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Abstract

This work is concerned with the semi-classical analysis of mixed state solutions
to a Schrodinger-Poisson equation perturbed by a random potential with weak
amplitude and fast oscillations in time and space. We show that the Wigner
transform of the density matrix converges weakly and in probability to solutions
to a Vlasov-Poisson-Boltzmann equation with a linear collision kernel. We obtain
in addition that the local density is self-averaging. The proof brings together
the martingale method for stochastic equations with compactness techniques for
non-linear PDE in a semi-classical regime. It partly relies on the derivation of an
energy estimate that is straightfoward in a deterministic setting but requires the
use of a martingale formulation and well-chosen perturbed test functions in the
random context.

1 Introduction

This paper investigates the semi-classical limit of a system of Schrodinger equations
coupled via the Poisson equation (or equivalently the Quantum Liouville-Poisson sys-
tem) perturbed by random heterogeneities with weak amplitude and fast oscillations.
This system describes the quantum motion of a large number of electrons subject to the
Coulomb interaction and random perturbations. Models of this sort are widely used for
semiconductors modeling or nuclear physics, see for instance [24, 28]. More precisely,
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we are interested in the following random non-linear Liouville equation for the density
operator ¢° (i.e. a trace class, positive, hermitian operator) in three dimensions:

2
€
iedy0f = —§A+V€+U€,Q€ , t>0, r € R?, )
o°(t = 0) = o5,
where ¢f is a given initial density operator, [-, ] denotes the commutator between two

operators ([A, B] = AB — BA), and ¢ is the rescaled Planck constant and is therefore
small. With an abuse of notations, V¢ and U® denote multiplication operators by the
corresponding potentials. Here, U® is the Poisson interaction potential that has the

form .
Us = & 2
L (2)

where the symbol * denotes convolution in the space variables and n° is the local density
associated to ¢f. Its expression is given by n®(t,x) = p°(t,z, x), where p°(t, z,y) is the
integral kernel of p° and is usually referred to as the density matrix. The real potential
Ve = Ve(t, x) is random and accounts for some random perturbations that depend both
in time and space. The weak fluctuations are assumed to be fast and to oscillate at the
scale of the rescaled Planck constant e, so that we set Ve(t,2) = /2V (£, %), for some
random potential V' to be defined later on. Further motivations for such a choice will
be given in the sequel.

The deterministic system (1) (i.e. when V¢ = 0), or its equivalent formulation
in terms of Schrodinger or Wigner equations, see (3) and (6) below, has an extensive
history in the mathematical literature in many physical configurations, see e.g. [36, 10,
12, 29, 33, 27, 3, 15] for a few references. The semi-classical limit ¢ — 0 of (1) when
Ve = 0, relates the quantum motion of the particles to its classical counterpart. It is
generally performed with the help of Wigner transforms [43], see its definition below,
or by means of WKB expansions. The analysis via Wigner transforms leads to Vlasov
type non-linear transport equations, and requires the non-linearity be smooth enough
[33, 17], which is the case for the Poisson potential. See [25, 4, 2| for recent results
on semi-classical limits for rough potentials. Non-linear Schrodinger (NLS) equations
with power non-linearities [40] are excluded, but a semi-classical analysis using WKB
techniques in some configurations is still possible [16].

On the other hand, the semi-classical limit of the random linear system (1) (i.e.
when U® = 0) is now well-established in several physical contexts: particles submit-
ted to random impurities [39, 20, 21], or waves propagating in random media in the
paraxial approximation, see the review paper [5]. In the latter situation, waves gen-
erally satisfy the important property of self-averaging, meaning the stochastic process
given by the random Wigner function converges in probability to a deterministic quan-
tity. Such property is paramount for imaging purposes, see [14, 9], and generated some
interest in the analysis of the remaining stochasticity (corrector analysis) [8, 31]. In
the appropriate scaling, the limiting Wigner transform is solution to a linear transport
equation with a collision kernel depending on the two-point statistics of the random
fluctuations. The nature of the collision process depends on the oscillation scales of the
random fluctuations [5].



This work proposes to bring together these two types of semi-classical analysis and
to consider a non-linear problem with randomness. While each of them has attracted a
lot of interest separately, it seems there are relatively few works on semi-classical lim-
its with both non-linearity and randomness. The perturbations of NLS equations by
randomness have extensively been studied in the focusing case or in the context of An-
derson localization, see for instance [11, 19, 1, 42], but the semi-classical limit was not
investigated. Our analysis relies on the combination of the deterministic compactness
method used by Lions and Paul in [33] with martingale and perturbed test functions
techniques for stochastic equations [32, 37]. Under appropriate assumptions on the ran-
dom potential and the initial condition, our main result is that the (unique) solution
to (1) or the related Wigner equation (6), converges weakly and in probability to the
unique solution to the Vlasov-Poisson-Boltzmann system (9) with a linear collision ker-
nel. In addition, we obtain that the density n®, and not just the Wigner transform, is
self-averaging, which is apparently a new observation, even in the linear context.

