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Abstract

We show that the bivariant Chern character in entire cyclic cohomol-
ogy constructed in a previous paper in terms of superconnections and
heat kernel regularization, retracts on periodic cocycles under some fi-
nite summability conditions. The trick is a bivariant generalization of the
Connes-Moscovici method for finitely summable K-cycles. This yields
concrete formulas for the Chern character of p-summable quasihomomor-
phisms and invertible extensions, analogous to those of Nistor. The latter
formulation is completely algebraic and based on the universal extensions
of Cuntz and Zekri naturally appearing in the description of bivariant
K-theory.
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1 Introduction

In a previous paper [27] we introduced a bivariant Chern character in entire
cyclic cohomology. We were mainly motivated by the need for a noncommu-
tative generalization of the Atiyah-Singer index theorem for families of Dirac
operators, with potential applications to mathematical physics. The basic in-
gredient of the construction is the use of heat kernel regularization for infinite-
dimensional traces, in the spirit of the Bismut-Quillen approach of the families
index theorem [2, 30]. For the sake of definiteness, we have to work in the
category of bornological algebras. Recall that a (convex) bornology on a vector
space is a collection of subsets playing at an abstract level the same role as the
bounded sets of a normed space [18]. A bornological algebra is a bornological
space for which the multiplication is bounded. Given two complete bornolog-
ical algebras A and B, we define in [27] the Zj-graded semigroup V. (A, B) of
unbounded A-B-bimodules, in full analogy with the Baaj-Julg description of
Kasparov’s K K-groups [3]. The bivariant Chern character then takes the form
of a natural map

ch:V%(A,B) - HE,(A,B), *=0,1, (1)

from a restricted subset of f-summable bimodules, to the bivariant entire cyclic
cohomology HE, (A, B). The latter is a generalization of the entire cyclic co-
homology of Connes [6] and was introduced by Meyer in [22]. The interesting



feature of the entire cyclic theory is that it contains infinite-dimensional cocy-
cles, which are well-adapted to the heat kernel method. In the particular case
where B = C, our formula exactly reduces to the JLO cocycle representing the
Chern character of #-summable K-cycles over A [19]. When A = C and B is
arbitrary, then (1) is a noncommutative generalization of Bismut’s formula for
the Chern character of the K-theory element defined by a family of Dirac op-
erators over the “manifold” B. In both cases, it is well-known that asymptotic
expansions of the heat kernel [1, 16] give rise to local expressions allowing to
compute the Chern character in many interesting geometric situations, includ-
ing noncommutative ones [10]. Thus our construction of (1) allows, in principle,
to extend these methods to the bivariant case.

However, when dealing with unbounded bimodules, it is not easy to describe
the most interesting aspect of bivariant K-theory, namely the Kasparov intersec-
tion product [3], as far as the latter is well-defined in our bornological context.
Consequently, it is doubtful that we can check directly the compatibility of the
bivariant Chern character with such a product, that is, the multiplicativity of
the map (1).

To this classical “geometric” picture of the bivariant theory, we would like
to oppose the purely algebraic approach of Cuntz [11, 12]. In this formulation,
K K-theory is obtained via universal algebras and extensions. The algebraic na-
ture of these objects together with the excision property of cyclic cohomology
allows to construct a bivariant Chern character compatible with the Kasparov
product, for various categories of algebras [12, 28, 29]. It is therefore tempt-
ing to compare this approach with our geometric method involving families of
Dirac operators and heat kernel regularization. A compatibility between both
constructions would automatically imply that the map (1) is a correct bivariant
Chern character.

The aim of this paper is twofold. First, we show that under finite summabil-
ity conditions, the entire Chern character retracts on a collection of periodic (i.e.
finite-dimensional) cocycles. This is a bivariant generalization of the Connes-
Moscovici retraction of the Chern character for finite-dimensional K-cycles over
A [7, 9]. Second, these cocycles are well-adapted to the quasihomomorphism
description of K K-groups, which connects our construction with the algebraic
approach. Excision therefore implies the compatibility with the Kasparov prod-
uct. In fact, one can show that our bivariant periodic cocycles are equivalent to
Nistor’s results [25, 26].

The paper is organized as follows. In section 2 we recall the basic notions
concerning bornological spaces, universal algebras and extensions, and the dif-
ferent versions of bivariant cyclic cohomology we need, namely the entire and
periodic ones. We then recall in section 3 the construction of the entire bi-
variant Chern character of [27] with some details. This is necessary in order
to fix the fundamental objects and notations of the theory. This construction
is performed in two steps. First, given an unbounded A-B-bimodule, we con-
struct a chain map x : Q.4 — X (B) from the (b + B)-complex of entire chains
over A [4, 5], to the X-complex of B [14, 22]. This morphism is basically ob-
tained from the exponential of the curvature of a Quillen superconnection. The
requirement of boundedness for this exponential constitutes the #-summability



condition needed for the definiteness of y. This automatically incorporates the
heat kernel regularization associated to the laplacian of the Dirac operator. The
second step consists in lifting the whole construction of x, simply upon replacing
A and B by their analytic tensor algebras 7.4 and 7B [22], which yields, up
to a Goodwillie equivalence [14, 17, 22], the bivariant Chern character in the
entire cyclic cohomology HE. (A, B).

After these preparatory matters, we show in section 4 that under p-summability
hypotheses, the entire chain map x retracts on a collection periodic cocycles.
This retraction is exactly analogous to the procedure of Connes-Moscovici for
p-summable K-cycles [7, 9], the only difference is the use of the complex X (B)
(or X (7 B) in the lifted case) instead of C as the target of x. The net result is
that we get explicit formulas for the bivariant Chern character of p-summable
bounded Kasparov A-B-modules. We end with an illustration of this method by
an interesting example, namely the higher index theorem for covering spaces.
In section 5, we arrange these periodic cocycles into simpler expressions and
relate them to the universal algebras of Cuntz and Zekri [11, 33]. This allows
to provide a purely algebraic construction of a periodic Chern character on
K K-groups in section 6. In the even case, we define the algebraic version of
KKy(A, B) as the set of finitely summable quasihomomorphisms from A to B
modulo homotopy and addition of degenerate elements. That is, if £ and ¢?
denote respectively the algebra of bounded operators and the Schatten ideal
of p-summable operators on an infinite-dimensional separable Hilbert space,
then a p-summable quasihomomorphism is given by a pair of homomorphisms
p+ : A — LXB whose difference p; — p_ maps to f?&B. The universal cocycles
of the preceding section then yield a collection of cohomology classes in the
bivariant groups HCs, (A, B) for 2n > p, whose images in the periodic theory
HPy(A,B) all coincide. Since we work fundamentally with the Cuntz algebra,
the proof of excision in periodic cyclic cohomology implies that the bivariant
Chern character is compatible with the Kasparov product whenever the latter
is defined. There is also an analogous construction in the odd case, where we
define the algebraic version of K K7 (A, B) as the set of invertible extensions of
A by ?&B modulo homotopy and addition of degenerates. Again, we get a
collection of classes in the odd groups HCa,+1(A,B) for n sufficiently large,
having the same image in the periodic theory HP; (A, B).

We insist on the fact that, though all the computations performed in this
paper may look somewhat complicated, the explicit formulas of the periodic
Chern character

ch: KK, (A,B) > HP,(A,B), *=0,1 (2)

are really given by simple and useful expressions (see propositions 5.1, 5.3 and
section 6). Moreover, it should be understood that the construction of (2) is by
no means subordinate to the existence of the entire Chern character (1). The
point is that both constructions, based on very different grounds, essentially
coincide under suitable summability conditions.



2 Preliminaries

Here we recall briefly the basic notions used throughout the paper. Most of this
material is developed in great detail in the reference documents [12, 14, 15, 18,
22].

Bornological algebras. A bornological vector space V is a vector space en-
dowed with a collection &(V) of subsets S C V, called the bornology of V,
satisfying certain axioms reminiscent of the properties fulfilled by the bounded
sets of a normed space [18, 22]:

{z} € &(V) for any vector z € V.

S1+ Sy € (V) for any 51,5 € (V).

If S e 6(V), then T € &(V) for any T'C S.
S¢ e &(V) for any S € &(V),

where S is the circled convex hull of the subset S. The elements of &(V) are
called the small subsets of V. If a small subset S is a disk (i.e. circled and
convex), then its linear span Vs has a unique seminorm for which the closure
of S is the unit ball; S is called completant iff Vg is a Banach space. V is a
complete bornological vector space iff any small subset T is contained in some
completant small disk S € &(V). Typical examples of complete bornological
spaces are provided by Banach or complete locally convex spaces, endowed with
the bornology corresponding to the collection of all bounded subsets.

The interesting linear maps between two bornological spaces V and W are those
which send &(V) to &(W). Such maps are called bounded. The vector space of
bounded linear maps Hom(V, W) is itself a bornological space, the small sub-
sets corresponding to equibounded maps (see [18, 22]). It is complete if W is
complete. Similarly, an n-linear map V; x ...V, — W is bounded if it sends an
n-tuple of small sets (S1,...,S,) to a small set of W. A bornological algebra A
is a bornological vector space together with a bounded bilinear map Ax A — A.
We will be concerned only with associative bornological algebras.

Given a bornological space V, its completion V¢ is a complete bornological space
defined as the solution of a universal problem concerning the factorization of
bounded maps V — W with complete target V. This completion always exists
[18, 22]. If V is a normed space endowed with the bornology of bounded subsets,
then its bornological completion coincides with its Hausdorff completion. The
completed tensor product Vi@V, of two bornological spaces V; and V, is the
completion of their algebraic tensor product for the bornology generated by the
bismall sets S1 ® Sa, V.S; € &(V;). The completed tensor product is associative,
whence the definition of the n-fold completed tensor product V1 & ...&V,. For
Fréchet spaces, this coincides with the usual projective tensor product. If A and
B are bornological algebras, their completed tensor product A®B is a complete
bornological algebra.

Non-commutative differential forms. Let A be a complete bornological
algebra. The algebra of non-commutative differential forms over A is the direct
sum QA = @, ., Q" A of the n-dimensional subspaces Q" A = AQA®" for
n>1and QA4 = A, where A = A®C is the unitalization of A. It is customary



to use the differential notation apda; . ..da,, (resp. da;...da,) for the string
ap®ay... ®a, (tesp. 1 ®aj...® ay,). The differential d : Q" A — Q"1 A
is uniquely specified by d(apda; ...da,) = dagda; ...da, and d> = 0. The
multiplication in QA is defined as usual and fulfills the Leibniz rule d(wjws) =
dwiws + (*)'“’”wldwg, where |w;] is the degree of wy. Each Q™A is a complete
bornological space by construction, and we endow QA with the direct sum
bornology. This turns Q2.4 into a complete bornological differential graded (DG)
algebra, i.e. the multiplication map and d are bounded. It is the universal
complete bornological DG algebra generated by A.

On QA are defined various operators. First of all, the Hochschild boundary
b: QA — Q" A is b(wda) = (—)"[w, a] for w € Q" A, and b =0 on Q°A = A.
One easily shows that b is bounded and b*> = 0. Then the Karoubi operator
Kk: Q" A — Q" A is defined by 1 — k = db + bd. Therefore k is bounded and
commutes with b and d. One has k(wda) = (—)"daw for any w € Q" A and a €
A. The last operator is Connes’ B : Q" A — Q"1 A, equal to (1+x+...+£")d
on Q"A. It is bounded and verifies B2 = 0 = Bb + bB and Bk = kB = B.
Thus Q.4 endowed with the two anticommuting differentials (b, B) is a complete
bornological bicomplex.

We also define three other bornologies on QA, leading to the notion of entire
cyclic cohomology:

e The entire bornology G.(Q.A) is generated by the sets
Ur/218@ds)" , SeeA), (3)

n>0

where [n/2] = k if n = 2k or n = 2k+1, and S = S+ C. That is, a subset
of QA is small iff it is contained in the circled convex hull of a set like (3).
We write Q2.4 for the completion of QA4 with respect to this bornology.
Q. A will give rise to the (b, B)-complex of entire chains.

e The analytic bornology &,,(Q.A) is generated by the sets | J,,~, S(dS)",
S € G(A). The corresponding completion of QA is Q.. A. It is related to
the X-complex description of entire cyclic homology.

e The de Rham-Karoubi bornology &5(2A4) is generated by the col-

lection of sets (U, ﬁ S(dS)", S € 6(A), with completion QsA. It
gives rise to the correct analytic completion of the complex introduced by
Karoubi for the construction of characteristic classes in algebraic K-theory

[20].

The multiplication in QA4 is bounded for the three bornologies above, as well
as all the operators d, b, k, B. Moreover, the Zs-graduation of QA given by
even and odd forms is preserved by the completion process, so that Q..A4, Q,,A
and Q5.4 are Zy-graded differential algebras, endowed with the operators b, k, B
fulfilling the usual relations. In particular, QA is called the (b, B)-complex of
entire chains. Note also that the rescaling ¢ : QA — QA induced by its
action on n-forms

clagday . .. day) = (=) [n/2) apday ... da, YneN, 4)

obviously provides a linear bornological isomorphism.



The tensor algebra. Let A be a complete bornological algebra. The non-
unital tensor algebra over A is the direct sum T'A = @, A®™. It is a complete
bornological algebra for the direct sum bornology. Let m : TA — A be the
(bounded) multiplication map, sending a1 ® ... ® a, to the product aj ... a,.
The inclusion o4 : A — T'A is a bounded linear lift of m, hence the kernel J.A
of m is a direct summand in T'.4. This implies a linearly split exact sequence
of complete bornological algebras 0 — JA — T A — A — 0. As a bornological
algebra, T'A is isomorphic to the even part of QA endowed with the Fedosov
product [14]

w1 Ows = wiws — dwidws , w; € QTA. (5)

The correspondence between the elements of (2T A, ®) and T'A is given by
QYA S apday ... dag, «— ag @w(ar,a) ® ... @w(ag,_1,a2,) € TA, (6)

where w(a;,a;) == a;a; —a; @a; € AP A®2 is the curvature of (ai,a;). The
ideal JA is then isomorphic to the Fedosov subalgebra of differential forms of
degree > 2:

JA=PHo*A. (7)

k>1

It turns out that the Fedosov product ® is also bounded for the bornology &,
restricted to the even part Q1A and thus extends to the analytic completion
Q1 A. The complete bornological algebra (Q], A, ®) is also denoted by 7.4 and
called the analytic tensor algebra of A in [22]. Again, let o4 be the bounded
inclusion A — 7 A. Then there is a unique bounded homomorphism v 4 : 7.4 —
TTA such that vg 0 04 = 074 004, see [22]. We denote by J.A the kernel of
the multiplication map 7.A — A. It is a direct summand of 7.4, whence an
exact sequence of complete bornological algebras

0O-JA—-TA—-A—0 (8)

split by the bounded linear map o 4.

