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Transient simulations of a resonant tunneling diode
Olivier Pinauda)

Mathématiques pour l’industrie et la Physique, Unite´ mixte de recherche 5640 (CNRS), Universite´ Paul
Sabatier 118, route de Narbonne, 31062 Toulouse Cedex, France

~Received 15 January 2002; accepted for publication 22 May 2002!

Stationary and transient simulations of a resonant tunneling diode in the ballistic regime are
presented. The simulated model consists in a set of Schro¨dinger equations for the wave functions
coupled to the Poisson equation for the electrostatic interaction. The Schro¨dinger equations are
applied with open boundary conditions that model continuous injection of electrons from reservoirs.
Automatic resonance detection enables reduction of the number of Schro¨dinger equations to be
solved. A Gummel type scheme is used to treat the Schro¨dinger–Poisson coupling in order to
accelerate the convergence. StationaryI –V characteristics are computed and the transient regime
between two stationary states is simulated. ©2002 American Institute of Physics.
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I. INTRODUCTION

The resonant tunneling diode~RTD! is now among the
most studied quantum devices both at the theoretical
experimental level.1–4 An accurate simulation of such a de
vice, a prototype of a one-dimensional quantum device, i
primary importance to develop reliable design tools. T
RTD structure is treated as an open system and is gene
partitioned into two large reservoirs and an active regi
The reservoirs model the exchange of electrons with the
ternal electrical circuit. The active region consists in a sin
quantum well, bounded by barriers. All important physic
effects such as tunneling or scattering, take place in
small region. The calculations should therefore be perform
only within the short device domain. This implies the de
vation of realistic boundary conditions~BC! modeling the
continuous injection of electrons at the interface. In additi
the current flow through the device is mainly due to electro
having the resonant energies of the double barriers. Th
fore, even in the ballistic regime, the RTD simulation enta
several problems arising from the existence of resonan
the important Coulomb effects, and the interaction of p
ticles with reservoirs. A reliable simulation thus requires:

~1! the design of some BCs at reservoir-active region in
faces and an accurate discretization of these BCs

~2! the detection of resonances that determine theI –V char-
acteristics

~3! an accurate and numerically ‘‘cheap’’ treatment of t
Coulomb interaction.

Indeed, these three items contribute to the high nonlinea
of the device operation, which makes the simulation a d
cate task.

Three equivalent approaches are proposed to mode
RTD: the Wigner equation,5,6 the nonequilibrium Green
function theory,7–9 and the Schro¨dinger equation
approach.10,11 The latter approach is adopted in this wor

a!Electronic mail: pinaud@mip.ups-tsle.fr
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electrons are assumed to be in a mixed state whose stat
are determined by the chemical potential of the access zo
~treated as reservoirs!. Each state is determined by solving
collisionless Schro¨dinger equation with open boundary co
ditions. The electrostatic interaction is taken into accoun
the Hartree level. The self-consistent effects can be also
troduced in a less precise way using the Thomas–Fe
approximation.12–14 Many theoretical approaches have be
proposed to incorporate particle scattering in quantum tra
port simulation.15–18 The inelastic scattering can be a
dressed at various levels of sophistication. The electro
phonon interaction is often treated within the single elect
approximation and a truncation of self-consistent Bo
expansion.17–19 Stationary scattering models have succe
fully predicted the collision dominated regime20,21but do not
handle the collisionless regime. A related approach is ba
on the Pauli master equation.22,23 The ballistic approach,
compared to models including collisions, provides fast sim
lation tools and quite realistic results. The peak location
predicted quite precisely and the shape of theI –V charac-
teristics is comparable with that of a real device. The m
drawback of the ballistic approach is the overestimation
the peak-to-valley ratio because the valley current is do
nated by scattering effects.

The outline of the paper is as follows: Sec. II is devot
to the introduction of the mathematical model both in t
stationary and time-dependent cases. Special attentio
given to boundary conditions. In Sec. III, the numeric
methods are presented. They deal with the discretizatio
the BCs, the automatic detection of resonances in the sta
ary case, and the Coulomb coupling. In Sec. IV, the num
cal results for an GaAs–AlGaAs type structure both in t
stationary case (I –V curves! and in the transient regime be
tween two stationary states are presented.