To be more specific, we recast the system (1)-(2) in the following form: if the spectral
decomposition of the initial density operator gf reads, denoting by (-, )2 the usual L*(R?)
inner product,

050 = Y _ M50, p)2U5, Ve € LP(RY),
ieN
with pf > 0, Vi > 0, >, pf < 0o (since gf is positive and trace class), and where
(05,5 0)ien are the eigenvalues and eigenvectors of of, then ¢°(f) can be written as

= pW5t),0)ti(t),  Voe L*(RY),
€N

where (¢5(t));en form an orthonormal basis of L?(IR?) at all times ¢ and solve the system
of coupled Schrodinger equations:

2
ieO)S = —%Az/zf FVEE LU, t>0, 1z €RS )
?/}f(t = 0) = wé,i-
In addition, the integral kernel and the density have the formal expressions
(ry) =Y )W) (hy) 5 ni(ta) =Y Al (4)
ieN ieN

Above, (¢F)* is the complex conjugate of 1. The semi-classical limit is performed with
the Wigner function defined by

1 iy e 3 €
(23 /R p <t’x YTt §y> dy. (5)

The Wigner function is generally seen as a distribution function in the phase space,
even though it is not always positive. See [33, 26] for the main properties of Wigner
transforms, one of which being that all limits of Wigner transforms in a suitable sense
are non-negative. Starting from (3), it can be seen that the Wigner function satisfies
the following random Wigner-Poisson equation (WP):

OWE +k-V W= LW+ LIWE, t >0, (z,k) € R® x R, ©)
We(t =0) =W,

We(t, z, k) =




where W is the Wigner transform of the integral kernel of o, denoted by pf, and the
operators L] and L5 read, with, j =1, 2:

(LSWE)(t 2, k) = /R3 fi(t ok —m)We(t, z,m)dn

o (T ' [t A
fla(t7 X, k) - \/27_‘_3 |:V (g, —2]{}) e—ZQk-x/e -V (g’ Qk) 622k~a}/5:|
1

5 — —ik-y £ _E _JTE E
fltak) = o [ e Ut =S - Uit S0 an

Above, V denotes the Fourier transform of V with the convention

V(k) = /R 3 e RV (2)d,

and the density n® is formally related to W€ by

n(t,x) = We(t, x, k)dk.
R3
If W denotes the limit of the Wigner function, a simple formal expansion shows that
the operator L5 introduces the standard force term of the Vlasov-Poisson equation

LIWE — VU - VW

where .
U=— xn, n(t,x) = [ W(t, z, k)dk. (7)

B |z R3

On the other hand, the operator £j brings in the limit a linear collision term of the

form [6]
ewi) = [ o (P2 i) v - w), ®)

where o is a smooth collision cross-section and is related to the Fourier transform in
all variables of the two-point correlation function of the random fluctuations R, see
(12). The formal asymptotics therefore leads to the following Vlasov-Poisson-Boltzmann
(VPB) equation with linear collision kernel

OW +k-N,W =V, U-Vi;W=LW, t>0, (z,k)eR xR ©

Above, Wy is the limit of the initial Wigner function. The system (9) is deterministic,
and this is a consequence of the self-averaging properties of W< and n° in the limit ¢ — 0.
We will show in this paper that the limit can be performed rigously in the appropriate
setting. A first assumption is that the random potential is Markovian with bounded
generator, which allows us to treat the process (V¢, W¢) as jointly Markov and to make
use of the martingale formulation along with the perturbed test functions method in
a relatively simple manner. A second one is the traditional and crucial mixed state
hypothesis which provides uniform in ¢ L? bounds for the initial Wigner function. We
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will also assume that the initial total energy is bounded uniformly in €. This property
is paramount for the treatment of the non-linearity as it shows that the wave function
is e-oscillatory [33]. A consequence of this fact is that the density n® associated with
the Wigner function W€, converges to the density n associated with W. This is not
an obvious result since it requires some control of W¢ for large k, and such control is
provided by the energy estimate. Notice that showing that the total energy remains
uniformly bounded at all times is by no means straightforward in this random context.
It is in the deterministic case when V¢ = 0, since the conservation of the energy follows
formally by a multiplication of (3) by 9,1F, by integrating by parts, taking the real part
and summing over . When V¢ is not zero, this procedure brings either a term of the
form

%/Ot/Rg(atV)(g,g)ne(s,x)dsd:c or %/Ot /Rs(vxvxg,g).Js(s,x)dsdx,

where J¢ is the density current (see (47)), and these terms have a wrong homogeneity
in e. An important part of the proof is therefore to obtain some bounds on the total
energy. We were actually able to show that the total energy is uniformly bounded in
average, but have no information on the random energy itself. For this, we use the
martingale formulation along with well-chosen perturbed test functions.

