F? = 1 and P? = P. Let [e] € Ko(C°(V xR)) be a K-
theory class represented by an idempotent matrix e. For simplicity we assume
e € CX(V x R). The suspension of the idempotent p(e) € C°(M % G) is the
invertible element

F = sign(Q) (52)

u=1+p(e)(B—1) € CX(M xG)* | (53)

where the function 3 € C°°(S!), B(z) = exp(27i x) is the Bott generator of the
circle. The algebra C2°(M’) acting by pointwise multiplication on the space of
sections C°(M’', E) is naturally represented in the algebra of sections of the
bundle of pseudodifferential operators of order zero CL(C)(M ') E). This represen-
tation is G-equivariant, hence extends to a representation of C°(M’) X G in the
convolution algebra & = C2°(B, CLY(M’, E)) x G. Accordingly u is represented
by an invertible element U in the unitalization of &. The Toeplitz operator

T=PUP+(1—P) €&F (54)
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is uniquely defined modulo smoothing operators. One has T =1+ P(U — 1)
modulo the ideal & C & of order —1 pseudodifferential operators, and the
inverse of T’ modulo this ideal is represented by the Toeplitz operator PU ' P+
(1-P)=1+P(U~! —1). The quotient &/% is isomorphic to the convolution
algebra of leading symbols & = C°(B,LS2(M’, E)) x G. Note that the leading
symbol of T' is uniquely defined and reads

or=1+op(u—1) e Ft, (55)

where the leading symbol op of P is a G-invariant idempotent in the algebra
of sections of LS®(M’, E). Hence the equality opu = uop holds in < and the
inverse of o7 is exactly 1+ op(u~! — 1). It is easy to see that the K-theory
class [or] € K1(<) only depends on the K-theory class [e] € Ko(C®(V x R))
of the idempotent e.

Definition 6.1 Let (V,.%) be a compact foliated manifold endowed with a trans-
verse flow of R, and D be an R-equivariant leafwise elliptic differential operator
of order one and odd degree acting on the sections of a Zo-graded equivariant
vector bundle over V. Then for any class [e] € Ko(C®(V x R)), we define the
index of D with coefficients in [e] as the K-theory class

Ind(D, [¢]) = Indg(jo7]) € Ko(5) | (56)

where T is the Toeplitz operator constructed above and Indg s the index map
of the extension (E) : 0 > B = & — o — 0.

From now on we specialize to a codimension one foliation (V,.#) endowed
with a transverse flow ¢. The connected components of the closed transversal
B are all diffeomorphic to the circle. Hence, the induced flow ¢ on a connected
component B, acts by rotation with a given period p € R. Choosing a base-
point we canonically get a parametrization of B, by the variable b € R/pZ,
and the flow is simply ¢,(b) = b+t mod p. In the same way, we consider the
range 7(y) € B, and the source s(y) € B, of any arrow v € Hp as numbers
respectively in R/pZ and R/qZ, and denote by r*db, s*db the measures on Hp
pulled back from the Lebesgue measure by the étale maps r, s respectively. Note
that db provides a canonical holonomy-invariant transverse measure on (V, %)
because the flow ¢ preserves the leaves of the foliation. In particular r*db = s*db
on Hp. Remark also that because the transverse Lebesgue measure is holonomy-
invariant, the holonomy of a closed leafwise path is always the identity. As a
consequence, the holonomy groupoid H and its reduced groupoid Hp have no
automorphisms except the units (that is, () = s(7y) implies + is a unit).