II. THE MODEL

A. The stationary regime

The double-barrier heterostructure24 extends over in the
interval@a,b# ~Fig. 1! and the transport is assumed to be o
7 © 2002 American Institute of Physics
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dimensional~the wave functions in the parallel directions
the barriers are plane waves!. The contactsa andb are linked
to electron reservoirs at thermal equilibrium, injecting ele
trons with some given profilesga(p), p>0, gb(p), p<0,
wherep is the momentum of the injected electron~typically,
the profilesga andgb correspond to Fermi–Dirac statistics!.
The region@a,b# contains the double barriers, the eventu
spacers~region I on Fig. 1!, and a small part of highly dope
access regions where electroneutrality occurs~region II on
Fig. 1!. At negative times, the electrostatic potential is a
sumed to be constant in the leads, equal toVa

2 at the source
contact a and Vb

2 at the drain contactb. The electron–
electron interaction at Hartree level is taken into account
solving a Poisson equation in@a,b#.

For the electrons injected atx5a with momentump
>0, the wave functioncp satisfies a stationary effective
mass Schro¨dinger equation with open boundary condition
These boundary conditions are obtained by explicitly solv
the Schro¨dinger equation in the reservoirs and by assum
the continuity of the wave function and its derivative at t
interfaces. Thanks to these BCs, the problem is solved in
bounded domain@a,b#25 and not on an infinite domain:

2
\2

2m
cp92eV2cp5Ep

acp , ~p>0!,

~1!
\cp8~a!1 ipcp~a!52ip, \cp8~b!5 ipbcp~b!,

where\ is the reduced Planck constant,m is the effective
mass of the electron, assumed to be constant along the
vice, andV2 is the total electrostatic potential in the devic
In the same way, electrons injected atx5b with momentum
p<0 are represented by the wave functioncp satisfying the
Poisson equation,

2
\2

2m
cp92eV2cp5Ep

bcp , ~p<0!,

~2!
\cp8~b!1 ipcp~b!52ip, \cp8~a!5 ipacp~a!,

FIG. 1. Schematic drawing of a resonant tunneling structure under b
Region I is the device region while region II represent a small part of
access zones. The region II is coupled with the exterior domain thank
transparent boundary conditions and the space-charge effects are assu
hold only in region I and II.
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where

pb5Ap212em~Vb
22Va

2!,

pa5Ap212em~Va
22Vb

2!,

Ep
a5

p2

2m
2eVa

2 , Ep
b5

p2

2m
2eVb

2 .

Aa is the complex square root of the real numbera having a
positive real part (a>0) or positive imaginary part (a
<0). Since it is assumed thatV25Va

2 for x,a andVb
2 for

x.b, then forp.0, the waves functions are plane waves

cp~x!5e2 ip~x2a!/\1r peip~x2a!/\, ~x,a!,
~3!

cp~x!5tpeipb~x2b!/\, ~x.b!,

and forp,0

cp~x!5eip~x2b!/\1r pe2 ip~x2b!/\, ~x.b!,
~4!

cp~x!5tpeipa~x2a!/\, ~x,a!,

wherer p and tp are not prescribed coefficients but deduc
from the solution. The transmission coefficients can be co
puted as

p.0 T~p!5
A@p212em~Vb

22Va
2!#1

upu
utpu2, ~5!

p,0 T~p!5
A@p222em~Vb

22Va
2!#1

upu
utpu2, ~6!

where (a)15max(a,0). Since the electrons are assumed
be in a mixed state, the electronic density is

n~x!5E
2`

1`

g~p!ucp~x!u2dp, ~7!

where g(p)5ga(p) for p.0, g(p)5gb(b) for p,0, and
ga , gb are the statistics of the electrons injected atx5a and
x5b, respectively; typically,ga andgb are Fermi–Dirac sta-
tistics.