The Cuntz and Zekri algebras. Let 4 and B be two complete bornological
algebras. The free product A * B is the (non-unital) complete bornological
algebra generated by A and 5. We can write

AxB=A3 B (A2B) ® (BRA) ® (ADBRA) & (BRAXB)® ..., (9)

where only alternate tensor products of A4 and B appear. A« B is endowed with
the direct sum bornology, and the product is such that whenever two elements
of A meet, we take the multiplication in A instead of the tensor product, and
similarly for the elements of B. There are two canonical inclusions « : A — AxB
and 3 : B — Ax3 which are bounded algebra homomorphisms. The free product
enjoys the following universal property: given two bounded homomorphisms
¢ : A — Cand ¢ : B — C with target a complete bornological algebra C,
then there is a unique bounded homomorphism ¢ * ¢ : A x B — C such that
b= (9+v)oaand = (¢ v)o b

Given a complete bornological algebra A, we let QA = Ax.A be the free product
by itself. The two injections of A into QA are denoted by ¢ and 7. Thus the
universal property of QA is that it factors pairs of homomorphisms A = C into



an algebra C. In particular [11], the Cuntz algebra g.A is the kernel of the folding
map id xid : QA — A sending both copies ¢(A) and 7(A) into A. Since id *id
is split by the bounded homomorphism ¢ : A — QA, the ideal gA is a direct
summand and we have an exact sequence of complete bornological algebras

0—-gA—-QA—-A—0, (10)

split by both homomorphisms ¢ and z. This sequence is universal among the
extensions split in two different ways: given any extension of complete bornolog-
ical algebras 0 — Z — & — A — 0 split by two bounded homomorphisms
¢,6: A= E, one has the commutative diagram

0 gA QA A 0 (11)
¢*¢>J/ ab*aﬁi b,
£
0 A £ A 0

In fact Q.A is isomorphic to the Fedosov algebra (A4, ®) of all differential forms
(not only even), for the product

w1 Owy = wiwg — (7)‘“’1‘dw1dw2 , w; € QA4 (12)

where |wq| is the degree of the (homogeneous) form w;. The correspondence
QA — QA sends ((a) to a + da and 7(a) to a — da. Since QA is naturally Zo-
graded by the degree of forms, Q.4 becomes a Zs-graded algebra. The action
of the generator of Zs exchanges the roles of ¢+ and 7. We will denote by Q°A
this algebra considered in the supersymmetric category. QQ*A has the following
universal property: given any bounded homomorphism p from A to a unital Zo-
graded complete bornological algebra B containing a symmetry X € B, X2 =1,
implementing the grading on B (i.e. b — XbX generates the action of Zs),
then there is a unique bounded homomorphism of even degree p® : Q*A — B
mapping ¢(a) to p(a) and 7(a) to Xp(a)X. Q°A is also closely related to the
Zekri algebra EA = QA X Zs, verifying a similar universal property [33] (here
QA is the unitalization of QA).

X-complex. Let A be a complete bornological algebra. The space of one-forms
Q' A is an A-bimodule, hence we can take its quotient Q' A, by the subspace of
commutators [A, Q' A] = bQ?A. It may fail to be complete in general. In order
to avoid confusions in the subsequent notations, we always write a one-form
agda; € Q' A with a bold d when dealing with the X-complex of A. The latter
is the supercomplex [14]

hd
X(A): A ? QA , (13)

where A is located in degree zero and 2'A; in degree one. The class of the
generic element (apda; mod|[,]) € Q' A, is usually denoted by fagda;. The map
id : A — Q' A; thus sends a € A to gda. Also, the Hochschild boundary
b: Q' A — A vanishes on the commutator subspace [A, Q' A], hence passes to
a well-defined map b : Q' A, — A. Explicitly the image of fapda; by b is the
commutator [ag, a;]. These maps are bounded and satisfy fdob = 0 and bofd =



0, so that (X (A), i d ®b) indeed defines a Zs-graded bornological complex. This
construction is obviously functorial: if p : A — B is a bounded homomorphism,
it induces a bounded chain map of even degree X (p) : X (A) — X (B), by setting

X(p)(a) = p(a) and X (p)(4aoda1) =4 p(ao)dp(ar).

Now let Z € A be a two-sided ideal. By convention, Z™ will always denote the
completion of the nth power of 7 in A for any n € Z, with I = Aif n < 0. As
in [14], we introduce the adic filtration of X (A) by the subcomplexes

FIX(A) : T [T A = 17"'d A
FZ2IX(A) - T = (7" d A4 IMdT) . (14)

This is a decreasing filtration: Fy ' X(A) € FPX(A), and FPX(A) = X(A)
for n < 0. Let X"(A,T) = X(A)/F}X(A) be the quotient complex. We thus
get an inverse system (X" (A, T))nez of bornological complexes with surjective
maps

= XMAT) = = XN AT) = X(A)T) — XY(AT) = A/ (T+H[AA]) — 0,
(15)
whose projective limit is the complex

X(A,T) =limX"(AT) . (16)
X (A,T) is naturally filtered by the subcomplexes F"X (A, T) = Ker(X — x™).
If B is another complete bornological algebra and J C B a two-sided ideal, then

the space of linear maps between the two projective systems (X" (A, 7)) nez and
(X" (B, T))nez, or between X and X’ for short, is given by

Hom(z’?, /'?’) = lim <limH0m(X", /'\,’/m)) , (17)
m n

where Hom(X™, X'™) is the space of bounded linear maps between the Zo-
graded bornological complexes X™ and X’". Thus Hom(X, X’) is a Zy-graded
complex. It corresponds also to the space of linear maps {f : X — X' | Vk, In :

f(F”i’\) C Fk)/(\’} Sitting inside the latter are the subcomplexes of linear maps
of order < n:

Hom™(X,X') ={f: X — X' | Vk, f(FFt"X) c FFX'} . (18)

Entire and periodic cyclic cohomologies. Let A be a complete bornological
algebra. We focus on the X-complex of its analytic tensor algebra 7. 4. In that
case, the quotient Q'T A, = Q'TA/[TA Q' TA| is always complete, and as
a bornological vector space X (7.A) is canonically isomorphic to the analytic
completion Q,,.A. The correspondence goes as follows [14, 22]: first, one has a
T A-bimodule isomorphism

QITA =~ TARARTA (19)
rday < r®a®y foraE.A,x,yEfA,

where TA := Ca&T Ais the unitalization of 7.A. This implies that the bornolog-
ical space Q7T Ay is isomorphic to TA®.A, which can further be identified



with the analytic completion of odd forms €, A, through the correspondence
1®@a < xda, Ya € A,z € TA. Thus collecting the even part Xo(7.A) = 7 A and
the odd part X;(7TA) = Q'T A, together, yields a linear bornological isomor-
phism X (7 A) = Q.nA. The key point [14, 22] is that the complex X (7 A) is
homotopy equivalent to the complex of entire chains Q.4 endowed with the dif-
ferential (b+ B). Concretely, the square of the Karoubi operator 2 has discrete
spectrum, hence the space of differential forms Q2.4 decomposes into a direct
sum of generalized eigenspaces. One of the eigenvalues is 1. Let P : QA — QA
denote the projection onto the corresponding eigenspace, annihilating the other
ones. One shows that P is bounded for the analytic and entire bornologies, hence
extends to QanA and Q. A. The point is that the complexes (X (7 A), td, b) and
(QeA,b + B) retract on PX(TA) and PQcA respectively [22]. Moreover, if
¢: QunA=X(TA) — QA is the bornological isomorphism (4) induced by the
rescaling (—)["/?1[n/2]! on n-forms, then the restriction to 1-eigenspaces

c: (PX(TA),td®b) — (PQAb+ B) (20)

is an isomorphism of bornological complexes, i.e. the differential §d @ b corre-
sponds exactly to b+ B. In the following, PQ2A will be called the subspace of
cyclic forms. From this we get the definition of bivariant entire cyclic cohomol-

ogy [22]:

Definition 2.1 Let A and B be complete bornological algebras. Then the bi-
variant entire cyclic cohomology of A and B is the homology of the Zs-graded
complez of bounded linear maps from X (T A) to X(TB):

HE.(A,B) = H,(Hom(X (T A),X(TB))), *=0,1. (21)

Thus the bivariant cocycles are the bounded chain maps between X (7 .A) and
X(7B). One can show that the X-complex of 7C is homotopy equivalent to
X(C) : C =0, hence for any algebra A, HE,(C, A) is isomorphic to the entire
cyclic homology HE,(A) = H.(X(TA)), and HE,(A, C) is isomorphic to the
entire cyclic cohomology HE*(A) = H,(Hom(X (7 .A),C)). The composition of
bounded chain maps being bounded, one has an obvious composition product
HE;(A,B) x HE;(B,C) — HE;j127(A,C) for three complete bornological al-
gebras A, B,C. Any bounded homomorphism p : A — B extends uniquely to
a bounded homomorphism 7p : TA — TB by letting 7 p(a) = p(a), Va € A,
whence a bivariant cyclic cohomology class represented by the induced chain
map X(7p) : X(TA) — X(7B). This gives the functoriality of entire cyclic
cohomology.

Let us now turn to the periodic theory. It is based on the adic filtration (14)
for the complex X (7 .A) with respect to the ideal JA C T A associated to the
universal extension 0 - JA — 74 — A — 0. Under the isomorphism of
bornological algebras 7.4 = (Qf, A, ®), JA is isomorphic to the completion of
the space of differential forms of degree > 2 for the analytic bornology. Conse-
quently, the completion (J.A)™ of the nth power of 7 A in T A is

(JA" = (EBQ%A)C7 (22)

k>n

and under the vector space isomorphism X (7' A) = Q,,A, the filtration F} 4 X (7 A)



corresponds to the Hodge filtration of Q.,A [14, 22]:

F'Qu A= F5 X (TA) = b Ao (P Qm)c . (23)
k>n+1

This allows to compute explicitly the associated Zs-graded bornological complex

X (TA,TA):

n—1
X'(TAJA) =Pk As Q" A/bQ" T A) . (24)

k=0

The homology in degree n mod 2 of this complex is the nth cyclic homol-
ogy group HC,(A). The projective system (X" (7 A, JA))necz and its limit
X(TA,JA) lead to the definition of periodic cyclic cohomology:

Definition 2.2 Let A and B be complete bornological algebras. The bivariant
periodic cyclic cohomology of A and B is the homology of the Zs-graded complex
(17) of linear maps between the projective limits X (T A, JA) and X(TB,TB):

HP.(A,B) = H.(Hom(X(TA, JA),X(TB,JB))) , *=0,1. (25)

For any n € N, the non-periodic cyclic cohomology group HC, (A, B) of degree
n is the homology, in degree n mod 2, of the Zs-graded subcomplex (18) of linear
maps of order < n:

HC, (A, B) = Hyy oz (Hom™(X(T A, JA), X(TB, JTB))) . (26)

The embedding Hom" — Hom" 2 induces, for any n, the S-operation in bi-
variant cyclic cohomology S : HC, (A, B) — HCp1+2(A, B), and Hom" — Hom
yields a natural map HCy, (A, B) — HP,12z(A, B).

As in the case of entire cyclic cohomology, the groups H P,(C, .A) and HP,(A,C)
compute respectively the periodic cyclic homology H P, (A) = H, ()/(\ (TA,JA)
and the periodic cyclic cohomology HP*(A) = H, (Hom(X(T A, JA),C)) of A.
For the non-periodic theory, HC), (A, C) computes the nth cyclic cohomology
group HC™(A) = Hy oz Hom (X" (T A, JA),C)). One has also the compo-
sition products HC,,(A,B) x HC,,(B,C) — HCyim(A,C) and HP;(A,B) x
HP;(B,C) = HP,y;122(A,C).

3 Unbounded bimodules

Let A and B be two complete bornological algebras. In this section we recall
the construction of the bivariant Chern character

ch: WA B)— HE.(AB), =01 (27)

performed in [27]. This map associates a bivariant entire cyclic cohomology class
to any f-summable unbounded A-B-bimodule (where B is the unitalization of
B, see the definitions below). First one has
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Definition 3.1 Let A and B be complete bornological algebras. We assume
that A is trivially graded and B is Zo-graded. Then a (Hilbert) family of spectral
triples over B, or an unbounded A-B-bimodule, is a triple (£, p, D) corresponding
to the following data:

o A Zso-graded separable Hilbert space H and the obuvious right B-module
E = H®B.

o A bounded homomorphism p : A — Endg(E) sending A to the even degree
endomorphisms of £. Hence £ is a bornological left A-module.

o An unbounded endomorphism D : Dom(D) C £ — & of odd degree, defined
on a dense domain of € and commuting with the right action of B:

D-(&)=(D-&b VeEel , beB. (28)
We call D a Dirac operator.

e The commutator [D, p(a)] extends to an element of Endg(E) for any a €
A.

e For anyt € Ry, the heat kernel exp(—tD?) is densely defined and extends
to a bounded endomorphism of £.

We denote by W (A, B) the set of such unbounded bimodules.

This definition differs slightly from [27], where H could be any complete bornolog-
ical vector space. We restrict ourselves to separable Hilbert spaces here in order
to introduce the Schatten ideals ¢P(H) in the subsequent sections. Thus any
triple (€, p, D) should be viewed as a Hilbert bundle £ over the noncommuta-
tive “space” B, endowed with a representation of A as bounded endomorphisms,
together with a family of Dirac operators “over B”. The geometric meaning of
such objects should be clear.

If A and B are both trivially graded, we introduce the higher unbounded
bimodules. Let C; = C @ €C, be the first complex Clifford algebra. It is the
Zo-graded algebra generated by the unit 1 in degree zero and ¢ in degree one,
with €2 = 1. For any trivially graded complete bornological algebra B, the
tensor product C;®B is thus a Zs-graded complete bornological algebra.

Definition 3.2 Let A and B be trivially graded complete bornological algebras.
We set Wo(A,B) := ¥(A,B) and ¥1(A,B) := U(A,C1®B). These are respec-
tively the sets of even and odd A-B-bimodules.

One has the following descriptions of ¥, (A, B) for « = 0,1 [27]:

o Uy(A,B): Let (€,p,D) be such a bimodule, with £ = H®B. The Hilbert
space H is Zo-graded, hence it comes equipped with an involutive operator T,
I'? = 1, which splits H into two eigenspaces H. and H_ of even and odd vectors
respectively. Also the right B-module & splits into two eigenspaces £+ = Hy®B.
We adopt the usual 2 x 2 matrix notation

5:<§+) r:(é_ol). (29)

11



The even (resp. odd) part of the Zs-graded algebra Endpg(€) is represented by
diagonal (resp. off-diagonal) matrices. By definition the homomorphism p —
Endp(€) commutes with I', whereas D anticommutes. In matricial notations

one thus has
= (" ) =(p ) (30

for any a € A.

o U, (A, B): Let (€, p, D) be an odd bimodule. Then £ is the direct sum of two
copies of K®B for a given trivially graded Hilbert space K:

(58,

and the right action of C;®B on & is such that ¢ flips the two factors. It follows
that any endomorphism z € End, ¢5(£) reads

(). (32

with 2,y € Endg(K®B). As a consequence, there is a bounded homomorphism
a: A — Endg(K&B) and an unbounded endomorphism @ : K&®B — K&B such

that
sao=( ) p=(o 2) (33)

This is the general matricial form for an element of ¥y (A, B).

The construction of the bivariant Chern character (27) for a bimodule (€, p, D)
carrying suitable #-summability conditions is then performed in two steps:

a) We work in Quillen’s algebra cochains formalism [31]. Using the exponen-
tial of the curvature of a superconnection, we introduce a bounded chain map
x(&, p, D) from the (b + B)-complex of entire chains Q.4 to the X-complex of
B.

b) (€, p, D) is lifted to a T.A-T B-bimodule. Step a) thus yields a chain map from
0T A to X(7B). The bivariant Chern character corresponds to the left com-
position of the latter map with the homotopy equivalence X (7 A) — Q.7 A
given by the Goodwillie theorem [22, 27].

For our purpose we need essentially to recall the detailed construction of
step a). For this, we use the formalism of algebra cochains [31] adapted to
the bornological framework [27]. Let .4 be a complete bornological algebra,
QA =P, 2" A the (b, B)-bicomplex of noncommutative forms over A, with

Q" A = ARA®™. Introduce the bar complex

B(A) =P Ba(A), (34)

n>0

where B, (A) = A®" and By(A) = C. Endow B(A) with the entire bornology
G (B(A)) generated by the sets (J,,~[n/2]! S for any S € &(A). We denote
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by B.(A) the completion of B(A) with respect to this bornology B.(A) is a
coassociative coalgebra, the (bounded) coproduct A : B.(A) — B.(A)®B(A)
is induced by

n

A ®..®a,) = (018...00)@ (011 @...0a), (35)
=0

for any a; € A. There is a natural Zs-graduation on B.(A), coming from
the parity of n in the string a1 ® ... ® a,. Furthermore, one has a (bounded)

boundary map ' : B.(A) — B.(A) of odd degree:

n—1
V(a®.. .0a) =Y (-) a1 ®... 0000 8... Qay (36)
i=1
verifying b'° = 0 and AV = (' ® id +id ®b')A. Thus B.(A) is a complete Z-

graded differential coalgebra. There is an associated free bicomodule MW B.(A) =
B(A)®A®B (A), with bounded left and right bicomodule maps

A =A®idRid : nge(A) — Ee(A)QA@QlEG(.A) ,
B.(A) .