The rest of the paper is organized as follows: in section 2, we present the several
hypotheses required to prove the result, we describe the construction of the random
potential, recall some standard existence results for the WP and VPB systems, and
finally state our main result. In section 3, we introduce the martingale formulation, give
an outline of the proof, derive the energy estimate and obtain some tightness property.
In section 4, we pass to the limit in the martingale formulation and prove our main
theorem.

Notations. For a function f = f(xz, k), the partial Fourier transforms w.r.t. = and k
are denoted by

Feel(eh) = [

R3

e Fifn) = [ ek
R

We use the classical notation for the continuous functions C°(R3 x R?), for the infinitely
differentiable functions with compact support C>°(R3xR3), for the Schwartz class S(R?x
R3) and the space of tempered distributions &'(R? x R?). We denote by O the class of
C>®(R? x R3) functions, slowly increasing in the variable k£ and bounded in variable z,
i.e. the set of C* functions with all derivatives growing at most polynomially in k£ and
bounded in z. An example of function in this class that we will use for the derivation of
the energy estimate is |k|?>. When there is no possible confusion, L” denotes the usual
L? spaces LP(R?) or LP(R3 xR?), p € [0, 00]. We also introduce the multi-index notation

o 00 0

v Ort 0252 025

a; > 0, a=(ar,az,03), |af=a+a+ as.
Depending on the regularity on f, g, (f, g) denotes both the integral

[ 1@ mgte kst
R3 xR$
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or the duality product &’ — S. Throughout the paper, C' denotes a generic constant
independent of € and 7" a finite time in (0, 00) independent of .

2 Main result

2.1 Settings

The random potential. We use a setting close to the one of [6, 7], see also [22] for
generalities about Markov processes. Namely, we construct a potential V (¢, x) that is a
stationary ergodic mean-zero Markov process in t, whose Fourier transform in space is
a measure with bounded total variation. We actually use the bounded total variation
property in the proof of the result and comment on this fact in Remark 4. The potential
is essentially obtained by performing a discrete Fourier transform of appropriate random
coefficients and is constructed as follows. Let V be the set of measures on R3 with
bounded total variation with support in a ball By = {p € R?, |p| < L}:

V= {V : |dV| < 00, suppV C By, V(p) = V*(—p)} ,

RS

where |d‘7\ denotes the total variation of the measure dV. The last property in the
definition insures that the Fourier transform of dV is real. Let B be the unit ball of C
and Z% = Z x Z x N. For m = (mq, ma,m3) € Z2, consider a collection of stationary
ergodic independent Markov processes 9(t) = (0(t))mez2 » each with the same invariant
measure 7, such that for ¢ € [0,7: 0,,(t) € B and

Er{tm(t)} =0,  Ex{(0m(t)*} =0,  Ex{|on(t)"} = Ro,

where Ry € (0, 1). Such construction is achieved for instance by setting o, (t) = |0, (t)]|e*™m
for appropriate random variables |0,,(t)| and ¢,,. The processes 0,,(t) are assumed to be
right-continuous with left limits jump processes with generator ) bounded on L*(B),
and given by, for any g € L*(B):

Qu(0) = / 9(@)dmo() — g(0), / dmo(@) = 1. (10)

Note that Q0,,(t) = —0,,(t) since v,, is mean-zero for all m. This means that 0,, is an
eigenfunction of Q associated with the eigenvalue —1, and therefore e590,,(t) = e=50,,(t).
Using this, the particular form of the generator yields the following correlation function,
for s > 0:

Eng {0m(t + 8)0,(t)} == Ro(s),
= Er {0 Eno {0n(t + )[0n(t) = 0}},
= E, {070} = By {0%e "0},
= Rpe°.