The electrostatic potentialV2 is split into two parts:
V25Ve

21Vs
2 , whereVe

2 is the external potential~including
double barriers, applied voltage! and Vs

2 is the self-
consistent potential satisfying

d2Vs
2

dx2
~x!5

e

«
@n~x!2nD~x!#,

~8!
Vs

2~a!5Vs
2~b!50,

where« is the dielectric constant, andnD the doping density.
The one dimensional Fermi statistics is given by

g~p!5
mkbT

2p2
logH 11expF S 2

p2

2m
1EFD Y kbTG J , ~9!

wherekb is the Boltzmann constant,T the temperature, and
EF the Fermi level. The current is defined by

J~x!5J5
e\

m E
2`

1`

g~p!J~cpcp8!dp, ~10!

s.
e
to
d to
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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whereJ denotes the imaginary part. By using the bound
conditions of Eqs.~1!, ~2! and ~5!, ~6!, J reads

J5
e

mE
0

`

@ga~p!2gb~p!#pT~p!dp. ~11!

The time-dependent model is now presented.

B. The time-dependent regime

After the stationary regime is computed, the external
tentials are switched at timet50 toVa

1 andVb
1 ~without loss

of generality, it is assumed thatVa
25Va

1). Hence, the exter-
nal potential changes accordingly fromVe

2 to Ve
1 . It can

also be assumed that the electrostatic interaction takes p
in the device@a,b#, while the electrostatic potential remain
stationary at the contacts. Therefore, the total electros
potential is

V~ t,x!5Ve
1~x!1Vs

1~ t,x!, ~12!

Vs
1~ t,a!5Vs

1~ t,b!50,
d2Vs

1

dx2
5

e

«
~n2nD!, ~13!

where the densityn(t,x) is defined by

n~ t,x!5E
2`

1`

g~p!ucp~ t,x!u2dp, xP@a,b#, ~14!

and the wave functionscp are solutions of

i\
dcp

dt
52

\2

2m

d2cp

dx2
2eVcp , ~xP@a,b# !,

~15!~15!
cp~0,x!5cp

2~x!,

andcp
2 are the stationary wave functions associated with

potentialV2 @solutions of Eqs.~1! and ~2!#. As in the sta-
tionary case, the single-electron wave functioncp satisfies
nonhomogeneous open boundary conditions26–28 modeling
the interaction with the reservoirs. They read:

dcp

dx
~a,t !2

dcp
2

dx
~a!e2 i ~Ep

1t/\!

5D1/2
a @cp~a,.!2cp

2~a!e2 i ~Ep
1\!#, ~16!

dcp

dx
~b,t !2

dcp
2

dx
~b!e2 i ~Ep

2t/\!

5D1/2
b @cp~b,.!2cp

2~b!e2 i ~Ep
2\!#, ~17!

with

D1/2
a @ f ~ .!#

5A2m

p\
e2~p/4!iei ~eVat/\!

d

dtE0

t f ~t!e2 i ~eVat/\!

At2t
dt,

Va5H Va
2 if a5a

Vb
1 if a5b

, Ep
15H Ep

a if p.0

Ep
b if p,0,
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25H Ep

a2e~Vb
12Vb

2! if p.0

Ep
b2e~Vb

12Vb
2! if p,0.

III. NUMERICAL METHODS

A. Position of the problem

The space-charge effects imply that the system of eq
tions ~1!-~2!-~7!-~8! is highly nonlinear. Indeed, the
Wentzel–Kramers–Brillouin approximation indicates th
the densityn depends exponentially on the self-consiste
potentialVs

2 . Subsequently, the natural iterating algorith
given by

n~Vs
old!~x!5E

2`

1`

g~p!ucp~Vs
old!~x!u2dp,

d2Vs
new

dx2
~x!5

e

«
@n~Vs

old!~x!2nD~x!#,

fails to converge for any initial guess. Typically, an oscilla
ing regime is observed: a high density generates a high
tential, which decreases the density and therefore the po
tial. Then, this low potential increases the density and so

A possible solution is to use a relaxation algorith
which reads

n~Vs
old!~x!5E

2`

1`

g~p!ucp~Vs
old!~x!u2dp,

d2Vs*

dx2
~x!5

e

«
@n~Vs

old!~x!2nD~x!#,

Vs
new5aVs* 1~12a!Vs

old , a!1.