A, =1d®id®A : U B(A) — U B(A)RB(A) (37)

It is gifted with the natural Zs-graduation coming from the parity of n in the
string (a1 ® ... ® ai—1) ® a; ® (@41 @ ... @ ap). Q1 B(A) has a differential
b Q1B (A) — Q1B (A) of odd degree,

b”((al®...®ai,1)®ai®(ai+1®...®an)):

b (ay, ..., a;_ 1)®ai®(ai+1®...®an) (38)
+(=) (@ ®Clz 2) ®a;—1a; @ (ai11 ® ... R ay)

+(= )Hl( L ®ai-1) ® aiaiy1 ® (Ai42 ®@ ... ® ay)
() (M ®...®ai—1) ®a; @Y (aip1 @ ... @ an) ,

verifying b/* = 0. A, are then morphisms of graded complexes, i.e. A’ =
(VY ®@1+1®0b")A; and similarly for A,.. There is also a bounded projection of
even degree 0 : Q1 B.(A) — B.(A) defined by

M1 ®...00-1)®a;® (a1 ®...Q0a,)) =a1®...® ay . (39)

It is a coderivation (A0 = (id ®09)A;+(0®id)A,) and a morphism of complexes
(0" = b'3). The last operator we need is the injection § : Q. A — Q1B (A)
defined on the space of entire chains over A:

B@odas ... day) = (5" (@i ® ... ©a,) @U@ (@1 ®...®a;), (40)
i=0
for any ag in the unitalization A=Co® A and a; € A. Then f is a cotrace, i.e.
if 0 : QB (A)QB(A) = B(A)®QB.(A) denotes the map which permutes
the two factors (with signs according to the degrees of the elements), then one
has A = oA, and oAl = AL

13



Consider now a trivially graded complete bornological algebra B, and let
(€,p,D) € ¥.(A,B) be an unbounded A-B-bimodule, with & = H®B for some
Hilbert space H. The unitalized de Rham-Karoubi completion QsB of differen-
tial forms over B is naturally a left B-module, so that we can form the bornolog-
ical tensor product over B

QsE = EQB = HEQB . (41)

It is a complete bornological right S~258—module, endowed with the differential
induced by QsB. For the compatibility with the X-complex notations, we write
d for the differential of 258, so that a string like bodb; . ..db, is a n-form over
B. Then the induced map d : 25€ — 5€ is a derivation of right QsB-modules.
Let £ = Endg ;(€2€) be the unital algebra of bounded endomorphisms of

Qs&, commuting with the right action of (NZ(;B. It is a complete DG algebra.
Its differential is induced by the action of d on Qs&, and the unit element
1 € L verifies d1 = 0. We denote by m : L&KL — L the associative product of
endomorphisms, and by m’ : L&NE — QsE the left action.

Introduce now the complete bornological space of bounded linear maps

R = Hom(B.(A), L) . (42)

It is a Zy-graded associative algebra for the convolution product fg =mo (f ®
g)o A, Vf g€ R. It is endowed with two anticommuting differentials ¢ and d,
coming respectively from the boundaries b on B.(A) and d on L:

df =dof, of=—()fot/, VfeR, (43)

which moreover satisfy the Leibniz rule for the convolution product. Associated

to the Be(A)-bicomodule Q;B.(A) is the Zy-graded R-bimodule

M =Hom(Q;B.(A), L) , (44)

the left and right multiplication maps being respectively given by fv = mo(f®
v)oA;and vf = mo(y®f)oA,, forany f € R, v € M. M is also endowed with
two anticommuting differentials dy = d oy and 6y = —(—)"ly 0 b, compatible
with the R-bimodule maps in the sense that they fulfill the Leibniz rule. Also,
the transposed of the canonical coderivation 9 : Q1 B.(A) — B(A) yields a
bounded derivation 0 : R — M, commuting with d and §. Finally, the left

L-module Qs€ yields a left R-module

F = Hom(B.(A), QsE) . (45)

The module map R x F — F comes from the convolution product f - & =
mo(f®& oA VfeR, e F. Itis immediate to check the compatibil-
ity of this action with the product on R: the coassociativity of Ee(j) implies
f-(g-&) = (fg)-& The differentials d on Qs€ and ¥’ on Eé(j) imply as above
that F is a bidifferential R-bimodule: one has d¢ = do¢ and §¢ = —(—)&l¢o b/
for any £ € F, and these differentials are compatible with the ones on R, i.e.

d(f-&) =df &+ () f-dg and 6(f - &) = 0f - &+ (=) f - 6¢ for any f € R.

We now turn to the construction of a superconnection on F. The bounded
homomorphism p : A — Endz(£) yields an homomorphism from A to £, which
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we extend to a unital homomorphism from Ato L still denoted by p. The
thus defined map can be viewed as a cochain on B.(A) with values in £, so
that p is an odd degree element of R. Moreover, the unbounded endomorphism
D on & determines an unbounded operator of odd degree on F. Then the
superconnection D : F — F is defined as

D=6—d+p+D. (46)

Its curvature D? = —d(p+ D) + [D, p] + D? is an unbounded endomorphism of
F. Since the Chern character involves the exponential of D2, it is necessary to
impose the following #-summability condition:

Definition 3.3 ([27]) The bimodule (€, p, D) € U, (A, g), E = H®B, is called
(weakly) 0-summable iff the heat kernel associated to D?, defined by the power
series

exp(—tD?) := Z(—t)" / dsy...ds, e 50D° Qe t1D* | @e~tsnD? (47)
n>0 An

with ©® = —d(p+ D) + [D, p], converges to an element of R for any t > 0. Here
An ={(s0,...,8,) €0, 1]"" | 3=, 5; = 1} is the fundamental n-simplex. More-
over fort > 0, exp(—tD?) must define a trace-class map B.(A) — 0} (H)&SsB,
where (1(H) is the ideal of trace-class operators on ‘H.

Recall that we have a derivation of degree zero 9 : R — M. Thus the derivative
Jp of the homomorphism p € R is an odd element of M. Assuming the -
summability condition 3.3, we form the following map defining an odd element

of M: )
u:/ dt e "P*9pet=1P" QB (A) — (H(H)&0s8 . (48)
0

u should be viewed as the component of the formal exponential exp(—D? +
dp) of degree one with respect to dp. Then composing p by the cotrace f :
QA — Q1B (A) yields an entire cochain on the (b+ B)-complex of A, namely
uh € Hom(Q A, £ (H)®S~)58). The next step is to compose pf with a partial

supertrace 7 : £} (H)®QsB — QsB. This depends on the parity of the bimodule
(€, p,D):
e (E,p,D) € Uy(A, B): The Hilbert space H = H, & H_ is Zo-graded, and we

denote by Tr, the supertrace of operators on H. Then 7 is by definition the
even partial supertrace

T=Tr,®id : ({(H)&QWB — QB . (49)

The composite 7uf is therefore an even entire cochain in Hom(Q2..A4, 558). Re-
mark that 7 commutes with the differential d on ¢'(H)®Qs;B C £ and Q58
respectively.

e (£,p,D) € W,(A,B): Then & = H&B, where H is the direct sum of two
copies of a trivially graded Hilbert space K. The algebra of endomorphisms of
& corresponds to the tensor product Endgz(K®B)®C,, where C is the Clifford
algebra generated by the odd element €. Since p is made out of p and D, one
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sees that u takes its values in the algebra ¢* (IC)®S~2(;B®C1. Then 7 corresponds
to the odd partial supertrace

r=Treide¢ : (1{(K)&QsB&C, — QsB , (50)

where Tr is the usual trace of operators on the trivially graded algebra ¢(K)
and ¢ is the unique odd supertrace on Oy, verifying (1) = 0 and ((¢) = /2i.
The latter choice is the only normalization compatible with Bott periodicity and
the bivariant Chern character, see [27]. The composite Tuf is then an odd entire
cochain in Hom(Q..A4, 558). Remark that 7 anticommutes with the differential
don ¢! (IC)®§~253®C’1 C L and SNZ(;B respectively.

Let now px : (2sB8 — X (B) be the natural projection. Then the composite
x(&, p, D) = px7Tpl defines a bounded entire cochain on A with values in the
X-complex of B.

Proposition 3.4 ([27]) For any 6-summable bimodule (€,p, D) € V.(A,B),
x = 0,1, the map x(&,p, D) € Hom(Q.A, X (B)) is a cocycle of parity equal to
%, 1.€.

(b,8d) o X(€,p, D) = (=)"x(&,p, D) o (b+ B) =0, (51)
where x = 0,1 is the degree of the bimodule.

Proof: See [27] proposition 6.5. n

The fundamental property of x(&, p, D) is its homotopy invariance with re-
spect to p and D. This requires to introduce the Chern-Simons transgression,
obtained by a straightforward modification of the construction above. Let p;
and D; depend smoothly on a real parameter ¢ € [0,1] (for a precise state-
ment of all this, see [27]). Then we replace the previous module F by the new
one F = Hom(B(A), 2E%07[0,1]), where Q*[0,1] is the de Rham complex
of differential forms over [0,1] endowed with its locally convex topology. We
denote by d; the de Rham coboundary with respect to the variable t. The new
superconnection D : F — F is then

whose curvature reads D? = —(d + d;)(p¢ + D;) + [Dy, pi] + D?. This gives rise
to the trace-class map

1
= / dse P’ 9p, VD" L O B(A) — (HH)EQBEQ[0,1] . (53)
0

The composite 7uf therefore defines a bounded map from QA to Q;B82Q*[0, 1].
Let px1 : QsB20%[0,1] — X(B)®Q0,1] be the natural projection (for sim-
plicity, we shall assume in the following that X (B) is complete, which is always
the case for the universal algebras we will deal with). Then the entire chain

cs(&, pt, Dy) = px1Tus € Hom(QA, X(B)2QH0,1]) (54)

is by definition the Chern-Simons transgression associated to the families p; and
D;.
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Proposition 3.5 ([27]) Let (£,p¢, D) € U.(A,B), t € [0,1], be a differen-
tiable family of 0-summable bimodules. Then the cohomology class of the cocy-
cles x(&, pt, D) is independent of t. One has

th(gvptv Dt) = _(Bv hd) o Cs(g, Pts Dt) + (_)*Cs(gvptv Dt) o (b + B) ) (55)
where x = 0,1 is the degree of the bimodule.

Proof: See [27] proposition 6.7. n

We now discuss briefly step b), that is, the lifting of (€, p, D) € U, (A, B) to
a T A-T B-bimodule. Consider the analytic completion Q,,8 (section 2) and its

unitalization (NlanB. Thus QavnB is a unital DG algebra, whose differential is d.
It is also a bornological left B-module, so that we can form the space of analytic
forms with values in £ = H®B:

Q€ 1= EG QBB . (56)

As a bornological vector space, {,,& is isomorphic to HEDonB and is naturally
a right Q.,B-module. Moreover, it is canonically endowed with the action of
the differential d, by d(h ®@ w) = (—)"h @ dw for any h € H and w € Q,,B. Let
Of €= H®ﬁjn6 be the subspace of even degree forms. We define on ﬁ;’ng a
right action ® of the unitalized tensor algebra TB = (ﬁjnl’j', ®), by deforming
the usual product of differential forms into a Fedosov one:

© : QLexQiB—Qhe (57)
(€w) — 0w :=Ew— (—)lddw |

where d§ € Q.,& and dw € Q,,B are odd degree differential forms. It is easy
to check the right 7B-module relation (£ ©® w1) @ wy = £ © (w1 © wa) for any
wy,ws € Q;{HB =TB. Hence, as a right ’ZN'B—module, QF & is exactly isomorphic
to H&TB.

Our goal now is to define a left representation of 7.4 as a bounded homomor-
phism p, : TA — Endz,4(Q},€). This is also given by a Fedosov-type defor-
mation of the usual product. The homomorphism p : A — Endz(&) provides a
bounded linear map p. : A — Endz,4(Qf,€) by

ps(a) ® € := pla)é —dp(a)de , Vac A, £€QLE, (58)

where p(a) and dp(a) are viewed as elements of the DG algebra Endg_ 5(Qan€),
while &, d¢ are elements of 2,,E. One has p.(a) ® (§ ©w) = (p«(a) ©&) G w for
any w € TB, hence p,(a) is indeed an endomorphism of Q €. This induces a
representation of the analytic tensor algebra p, : 7A — End%B(ang) by

P:(a1®. .. ®a,)O& = pu(a1)O...0p.(an)OE, Va1®...®a, € TA, € QL E.

(59)
Under the identification of algebras 7.4 ~ (Q A, ®), the above action reads

p(apday . .. dasn) © & = (p(ag)dp(ay) . ..dp(as,)) ® & (60)
= plao)dp(ar) . .. dp(azn)§ — dp(ao)dp(ay) .. . dp(azn)ds
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for any aoday . . . das, € Qf A. Hence Q£ is a T.A-T B-bimodule.
It remains to lift the Dirac operator D to an unbounded endomorphism of Q7 €.
Once again, we define the Fedosov action

D®¢:=DE+dDdE, VE€QhE (61)

sothat D ® (O w) = (D ®&) O w for any w € ﬁ:nB. The sign + in front
of dD is due to the odd degree of the endomorphism D. In general, the thus
obtained triple (], &, p«, D) does not determine an element of ¥, (7 A, 7B) for
two obvious reasons: first, the Fedosov commutator [D, p.(2)]e := D © ps(z) —
p«(2) ®D may not be a bounded endomorphism for any x € 7 .4, and second the
heat kernel associated to the Laplacian of D has to be defined carefully. Since
we work with Fedosov products, note that the Laplacian is D% = D? 4+ dDdD,
and its exponential is given by the formal power series

expg (—tD9?) i= ) ﬂw@?)@n . (62)

n!
n>0

We showed in [27] lemma 7.1 that this Fedosov exponential can be interpreted
as a Duhamel-type expansion

expy, H = Z(*)"/ dsy .. .dsp e dHd(e**™)dH .. d(e*»T)dHd(es) |
n>0 An

(63)
with H = —t(D? 4+ dDdD). Here €% is the exponential for the usual product.
A complete expansion of exp, H in degree of differential forms yields a finite
number of terms in each degree, automatically incorporating the usual heat
kernel e=P* ¢ Endgz(€). This formula is really the definition of the Fedosov
exponential. B
Even if (Qan&, p«, D) isnot in W, (7 A, T B), we can still perform the construction
of the previous chain map

X(Q:ngap*’ D) : QET‘A - X<TB) ’ (64)

provided appropriate #-summability conditions are imposed on the lifted triple
(this is called strong 6-summability in [27]). The (b + B)-complex Q.7 A cal-
culates the entire cyclic homology of 7 A, which is known to be isomorphic to
the entire cyclic homology of A by the generalized Goodwillie theorem [22].
We constructed in [27] an explicit bounded chain map v : X(T A) — Q.TA
realizing this equivalence. Hence the composition with x (1 €, ps, D) yields an
entire cocycle in Hom(X (7 A), X (7 B)) whose class

ch(&, p, D) € HE, (A, B) (65)

is the bivariant Chern character of the unbounded bimodule (€, p, D) € U, (A, B).
It is important to note that, under the homotopy equivalence (2.7.4,b+ B) ~
(X(TTA),bd @ b) of section 2, the map v : X(7.A) — Q.7 A of [27] is homo-
topic to the chain map X (v4) : X(TA) — X(77T.A) induced by the canonical
bounded homomorphism vy : 7TA — TT A (see [27] corollary 4.5).
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4 Retraction of the entire Chern character

Let (&, p, D) be an unbounded A-B-bimodule. Under some p-summability as-
sumptions, we shall retract the entire cocycle x(&,p, D) € Hom(Q.A, X(B))
into a collection of finite-dimensional (periodic) cocycles X (&€, p, D) for any
n > p — 1. This will allow us to obtain a bivariant Chern character for p-
summable bounded Kasparov bimodules. The retraction process presented here
is exactly the bivariant analogue of the Connes-Moscovici retraction [9] of the
Chern character for finitely summable K-cycles.