Proposition 6.2 The convolution algebra C°(G) acts on the space of functions
C(B) by smoothing operators. In this representation, the operator trace of an
element f € C°(G) reads

Te(f) =YY | fOrnp+r(y) —s(y)rdb(y) (57)

B, nez” B

where the sum runs over all connected components B, of the flow ¢ on the
transversal, p is the period of By, and db is the pullback of the Lebesgue measure
on the groupoid Hp,. In particular the distribution kernel of Tr is a measure
on G whose support is the manifold of automorphisms in the groupoid G.
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Proof: We define the action of f € C°(G) on a test function & € C*(B) as
follows: at any point b € B,

Z/_ P DE@y (7)) dt

yEHY

where HY is the set of arrows v € Hp such that r(y) = b. The sum is finite
and the integral converges because f is of compact support on G. One readily
verifies that this defines a representation of the convolution algebra C°(G) on
C>(B), and that the distributional kernel of the operator f on the manifold

B x B is +Oo
)= X [ 008G o) ¥ dr

YEHY,

where ¢ is the Dirac measure. If s(y) is in a connected component of period p
for the flow ¢, one has ¢,(s(y)) = s(y) + ¢t mod p and the integral selects all
values ¢ = np + b’ — s(v), n € Z. Therefore

sV =D flynp b —s(y)

nez »yeHb

(where p is the period of the connected component of s(7y)) is a smooth function.
Hence C°(G) acts by smoothing operators. The trace Tr(f) is given by the
integral, with respect to the measure db, of the kernel restricted to the diagonal
k¢(b,b). In this case b = b’ = r(y) and s(7y) belong to the same connected
component, say By. This leads to

Ti(f) = ZZ/ S finp+b—s(y)) db

By nez”? yemy

= ZZ/ f(y,mp +7(y) = s(v)) r*db(v)

B, neZ

as claimed. If b = r(vy) € B, and t = np + r(7) — s(7) for some n € Z, one has
¢+(s(y)) = r(v) mod p which is equivalent to b - (y,t) = b, that is (v,t) € G is
an automorphism. [

The operator trace on C¢°(G) is therefore a cyclic zero-cocycle localized at
the isotropic set in GG, and is of order k = 0 because its distribution kernel is
a measure. We may split it into several parts. Let us first consider the linear
functional Try : C°(G) — C whose support is localized at the set of wunits
B C G. It amounts to sum only over the arrows v = r(v) = s(y) € B and the
integer n = 0 in the right-hand-side of (57):

= /B F(b,0)db . (58)

One easily checks that Tr is a trace. By construction it is localized at the sub-
manifold of units in G, and its distribution kernel corresponds to the (holonomy
invariant) transverse measure db. There is an associated cyclic cocycle 79 over
the algebra 4.
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Definition 6.3 Let Trg : C°(G) — C be the trace localized at units given by
the holonomy invariant transverse measure on (V,.F) induced by the flow ¢,
and 19 be the associated cyclic cocycle over 8. We define the Connes-Euler
characteristics of the R-invariant operator D with coefficients in a K-theory
class [e] € Ko(C®(V x R)) as the complex number

X(D, le]) = (70, Ind(D, [¢])) (59)

This number is the analogue, in the R-equivariant context, of the index
defined by Connes for longitudinal elliptic operators on a foliation endowed with
a holonomy invariant transverse measure [3]. Now let 7 be the cyclic cocycle
over 4 corresponding to the full operator trace Tr. Our aim is to evaluate 7 on
the K-theory class Ind(D, [e]) € Ko(Z#). As we shall see, the complementary
part (r,Ind(D, [e])) — x(D, [e]) is related to the periodic orbits of the flow ¢ on
(V,.#). f I C V is a periodic orbit with period pr, a choice of base-point
canonically provides a parametrization of the orbit by a variable v € [0, pr],
with ¢(v) = v+t mod pr;. The flow at ¢t = ppy is called the return map. It
defines an endomorphism hf;(v) on the tangent space to the leaf at any point
v € II, together with an even-degree endomorphism jr(v) on the fiber of the
Zs-graded vector bundle E over v. We shall suppose that hf; is non-degenerate,
in the sense that det(1 — hfy(v)) # 0 for all v € II. This implies in particular
that the periodic orbits of the flow are isolated.