The convergence toward a solution is very slow because
the small size of the parametera ~typically ,0.05!. Thus, to
accelerate the convergence rate, a self-consistent schem
spired from the one introduced by Gummel29 for steady state
transistor calculation is used.

Another difficulty lies in the computation of the elec
tronic densityn. Indeed, the current is mainly generated
the transmitted electrons, that is to say electrons that ar
the resonant states of the double barriers. If the barriers
wide or high, the resonant peaks are sharp and their wid
are very small~see Fig. 7!. Therefore, to take the resona
states into account, the mesh size in the momentum vari
p must be very small. This implies solving a huge number
Schrödinger equations and thus prohibitively increasing t
numerical cost. The proposed solution is based on an a
tive mesh size, using the logarithmic derivative of the tra
mission coefficient. The mesh will be refined only at t
resonance regions, which results in a reduction of the co
putational cost.

B. The stationary regime

1. The linear equations

The system~1! is solved just like any ordinary differen
tial equation of the first order on a functionup using a
Runge–Kutta algorithm with boundary conditions\up8(b)
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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5ipb andup(b)51. The equations are linear and it suffic
to normalizeup by 2ip/@\up8(a)1 ipup(a)# to recovercp .
The negative momentum case is treated analogously.

2. The Gummel method

In classical transport models, the Fermi–Dirac statis
are approximated by the Boltzmann statistics, and the
pression of carrier concentrations yields an exponential
pendence on the electrostatic potential. Hence, the expo
tial behavior is explicitly included in the definition of th
electronic density, which can be writtenn(V)
5exp(V/Vref) f (V). Integrating this fact in the Poisson equ
tion ~8! leads to a modified Schro¨dinger–Poisson system
solved with the following algorithm:

d2Vs
new

dx2
5

e

« F f ~Vs
old!exp

~Vs
new1Ve

2!

Vref
2nDG .

The quantity f (Vs
old) being equal to exp@2(Vs

old

1Ve
2)/Vref#n(Vs

old), the Gummel method reads:

d2Vs
new

dx2
5

e

« Fn~Vs
old!exp

~Vs
new2Vs

old!

Vref
2nDG . ~18!

This nonlinear equation is solved using a Newton alg
rithm, and the convergence toward a solution is much fa
than the relaxation algorithm. The potential referenceVref is
adjusted to decrease the number of iterations. The linear
sion of the Gummel method is obtained by a Taylor exp
sion of Eq.~18!, that is,

d2Vs
new

dx2
2

en~Vs
old!

«Vref
Vs

new5
e

« Fn~Vs
old!S 12

Vs
old

Vref
D 2nDG .

~19!

3. The adaptive momentum mesh size method

The main task, to obtain a fine mesh only at the re
nance regions, is done by detecting the transmission pe
One way to detect these resonant energies is to use the
rithmic derivative of the transmission coefficient. It rea
~for the positive momentum case!

d logT

dp
52

1

p
1

p

pb
2

1
2

ucp~b!u2
RFcp~b!

]cp

]p
~b!G , ~20!

whereR denotes the real part. The logarithmic derivative
necessary because the resonances are too thin to be de
by the usual derivative. Typically, the transmission coe
cient profile corresponding to a resonant energy is, with
logarithmic scaling, a vertical line. Hence, whenud logT/dpu
is less than a given threshold, the mesh size is large, whe
if ud logT/dpu is above this threshold, the mesh size is
fined.

C. The time-dependent regime

To discretize Eq. ~15!, a finite difference Crank–
Nicholson scheme is used. With uniform grid pointsxj

5 j Dx(0< j <J), tn5nDt and the approximationc j
n

'c(xj ,tn), this scheme reads
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r ~c j
n112c j

n!5c j 11
n1122c j

n111c j 21
n111c j 11

n 22c j
n

1c j 21
n 1wVj

n11/2~c j
n111c j

n!, ~21!

with

r 52
4imDx2

\Dt
, w5

2meDx2

\2
, Vj

n11/25V~ tn1
1
2
,xj !.