For all s € R, we find Ry(s) = Roe™*l. We extend @y, to all indices m in Z* by symmetry
by setting v,, = ©*,,. The measure-valued Fourier transform dV'(¢,p) of V(t,x) with
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respect to x is finally defined by

p) =D\ Bi(pn)om(t)5(p = pim)-

mezZ3

Above, § denotes the Dirac measure, (p,)mezs is a set of points in R3 symmetric
with respect to the origin (and thus satistying p(o,my,come,o3ms) = 010203P(my m1,m1), for

01, 09,03 = £1). Moreover, R1 a non-negative function in C2°(R?) with support 1ncluded
in By, such that R;(p) = Rl( —p). We verify that almost surely, dV € L=((0,T),V).
The random potential V' (¢, z) is then given by

1 ~ )
dV (t trp
Tt / AV p)e

We introduce the product measure m = W?Zi on (B,o(B)), where B = B®%} and o(B)

is the Borel o—algebra on . We then have

EA{dV(t,p)dV (t + 5,9)} = (27)°5(p + @) Ro(5) > Ri(pm)d(p — pm),  (11)

mez3

V(t,x) =

so that the correlation function of the random potential is

E{V(Ly)V(E+s,y+2)} = R(s,x) = 2m)  Ro(s) Y Rulpm)e™™™.  (12)

mez3

The latter infinite sums are actually finite since Ry has a bounded support. The limiting
Boltzmann equation collision term defined in (8) involves the Fourier transform in all
variables of R(s,z), namely, for a test function ¢ € S(R3),

Lolk) = / st (RS = 1) ot - o),

2m)3

- G LR (M) By (9 — ) (p0m) — (k).

mez3

and is therefore a discrete operator with our construction. If one is fine with a discrete
collision operator, one can leave the definition of the random potential here. We actually
decide to deal with continuous collision operators and interpret the latter sum as the
Riemann sum of the corresponding integral. This can be done either by introducing a
small parameter independent of ¢, and taking a second limit after the limit ¢ — 0, or
by allowing the small parameter to depend on ¢ and perform both limits at once. We
choose the second option and define a parameter h. = o(¢), and modify the Fourier
transform of the potential as

Vo)t p) = hE Y\ Bi(pm)om(8)3(p — p5,), (13)

mez3

where p; = h.m and for notational simplicity, we decided to omit the dependence of

dV on e. This leads to
pg = 3 Viimne.

mez3

Vi(t,x)
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Since R; has a bounded support, we then have, for k fixed here:

e =S R (M) B (5, — 1) (o05,) — (k)

mezZ3

b (=P ;
- / (QW)?,R()( ) o= 1) (000) = ) + ().

The following bounds also hold 7 almost surely, for some constant C' independent of ¢:

< Ch2 > \/Ri(pm) <C’

><(0,7T) mez3

sup 102V | 1o (0.1 55) H/ AV (4, p)]

a€eN3

1 <C.
Ll

(14)
This concludes our construction of the random potential.

Existence and regularity for the Wigner equation. When V¢ = 0, it is proven
n [3] for the Liouville-Poisson system (1)-(2) with e fixed, under the hypotheses on the
initial condition

Tr gf < 00 and TrvV—AggvV —A < oo,

that there exists a unique solution o°(t), trace class, hermitian and positive for all times
t € [0,T] and such that

Tr o = Tr o°(%) and TrvV—Ap" (t)V—A < 0.

Above, Tr denotes the trace of an operator. Same type of results are obtained in
29, 15] for the Wigner-Poisson system (6)-(2) with more regular initial conditions.
Using the regularity of the random potential (14), it is possible to adapt the proofs of
[3, 29, 15] to show that the Wigner equation (6) admits a unique solution such that
We e C°([0,T], L?) 7 almost surely. This solution admits in addition the conserved
quantities

W@z = W5z, [l @)l = [Ingllee, Ve €[0,T], (15)

with the notation n§ = n°(t = 0). As mentioned in [15], it is possible to use bootstrap-
ping arguments to obtain a better regularity, so that if W§ belong to S(R? x R?) for
instance (which holds if p§ € S(R®*xR?)), then it can be shown that W¢(t) € S(R3*xR3),
for all ¢ € [0,T] and almost surely. This is the regularity we will assume in the sequel
for simplicity, even though such strength is not required in the proofs. This regularity
theory holds for ¢ fixed, but does not hold in the limit. The kinetic energy is defined by

1
c () =1 / KPW= (1) dadk (16)
2 Jrs,

which in terms of ¢° or v; reads

285 (1) = & T V=R (V=D =Y pf eV (1) (17)

1€N



The total energy, kinetic plus potential is given by
&g 13 1 3
E(t) = Eian(t) + S IVUS (D172, (18)

with the notation £ = €°(¢ = 0). The assumptions we make on the initial condition
are therefore:

H: W¢ is deterministic and the Wigner transform of an integral kernel p§ € S(R? x
R?) with the uniform estimates

g/l + W5 llee + € < C, (19)

where the constant C' does not depend on €. This ensures that almost surely W¢e &€
C°([0,T],S(R? x R?)) with the conservations (15). Notice the fact that W being uni-
formly bounded in L? implies

D (0)7 =Ta(5) = llpslize = %27 W5 |17 < CE°. (20)
1€N

H’: W§ converges weakly in L? to a Lipschitz function Wy € L' N L> which verifies