Proposition 6.4 Let II C V be a periodic orbit of the flow ¢, and v € II. We
denote by hi;(v) the action of the return map on the leafwise tangent space,
and by trs(jn(v)) the supertrace of the return map on the Zs-graded vector
bundle E at v. Suppose that hyy is non-degenerate. Then the linear functional
O :CX(VxR)—=C

Z / ‘ deiri ]_Hh/ )) )‘ f(’% an) dv (60)

nez*

with pp € R the period of the orbit, is a trace. Actually the function v —
trs(jm(v)™)/| det(1 — hig(v)™)| is constant along the orbit.

Proof: If v and v’ are two distinguished points in the orbit II, the endo-
morphisms ji(v) and ji(v') are conjugate, hence have the same supertrace.
Similarly det(1 — hf(v)) and det(1 — hp(v')) are equal. The function v —
trs(jm(v)™)/| det(1 — hi;(v)™)| is therefore constant along the orbit, and can be
pushed out of the integration over v. In fact for any fixed n € Z*, the integral

f):/nf(v,npn)dv

defines a trace on C°(V x R). Indeed for two functions f, g on IT X R one has
O,(fg) = // f(v,npn —t)g(v —t,t)dt dv

/H/ F0,0)9(0 + £, npr1 — £)dt dv

= [ ] 5= togtemn - tdras = 6u(5)
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where we used repeatedly the fact that the functions f and g are pr-periodic in
the variable v. ]

Theorem 6.5 Let (V,.%) be a codimension one compact foliated manifold en-
dowed with a transverse flow, E a Zo-graded R-equivariant vector bundle over
V', and D an odd R-invariant leafwise elliptic differential operator of order one.
Assume that the periodic orbits of the flow are non-degenerate. Then for any
class [e] € Ko(C(V x R)), the pairing of the index Ind(D, [e]) with the cyclic
cocycle T induced by the operator trace is

([r], Ind(D, [¢e])) = x(D,[e]) + ) _ Onle) , (61)
11

where x(D, [e]) is the Connes-Euler characteristics, the sum runs over the pe-
riodic orbits 1 of the flow, and Or is the canonical trace (60) on C°(V x R).

Proof: We use zeta-function renormalization by means of the complex powers
of the operator |Q|. Since Tr is a trace on C2°(G) of order zero and localized at
the submanifold of automorphisms, Eq. (13) implies

([r], Ind(D, [e])) = C o Res(T~"[In|Q], T1)

with T~! the inverse of 7" modulo smoothing operators, and C the distribution
kernel of Tr which is a measure on G. Note that T ![In|Q|,T] is a pseudod-
ifferential operator of order —1 because |@| is G-invariant modulo smoothing
operators. We know that C splits as a sum of a part Cy whose support is local-
ized at units, and a complementary part C,. By definition of the Connes-Euler
characteristics,

([7]. Ind(D; [e])) — X(D, [e]) = Cp o Res(T~" In|Q], T1) -

The support of Cj is the set of arrows (v,t) € G which are not units and such
that r(v) = ¢,(s(y)) in B. Such (v,t) acts on the fiber M, (. of the submersion
s : M — B by a diffecomorphism h : z — ¢¢(x - 7). Since (v,t) is not a unit,
one sees that € M,(,) is a fixed point of i if and only if its image r(z) € V
is contained in a periodic orbit of the flow. By hypothesis the periodic orbits
are isolated, so the fixed points for h is discrete subset of M, (). Extending the
action of h on the fiber MT () = = St x M,y in a trivial way, the fixed point
set becomes a discrete union of circles. In this simple situation, formula (11)
reduces to

_ (2,£0,0) &dx
Res Tr(RU ?) = —_ >
Res Tr(RULQI ™) = D /*51 |det 1—w) 2«
st Cﬂi&w)
fixed

for any pseudodifferential operator R of order —1 on M (). Here (x,&) are
the canonical coordinates on the cotangent bundle of S*, [0g]_; is the leading
symbol of R, and b’ is the differential of the diffeomorphism h in the direction
normal to the circle, i.e. A’ is an endomorphism of the tangent space to M, at
the fixed points. We apply this formula to the operator R = T~ [In |Q|, T] (v, t).
At the level of leading symbols, one has