The boundary conditions~16!–~17! are discretized following
the scheme of Ref. 28, i.e., (n>1):

c1
n5s0

2n(
k50

n

s0
kc0

kl n2k , cJ21
n 5sJ

2n(
k50

n

sJ
kcJ

kl
n2k

,

~22!

with

l n5S 11 i
r

2D dn
02 ir~21!n1 iA4 r4116r2e2 i ~u/2!

3F1

2
e2 iu f n2m(

k50

n

~21!n2kf kG ,

r5
4mDx2

\Dt
, u5arctan

4

r
, m5

r

Ar2116
,

s05
12~DtVa

1/2i\!

11~DtVa
1/2i\!

, sL5
12~DtVb

1/2i\!

11~DtVb
1/2i\!

,

f 051, f n5e2 inuPn~m!2e2 i ~n21!uPn21~m!,

wherePn is the Legendre polynomial of ordern. This dis-
cretization has the advantage of preserving the unconditio
stability of the Crank–Nicholson scheme.

The evolution of the self-consistent potentialVs ~the
sign 1 is dropped! is computed using a classical scheme
nonlinear Schro¨dinger equations which reads

Vs
n13/252V

*
n112Vs

n11/2

whereV
*
n11 is the solution of the discretized Poisson equ

tion at timetn11 .

IV. RESULTS

A. Parameters

The barriers, separated by a 5 nmquantum well, are 5
nm wide and 0.3 eV high. Two zones are distinguished:
first is the double-barrier zone~region I on Fig. 1!, 35 nm
wide, including a spacer layer of 10 nm doped at 531015

cm23 on each side. The second zone~region II on Fig. 1!
corresponds to the access zones, each 50 nm long, dop
1018 cm23, placed adjacent to the first zone. The bound
conditions are applied at the edge of the second zone.
effective mass is constant in the whole device and equa
0.067me . The relative permittivity« r is 11.44. For numerica
computation, the wave functions are parametrized by
wave vectork5p/\ rather than with the momentump. The
Gummel and relaxation algorithms are stopped when
relative error on the potential between two iterations is l
than a predefined threshold.
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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nd
1 nd

2 L0 L1 d0
1018 cm23 5.1015 cm23 5 nm 5 nm 50 nm

d1 meff « r T Vref V1
10 nm 0.067me 11.44 300 K 0.03 V 20.3 V

B. Effectiveness of the methods

In the absence of polarization~i.e., Va
25Vb

250 V!, it is
observed that the Gummel algorithm converges in the
tionary case with zero as an initial guess for the se
consistent potential. In this case, the obtained potentia
used to initialize the algorithm when the applied bias is
zero.

If a uniform grid used for momentum is precise enou
to collect the resonances, there are around 2500 Schro¨dinger
equations to solve. The adaptive mesh size algorithm
creases this number to around 400 for a light bias~less than
0.1 V! and to around 800 for a higher bias. The latter num
is higher because a second well appears in front of the
barrier. Therefore the time cost is divided approximately b
factor of 6 for the first case and by a factor of 3 for t
second case. Of course, if the barriers are thinner, the r
nance peaks are wider and the improvement of the metho
not as important. As far as the Gummel method~GM! is
concerned, it is very efficient compared to the relaxation
gorithm~RA! ~see Fig. 2!. Indeed, the threshold is reached
a few iterations with the GM, even if the prescribed precis
is very high. Moreover, the RA needs a large number
iterations to converge up to a precision of 0.001. It can a
be noted than the GM is slightly faster than the linear GM

C. The stationary regime

Figures 3, 4, and 5 represent the density and the t
potential for an applied bias of 0.1, 0.2, and 0.22 V, resp
tively. A bias of 0.2 V is associated with the current pe
value and 0.22 V with the valley value. The spatial size s
used for this computation is 0.27 nm, that is, a grid of 5