/ |k Wo(z, k)dzdk < oo, for some m > 6.
R3xR3

The regularity assumed in H’ insures [34] that the Vlasov-Poisson system in R?® has a
unique solution f € C°([0, T], LP(R3 x R3))NL>((0,T), L>*(R3 x R?)), for all p € [0, c0),
and such that

vm' < m, sup /3 ) k™ f(t, z, k)dzdk < oco. (21)
R3 xR

t€[0,T]

The existence of solutions only requires weaker assumptions on the initial condition.
The hypotheses made above allow to show [34] that the density n(t) belongs to L>(R3),
which is known [35] be a sufficient condition for uniqueness. The existence and unique-
ness theory for the Vlasov-Poisson-Boltzmann system (9) is essentially the same. The
asymptotic limit of (6) provides the existence of a solution of (9) in L' N L? that verifies

ess sup / |k|*W (¢, z, k)dzdk < oo.
R3xR3

t€[0,T]

Assumption H’ then gives as in [34] the L°°(R?) bound for the density and consequently
the uniqueness of a solution W € C°([0, T, LP(R?* x R*)) N L>*((0, T), L= (R* x R?)), for
all p € [0, 00) and satisfying estimate (21).

2.2 Main theorem

We will prove the following theorem:



Theorem 1 Under Assumptions H and H’, the solution W<€ to the random Wigner-
Poisson equation (6) converges weakly in L* and in probability to the unique solution W

to the Vlasov-Poisson-Boltzmann equation (9) W, i.e., uniformly on compact intervals,
for all \g € L?:

lim P* (|(W5(2), Ao) = (W(1), Ao)| > 8) =0, V5 >0.

E—>
Moreover, the density is self-averaging: uniformly on compact intervals, for all Ny €
C>(R3):

lim P° (|(n°(t), Ao)2 — (n(t), Ao)2| > 0) =0, Vo > 0.

e—0

In the theorem, P* refers to the measure defined on the space C°([0, T, L*(R3 x R?))
generated by the Cauchy problem (6), see section 3, and (f, g)s = [ps [*gdz. The cross-
section of the collision operator in the Boltzmann equation is o(u,p) = Ro(u)Ry(p),
where Ry and R; are defined in section 2.1. Theorem 1 shows that not only the Wigner
transform W€ is self-averaging, but also the density n®. As explained in the introduction,
the latter is a consequence of the fact that the total energy is bounded in average inde-
pendently of € at all times. Such property was apparently not known. It is independent
of the non-linearity and also holds for linear problems.

Theorem 1 can easily be adapted to yield different collisions kernel than the one in
(9). For instance, if the random potential oscillates faster in time than the scale e,
i.e. V¢ has the form Ve(t,2) = V(55, 2), for some v > 0, then the limiting kernel is
given by

dp
W(k)=| — — kYW (p) — W(k)).
W) = [ o= BV - W)
On the contrary, if now V* has the form V*(t,7) = V(+%, £), for some v > 0 small

enough, then the collision kernel becomes conservative and reads

o) = [ ot mwe) - wins (L) o) = [ otupan

R3 (271' )2 2
Other transport regimes, such as Fokker-Planck-Poisson equations, can be obtained
depending on the scale of the spatial fluctuations of the random potential, we refer to
[5] for the corresponding scalings.

The Markov property of the random potential is essential in our analysis. It is known
in the linear case that such assumption can be relaxed to a random potential independent
of time by making use of diagrammatic expansions of the solution of the Schrodinger
equation [21, 39]. Such strategy only provides the convergence of the expectation of W*¢
and not the convergence in probability. In our non-linear setting, it is not clear this
technique can still be applied as the non-linearity should break down the diagrammatic
expansion procedure. We nevertheless expect the result to hold true for other types
of random potentials with fast oscillations, as for instance the ones constructed by
Fannjiang in [23] that are not Markovian but satisfy some subgaussian and mixing
properties. The mixed-state assumption is also crucial, both for the treatment of the
non-linearity and the randomness.