~1[nQ,1)(%,&;0,0) ~ —(2,£;0,0)

8
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where op = 1 + op(u — 1) is the leading symbol of T, u = 1 + p(e)(8 — 1),
and op is the leading symbol of the spectral projection P. In matrix notation
adapted to the Zs-grading of the vector bundle F,

op(2,£0,0) = <9(o§) 9(2«5)) ’

where 6 : R — {0,1} is the Heavyside function. The dependency of or upon
the parameter x comes only from the Bott element 3 € C°°(S'). The cosphere
bundle S*S! being just a sum of two copies of the circle, the computation of
the residue is straightforward. It is a sum over the (isolated) fixed points of h
in M”‘(’Y):

es Tr(T~HIn —zy _ trs(ple)(y, (7,1)))
e ye;m [det(1 — 1/(y))|

fixed

Since y € M is fixed by (v,t) € G, one has p(e)(y, (7,t)) = c(y)?e(r(y),?)
where ¢ € C°(M) is the cut-off function used in the construction of the ho-
momorphism p, and r(y) € V is the projection of y. Since the étale groupoid
Hp acts without fixed points on B, integrating with respect to the measure C),
on G amounts to integrate over all the periodic orbits II C V of the flow. A
straightforward computation yields

CpoRes(T™In|Q|, T]) Z Z / |dezl"sl inh/ - ))n)| e(v, npm ) dv

II neZ*

where hf;(v) and ji(v) are the actions of the return map respectively on the
tangent space to the leaf and on the fiber of E at v € II. [

Corollary 6.6 If the Connes-Euler characteristics x(D, [e]) is not an integer,
then the flow ¢ has periodic orbits.

Proof: Indeed the cyclic cocycle 7 over 4 comes from the operator trace on
C° (@), so the pairing ([7],Ind(D, [e])) is always an integer. The sum over pe-
riodic orbits cannot vanish if the Connes-Euler characteristic does not belong
to Z. -

We end this section with a brief discussion of the more general situation of
a flow ¢ compatible with the foliation (V, %), i.e. mapping leaves to leaves, but
also admitting fixed points. Remark that a leaf containing a fixed point is neces-
sarily preserved by ¢, for all ¢ € R: in this case the vector field ® generating the
flow is tangent to the leaf. We shall suppose that the flow ¢ is non-degenerate
in the following sense:

i) At any fixed point v € V, the tangent map T,¢; on the tangent space T,V
has no singular value equal to 1 for ¢ # 0;

ii) Each periodic orbit IT C V is transverse to the leaves, and the return map

induced by the flow on the tangent space to the leaf T,,L at any v € II has no
singular value equal to 1.
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iii) If v € V belongs to a leaf L preserved by the flow, the tangent map T, ¢,
acting on the transverse space T,V/T, L has no singular value equal to 1 for

t # 0;

iv) The holonomy of a closed path contained in a leaf L preserved by the flow
is always the identity.

Conditions i) and ii) immediately imply that the fixed points and the periodic
orbits of the flow are isolated. In particular, a fixed point cannot belong to a
dense leaf. If B C V is a complete closed transversal, the induced flow ¢ on
B may also have fixed points, consisting in the intersection of B with all the
leaves preserved by ¢. Conditions i) and ii) also imply that the fixed points of
¢ are isolated in B. Moreover, by condition iii) the tangent map Ty¢, acting
on the tangent space TpB at a fixed point b € B is not the identity if ¢ £ 0;
thus Ty¢, acts by the multiplication operator e™! where rj # 0 is the ezponent
of the flow at b. We add condition iv) because, unlike in the previous situation
of a transverse flow, the holonomy of a closed path is not automatically the
identity if the leaf is preserved by the flow. Now the closed manifold B can be
partitioned into the orbits of the flow ¢, which are of three different types:

e The periodic orbits, denoted By, all diffeomorphic to a circle. Any such
orbit of period p is naturally parametrized by b € R/pZ once a base-point
is chosen, and the flow is ¢,(b) = b+ ¢ mod p for all . We denote db the
Lebesgue measure on By;

e The infinite orbits, denoted B, all diffeomorphic to R. They are also
naturally parametrized by b € R once a base-point is chosen, with ¢,(b) =
b+t for all t. We denote db the Lebesgue measure on By

e The fixed points ¢,(b) = b for all , each of them connecting two infinite
orbits.

The reduced holonomy groupoid Hp still carries an action of R by homomor-
phisms, so we can form the crossed product Hp xR as before. If B, is a periodic
orbit, we denote Hp, the subgroupoid of Hp consisting in arrows v with source
and range contained in B,. Similarly with the infinite orbits. As before, the
measure db on periodic and infinite orbits is holonomy-invariant. However, com-
pared with the previous situation of a transverse flow, the main difficulty with
the presence of fixed points is that the convolution algebra C2°(G) does no
longer act by smoothing operators on the space C°°(B). In order to define a
trace we are forced to restrict to the subalgebra

C2(GL) ={f € CZ(G) | supp (f) € Hp x R} } (62)

where R* C R is the abelian monoid (with addition) of real numbers > 0. One
easily checks that the convolution product on C$°(G) preserves the subspace
C*(G7%). The submanifold G = Hp x R% of G has a partially defined com-
position law coming from the composition of arrows in G; however G% is not
a subgroupoid. We nevertheless regard Cg°(G?.) as the convolution algebra of
the “crossed-product” G* = Hp x R,

Proposition 6.7 The algebra C°(G?) acts on the space C*°(B) by distri-
butional kernels which may be singular on the diagonal. When the flow ¢ is
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non-degenerate, the operator trace on smoothing kernels canonically extends to
a trace on C°(G7) by

() = SN[ () - s(3) rdb(7)

B, nez”’ Hsp

+3 / — s(7) rdb() (63)

HBoo
> f(b,t)
#[ ad

where the sums run over all periodic orbits By, infinite orbits B and fized
points b of the flow ¢ on the transversal; p > 0 is the period of the orbit By, and
kp # 0 is the exponent of ¢ at the fixed point b.

Proof: As in the proof of Proposition 6.2, the distributional kernel of an element
f € C(G?) acting on C*°(B) is

£(b.) = Z/ F 0, 0) 68 (s(7)) — V') dt

YEHY

Its restriction to the diagonal is still a smooth function except at the fixed points
of the flow ¢ where it is proportional to a Dirac measure. Its integral over B thus
extends the operator trace of smoothing kernels. We split B into three parts
corresponding to the different types of connected components of the flow. The
first term of (63) associated to the periodic components is calculated exactly as
in 6.2, and similarly for the second term associated to the infinite components.
At a fixed point, the equality ¢,(s(v)) = 7(v) implies s(y) = r(7), hence 7 is
necessarily a unit by hypothesis iv). The kernel ky(b,b) for b in the vicinity of
a fixed point thus reads

iy (b,b) = / (b, 8(3,(0) — b) dt

Taking the fixed point as the origin of a local coordinate system, the equality
¢, (b) ~ be" holds at first order in the variable b, where & is the exponent of ¢
at the fixed point. Thus

@&Mz&@éwj%i)ﬁ,

|1 — ert|

and integrating over b yields the contribution of the fixed point to the trace,
whence the third term of (63). L]

Let C2°(V x R%) be the space of smooth compactly supported functions on
V xR with support contained in the open subset V' x R7. It is a subalgebra of
the convolution algebra C°(V xR). Let D be an R-equivariant leafwise elliptic
differential operator D of order one and odd degree acting on the sections of
a Zo-graded equivariant vector bundle E over V, and e € C°(V x R% ) be an
idempotent. The index Ind(D, [e]) defined in 6.1 is then a K-theory class of the
subalgebra &% = C°(B,CL; ' (M', E)) x G*, of %. As before we denote 7 the

39



cyclic cocycle over #% induced by the trace Tr : C2°(G%) — C. The pairing
([7],Ind(D, [e])} is a well-defined complex number. Its explicit computation
involves, besides the periodic orbits of the flow, also the fixed points.