FIG. 2. Comparison of the effectiveness of the methods used for the Po
coupling: number of iteration vs precision for a bias of 0.05 V. The solid l
represents the Gummel method, the dashed line the linear Gummel me
and the dash-dot line, the relaxation.
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points. This latter number can be decreased to 200 if the
is less than around 1.5 V. Up to this value of bias, the spa
mesh size must be refined because the electron wave le
becomes smaller. Not all the wave functions have a sign
cant contribution. In particular, the wave functions of t
large energies weakly modify the electronic density. Inde
these wave functions correspond to the occupation of h
energy states, and the magnitude of these high energies
be estimated by the maximum occupied energy levels.
chosen maximal energy is around the Fermi level plus a
timeskbT. This gives a domain of integration for the densi
from 0 to kmax5AkFermi

2 17* 2meffkbT/\2. The threshold of
the adaptive size step method is 1200 Å, the minimal s
step is 531025 Å 21 and the maximal 1023 Å 21.

In the regions where the total potential is zero, the el
tronic density is given by the donor density. This regime
called electroneutrality and precisely shows up on Figs. 3
and 5 at the domain of the first spacers~region II!.

Figure 6 shows theI –V curves at 77 and 300 K for the
nonlinear case, and at 300 K for the linear case. The s

on

od,

FIG. 3. Electronic density and Poisson potential plotted for an applied
of 0.1 V. The solid lines is the potential and the dashed line, the densit

FIG. 4. Electronic density and Poisson potential plotted for an applied
of 0.2 V, corresponding to the peak value. The density within the wel
maximal. The solid line is the potential and the dash line, the density.
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consistent potential pushes the peak to approximately 0.
whereas the linear peak is about 0.15 V. This result is c
sistent with the decay of the density in the well observed
Fig. 5. It can be remarked that the ballistic approach is
longer valid in the valley. Indeed, in the valley the current
mainly due to the collisions process, to the electrons s
tered down from their injected energy into the resonan
Therefore the peak-to-valley ratio is not as important as fo
model with collisions.

Figure 7 represents the logarithm of transmission coe
cient for two applied biases. The sharpness of the reson
peaks can be clearly observed.

FIG. 5. Electronic density and Poisson potential plotted for an applied
of 0.22 V, corresponding to the valley value. The density decreases to a
a factor of 2 compared to a bias of 0.2 V. The solid line is the potential
the dash line, the density.

FIG. 6. I –V curves. The solid and dash-dot lines represent the I curve
model including self-consistent effects at 300 and 77 K, the dashed
represents a model without self-consistent effects at 300 K. The
consistent effects push the peak to the value of 0.2 V and strongly dec
the peak current value.
Downloaded 19 Aug 2002 to 130.120.37.3. Redistribution subject to AI
V,
-

n
o

t-
e.
a

-
ce

D. The time-dependent regime

The structure is the same as for the stationary mo
The distanced0 ~see Fig. 1! is set to 10 nm, while retaining
the same number of grid points as in the stationary mo
~500 points!. Thus, the spatial size step becomes 0.11 n
The main difficulty is the change of resonant energies wh
a bias is applied. Indeed, Fig. 7 clearly shows the shift of
peaks for two different biases. The chosen solution is to co
bine the momentum mesh corresponding to the initial b
with that of the final bias.

The size of the time step is set at 1 fs. A higher step s
for time evolution would introduce strong reflections at t
boundaries. Parallel computation using the message pas
interface~MPI! is well suited to solve this kind of problem
Indeed, each processor solves a fixed quantity of Schro¨dinger
equations independently and the results are collected b
single processor to compute the density and the Poisson
tential. This method is not necessary for the stationary mo
because the time spent calculating is minimal.