Other types of non-linearities can also be considered provided they are sufficiently
regularizing, for instance non-linear potentials of the form U® = (—=A)™*n® for s < 1
positive large enough.
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3 Martingale formulation

3.1 Outline of the proof

The proof combines the perturbed test functions method for martingale problems [32, 37]
with compactness methods for the Wigner-Poisson problem [33]. First of all, the Cauchy
problem (6) generates a measure P° on the space C°([0, T, L*(R3 x R?)) supported inside
the ball X = {W € L?, |||z < C}, where the constant C' is as in (19). The set X is
the state space for the random process W¢(t). The trajectories are actually smoother
(in C°([0, T}, S(R3 x R3)) because of the regularity assumptions on W¢), but that of the
limiting measure are not because only the L? norm of W¢ is uniformly bounded. Let us
introduce the notation v°(t) = <@m<§))mezi € B for all t > 0, where the coefficients 0,
and B are defined in section 2.1. The fact that 0°(¢) is Markov allows us to treat the
process (0°(t), W¢(t)) as jointly Markov and to obtain the corresponding generator. The
process takes values in B x X and we denote by P the corresponding measure on B x X.
The first step of the proof is to write the martingale problem for P°. For this, since
0°(t) appears in the Schrodinger equation only through the potential, or equivalently its
spatial Fourier transform Ve(t, p) := V[@E](é,p) €V fort € [0,T] defined in (13), we do
not need to use general functions of the form F' = F(0°, W), but only functions of the
form F = F(V[v°], W¢), for F smooth. The conditional expectation with respect to P*
is given by

By { F(VIE), W)} (7) = BF { (V) (r), W) | We(t) = W, () =0}, 7>,

and the generator A° is defined by

s [PV W) (14 5)

s=0

We then have the property
t
M; = F(V[o%](t), We(t)) — / ASF(V[if](s), We(s))ds  is a P° martingale. (23)
0

Let now A be a regular function in L>(V,0) and let ¢ € C*(R) be another smooth
function and define

fe(t) = o((WE(), ), fi(t) = ' (WE(1), A),  fI(t) = &"((W* (1), A).-

Only the choices ¢(u) = u and ¢(u) = u* will be relevant to us in the sequel. Note
that (We(t), \) makes sense since W<(t) € S and A(-,-,V) € O for V € V. We will
use test functions of the class O only for the derivation of the energy estimate, we will
use otherwise C2° functions for the perturbed test function method or passing to the
limit. In order to find the form of the generator A, consider first functions of Ve[i?]
only. Since Ry has a bounded support included in By, see section 2.1, \7[175] actually
depends on a finite number of coefficients v,,. They are such that |m|h. < L, where
Im| = /m? +m3 + m3, and we denote by N¢ the set of corresponding indices. Let us
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introduce the notation g(v°) = F(V[t¢]), where F € C>®°(V). Recalling that = denotes
the invariant measure of the process 0(t), we then have

) (24)

B g+ )] () =0} =+

ds

where

Q)= X Qs = X | [ atohtmalon) - o(0)].
meNe meNe LB
The first term of the r.h.s above corresponds to averaging with respect to the m—th
component On, of 0 = (U ) mezz - From (6), (22) and (24), we obtain the following weak
form of the generator

an® = 2o (w(le kv 2R )y )

7

where we have introduced the notation (7 = £ denotes the fast variable for simplicity)

eip-n |:1/}<SL’,?7, k — g) - 1/1(557777 k+ g)] : (26)

1

Ko, ) (x, 9, k, 0) = l/RS %

The operator [0, n] is simply a reformulation of £5 that emphasizes the dependence
on (0,m). Above, we have used that both £{ and L5 are self-adjoint for (-,-). The goal
is then to pass to the limit in the martingale formulation (23) to obtain the weak for-
mulation of the Vlasov-Poisson-Boltzmann equation. This requires two types of results:
the tightness of P* for convergence to a limiting measure P, this question is addressed
in section 3.5; and regularity estimates, that allow both to prove the tightness and to
pass to the limit in the non-linear term. The key ingredient is the energy estimate ob-
tained in section 3.4 with the help of the perturbed test functions method. This in turn
provides improved estimates on the density using Lieb-Thirring inequalities as in [33].
The limiting process is then shown to be a martingale with null quadratic variation that
solves in the distribution sense the VPB equation. The VPB system admitting only one
solution under assumption H’, our limit is this unique solution and deterministic.

The rest of the section is structured as follows: in section 3.2, we introduce some
perturbed test functions that will be used all along the paper; in section 3.3, we recall
basic estimates for the WP problem and in section 3.4 we prove the energy estimate.