Proposition 6.8 Let v € V be a fized point of the non-degenerate flow ¢. We
denote by Kk, the generator of the flow on the tangent space T,V , and by j,
the generator of the flow on the fiber E,. Then the linear functional W, :
CE(VxRY) —=C

W) = [ gy £ d (69

s a trace.

Proof: Since ¢(v) = v, Vt > 0, one has for any functions f,g € C°(V x R%)

+oo
(o)t = [ Flowgle.t = w)du=(of)(w.1)
so that W, is obviously a trace. [

Since the support of the index Ind(D, [e]) € Ko(%7 ) does not meet the part
t < 0 of the groupoid G, the Connes-Euler characteristics does not appear in
the computation of ([7],Ind(D,[e])). One is left with the periodic orbits and
the fixed points only. The method of proof of Theorem 6.5 leads at once to the
following result.

Theorem 6.9 Let (V,.7) be a codimension one compact foliated manifold en-
dowed with an F -compatible flow, E a Zs-graded R-equivariant vector bundle
over 'V, and D an odd R-invariant leafwise elliptic differential operator of order
one. Assume that the periodic orbits and the fized points of the flow are non-
degenerate. Then for any class [e] € Ko(CZ°(V xR%)), the pairing of the index
Ind(D, [e]) with the cyclic cocycle T induced by the operator trace is

([7], Ind(D, [e])) = > Onle) + D> Wule), (65)
11

v fixed

where the sums runs over the periodic orbits I1 and the fixed points v of the flow,
On and W, are the canonical traces (60) and (64) on C(V x RY).

Proof: As in the proof of 6.5 we let C be the measure on G7 correponding to
the trace Tr : C2°(G%) — C. Then

([7],Ind(D, [¢])) = C o Res(T~'[In|Q], T])

According to (63), the trace can be decomposed into three parts respectively
associated to periodic orbits, infinite orbits and fixed points of the flow ¢ on
the transversal B. Hence C can be accordingly decomposed into three measures
Cp, Cx and Cy over G%. The contributions of C), and C to the pairing
([7],Ind(D, [e])) are computed exactly as in 6.5 and yield the sum over the
periodic orbits II of the flow ¢ on V. Concerning the measure C'y, whose support
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is localized at the arrows (b,t) € G with b € B a fixed point of ¢ and ¢ € R,
we arrive at

trs(p ,(b,t
CyoRes(T ' [In|Q|,T]) = ) Z/ — et Si(fiz)é)(y))ldt

beB yeM,
fixed fixed

where hj is the action of the flow ¢; on the tangent space to the fiber M, at
the fixed point y, and kp is the exponent of the flow ¢ at the fixed point b.
One has (1 — e®?)det(1 — hj(y)) = det(1 — Ty (y)) with T¢:(y) the flow on
the tangent space T,M. The latter is of the form T¢,(y) = e®v' with x, the
generator of the tangent flow at y. To end the computation, we remark that
p(e)(y, (b,t)) = c(y)?e(r(y),t) where ¢ € C(M) is the cut-off function and
r(y) € V. Since > c(y)? = 1 for any fixed point v € V of the flow ¢,
one gets

yer—1(v)

CpoRes(T'|QLT) = > / () e(v,t) dt

el |det1—e”v)|

where j, is the generator of the flow on the fiber E, and k,, is the generator of
the flow on the tangent space T,V . [
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