Recall that in the preceding section we constructed for any f-summable bi-
module (&, p, D) € U,.(A,B), * =0, 1, an entire cocycle x(&, p, D) with values in
X (B) and with parity . Furthermore, if (£, pt, D) is a differentiable family of 6-
summable bimodules, for a real parameter ¢ running in some interval [0, T, then
we associate the Chern-Simons transgression c¢s € Hom(Q.A, X (B)©Q1[0, T)).
Then proposition 3.5 shows that, upon integration of ¢s over [0, T, the difference
x(&, po, Do) — x(&, pr, Dr) is a coboundary. One can use this property applied
to the family (&, p, Dy = tD) to cut the tail of the entire cocycle x(&, p, D) as
in [9]. This requires to impose some finite-summability conditions. For any
n € N, let x"(€, p, D) be the restriction of x(&, p, D) to the space of n-forms
Q" A. In other words, x™ is the composition of x with the bounded canonical
map 2" A — Q. A. Similarly, we denote by cs™ the restriction of c¢s to Q™ A.

Definition 4.1 Let p € Ry. A 0-summable bimodule (€,p, D) € V. (A,B) is
p-summable iff for any t > 0, the bimodule (£, p,tD) is 6-summable, and for
any integer n. > p one has

i) limy_o x" (&, p,tD) = 0;

it) cs™ (&, p,tD), as a one-form with respect to dt, is integrable over [0, T], VT >
0.

Then given a p-summable bimodule, the entire cocycle x retracts onto a col-
lection of periodic cocycles, i.e. chain maps from the (b + B)-complex QA to
X (B) which vanish on the subspaces Q*A for k sufficiently large:

Proposition 4.2 Let (€,p,D) € U.(A,B) be a p-summable bimodule. Then
for any integer n >p—1 and T' € R, the formula

n+1

Np(E.p, D) =Y X", p,TD)+ (66)
k=0

[ (@)oo 1@D) — () (e D) + 1) o )
[0.7]

defines a cocycle of degree * in Hom(QA, X (B)). It vanishes on QFA, Yk >
n+ 1, hence is in fact a periodic cocycle. The cohomology class of X'H(E, p, D)
inside the complex of periodic cochains is independent of n > p—1 and T € RY .

Moreover, X%(€, p, D) is cohomologous to x(&,p, D) in the complex of entire
cochains Hom (A, X (B)).

Proof: From proposition 3.5, one has (with x"(¢tD) = x™(&, p,tD))

dix"(tD) = —(b,td) 0 cs™(tD) + (=)*(cs" 1 (tD) o b+ cs" T (tD) o B)  (67)
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for any n € N. By the p-summability assumption, one has lim; o x"(tD) = 0
for any n > p + 1, thus

X"(TD) = / dix*(tD)  VYn>p+1,T>0. (68)
[0,7]

Now let n > p — 1. The infinite sum 7, ¢s*(tD) is an entire cochain over
A, thus the entire cocycle

(D) := x(TD) / Z b,1d) o cs (tD)—(—)*csk(tD)o(b+B))

OT k n+1

is cohomologous to x(7'D) for any T' > 0, thus in particular cohomologous to
x(€, p, D) by homotopy invariance with respect to T. Since x = Y 7o, x", we
may write

(D) = S\ (TD)

k=0

+ / ((B, bd)es™ L (tD) — (=)* (es" L (tD) + cs"+2(w))3)
[0,7]

+ Z (Xk(TD) + /[0 . [(b,bd)es™ (tD) — (=) (es" 1 (tD)b + csk'H(tD)B)D .

k=n+2

The infinite sum vanishes by virtue of equations (67) and (68), whence the
formula given for X’+(D). Next, from the definition one sees that the difference

WD) - RHD) = [ (B aes (D) - () e (eD) b+ )
[0.7]

is a coboundary in the complex of periodic cochains. Moreover, the derivative
of X(D) with respect to T reads

SRHD) = D)+ Y (Fhdyes (TD) — () et (TD)b + B))
k=n-+1

= f(g,ﬂd)cs(TD) + (—)*es(I'D)(b+ B)

+ Z (b, td)es*(TD) = (-)7es"(TD) (b + B))
k=n-+1

n

= 3 (- G.1des (@D) + () e (TD)b+ B))

k=0

which proves that the periodic cyclic cohomology class of ¥77.(D) is independent
of T. [

We now take a zero-temperature limit of the retracted cocycles. In order
to avoid analytical difficulties with the kernel of the Dirac operator, we shall
assume from now on that D? is an invertible (unbounded) endomorphism of the
Hilbert module £. This will allow to derive the concrete formulas for a bivariant
Chern character on quasihomomorphisms and invertible extensions in section 6.
We first have to assume the following stronger conditions:
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Assumption 4.3 The p-summable bimodule (€, p, D) € V. (A, B) is such that:
i) X+ D? is invertible for any X € [0,00), with (A + D?)~! € Endg(€), and the
function X — X\"%(\ + D?)~L is integrable over [0,00) for any real u > 0.

ii) For any integer n > 0, one has limy_ o, X" (&, p,tD) = 0 and the one-form
cs™(tD) is integrable over [T, o0) for any T > 0.

With condition i), it is possible to retract (€, p, D) onto a bounded Fredholm
bimodule [3]. For any parameter u € (0, 1], we define

w 00 Afu/2
|D| :C(u/2)/0 A\ =7 (69)

where C(u)™! = (1—u)~" [[Td)\/(1+ A/ (=) s a normalization factor. For
u =0 we set |[D|’ = 1. Then the family of endomorphisms D, = D|D|™,
u € [0, 1], connects homotopically the Dirac operator D to the bounded opera-
tor F := Dy, verifying F2 = 1. We then impose the following third condition:

iii) With the superconnection D = 6 — (d + dy + dy) + p + tD,,, the restriction
of the cochain pf to Q" A is trace-class for n sufficiently large, i.e.

1
uf = / ds =P 9p, e=UDy L Qn A s (L ()0 BE ()07 (1) (70)
0

forn > 0.

Condition ii) implies that the limit 7" — oo of the cocycle X7.(€, p, D) exists for
all n > p — 1. Thus the finite-dimensional cocycles

R(€,p, D) = / " (k) o 0™ (tD) — (<) (es™ (tD) + es™*2(tD)) o B)

(71)
represent the same periodic cohomology class for any n > p — 1.

Proposition 4.4 Let (€,p,D) € U,.(A,B) be a p-summable bimodule. Under
assumption 4.3, we set D,, = D/|D|*, F'= D/|D|. Then for n sufficiently large,
the cohomology class of the periodic cocycle X (€, p, Dy,) is homotopy invariant

with respect to u € [0,1]. Hence X" (€, p, F) is a periodic cocycle cohomologous
to X% (D).

Proof: Now we have two real parameters ¢t € Ry and u € [0,1]. Therefore we
need to perform a two-parameters transgression. Consider the Fréchet algebra
Q*R, of rapidly decreasing smooth de Rham forms on R, with differential dy,
and the algebra Q*[0, 1] with differential d,,. These are complete bornological al-
gebras for the bounded bornology associated to the locally convex topology. We
form the graded tensor product of DG algebras Q;B2Q* R ®0Q*[0, 1], endowed
with the total differential d + d; + d,,. Recall that in section 3 we introduced
the right QsB-module Q5 = 5®g958. We shall mimic the construction of the
map g (48), with Qs€ replaced by QsERQ*R L ®0Q*[0,1], as a right module for
the algebra §~258®Q*R+®Q* [0,1]. Let F be the space of bounded linear maps

F = Hom(B.(A), @sEHV R, $Q7[0,1])

21



and let D : F — F be the superconnection
D=0~ (d+di+dy)+p+tD, .

Then with the notations of section 3, the following bounded map (here we have
to replace Q*R, by Q*[n,00) with 7 > 0 in order to avoid divergencies when
t — 0, and restrict the cochains to Q™A for n sufficiently large, as dictated by
assumption 4.3 iii))

1
W= / ds 678D26pt els=DD* B (A) — 0 (H)&QsBOQ* [, 00)&Q*[0, 1]
0

verifies the Bianchi identity of [27], proposition 6.4:
(d+di +dy)pi = pi(b+ B) + [, p+ D],

where f : Q. A — Qlﬁe(ﬂ) is the cotrace. Let 7 be the partial trace (49,50),

and px : QsB — X (B) be the natural projection. Then px7puf is a bounded
map from Q.(A) to X(B)®Q*[n, 00)@Q*[0,1] satisfying the cocycle condition
(see [27] propositions 6.5 and 6.7)

(d¢ + du)pxTpg = —(b,bd)px Tt + (=) pxTus(b+ B) ,

where % = |7| is the degree of the bimodule (&, p, D). We may decompose the
map px T into its components corresponding to different powers of dt, du:

x = component of px7ull involving no dt, du;

cs = ? containing only dt;
8= " containing only du;
o= 7 containing dt du.

Also, we denote by x™, ¢s™, ™ and o™ their restrictions to the space of n-forms
Q" A. Taking the dt du component of the cocycle condition above yields

or equivalently for any n € N:
A" + dues™ = =(bbd)a” + (=) (0" 'b+ 0" B) .

Let [;° denote the integration of differential forms over [0, 00) with respect to
the parameter t. For any n € N, one has lim; ., ™ = 0. For n sufficiently large,
the limit lim,_,q 8" exists, and it vanishes because the curvature D? involves no
term proportional to du. One thus has fooo d;8" = 0 for n > 0. This implies

/000 dycs™ = /000 ( — (b,ad)a™ + (—)* (™ 'b + oz”'HB)) , n>0.

Therefore the derivative of the periodic cocycle X (D,,) with respect to u reads
(remark that d, anticommutes with the one-dimensional current fooo)

duSC\go(Du) = du /OO ((57 hd>03n+1 _ (_)*(csn-i-l + CS7L+2)B)
0
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= /000 ((5, 1d)d,cs™ T+ (=) (dyes™ ™ + ducsn+2)B)
= —(b,nd) /OOO (— (b, gd)a" ! 4 (=)* (a™b + a"”B))
o ) (= Gy + (<) a"t) B
7 [ (= G 4 () anin) 5
= /OO ((—)*(B, 1d)ab — (—)*(b, 5d)a™ 1 B + a"bB + a”+1b3)
OOO
_ /O (=) @.td)a"b+a"b(b + B)
~(=) (bEd)a" B~ " B(b+ B))

and since the cochains a™b and o™ "1 B have degree (x + 1) mod 2, one sees that
du X2 (Dy) is a periodic coboundary. L]

The retracted cocycles X7 (€, p, F') are fundamentally associated to the Chern
character for p-summable bounded Kasparov bimodules according to the def-
inition below. Recall that for any p > 1, the Schatten ideal ¢?(H) is the set
of bounded operators x on the Hilbert space H such that Tr(|x|?) < co. Then
(P(H) is a Banach algebra for the norm ||z||, = (Tr |z[?)!/?.

Definition 4.5 Let A and B be complete bornological algebras, with B Zo-
graded, and let p € [1,00). A p-summable bounded Fredholm A-B-module is
a triple (€, p, F') where

o &= H®B is a right B-module for a given separable Zo-graded Hilbert space
H.

e p: A — Endg(€) is a bounded homomorphism sending A to the even
degree endomorphisms of €. Hence £ is a bornological left A-module.

o I € Endg(€) is a bounded endomorphism of odd degree, such that F? = 1.

e [F,p(a)] € (P(H)®B for any a € A, where €P(H) is the Schatten ideal of
p-summable operators on H.

(&, p, F) is called degenerate if [F, p(a)] = 0 for alla € A. We denote by E(A, B)
the union, for all p, of the p-summable bounded Fredholm bimodules. If B is
trivially graded, then we define Eq(A, B) = E(A, B) and E1(A, B) = E(A, C1®B)
in complete analogy with the unbounded case.

A smooth homotopy between two finitely summable Fredholm bimodules is pro-
vided by an interpolating element of E, (A, B&C[0,1]), where C*°[0, 1] is the
Fréchet algebra of smooth functions on [0,1]. Smooth homotopy is an equiv-
alence relation [12]. The following proposition gives the explicit form of the
cocycle X (€, p, F) associated to a p-summable Fredholm bimodule.

Proposition 4.6 Let A, B be trivially graded complete bornological algebras and
(E,p, F) € E.(A,B) be a p-summable Fredholm bimodule, with & = H®B.
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Then for any integer n > p — 1, such that x = n mod 2, the periodic cocy-
cle X (€, p, F) € Hom(Q.A, X (B)) vanishes on QFA for any k # n,n+ 1, and

for any elements ag € A, a1,...,an11 € A,

(&, p, F)(dodar . .. day) = (72)
S uhsc i T IR ) [ plosl)
(&, py F) @oda . .. dany1) = (73)
() Ler(Aplan) FLE plas)] . [P plans))
# 3 COFIFplos)--. Fploselp(orsn)
“3 2 FIEplaso)l-w [ plasrIAF)

where Si denotes the cyclic permutation group of k elements and T is the canon-
ical supertrace of degree x on (*(H). Moreover, X" (€, p, F) is a cyclic cocycle:
if k denotes the Karoubi operator on QA, then X% (E,p, F) ok = X% (E,p, F).
The periodic cohomology class of X% (€, p, F) does not depend on n and is ho-
motopy invariant with respect to p and F. Furthermore, X" (€, p, F') vanishes

on the degenerate elements of E.(A,B). If (€,p, F) is the retraction of an un-
bounded bimodule (€, p,D) € W.(A,B), then X (€, p, F) and x(&,p, D) define
the same entire cyclic cohomology class in Hom(QA, X (B)).

Proof: We have to compute the cocycle (71) where D is replaced by F, with
F? = 1. Recall that the Chern-Simons form cs"(tF) defines a map from Q" A to
X (B)®0N0, 00), for n sufficiently large. We shall decompose ¢s™(tF) into the
two components corresponding to the projections X (B) — B and X (B) — Q'By:

esy(tF) - Q"A — BQ'0,00) ,  csP(tF) : Q" A — Q' B,®Q0,00) .
Consider the superconnection (52) with D; = tF, and p, = p is constant. Thus
D=§—-(d+dy) +p+tF,

and its curvature reads
D? = —d(p+tF) —dt F +t[F,p] +* .

Let px 1 be the projection of Q;B8&0*[0, 00) onto X (B)@Q1[0, 00). Then cs(tF)
is given by the exponential

1
cs(tF) :pX,lT/ ds e_sD26pe(s_1)D2h ,
0

and thus ¢s™(tF) is the restriction of this map to Q™ A. Let us first compute
cspTHtF)B on Q™ A. Setting 0 = t[F, p] + 2, we have

1
CSo(tF) — 7_/ ds es(_9+th)3pe(1_s)(_a+th)hdt ,
0
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where we retain only the component of degree 1 with respect to dt. Using [27]
lemma A.2, one thus has

esyTH(tF)B = 170(e T 1 Yy qn g

Since we take the restriction to the subspace of n-forms and retain only the
degree one in dt, the exponential reduces to

csgﬂ(tF)B = 0 _|1_ 2)!€_t27(9((—t[F7 o+ th)m-Q) hat
- E;T; e TO(LF[F, p]™ ! + [F, pldt F[F, p|" + ... + [F, p]" dtF)y .

Next, one has [F, p|dtF = dtF[F, p], so that

7(_75)”“‘ e_tzdtTa(F[F, p]”“)u ,

est P (tF)B = (—)I7! ]

where the sign (—)!7l = (=)* comes from the permutation of dt with the graded
trace 7, of the same parity as the bimodule (€, p, F'). Recall that 9 is a derivation

of degree zero, and since F is a O-cochain on B(A), one has F = 0. Hence

esg P (tF)B = (—)*7(;+ 5

x7(F([F, 0p)[F, p]" + [F, pl[F, 0p][F, p]" " + ...+ [F, p]"[F,9p]))t .

o0 ) 1 1
/ t"etdt:F<n+ )
o D D

and evaluating on a n-chain agday . . .da, € Q" A yields

Next, using the integral

/ (=)*esg ™ (tF)B(aoday . . . day) =
0

<—>”“m; > cWT(FIE plaxo)] - [F. plarim)]) -
’ AESnt1

Remark that this expression contains n + 2 powers of F. If the parity * is
even, then the trace 7 selects only even powers of F', whereas if * is odd, then 7
selects only odd powers of F' (see [27]). Therefore, the expression above vanishes
whenever the parity of n differs from x.