3.2 Perturbed test functions

We will need the following two functions in our analysis : let first A\g € O, v € B and
consider the equation for \;:

k - Vn)\l + Qe)\l = —’C[’{}, 77])\0 (27)

The function A; depends on the fast variable n = Z, and on the slow variable x if A does.
Solving (27) amounts to solving the following standard Poisson problem for g € L*(B):

Qz—:f:g-

12



The kernel of (). is given by functions satisfying

F0) === ) Quf(®),

meN¢e

|N|

which is reduced to constants functions with respect to the variables 0, for m € N°¢.
If wn- denotes the marginal mye = fzg W, the Poisson equation is uniquely solvable

according to the Fredholm alternative provided g is orthogonal to the kernel of ()., that
is E;..{g(0)}=0. In such case, the solution verifies f € L*>(B) with E. .{f(?)} = 0
and reads

F0) = Q:0(0) = = [ dre@eg(o) (29)
Going back to (27), the equation is uniquely solvable since

Er v AK[0, n]Ao} = E-{K[0,n] Ao} = 0
and (28) yields after an inverse Fourier transform

1 o0
M(z,n, k,0) = —,/ dreerg(r,x,n,k,@),
0

1
~ _ d‘?['{}] (p) irk-p+in-p p P
g('r’,x,n, k,’U) - /VR3 W‘e |:)\O<x7k— 5) —)\<x07k+§)] .

The expression can be simplified with the observation that g can be written as

for some coefficients «,,, that depend on (r,z,n,k). We have consequently Q.g = —g
(see section 2.1) and therefore e"% g = ¢~"g. The function \; is then reduced to

N ]' OO - df/’{} irk- in-
)\1(567777/%,@):?/0 dre /Rs #e k-p+in-p [)\0($,k—g)—)\($o,k+g) .

Since \g € O, it is not difficult using (29) and (14) to see that A\; € L>(B,0). A simple
calculation involving (11) and (29) shows in addition that

E-A{K[0,n]A1} = Lo, (30)

(29)

where L. is given by

L )\0(37 k

3 (M) Ry (95, — k) (Mo(z, p5,) — Xo(2, k). (31)

mezZ3

See section (2.1) for the definitions of h. and p:,. We will also need the second order
corrector Ay given by the solution to

k- vn)\g + Q5>\2 = LaAO - IC[QA),T]])\l
Thanks to (30), the equation is uniquely solvable and the solution reads

Xo(z,m, k,0) = — /000 dre™ @ (LX) (z, k) — (K[o,n + rk]A\) (z,n + vk, k,0)] . (32)

Some estimates on A\; and Ay will be given in Lemmas 3.1 and 4.1. We have for instance
that A\; and )y are bounded uniformly in € if Ay belongs to L2.

13



3.3 Standard estimates for the Wigner-Poisson problem

In addition to the conservation of the L? norm of the Wigner transform and the L! norm
of the density stated in (15), some other uniform estimates can be deduced from the
Wigner equation (6). A crucial one is the energy estimate that we derive in section 3.4.
As already mendioned, such energy estimate is straightforward in a deterministic setting
(provided the exterior potential is slowly variable in terms of ), while it requires an
additional effort in the random case due to the fast oscillations both in time and space
of the random potential. Owing such energy estimate, it is then possible to deduce
improved bounds on the density n® and the potential U¢ as in [33]. Regarding the
density, the use of Lieb-Thirring inequalities yields in [33, 3| the estimate

72 ()]s < Cy (Tr(e* (1)) (5 () %2 0 € ]0,1), (33)
with 5 ] -

Setting ¢ = I gives

2 (0)] s < C (Tr(@* (H)2) 7 (Exm(t))Pe*.

According to (20), Tr(¢°(t))* < Ce3, so that the different ¢ compensate exactly and one
finds for all ¢t € [0, 7] and almost surely:

~jw

=@l s < C(Exin (1)) (34)

Regarding the Poisson potential U¢, the Hardy-Littlewood-Sobolev inequality [38] yields,
forn=0,1

— 1
107U e < Cllnller, — = +-,  1<rp<oo (35)
‘ r 3 D

3.4 Energy estimate

We prove in the section the following proposition, where we recall that £° is the total
energy defined in (18):

Proposition 2 We have the energy estimate

sup EF {&€°(1)} < C. (36)

te[0,7

Our strategy consists in using the martingale property of M; along with the perturbed
test functions method with test functions ¢(u) = u and \o(z,k) = |k]* € O. For
o°(t) = 0(%) € B, we use the shorthand V=(t,p) = V[i°](L,p) € V for t € [0, T], where
V is defined in (13). Using expression (29), we define first

N (2, k, VE(1) = ol ) + VEA (2, g k,VE(1) € L2V, 0), (37)

14



where \; is defined in (29) (we identity here V¢ with ¢°). Since M is a P° martingale,
we have the relation

EX (W= (), A (2, k, VE()))} = EX {(WE(0), A (2, k, VE(0))) } +EF / Af.(s)ds. (38)
We will then show that

EF {(W9(0), X(a, k, VE(1)} = E™ {€5,(0)} + O(VE) (39)

and

e [0 1 . 1 _pe
B [ A (s)ds = SIVU O] - 5

VU ()2 + / G (s)ds,  (40)

where the term |g°(s)| can be controlled by 1 + EF {&%(s)}. Together with (38)—(39),
we obtain an estimate of the form