Figures 8 and 9 represent the time evolution of the d
sity and the current density for a shift of 0.1 V (Vb

12Vb
2

50.1 V, Vb
250.1 V!. The current density exhibits an osci

latory behavior, while the electronic density seemingly do
not. In fact, both quantities oscillate, but the amplitude of t
oscillations is visible on the current and not on the dens
Indeed, if the potential is lightly perturbated~for example a
small shift of the applied bias!, a first order perturbation
analysis shows that the wave function is corrected with
oscillating term. Therefore, interferences are generated
the density and the current oscillate. In our case, the ma
tude of the density is of order of the doping density. As t
doping is very high, the magnitude of the oscillations is ne
ligible compared to the high value of the electronic dens
The situation is different for the current density. Indeed,
order of the final current is given by the difference betwe
the two high values of the currents injected at each side
the device. Hence, the result of this difference between
high numbers has a very weak amplitude compared to tha
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FIG. 7. Transmission coefficient in logarithmic scale for two different b
ases.
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the injected currents. Thus, the oscillations are not ne
gible. For example, a doping of 1018 cm23 generates a cur
rent about 2000 kA/cm2 while theI –V curves~Fig. 6! shows
a peak current around 15 kA/cm2. The oscillations magni-
tude~see Figs. 11 and 9! are of the same order as that of th
final current.

Figure 10 represents the evolution of the density at
middle of the well for two shifts, 0.1 and 0.06 V. Figure 1
shows the evolution of the spatial average of the current
three different shifts, 0.02, 0.06, and 0.1 V.

The current becomes almost homogeneous in spac
approximately 300 fs~Figs. 9–11!, while the density reache

FIG. 8. Time evolution of the electronic density following a shift of 0.1 V
the applied bias. The initial condition is solution of the steady-state prob
with an initial bias of 0.1 V. At positive times, the applied bias is moved
0.2 V and the system evolves up to a stationary state. The density incr
within the well up to a final value reached at about 5000 fs. T
x-coordinate axis is reversed.

FIG. 9. Time evolution of the current density following a shift of 0.1 V
the applied bias. The initial condition is the solution of the steady-s
problem with an initial bias of 0.1 V. At positive times, the applied bias
moved to 0.2 V and the system evolves up to a stationary state. The
axis is reversed.
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its final value at approximately 5000 fs~Figs. 8–10!. The
results are similar for different biases~Fig. 11!. The main
difference is the amplitude of the transition oscillatio
which increases with the bias. Of course, for thinner barri
the stationary solution is reached in a shorter period.

V. CONCLUSION

A model for ballistic transport in nanostructures, both
stationary and transient regime, has been presented. Sim
tions giving realistic results were performed with a nonp
hibitive time cost. The last section shows that the adap
mesh size method is very efficient and strongly reduces
numerical cost. The Gummel method really provides be

m

ses

e

e

FIG. 10. Time evolution of the density at the middle of the well followin
two shifts of 0.1 V and 0.06 V. The initial condition is the solution of th
steady-state problem with an initial bias of 0.1 V. The density is natura
bigger for a stronger shift. The solid line represents the density for a shi
0.1 V and the dashed line, the density for a shift of 0.06 V.

FIG. 11. Time evolution of the mean spatial current following three diff
ent shifts: solid line 0.06 V, dashed 0.1 V, dash-dot 0.02 V. The final valu
reached at about 300 fs.
P license or copyright, see http://ojps.aip.org/japo/japcr.jsp



e
te
lu
rie
b
th
, a
c
th
n
so
,
b

.

a
nd
ls

ow
R
C

ed
te

-

v.

pl.

gh,

ys.

1994 J. Appl. Phys., Vol. 92, No. 4, 15 August 2002 O. Pinaud
results than the relaxation algorithm. For the time depend
regime, the major problem is the smallness of the time s
which implies a high number of iterations. A possible so
tion is to filter the oscillations that appear at the bounda
to increase the time step. Another improvement would
based on an adaptive integration over the momentum for
computation of the density in the transient regime. Indeed
the potential varies in time, the energy position of resonan
moves which requires a remeshing of the energy axis. In
present work, this idea was not developed and a static refi
mesh determined by the positions of the initial and final re
nances was used instead. This approach is, of course
optimal. It induces an extra numerical cost which should
removed by the dynamical remeshing of the energy axis
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