Let us now compute cs7 ™! (tF)B. The trace property of 47 - f implies

1
cs1(tF) = hT/ ds e*(0FdtE) g (=) (Z0FdtE) q () 4 1 F)y,
0
Thus by [27] lemma A.2,

esTTH(tF)B = 4o (e T d(p + tF)) g
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again with 0 = t[F, p] + t2, and

2 1
n+1 — -t _ n+1
sTHU(tF)B = e uTa((n+ oy (HF o]+ deF)™ dp

t n
oy (Tt ol deF) +2dF)hdt .

Using the same tricks as before, this leads to

/Om(—)*cs?"’l(tF)B(ﬁodal cooday) =

nl"(n-2i-1) 1
(_) n 5 Z 5()\)h7' F[F, p(a)\(o))] AN [F, p(a/\(nfl))]dp(a)\(n))
' AESnt1
(n+1)l2, o= s PLAX©))] -+ - L5 PLaA(n) :

Again, the properties of 7 imply that this expression vanishes whenever the
parity of n is equal to *.

We now turn to the computation of id s (¢F'). The trace property of gdr - f
implies

1
th/ ds es(—6+th)8p e(l—s)(—@-&-th)h — th(ap€_0+th)h 7
0

and bd csfj (tF') is the dt component of this expression restricted to Q" A. Thus

rdesp(tF) = (ni 1)!e_t2hd7(8p(—t[ﬂ pl+ dLF)"™ )

= (- C e a0 R s

where we took care of the fact that dt anticommutes with dp, d and with 7 when
the latter is odd. Thus one has

/OO hdcsg(tF)(Ziodal - dan) =
0

r(es)

1
n! 2

(=) (=)

17 (p(ao) FIF, p(ar)] - .. [F, p(an)]) -
This expression vanishes if n has parity *. Now, we want to compute only the

cocycles X (€, p, F') where n has parity . In this case, the expression (71)
evaluated on 274 and Q"1 A reduces to

- S (et (th)B
0

5(\/'010(87p5F)|Q".A
E P Flansia = / sdesi I (tF) — / (=) esit2(tF)B |
0 0

because of the properties of 7, whence equations (72, 73). For the cyclicity
of X% (&, p, F), remark that Bk = B, and a direct computation shows that
td csy (tF)k = td esf (tF). Finally, X (€, p, F') vanishes on degenerates because
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it involves the commutators [F, p]. The other statements are a consequence of
the preceding propositions. ]

At this point we would like to discuss the lifting of the retracted cocycles to
the tensor algebras 7.4 and 7 5 in order to get the full bivariant Chern character
in cyclic cohomology. For doing this, we first have to lift a p-summable bounded
Fredholm bimodule (€, p, F) € E.(A, B) to a T.A-7 B-bimodule. Exactly as in
the case of unbounded bimodules (section 3), we replace £ by the right TB-
module QF & = 5®g§~2;‘n8, and p extends to a left representation p, : 7.A —
Endz,(Q1,€). It remains to treat the Fredholm operator F.. Once again, we
define a Fedosov deformation of its action on 2 € by setting

FoE&:=F¢+dFde, Yee Qe . (74)

One has FO (0 w) = (FOE) Ow for any w € (NZZ[HB, so that F' becomes
an odd element of the algebra of endomorphisms Endz,(Q7,£). However, one
must take care of the fact that while F? = 1 as an endomorphism of &, its lift
does not fulfill this property because the endomorphisms of Q. £ are endowed
with the Fedosov product. One thus has F©? = 1+ dFdF, where the new term
dFdF is the curvature of F. Another difficulty comes from p-summability: one
can not assume that the Fedosov commutator [F), p.(x)]e lies in ¢?(H)QT B for
any x € TA, because it contains the possibly non-compact term dFdp.(x) +
dp.(x)dF. Since these new terms always arise together with some powers of
the differential d on 2B, we can control them as follows. Instead of working
in Hom(Q.T A, X(7B)), we consider the adic filtration of 78 by the ideal JB

and, for any m € Z, the graded complex
Hom(QT A, X™(TB,JB)) , (75)

where X™ (7 B, J B) is the quotient complex X(7B)/F7z X (7B, JB). Equation
(24) shows that it only contains differential forms over B of degree less than m.
Hence for n sufficiently large, expression (71) applied to the lifted bimodule
(L, ps, F),

XL (L E, pe, F) = /000 ((B, 1d)ocs" T (tF) — (—=)*(cs" T (tF) +cs" T2 (tF)) OB)
(76)

yields a well-defined cocycle
XLm™(Or E pe, F) : QTA— X™(TB,JIB) . (77)

It is indeed sufficient to take n > p+m/2, so that the commutators [F, p. ()]s
bring at least p compact terms in ¢ (H)&7 B whose product is trace-class. Hence
the Chern-Simons forms are well-defined. Because of the presence of the cur-
vature dFdF, the cocycles Xu™(Q1 €, ps, F) are no longer given by the simple
formulas of proposition 4.6. If we follow the proof of the proposition, we see
that in many places a Fedosov exponential of dF'dF must be inserted, coming
from the new value of § = t[F, pi|o + t? + t2dFdF. For any integer k > 0 and

n + 1 elements xq, ..., x, of T.A, we introduce the following polynomial,
n+1 .
Po(ao,a) = 3 S (Y AFAF)R(F, pe(wo)]o(dFAF)* ..

ko+...+kn=k i=0
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o F pu(i-1)] o (dFdF)Y © F © (dFAF)*+ [F, po(x:)]o - ..
. . (AdFdF)*+[F, p.(x,)] o (dFdF)kn+2 | (78)

where all products are taken in Endz,(Q7,£). Then the chain map (77) is
explicitly obtained as follows. It vanishes on the components of Q7 A of degree
different from n or n + 1, and one finds

XL™(QEE, pe, F)(Zody ... dxy) = (79)

aarxDE+1+2)1 n
Z(—) +km 3 Z e(N)TP(TA)s -+ TAm)) >
k>0 © T XESnq1

for any Todz; ...dx, € Q"T.A. Similarly on Q"7 A:
Sc\ggm(Q;_ng, Py F) (fodxl . d$n+1) = (80)

gé%()n+k€$f;:;4f;i);hr<d(p*Cﬁﬁf¥%I1,”.,xn+1n

+ Z (NP (xx0)s - - > Ta(n)) AP« (Ta(n+1))
AESny2
k142

e zzeQﬂfH@MW”meHDMF),

AeSn,+2

Since the target complex is X" (7B, JB) and the polynomial PJ'(zo,...,zy)
involves at least 2k powers of dF', the sum over k in formulas (79, 80) is actually
finite.
If (€, p, F) € E.(A, B) comes from an unbounded bimodule (€, p, D) € ¥, (A, B),
i.e. if F = D/|D|, we would like to know if the periodic cocycles X2™(Qf, €, p, F)
are actually retractions of the entire cocycle x(1,€, p«, D). Since we work in
the complex Hom(Q.T A, X™(TB,JB)), for fixed m, we are reduced to the
study of the projections

XML E, psytD) 2 Q"TA— X™(TB,JB) , (81)

n

es™™(QLE pi,tD) 1 Q'"TA— X™(TB,JB)&NRY |

In order to perform a retraction process, we must impose a finite-summability
condition as stated in definition 4.1, with A and B replaced by 7.4 and 7B
respectively. Note however that due to the presence of an unlimited number of
unbounded operators like dDdp, 4+ dp,dD coming from the Fedosov commuta-
tor [D, p«]e, the degree p appearing in definition 4.1 cannot be taken fixed, but
must depend on m (and will generally increase with m). We call this property a
sequential finite summability for the cochains (81). Together with the analogue
of assumption 4.3 i), sequential finite summability implies that for n sufficiently
large (depending on m), the entire cocycle x(Q21,€, p«, D) rectracts onto the pe-
riodic cocycle X" (Qf.E, ps, F) € Hom(Q.T A, X™(TB,JB)). Therefore, the
composition with the Goodwillie map v : X(7.4) — Q.7 A yields a cohomology
class independent of the choice of n,

(Ko™ (U, ps, F) 0] € Ho(Hom(X (T A), X™(TB,JB))) . (82)
which coincides with the image of the entire Chern character ch(&, p, D) in the
cohomology of Hom (X (7 .A), X™(TB, JB)). These classes are compatible with
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the projections X™ 1 (TB, JB) — X™(TB,JB), hence by taking their union
for all m € Z we obtain a projective system. Put in another way, the periodic
and entire Chern characters induce the same map

(R (€. pes F) 07) = ch(E,p. D) = HE.(A) — lim HC,, (B) . (83)

m

Note that in general the projective limit lim HC,, (B) does not strictly coincide
with the periodic cyclic homology H P, (B), but both are related by a lim'-exact

sequence (see for instance [21]).

Formulas (79, 80) are general but not very tractable because of their com-
plexity. In what follows, we will suppose that the Fredholm bimodule (&, p, F')
is put into a canonical form, for which dFF = 0. This means that FF' = G ® 15
for some bounded operator G € End(H). F is therefore a “constant” field
of Fredholm operators over the space B. When dealing with ordinary Kas-
parov theory [3], it is always possible to represent a K K-element by this kind
of reduced bimodule. Since by construction dlz = 0, one automatically has
F®2 = 1 and [F,p.(2)]o € P(H)®TB, where p is the summability degree
of (€,p,F). Hence it is no longer necessary to project Yo (Q5.E,p«, F) in
the quotient complexes Hom(Q. 7 A, X™(TB, JB)), and (79, 80) exactly re-
duce to the formulas of proposition 4.6, with p replaced by p, and all prod-
ucts are replaced by the Fedosov ones. The bivariant Chern character there-
fore is the composition of the Goodwillie equivalence v € Hom(X (7 A), Q.7 .A)
with X (Q.E, ps, F) € Hom(Q.T A, X(7B)). In the following sections, we
shall relate this construction to a universal language appropriate to quasi-
homomorphisms and invertible extensions, for which F' is always a constant
field. We will show that the retracted bivariant Chern character is in fact
a bivariant periodic cocycle, that is, an element of the Zs-graded complex
Hom(X (T A, JA), X(TB,JB)) of section 2.

Example 4.7 We now give an important example where the retraction apply,
namely the higher index theorem for covering spaces. Let M be a compact

riemannian manifold, I' a countable discrete group, and M- Ma I'-principal
bundle over M. Consider a complex hermitian vector bundle E over M, and
D a self-adjoint elliptic differential operator of order one acting on the vector
space of smooth sections of E. Then E pulls back to a hermitian vector bundle
E on M, and the action of I' by deck transformations on M induces an action
on the space of smooth sections of E. Next, D pulls back to a I'-invariant
self-adjoint elliptic operator on the sections of E, which we still denote by D
since no confusion can be made. Let H be the Hilbert space of square-integrable
sections of I/ with respect to the riemannian metric and hermitian structure.
The algebra C°(M) of compactly supported smooth complex-valued functions
on M acts on the sections of E by pointwise multiplication, hence is represented
in the algebra of bounded endomorphisms End(#). Also, the action of I' induces
a right representation r : I' — End(H) by pull-back:

rg)¢ =¢og, VEecH=L*E), gel. (84)
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The I-invariance of the operator D implies r(g)D = Dr(g) for any g € I'. When
M is even-dimensional, we may impose that F and hence Eis Zo-graded, and
that D is odd with respect to this grading. We get in this way a I'-equivariant
spectral triple (C°(M),H, D) of the same parity as the dimension of M. We
would like to use Kasparov’s descent map to obtain a bivariant K-cycle over
crossed product algebras. Hence, consider first the group algebra CI' = C x
I'. Its elements are finite linear combinations of symbols U, g € I', with
multiplication rule given by

urur =U;

g1~ g2 9291

Vgi1,92 €T . (85)

We let B be any Banach algebra completion of CI'. Second, consider the alge-
braic crossed product C2°(M) xT', whose elements are finite linear combinations
of the symbols fUy, with f € C2°(M) and g € I'. The multiplication comes

from the action of I' on M:
(AU (U,) = fi(fa0 00)Usy, » Yfi, f2 € C(M) , 1,02 €T . (86)

The algebra C°°(M), endowed with its usual (non complete) locally convex
topology, is a bornological space. Its bornology is generated by the subsets
S C C°(M) which are bounded for all seminorms. Therefore, we can endow
the algebraic crossed product Cg° (1\7 ) x T with the bornology generated by the
subsets SU, for all such S and g € I'. Let A be the completion of C2° (M)xT
with respect to this bornology. Then A is a complete bornological algebra. Now

we obtain an unbounded bimodule (€, p, D) € U;(A, B), i = dimM mod 2, as
follows. & is the right B-module H®B. The homomorphism p : A — Endz(€)
is induced by

p(fUS) - (E@b) = (fr(9)§) ® (Usb) € HEOB (87)

for any £®b € H&B. The Dirac operator comes from the action of D on H and
is densely defined:
D(E®b)=(DE)®b . (88)

Since D commutes with the representation of I', the commutator [D,p] : A —
Endz(&) reads

1D, p(fU)] = D, flr(9) ® Uy € End(H)&B (89)

for any fU; € C* (M) x T, with the obvious action of End(H)&B on €. Finally,
the heat kernel exp(—tD?) defines a bounded operator (trace-class for ¢ > 0)

on H, hence on €. Thus the triple (&, p, D) indeed defines an unbounded A-B
bimodule according to definition 3.1. B

We now describe the lifting of (£, p, D) to a T.A-T B bimodule. As above, set
Qf e = H&TB. Taking into account the isomorphisms of algebras 7.4
(Q+A,0) and TB = (QF B,©), the induced homomorphism p, : TA —
Endz,(QF,€) reads

an

pe(aoday ... dazy) = for(go) fir(g1) - - - fanT(92n) ® UgdUy, ...dU;, (90)
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for any a; = fiU;, € A. Remark that the r.h.s. of the last equation in fact
lies in the algebra End(H)®7 B, acting by bounded endomorphisms on QF &.
Finally, the Dirac operator lifts to

DE®w)= (D¢ @w, VEeH,weTB. (91)

We observe here a particular property of the Dirac operator, due to the fact that
it acts only on the factor H and has no dependence with respect to the algebra
B. Indeed, the square of D as an endomorphism of O, € reduces to DO D = D?,
and the Fedosov exponential expg (—tD®?) is just the heat kernel exp(—tD?)
acting on H. Also, we can check that the Fedosov commutator [D, p.(z)]e is an
element of End(H)®B for any = € TA, therefore is a bounded endomorphism
of O E. These good properties imply in particular that the triple (Q, &, p«, D)

defines an element of U;(7 A, %B), for i = dimM mod 2. Moreover, one has

Proposition 4.8 The triple (€, p., D) is a 0-summable element of W;(T A, %B),
for i = dimM mod 2. [

Here it is essential to assume that B is a Banach algebra. The same result holds
when D is replaced by tD, with ¢ > 0. Thus we can construct the chain map
X(QFE, p,tD) : Q. TA — X(TB). For any operators Ag,..., A, on H, we
introduce the notation

2p2 2p2 212
<A07 e 7An>t = / dsy... d5n+l e S0t D Aoefslt D . Ane*5n+1t D )
Apt1

(92)
Then the components x§ : Q"TA — TB and 7' : Q"1 TA — QT B, for n
of the parity of dim M, are given by

n

Xo(zodxy ... dw,) = (—t)" Z(_)(nﬂ)i «

=0
T<[D,p*(3;‘i>], RRE [D7p*(mn)}7p*(ac0), [D,p*(x1)], SRR [Da p*(l’ifl)bt
n+1
X (wodzy ... dan ) = (=)™ Z(—)”(”l) X (93)
1=0
hT(<[Dv P*(fEH—l)L s ,p*(xo 1D, p*(llfl)]7 CER [D’ p*(xi—l)]>tdp*(zi)) )

for any z; € TA. The products on the r.h.s. are understood to be taken in
the algebra End(H)®7 B, and 7 is the supertrace of operators. As explained
before, the composition of x with the homotopy equivalence v : X(7.4) —
QT A yields the bivariant Chern character of (€,p,tD) in HE,(A,B). The
associated Chern-Simons form ¢s(Q], &, p., tD) is given by formulas analogous
to (93), with insertions of the differential form dtD. For example, the component
cst - T A — TBROQIR ., for n of opposite parity of dimM, reads

csy(xodry . .. dxy) = (—t)" Z +7([D, p(xs)], ..., [D, pu(j)], dtD, ... (94)
o [Dy ()], pu(0), [Ds pu(@1)]s - [Ds pulioa) e -

The transgression formula (proposition 3.5) shows that the entire cyclic coho-
mology class of x(Q,&, p«,tD) does not depend on t. It allows to express the
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Chern character by a local formula, using asymptotic expansions of the heat
kernel when ¢t — 0 as in [1, 16].

Thus, we shall proceed with the calculation of the index of the elliptic operator
D as an element of the cyclic homology of B. Recall that the algebra A is pro-
vided with a canonical K-theory class [e], obtained as follows. Choose a good
covering of M by open subsets V;, i = 1,..., N, together with local sections
o; : Vi = M of the bundle M. Denote by g;; € I' the transition functions: one
has 0 = gji04 over V; N Vj. Let a;, ¢ = 1,..., N be positive real-valued func-
tions forming a partition of unity relative to this covering, i.e. supp(«;) C V; and
Do a? = 1. Each function «; can be pushed forward to a compactly supported

function a; on M via the section ;. Then the quantities
ey =a;Uy a; €CE(M)xT (95)

define the components of an idempotent e in the matrix algebra My (C2°(M) x
I'). Two idempotents corresponding to different choices of covering and partition
of unity are related by a smooth homotopy in My, (A), hence the class [e] in
Ko(A) is canonically defined. It can be paired with the bimodule (&, p, D) €

U, (A, B): define the index of D

Imd(D) € V. (C, B) (96)

as the triple (£&CN, p(e), D ®@id). It is well-defined up to homotopy. Its Chern
character is an element of HE;(B), for ¢ = dimM mod 2, obtained by the
composition

ch(Ind(D)) = ch([e]) - ch(E, p, D) |, (97)

where ch([e]) is the Chern character of [e¢] in HEy(A). To give a concrete
example, we shall restrict to the case where M is an even-dimensional spin
manifold, and D is the classical Dirac operator acting on the smooth sections
of the spinor bundle. Then the Chern character of Ind(D) is expressed by the
usual ingredients of the index theorem, namely the E—genus of M. We need also
to introduce the Mishchenko line bundle as the idempotent matrix é = (é;;):

éij = ;0 ® Ug*JL S COO(M)®B . (98)

We define its Chern character in de Rham cohomology with values in T B as

char(é) =Y (=) tr(f(df)?") e Qp(M)QTB , (99)

n!
n>0

where d is the de Rham coboundary on the algebra of differential forms (M),

tr is the trace of N x N matrices, and f is an idempotent lift of € to the matrix
algebra My (C>®(M)®TB) (see [14]):

f=é+l§gf));(é—;)®(é—é®é)k. (100)

Taking the limit of (93) when ¢ — 0 leads to the following cyclic homology
version of the Mishchenko-Fomenko index theorem [24]:
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Theorem 4.9 Let M be a compact spin manifold of even dimension d, T a

countable discrete group and M- Ma I'-covering of M. Let B be a Banach
algebra completion of CI'. Then the index of the Dirac operator D has a Chern
character in the entire cyclic homology of B given by

ch(Ind(D)) = @ml)dm /M A(M)chgp(é) € HEy(B) , (101)

where the idempotent é € Moo (C>(M)®B) is the Mishchenko line bundle over
M. [

An analogous formula is obtained for any elliptic operator D, involving some
other characteristic polynomial in place of A. By evaluating ch(Ind(D)) on
cyclic cocycles arising from group cocycles, we can recover the Connes-Moscovici
higher index theorem for covering spaces [8].

Turning to p-summability, formulas (93) show that the components x5 and x7**
are of order t"~? when t approaches zero, d = dim M. Similarly, from (94) we
deduce that csj and cs]t! are of order t"~?~1. Hence according to definition
4.1 the bimodule (Q,&, p, D) is p-summable for p = dimM + 1. Observe
that in order to perform the retraction onto a bounded bimodule, the Dirac
operator must be invertible, which is not the case a priori. We can remedy to
this situation by replacing the bimodule (€, p, D) by an equivalent one. Consider
the C-C-bimodule (C2, )\, F},,), where C? is given its natural Zs-graduation, and
the homomorphism A : C — M3(C) and Fredholm operator F,, read

)\(1):((1)8>, Fm:(flr(’)‘), (102)

for a given mass term m € R. Then the graded tensor product (f:', D, ﬁm) =
(€,p, D)&(C?, A, Fn),

E=EQC?, p=pR\, Dn,=Dx1+1®F, , (103)

is an A4-B-bimodule homotopic (modulo degenerate elements) to (£, p, D), the
operator ﬁ?n = D?+m? being invertible for m # 0. Hence for any u € [0, 1], the
operator Dy, /| Dy |* is an endomorphism of E&C2, hence of Q) E&C2. To keep
the notation simple, we shall consider now that D is invertible. The presence of
the heat operator exp(—t2D?) in formulas (93, 94) show that x"(Q1.E, ps, tD)
and cs"(QF,E, ps,tD) are of rapid decay when ¢t — oo, hence assumption 4.3
is verified. It means that the Chern character of (€, p, D) is also computable
from the cocycle X (1€, p«, F) of proposition 4.6, with F = D/|D| € End(&)
a constant field of operators over B. This may be applied to the computation
of the previous index of D in HFEy(B), when M is even-dimensional and spin.
Again, consider the Mishchenko line bundle é and its lift f . Then for any even
integer n > dimM one has

h(Ind(D)) = X (€. pu, FIE] = (<) Lr(FIF fI*) € TB . (104)

where in the r.h.s, F' = D/|D| has to be interpreted as a Fredholm operator
between the sections of the Zs-graded vector bundle E over M. From this
formula we can also deduce theorem 4.9.
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5 Universal cocycles

Let A be a complete bornological algebra. We shall construct a collection of
bounded chain maps of even degree ch®* : X(7 A) — F, 4 X(QA), and of odd
degree ch® ' . X(TA) — F;ZLXQX(QSA) for any n, where Q°A is the su-
persymmetric Fedosov algebra of differential forms over A. These universal
cocycles are cohomologous to the retractions X7 introduced in the last section,
associated to universal Fredholm bimodules. They will play a central role in the
bivariant Chern character for K K-groups of section 6.

Consider the universal free product QA = A*A of section 2. The X-complex

X(QA) : QA == QA4 (105)
b

is a Zs-graded bornological complex. Since QA is generated by the range of
the two injections ¢,z : A — QA, the odd part of the X-complex Q'QA; is
isomorphic, as a vector space, to @A@(A @ A), where QA is the unitalization
of QA. Indeed, any element of 2'Q.A, may be decomposed into a sum of terms
like fzde(a) or jzdi(a) for € QA and a € A. As usual, let ¢A be the kernel
of the folding map id*id : QA — A sending both ¢(a) and 7(a) to a € A, i.e.
one has an exact sequence of algebras

0—-gA—-QA—-A—0. (106)

We recall that g.A is the two-sided ideal of Q.A generated by the elements g(a) =
t(a)—1(a), Ya € A. As in section 2, we will consider the adic filtration of X (Q.A)
by the subcomplexes

FZX(QA) + (¢A)"™ +[(qA)", QA = 5(qA)"dQA
FEIX(QA) + (A" = 4((gA)" ' d QA+ (¢A)"dqA)  (107)

for any n > 0. The following proposition introduces a collection of chain
maps form the X-complex of the analytic tensor algebra 7.4 to the subcom-
plexes FgﬁX (QA), i.e. a collection of cocycles in the Zo-graded complexes
Hom(X (T A), F;4 X (QA)). By convention we extend the two injections ¢,7 to
unital homomorphisms ¢,z : A — QA by setting +(1) = 7(1) = 1, whence
q(1) =0.

Proposition 5.1 Let A be a complete bornological algebra. We identify T.A
with the analytic completion (QF, A, ®) of the Fedosov algebra of non-commutative
differential forms with even degree over A. For any n > 0, a linear map

ch® : X(TA) — FX(QA) (108)

is constructed as follows. For any x € Q** A with k # n and a € A, we set
ch®"(z) = 0 and ch®(yzda) = 0; whereas for any 2n-chain Goday . . . dag, €
0" A and asni1 € A we set

ch? (aGgday . .. das,) = ~— ' q(ao)q(ay) ... qlaz,) (109)



chzn(haodal ...dagpdagy41) = h(e(ao)g(ar) ... q(agn)de(agns1) —

—t(ao)q(ar) . .. q(azn)di(azn+1)) -

Then ch®" is a bounded chain map of even degree from X (T.A) to F;*ﬁ (QA),

vanishing on the subcomplex F?fle(TA). In other words, it defines an even
periodic cocycle in the Zgy-graded complex Hom(X(TA),F;;{X(QA)). More-
over, if k denotes the Karoubi operator acting on X (T A) identified with QanA,
then this universal cocycle fulfills the following cyclic property:

ch? o g2 =ch®™ |  ¥n>0. (110)
Proof: By direct computation, using repeatedly the identity ¢(ab) = ¢t(a)q(b) +

q(a)i(b) = ©(a)q(b) + g(a)c(b) for any a,b € A. This is tedious but rather
straightforward, and we omit the details. ]

These cocycles are related to the character X2 (proposition 4.6) of the
universal Fredholm bimodule ug € Eq(A, @A) constructed as follows: we set
ug = (€, p, F), where £ = QA® QA is the sum of two copies of QA with canon-
ical Zo-graduation; the homomorphism p : A — My (QA) Endg 4 (€) and the
odd Fredholm endomorphism F' € Endg 4(€) are given by the matrices

pla) = ( L(g) z((;) ) ., F= ( (1) (1) ) . (111)

Proposition 5.2 Let uy € Eo(A, Q.A) be the universal even bimodule. If ¢ :
X(TA) — Q.A denotes the rescaling (4) of n-forms by (—)"/2[n/2]!, then
for any n > 0 the k-invariant cochain Y2"(ug) o ¢ is a cocycle in the complex
Hom(X (T A), F;% X (QA)), corresponding to the cyclic projection of ch?:

1
C2n+1

o2n

Xot(ug) oc ch® o (1+k+...+ K. (112)

Consequently, for any n > 0, ch®" ™2 and ch®" are cohomologous as periodic
cocycles, i.e. the difference ch®™ "2 — ch® is the coboundary of a cochain in
Hom(X (T A), F;; X (QA)) vanishing on F  X(TA) for k sufficiently large.

Proof: Since ¢q(a) = t(a) — 7(a), one has

Foal=( 40y 4 ) . FEs@l= (19 g, )

so that with the supertrace Trg on supersymmetric 2 X 2 matrices:
1 n
STHFIE, plao)] - [F, plazn)] = (—)"q(ao) - qlazn) -

Taking into account the rescaling ¢ : X(7.A) = Qun A — QA by a factor (—)"n!
on a 2n-form, we deduce from proposition 4.6

X a I'l+n
Koo ) 0 cldola ... dage) & (2(n+1))' > dlaxo) - - q(arens)
’ AES2n+1
(n!)?
B m Z a(ax()) - - - q(ar@n+1)) -
' AES2n 41
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A direct computation shows that it coincides with the evaluation of the k-
invariant cocycle ﬁchy‘ o(l+r+...4+ k) on apday . ..daz,.

Now we consider the component of odd degree. Since d1 = 0, the term contain-
ing dF' disappears. One has

ST (@) FIF, plan)] . [P o)) =
()" 31 ((olao) + 2(a0))a(er) - 4lazns)
and also
LA (FIF, p(ao)] - [, plazn)]dplazni1)) =
()" 58(@0) .+ a(a2n)d(u(az0 1) + (azn 1)
Consequently, proposition 4.6 implies

X2 (up) o c(haoday . . . dagndas, 1) =

" m %h(d((b(iio) +1(ao))g(ar) .- . glazn+1)) +
+ Y eWalar) - a(aren)d(arensy) + Aarenr)))
AES2n 42

and a direct computation shows that it corresponds to 2n1+1 ch®"o (I+k+...+
k") evaluated on the odd chain jagda; . .. dag,dag, 1.

To show that ch®™ and ch®" are cohomologous as periodic cocycles, we first
consider the cocycles X272 (ug) and 2% (up). From the proof of proposition 4.2,

one knows that their difference is a periodic coboundary:
Xoo 2 (uo) — X3 (uo) = (bd, b)I + I(b+ B)
I= —/ (es®T2(LF) + cs®" L (tF)) .
[0,00)

2n+2 2n+1

Indeed by construction, the Chern-Simons transgressions cs and cs
vanish on QF A for k > 2n+2, hence are periodic cochains. A direct computation
as in the proof of proposition 4.6 shows that they involve sufficiently many
commutators [F, p] so that their range lies in the subcomplex F;QX (QA). This
shows that I is a periodic cochain in Hom(Q.A4, F;XX (QA)). Asin section 2, let
P:Q.A— QA be the spectral projection onto the 1-eigenspace for the square
of the Karoubi operator x2, and P+ = 1 — P be the orthogonal projection. The
identities (b+ B)o Poc= Poco(1d ®b) and Yoo = Xoo © P imply

Xoe "2 (uo)e = X3 (uo)e = (3d, b)I Pc + I Pe(td, b)

hence the cyclic projection of ch®"™? — ¢h?” is a periodic coboundary in the

complex Hom(X (7 A), F, ;LXX (QA)). The conclusion follows from the fact that

P+X(TA) is a contractible subcomplex as well as the inverse system of com-
plexes (PLX™(TA, JA))nen assocated to the Hodge filtration [14]. m
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Let us now turn to the construction of odd cocycles. Recall that the algebra
QA is isomorphic to the Fedosov algebra (Q.A4, ®) of all differential forms over
A, for the product

w1 O wy = wiwy — (7)“"1‘dw1dw2 , Yw; € QA . (113)

The correspondence sends ¢(a) to a 4+ da and 7(a) to a — da. Since (QA, ®) is
naturally Zs-graded by the parity of differential forms, QA inherits this gradu-
ation. Under this correspondence, the action of the generator of Zy exchanges
t(a) and 7(a) for any a € A, and Q°A denotes this algebra (A, ®) considered
in the Zo-graded category (section 2). Now we have to define carefully what is
the X-complex of a superalgebra. As in the case of QA, the X-complex of Q%A
is the supercomplex

ad ~ .
X(Q°A) : Q@A =—= QQAZQADAD A) , (114)
b
where Q'Q%A; is the quotient of Q'Q*A by the subspace of supercommutators
[w1, wodws]e = (7w1 O wg)dws — (7)“"1‘(|w2|+‘“’3‘)w2d(a)3)w1, for any w; € QA =
Q°A. The map b on the generic element of 2'Q*A; reads

biwidwy = [w1,wole = w1 Qwa — (=) 2l oW, Yw; € QAL (115)

Furthermore, the differential d on forms induces a chain map d : X(Q*A) —
X(Q*A) by setting d(w) = dw and d(jwidws) = b(dwidws + (=) “tlwid(dwy)).
It is easy to show that it is indeed a chain map, i.e. d commutes with the
boundaries fd and b.

As before, denote by ¢°A the kernel of the folding map id*id : Q°* A — A.
Then, ¢°A is the two-sided ideal of Q*A generated by the one-forms ¢(a) :=
t(a) —1(a) = 2da € Q' A. The X-complex of Q°A admits a decreasing filtration
Fr 4 X(Q°A) analogous to (107). This gives rise to the construction of universal

odd cocycles in the complexes Hom(X (7 A), F;"IQX(QSA)):

Proposition 5.3 Let A be a complete bornological algebra. We identify T.A
with the analytic completion (O, A, ®) of the Fedosov algebra of even forms,
and Q*°A with the (non-completed) Fedosov algebra (QA,®) of all forms. For
any n >0, a bounded linear map

ch®" ™ X(TA) = FIPX(QVA) (116)

is constructed as follows. For any x € Q* A with k # n+ 1 we set ch®" ! (z) =
0. For any x € Q*A with k # n and a € A, we set ch® "' (jzda) = 0.

Otherwise, for any elements ag € A and a1 ..., a2n42 € A we set
Ch2n+1 (haoddl . dagndagn_H) = d(ﬁodal . da2n+1) (117)
n+1

ch2"+1(50da1 . da2n+2) =—d Z h(&odal . da%_ld(agi)dagiﬂ N da2n+2) .
i=1

Then the map ch® ! defines an odd periodic cocycle in the Zy-graded com-
plex Hom(X(TA),F;ZLIQX(QSA)). Moreover, this universal cocycle fulfills the
following cyclic property:

ch? o g2"+2 = ch®™ ' | wvn>0. (118)
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In fact the restriction of ch®* ! to the even part TA is already x2-invariant:

for any © € Q*"*2 A, one has ch®'k%(z) = ch® ! (2).

Proof: By direct computation as in the even case. [

These odd cocycles are also related to the character Y27 %! of an odd universal
Fredholm bimodule. This requires to use the Zekri algebra EA = @A X Zo. We
identify QA with the unitalization of the Fedosov algebra (24, ®). Thus any
element of E.A is a linear combination of elements of the form w or wX, for some
w € QA, where X denotes the generator of Zy (i.e. X? =1 and w — XwX
implements the action of Zs on @A) Since EA is already unital, we let u; €
E1(A, EA) be the triple (&, p, F) where € = EA® EA, and p : A — My(EA)
and F' € My(EA) are given by the matrices

p(a):<82>, F:(?()O() F2=1. (119)

Next, we need a bounded chain map of even degree n : X (FA) — X(Q*A). The
latter is constructed as follows. First, remark that the even part Xo(EA) = EA
decomposes into elements corresponding to one of the six following possibilities:
1, X, wy, w—, wp X or w_X, for given differential forms of even/odd degree
wi € QF A, Then we define 7 as

n(1) = n(X) = n(ws) = n@-X) =0,  nwsX) =w; . (120)

For the odd part X;(E.A), a similar decomposition holds, and for any ay,w €
OF A we set

nord(ws X)) =taydwy , nf(arX)dwy) =fardwy ,
no—dw-X)) =fa_dw_, 7(1(a-X)dw_) = —fa_dw_ , (121)

and 7 vanishes on all other possibilities. With these definitions, it is easy to
show that 7 is indeed a chain map.

Proposition 5.4 Let u; € Ej(A, EA) be the universal bimodule of odd de-
gree, ¢ : X(TA) — QcA be the rescaling of n-forms by (—)"/?[n/2]!, and
n: X(EA) — X(Q%A) be the canonical chain map. Then for any n > 0 the k-
invariant cochain noX2"*1(uy)oc is a cocycle in Hom(X (T A), F;"IQX(QSA)),
corresponding to the cyclic projection of ch®" 1 :

0o R0 (ur) 0 e = Vari ch® o (l4nt.. +a7), (122)

2n + 2

where /21 is the normalization factor accounting for Bott periodicity. Con-

sequently, for any n > 0, ch® ™ and ch®" ' are cohomologous as periodic
cocycles in Hom(X (7T A), F;szX(QsA)).

Proof: Under the identification of Q*A with Q.A4, one has ¢(a) = X[X, a] = 2da
and ¢(a) +7(a) = a + XaX = 2a. We calculate, with the odd trace (50)

T(F[F, p(ao)] [F7 p(al)] s [F7 p(a2n+1)}) = \/ZX[X, aO][Xval] s [X, a2n+1]
= (—)""V2 X[X, a0) X[ X, a1] X ... X[X, agns1] X
= (_)”+1\/Z22"+2da0da1 N da2n+1X s
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so that
nT(F[F, p(ao)] ... [F, plagni1)]) = (—)""1V2i 22"+ 2day . . . dagn 1 -
Then proposition 4.6 yields, taking into account the rescaling ¢

n)?ggﬂ(ul)c(haodal ce da2nda2n+1) =

- ons1 L+ 3)
\/ZQQ +1n!(2n7_|_22)! Z 8()\)(1@)\(0) e da,\(2n+1) .
AES2n 42

The equality
3
22n+1n|1ﬂ(n+ 3) VT

(2n+2)!  2n+2

implies

~2n+1 V2

nxXan " (ur)e(faoday . . . dagpdas,+1) = M2 Z e(N)daxy - - - daxi@nt1) -

AES2n 42
Similarly, one has
7d(p(a0) FIF, plar)] ... [F, plasns2)]) = —v/2i 5d(@0X[X,a1] ... [X, aznsa])

where the minus sign comes from the permutation of the odd trace 7 with d,
and

17 FF, p(ao)] - - - [F, plazny1)]dp(azny2) = V2i § X[X, o] ... [X, azn1]dagn s -

Thus proposition 4.6 implies

n)?zg“(ul)c(&'odal ce da2n+2) =
-1
V2mi ih(d(aodal ..dagpia) — Z daxy - - - da)\(gn+2)) ,
AES2n+3
and a direct computation shows that 727! (u;)c corresponds precisely to the
cyclic cocycle 327 ch®" ™ (1 + K+ ...+ &%>*t1). One proves as in the even case

that ch®* "2 and c¢h®" ™! are cohomologous as periodic cocycles. [

6 Bivariant Chern character on K K-groups

The universal cocycles introduced in the preceding section will allow us to derive
a bivariant Chern character for p-summable quasihomomorphisms and invert-
ible extensions, by the usual lifting procedure to tensor algebras. We thus get
a natural map from the algebraic version of Kasparov theory to bivariant peri-
odic cyclic cohomology. Due to finite summability, the approach followed here
is largely independent of bornology and in fact can be performed over arbitrary
algebras, without additional structure. We remain in the bornological frame-
work mainly for convenience and compatibility with the previous sections.
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We start with the even K K-group. Let A and B be trivially graded complete
bornological algebras. In the following, H will always denote a trivially graded
infinite-dimensional separable Hilbert space, £ = L(H) the algebra of bounded
operators on H, and for any p € [1,00), % = (P(H) is the Schatten ideal of
p-summable operators. We will assume that a basis of H has been chosen, in
other words H = ¢*(N). Furthermore, we fix a bijection N x {1,2} — N, so that
the matrix algebra Ms(L) is isomorphic to £. Also, we fix another bijection
N x N — N yielding an isomorphism between H and the Hilbert space com-
pletion of H ® H (which does not agree with the bornological tensor product).
This in turn yields a bounded homomorphism P&¢9 — (" for any p,q > 1 and

r = max(p, q).
By definition, a p-summable quasihomomorphism from A to B is a p-summable

bounded Fredholm bimodule (€, p, F) € E¢(A, B) whose matricial representa-
tion reads

5:(222), p(a):(p+()(a) p_(za)>eM2(£®B)7 F:(? é)

(123)
The p-summability condition implies p, (a) — p_(a) € £P&B for any a € A. The
quasihomomorphism is degenerate iff p; = p_. Remark that this definition is
more restrictive than the usual one [3, 11], since the range of p does not lie in
the algebra of endomorphisms Endz(€), but in the subalgebra Mz (L&B). This
restriction can be removed only upon the use of excision, see remark 6.5 below.
Equivalently, we may describe a p-summable quasihomomorphism as the free
product p; * p_ : QA — L®B, sending the ideal ¢A to (P®B. Degenerate
elements are such that ¢.A is mapped to 0. As usual, a (differentiable) homo-
topy between p-summable quasihomomorphisms is an interpolating p-summable
quasihomomorphism QA — L&BRC>[0,1]. The set of quasihomomorphisms
is a semigroup for the direct sum @1 @ o : QA — My (L)RB =2 L&B.

Definition 6.1 Let A and B be complete bornological algebras. Then K K(A, B)
is the union, for allp > 1, of the classes of p-summable quasihomomorphisms p :
QA — LB defined modulo homotopy and addition of degenerates. K Kq(A, B)
is an abelian group.

The zero element of K Ko(A, B) corresponds to the class of degenerates, and the
inverse class of a quasihomomorphism py * p_ : QA — L&B is represented by

p— * Py

Let us now turn to the construction of the bivariant Chern character. Let
vg:TA— TTA be the unique bounded homomorphism such that v4 ooy =
or 4004 (section 2). We know that it induces an homotopy equivalence X (v4) :
X(TA) — X(TTA). On the other hand, the folding map id xid : QA — A lifts
to a bounded homomorphism on tensor algebras 7 (idxid) : 7QA — 7. A. Let
T be the its kernel. Then 7 (id *id) has two right inverses given by the bounded
homomorphisms 7¢,77 : TA — TQA, so that the universal propery of Q7 A
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implies the following commutative diagram:

0 qT A QTA——TA—>0 (124)
¢\L ¢l T, 7T
AN
0 A TQAT(TJ)TAHO

The classifying map ¢ : QT A — TQA can be explicitly described as follows.
If a1 ® ... ®a, is an element of 7 A, then ¢(t(a; ® ... ® a,)) is the element
1(a1) ® ... ® tlan) € TQA, and similarly with 7. The bounded homomorphism
¢ induces a chain map X (¢) : X(Q7T A) — X (7 QA), compatible with the adic
filtrations by the powers of the ideals g7 A and Z. Then for any n € N, we let
74" be the composite

X(TA) 20 x(r7A) P g x(QTA) 29 Ex(TQA)

(125)
where ch®" is the universal cocycle of proposition 5.1, with A replaced by 7 A.

Proposition 6.2 Let A be a complete bornological algebra. For any n > 0, the
bounded chain map ¥4 defines a cocycle in the complex Hom®" (X (T A), X (T Q.A))
of maps of order < 2n. Consequently it represents a cyclic cohomology class of
degree 2n:

(VA" € HCan(A QA) (126)

Moreover, all these cocycles have the same image in the bivariant periodic cyclic
cohomology HPy(A, QA).

Proof: We first need to fix the notations concerning the identifications of 7.4 and
7T A with Fedosov algebras of differential forms. As before, 7.4 = (2] A, ®)
will denote the analytic completion of even degree differential forms over A, ®
is the Fedosov product, and d is the differential on Q,,.A. Thus agday ... das,
is a 2n-form in Q2" A. On the other hand, we have an isomorphism 77 A =2
(Qf,TA,©), where @ is the Fedosov product for Qf, 7.4. We denote by d the
differential on Q.n7A. Thus zodz; ...dzo, € Q2T A, z; € TA, denotes a
2n-form over 7.A. The canonical homomorphism v4 : 7A — 77 A may be
expressed in terms of differential forms as follows. By definition, an element
a € A= 0% maps to the element a € A C TA = QT A. Next, using the
homomorphism property, for any element da;das € Q%A one has

va(dardas) = va(aras — a1 © az) = ajaz — a1Qas
= a1a9 — ay ® az + ay ® ag — a1Qa2 = daldag +da1da2 S QOTA D Q2TA y

so that the evaluation of v 4 on a 2n-form in Q2" A can be determined recursively
using the homomorphism property. This leads to the adic behaviour of v4 with
respect to the ideal 7 A associated to the universal extension 0 - JA — 7 A —
A — 0. First, recall that JA = (D,,», 2" A)¢ is the ideal of 7.4 generated
by the 2-forms dajdas. Similarly, 77 A = (D,,~, 2*"T A)° is the kernel of the
extension 0 - J7TA —-77TA—TA — 0 for TA. Now let 7 C 77 A be the
ideal generated by the linear embedding JA «— TA = Q°TA. The equation
above shows that v4(JA) C J + J7TA.
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Let n be a fixed integer. Since J and J7 A are ideals in 77 A, we can write
for any k> n

n k
vA(TAY) C(T+ITAR Y T+ Y (JTA c T+ (ITA™ |

i=0 i=n+t1

(127)

and for k£ < n the same inclusion holds obviously, since in this case J k—n —
TTA. Now, denote by K the ideal in Q7 A generated by ¢(JA) +2(JA). We
want to show that the composition ch®” o X(v4) maps the Hodge filtration
F7,X(TA) to FP*"X(QT A) for any m. Let us first investigate the case of
m = 2k, where k is an arbitrary integer. Recall that the filtration of degree 2k
is given by the subcomplex

FIEX(TA) « (JA +[(TARTA = 4(JA)TA.
Since vA((FJAFY) € -+ + (JTA)", we deduce
ch® o v ((JA)FHY) C ch® (k1) |
because proposition 5.1 states that ch®” vanishes on the filtration
FZHX(TTA)  (JTA" M 24(JTA"ATTA+ (JTA)dITA) .

Next, ch®® maps a 2n-form zodz; . ..dzs, € Q2" T A to q(zo)q(z1) ... q(xa2,) €
QT A up to a multiplicative factor, hence if z; € (J.4)" one has

ch® (zodwy ... dwag) € ((TAP)g(TAM) ... q((TA)>) C K=l
This shows that ch®”(J*—"+1) c k=1 and
ch®" o v ((JA)F) c k=t
In the same way we get
X(va) f(TAFATAC (T +(TTAHATTA ,

so that
ch®” o X (v4)(1(JTAKATA) C 1K "dQT A .

We deal now with the commutator [(J.A)*, TA]. It corresponds to the image
of §(J.A)*d T A by b, hence we can use the cocycle property of ch® o X(va):

ch? o X (v4)([(T A, TA]) = bech? o X (v4)(H(TAPATA) C K, QT A .

This shows that ¢ch®” o X (v4) maps FZ, X (T A) to Fg" *" X (QT A).
It remains to treat the odd case m = 2k + 1. One has

FEOX(TA) : (JAM! 2 1(TAATA+ (TAFATA) .

From the preceding computations, the cocycle ch®™ o X (v4) sends the subspaces
(JA*! and g(JA)RTIA T A to KF—"+1 and gk~ +1d Q7T A respectively. The
remaining term f(7.4)*dJ A requires more work. One has

X(vA) H(TARATA = os(TAF)dva(TA) C (T +ITTAAT +TTA) .

42



We compute separately
1T +ITARAT Co(TF "+ JTAHAT
and by choosing another splitting of the sum in (127),
0T +ITARAITAC (T + TTANAITA .

Since ch®” vanishes on the subspaces §(J7T.A)"'d7TA D (JTA)"H'dJ and
H(ITA)""dTTA, we deduce

ch®" o X (v4)(1(TAKdTA) € ch®" y(TF"dT + T AT TA)
C h(KFdK + KF "1 dQT A) ¢ FE2"X(QT A) .

Thiskproves that ch®” o X (v4) maps F;’le(TA) to FEFI=2n X (QT A) for
any k.

Finally, let us investigate the classifying homomorphism ¢ : Q7 A — TQ.A. For
any differential form agda; . .. dag, € Q** A C T A, one has

d(t(apday ... dasg)) = t(ao)di(aq) ... di(asg) ,

and similarly for 7, so that ¢ obviously maps K to the ideal JQ.A associated to
the universal extension 0 — JQA — TQA — QA — 0. This shows that the
cocycle y¥" maps F'y X (T A) to F753" X (TQA) for any m, hence by defini-
tion it is of order < 2n and its cohomology class is an element of HC5, (A, QA).
By proposition 5.2, we know that the difference ch®"™? — ch®" is the cobound-
ary of a chain in Hom(X (77 A), X(QT.A)) vanishing on F% , X (TTA) for k

sufficiently large, and this implies as above that %247”2 — %24” is the coboundary
of a chain of finite order in Hom(X (7 A), X (7 Q.A)). Hence the periodic coho-
mology class of v4" is independent of n. "

Let now ¢ : QA — L®B be a p-summable quasihomomorphism. Thus
¢ sends ¢A to the ideal /P®B C L&®B. Since L is a Banach algebra, it is
tensoring according to the terminology of [22], which means that we can lift ¢ to
a bounded homomorphism ¢, : TQA — LRTB. It is obtained first by passing
to the analytic tensor algebras T¢ : TQA — T(L&B), and then composing
by the obvious multiplication map 7 (£L&B) — L&T B (this is the critical step
where we use the fact that £ is tensoring). Then ¢, necessarily maps the ideal
T = Ker(TQA — TA) to the ideal /?&7T B, whence a X-complex chain map
compatible with the adic filtrations

X(ps) : FEX(TQA) — Fjiory X(LOTB)  Vnel. (128)

Consider the natural morphism of [14] obtained by the multiplication map on
L followed by the projection £L — Ly = L/[L, L]:
a: X(LOTB) — Ly@X(TB) , (129)

and let n be such that 2n > p. Then the elements of FZ‘;”@?BX(L@TB) contain at
least 2n powers of P, so that their images under « lie in the complex €§®X (TB),
where Ehl is the commutator quotient space ¢! /[¢*, £]. Thus composing with the
canonical trace of operators Tr : /! — C yields a chain map

Tr : Fpt xX(LOTB) — X(TB)  V2n>p. (130)
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We define the bivariant Chern character of the quasihomomorphism ¢ as the
composite Tr X (p.)74" € Hom(X (T A), X(7B)).

Proposition 6.3 Let ¢ : QA — L&B be a p-summable quasihomomorphism.
Then for any 2n > p, the bivariant Chern character TrX(cp*)q/i” is a chain
map of order < 2n, thus defining a cyclic cohomology class

ch®"(p) € HCy, (A, B) . (131)

ch®™ vanishes on degenerate quasihomomorphisms. Moreover, the image of
ch®™(p) in the biwariant periodic theory HPy(A,B) is independent of n and
homotopy invariant. We denote by ch(yp) this canonical periodic class.

Proof: By proposition 6.2, we already know that the chain map %24” is of or-
der < 2n. Since the homomorphism ¢, : TQA — LXTB clearly preserves
the degree of differential forms, as well as the trace map Tr, we deduce that
Tr X (p.)74" is also of degree < 2n. By refining the argument of proposition
6.2, we can show that the periodic cyclic cohomology class of ch®"(¢p) is inde-
pendent of n: by proposition 5.2, the difference ch®*"*2 —ch®" is the coboundary
of a chain in Hom(X (77T A), F#* ;X (QT A)) vanishing on Fhr A X(TTA) for
k sufficiently large, and this is compatible with taking the trace map Tr. The
homotopy invariance in periodic theory comes from the fact that the periodic
cohomology class of the chain map X (¢.) : X(TQA) — X(LXTB) is always
homotopy invariant with respect to the homomorphism ¢ (see [15, 22]), in a
way compatible with the filtration by the ideals 7 and &7 B because the p-
summable homotopy preserves the inclusion ¢, (Z) C PQ7TB. Finally, if ¢ is
degenerate, then the composite o, o ¢ : QT A — L&T B sends both «(7.A) and
7(TA) onto the same image, thus by the construction of ch®™, one sees that
Tr X (¢.)y4" vanishes. "

Remark 6.4 If p : A — B is an homomorphism and ¢ = px0 : QA — B
the corresponding quasihomomorphism, there is no summability conditions and
the Chern character ch®"(y) is defined in any degree. In particular, ch®(p)
exactly corresponds to the class of the chain map X (7p) : X(7TA) — X(7B)
in HCy(A, B). Its periodic class ch(y), accounting for the functoriality of H P,
will simply be denoted by ch(p). More generally, the periodic Chern character
of a quasihomomorphism p; * p_ : QA — B is the difference ch(py) —ch(p-) €
HPy(A,B).

Remark 6.5 The periodic class of the cocycles 'yi‘" can be interpreted using
excision for the exact sequence 0 — ¢4 — QA — A — 0. Let X(7QA : TA)
be the kernel of the chain map X (7 (id xid)) : X(7QA) — X (7 .A). Then exci-
sion shows [15, 22, 23] that the morphism X (7¢A) — X(7QA : T A) induced
by the injection g A — Q.A is a homotopy equivalence. Hence X(7 QA : T A)
computes the cyclic homology of g A. Moreover, HPy(A,qA) is a direct sum-
mand in HPy(A, QA), and A is H P-equivalent to g.A. The class ch(t) —ch(7) €
HPy(A, gA) of the chain map X (7¢)— X (77) sending X (7 A) to X(TQA : TA)
is an invertible element realizing this equivalence. Its inverse in HPy(gA,.A)
is represented by the chain map X (7 m) associated to the homomorphism
my = idg*0 : ¢4 — A. Now, remark that our cocycles %24” are cohomolo-
gous in the complex Hom(X (7 A), X(TQA : TA)), and an easy computation
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shows that % corresponds precisely to the difference X (7:) — X (77). Hence,
we have a realization of the H P-equivalence between A and ¢.A by an infinite
collection of non-periodic cocycles [v4'] € HCs,(A,QA), whose periodic class
coincide with ch(¢) — ch(z) € HPy(A,qA) C HPy(A,QA). Of course, they
all represent_the bivariant Chern character of the universal Kasparov module
ug € Eq(A, QA) of section 5. The interesting feature of these cocycles is that
they involve more powers of ¢4 when n increases, so that by selecting a suffi-
ciently large n we are able to construct a Chern character for any p-summable
quasihomomorphism.

Remark 6.6 Excision also shows that the algebras #®B and B are HP-
equivalent [12]. Once again, our bivariant Chern character realizes this Morita
equivalence by two invertible elements in H Py(B, *&B) and H Py (¢*&B, B) ob-
tained as follows. Let i(?) : B < (P&B be the canonical inclusion. It induces
a chain map X(7i®) : X(7B) — X(T(f*?®B)) whose periodic cyclic coho-
mology class is ch(i®)) € HPy(B,f?&B). On the other hand, the canonical
inclusion j®) : QB — LB yields a p-summable quasihomomorphism ¢®) =
j®P) %0 : Q(P&B) — L&B with Chern character ch(¢®) € HPy((P&B, B).
Then ch(i®)) and ch(¢®) are inverse to each other. Indeed, for 2n > p, the
composite ch®"(¢®) o X(Ti®)) € Hom(X(7B), X (TB)) exactly corresponds
to the non-periodic Chern character ChQn(idB *0) of the quasihomomorphism
idg*0 : QB — B associated to the identity of B. Therefore, the product in
periodic cyclic cohomology ch(i(?) - ch(p®)) = ch(idp) is the unit of the ring
HPy(B,B). Since we know by excision that ch(i(?)) is invertible [12], we have
also ch(p®) - ch(i®®) = 1 in HPy({*&B, (PRB).

In fact all the relevant information of a p-summable quasihomomorphism ¢ is
contained in its restriction ¢ : ¢4 — P@B to the ideal ¢.A [11]. The remarks
above show that up to homotopy, the periodic Chern character ch(p) represented
by any of the cocycles Tr X (cp*)'yi" may be inserted in a commutative square

X(T(¢A) X2 x(T(r&B)) (132)
A :
ch(y) V
X(TA) X(TB)

where the verical arrows realize the corresponding H P-equivalences, i.e. invert
the chain maps induced respectively by the homomorphisms mj : ¢4 — A and
i : B — (?®B. By the way, this property implies the compatibility of the
Chern character with the Kasparov product whenever it is defined. To see this,
let A, B,C be three algebras. For any p,q > 1, let p : (P&¢9 — (", r = max(p, q)
be the homomorphism induced by the identification of H = ¢?(N) with ¢2(N2).
Given a p-summable quasihomomorphism ¢, : g4 — QB and a g-summable
quasihomomorphism ¢, : gB — (4&C, we say that ¢; and @y are composable
[15] if there exists a homomorphism ¢} : ¢.A — P&gB such that (id ®mg) o ¢}
is homotopic to ¢1. Then the composition ¢ - po = (u®id) o (id ®ps) o ¢ is
a r-summable quasihomomorphism ¢A — ¢"®C defining a Kasparov product of
1 and 5. This may be depicted in the following diagram, which commutes up
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to homotopy:

. id & A 2 id .
&8 <22 e st race (133)
©1 J/
id ®mo
A — > (P&B

The product ¢1 - @2 may not be well defined at the level of K K-groups. In
particular its homotopy class in K Ky(A,C) may depend on the choice of the
lifting ¢. Nevertheless, the following lemma shows its compatibility with the
Chern character:

Lemma 6.7 Let ¢ : qA — (PRB and 5 : ¢B — (9&C be composable quasiho-
momorphisms. Then the bivariant Chern character is multiplicative, that is, if
01 o 1 qA — ("RC is a Kasparov product, the equality

ch(ps - ¢2) = ch(e1) - ch(pz) (134)
holds in the periodic theory HPy(A,C).

Proof: For any algebra R we let mp : ¢R — R be the free product idg 0 and
iP) : R — P&R be the canonical inclusion. Then (133) may be enlarged to the
following diagram commuting up to homotopy:

. id @2 A 2 id R
PxqB BN L PRIIRC LA reC
y | Y ( )T
id %Tk’o P
A —> (P8 qB —— = (1&C
Troi i(p)T % i(Q)T
A B C

Applying the functor X (7 - ), taking into account the fact that i) and
induce homotopy equivalences and combining the result with (132), we get the
diagram

X (T (p1-¢2))

X(T(¢A)
A

X(T(é0))

C. 1 C 2 V
X(TA) 29 x18) 2%, x(710)

commuting up to homotopy, whence ch(p1 - @2) = ch(p1) - ch(ps). ]

Note that according to the discussion at the end of section 4, if a p-summable
quasihomomorphism ¢ : QA — L®B comes from a (sequentially) finitely
summable unbounded module (€, p, D) € Wo(A, B), then the periodic Chern
character ch(y) is a retraction of the entire Chern character ch(&,p, D) €

HEy(A, B). We collect the preceding results in a theorem.

46



Theorem 6.8 The bivariant Chern character in periodic theory gives an addi-
tive map
ch: KKy(A,B) — HPy(A,B) , (135)

compatible with the Kasparov product between quasihomomorphisms whenever

the latter is defined. [

We now deal with the odd finitely summable K K-group, which corresponds
basically to invertible extensions of A by €p®8.~ We say that a p-summable
bounded Fredholm bimodule (£,p,F) € E1(A, B) is a p-summable invertible

extension iff in matricial form one has

g:<(H@H>®B> o= (5 oy ) € Mein) . a3

(HeH)&B 0 a(a)
F= ( o ) € My(L&B) with X — ( - ) € My(LEB) .

Thus «(a) is a 2 x 2 matrix over L&B whose off-diagonal elements are in /P®1.
The invertible extension is degenerate iff [X, p(a)] = 0 for any a € A, in which
case the matrix a(a) is diagonal. Now let P = (1+ X)/2 be the projection onto
the 1-eigenspace for X. The linear map o : A — £ ® B sending an element a to
Pa(a)P is almost multiplicative, in the sense that o(ab) — o(a)o(b) € FPRB for
any a,b € A. Then o yields an homomorphism 7o : A — L&B/PRB, where
7 is the projection onto the Calkin algebra L&B/P@B. This homomorphism
corresponds to the Busby invariant [3] of the extension

00— r&B——> (PB+o(A) —= A —=0 (137)

|

A

where A" = A/Ker(no). The inverse extension is determined by the almost
multiplicative map o0=1(a) = (1 — P)a(a)(1 — P).

Equivalently, the extension above is completely described by the homomor-
phism ¢ : Q*A — My(L&B) sending 1(a) = a + da to a(a) and 7(a) = a — da
to Xa(a)X. We may view this homomorphism as an even degree map be-
tween Zo-graded algebras, once Mo(L®B) is endowed with its natural grad-
uation given by diagonal/off-diagonal 2 x 2 matrices. From now on we will
denote by M;(L&B) this superalgebra. Then the element q(a) = 2da maps
to X[X, a(a)] € M5(£P@B), hence ¢°A goes to the Zy-graded ideal M ((PRB).
The extension is degenerate iff ¢°. A maps to 0. As in the even case, the set of
invertible extensions is a semigroup for the direct sum upon the isomorphism
L = Ms5(L). Homotopy is provided by interpolating p-summable extensions
QA — M3 (L&B&C*[0,1]).

Definition 6.9 Let A and B be complete bornological algebras. Then K K1 (A, B)
is the union, for all p > 1, of the classes of p-summable invertible extensions
0 Q*A — M5 (LXB) defined modulo homotopy and addition of degenerates.
KK, (A, B) is an abelian group.
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The zero element of K K7 (A, B) corresponds to the class of degenerates, and the
inverse class of an extension ¢ : QA — M5 (L&B) is represented by the con-
jugate extension Y "'oY, where Y is the supersymmetric matrix < (1) (1) ) €
M3 (L&B).

A bivariant Chern character on K K;(A, B) is constructed as in the even
case, with the help of the universal cocycles ch®* ™ of proposition 5.3. First,
one has a classifying map of superalgebras ¢° : Q*7 A — T Q* A, sending ¢°7 A
to the ideal 7% := Ker(7Q®*A — T A). Then for any n € N, we define the odd

cocycle VQ"H as the composition of chain maps
2n+4
X(TA) X0 x(r7a) D preeygara) X9, piex(Tooa) |

(138)
The periodic cyclic cohomology class of 72”"'1 does not depend on n. Next,
let ¢ : Q*A — M5(L&B) be a p-summable invertible extension. Passing to
analytic tensor algebras, it yields a bounded homomorphism of superalgebras
0t TQ*A — M3(LXTB), mapping the ideal Z° to M;(PRTB), whence a
chain map compatible with the adic filtrations

X(py) : X(TQ°A) — M@(@,@TB) X (M35 (LHTB)) VYneZ. (139)
As in the non-supersymmetric case, there is a canonical morphism
o X(M5(L&TB)) — M5(L£),@X(TB) , (140)

where M3 (L)y is the supercommutator quotient space. Since the subcomplex

F;\l/ﬁ(rfp@m (M35 (L&TB)) involves elements of Ms(L&TB) containing at least

2n + 1 powers of M;(¢P), the canonical supertrace Try : M5 (¢*) — C yields a
chain map for any 2n + 1 > p:

Tr, - F;;q; orp X (M5(LETB) — X(TB)  V2n+1>p. (141)

The bivariant Chern character of the invertible extension is the composite
V27i Trs X (o )73+ in Hom(X (T A), X(7B)). As in the even case, if the p-
summable 1nvert1ble extension ¢ : QA — M5 (L®B) comes from a (sequen-
tially) finitely summable unbounded module (£,p,D) € W;(A,B), then the
periodic Chern character ch(y) is a retraction of the entire Chern character
ch(&,p,D) € HE (A, B).

Theorem 6.10 Let ¢ : QA — M;3(L®B) be a p-summable invertible ex-
tension. Then for any integer n such that 2n + 1 > p, the Chern character
V2mi Tre X (¢« )74 Intl defines a cyclic cohomology class

ch?" T (p) € HCy13(A,B) . (142)

Ch2n+1 h2n+1 (

vanishes on degenerate extensions. The image of c ®) in the peri-
odic theory HPy (A, B) is independent of n and homotopy invariant. Therefore,
we get an additive map

ch: KKl(.A, B) — HP1 (.A, B) (143)

defining the Chern character of invertible extensions in periodic theory. ]
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Remark that the degree of the non-periodic cocycle ch2”+1(<p) is equal to 2n+3

and not 2n + 1. This comes from the particular choice of the universal cocycles
Ch2n+1.

Acknowledgements: I would like to thank Dr. Ralf Meyer and Prof. Joachim
Cuntz for several clarifications on this topic.
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