0 < EF{e(t)} <E{e°(0)} + C/OtEPE{Se(s)}ds +O(Ve),

which yields the desired result thanks to the Gronwall Lemma. We give below the com-
plete proof of Proposition 2. An important point is to show that ¢° is sublinear with re-
spect to E¥"{€%(s)}. This is not clear at first sight since ¢° involves (W¢, £L5(Ag++/EN1)),
whose homogeneity is like (17¢)2. The term (W¢, £5\o) directly gives the potential en-
ergy. For the second one /e(W¢, L5\1), we make an explicit use of the extra /¢ which
allows us to obtain a control in terms of ||n°[|71 5, [[VU?||73 and |[U%||¢3, for a1, ap and
a3 small enough. The Lieb-Thirring inequality (33) then provides a sublinear estimate
for ¢° in terms of the energy. Without using the extra /2, the powers aq, as and az
are too large to obtain a sublinear estimate.

Proof. [Proposition 2] We need first an adequate expression for the first corrector

~

A;. Fix as a start some V' € V. Plugging \o(z, k) = |k|? into (29) yields

Mi(n,k, V) = 2i / dre~ / WD) jrirrinay . p) e 12V, 0).
0 g3 (27)

The latter expression is not convenient for estimating \; as it involves k - p. It can be
simplified by performing an integration by part in r. This leads to

A(n, k) = =2V (n) + 2/ dre”"V(n+rk)
0
and its partial Fourier transforms in &’ read

FooeM(E k) = —2dV(€) +2 / h dre e EqV (€) (41)
0

Fiahny) = =205V +2 [ e [ av©ersy 0. @2

The expressions (41) and (42) are understood in the distribution sense and need to be
integrated against a test function to make sense. For instance, for all ¢ € S:

(0, Frosyh) = —2(27?)3/

R

@0V 2 [ dre [ andV€)e 6 o.re)

15



We are ready now to use the martingale formulation. For the A® given in (37), let us

define
Gre(t) = (We(t), A*(z, K, V€ / A f.(s

which is a P° martingale. Using the definition of \;, (25) and (27), we find
¢ . t

Go(l) = (Wet),\) — / s (We(s), (K10°(s), 2+ VELS) A1) — / ds (W2(s), £27o)
0 0

= (WE(), A7) — AT — A5 — A5,

with obvious notations. We treat each term separately. For simplicity, we denote by
V =Ve(t) = V][o°(t)] € V which satisfies the uniform bound (14).

The term Aj. It is not difficult to see that K[0%, Z]A\; € L>(B, 0), so that its partial
Fourier transforms in z and k are well-defined in S’. Besides, since W¢(t) € S, we have

€ ~E T 1 € nNE x
<W ,’C[’U ,g])\1> = W<Fx_}§w ,./—‘.x_>§’C['U 7g])‘1>
and
dV (p D
0%, =)\ (€, k) M(E == k- L=, s
Pl ZNER) = 7 3 o0 R Fe e - Lk by e 12,5,
Using (41), it comes
> aFeehE - k—oiD) =28 Y o / TV (e¢ - p)er B E)
o1==1 € o1==%1

so that

2 N o N A
= i@ > o /R AV (p) /0 dre™" /R 6 dV(g)dke“”‘“f(}"x_,gwa)*(g+§,k+glg)'

2
o1=+1 P &k

Using (14), the latter expression can estimated by:

(e (s). K16, S )

C/ |dV(u)|sup
R3 p€R3

gc/ d'r’ersup/ AV (€K oW (€ +n e+ o)
0

6 2
peER3 RY,

/ dre™" / AV (&) dke™ < (Fyo e W) (€ + 01 2k + 0 1)
0 RG 19 2

c [ 1av(e)] sup / k| F oW (u, K)
R3 7

ucR3 JR3

< Csup/ dk|FomeWe(u, k).
R3

u€RS3

16



In order to control the last term, we notice that following the definition of the Wigner
transform and (4):

k
FeseWH(6.K) = 3 Z afwa( g) (Fu7) (g - g)

which yields, together with the conservation of the L' norm of the density (15)
Sup/ dk| FomseWe(s,6, 0)| < O pil|l FUil7 < C Y4 = Cllngllir < €. (43)
£eR3 JR3 ieN ieN

To summarize, we therefore have proven that:

sup ‘<W5(s),IC[V€(s),§]>\1>

s€[0,T]

<C, P° almost surely. (44)

The term A5. The Fourier transform of £5\ in §" with respect to k reads
? 3 3
FrsyLilo(z,y) = E(Ue(:c + iy) —Uf(z — éy))Fk%yko(y), (45)

with in the distribution sense
Fk%y)\o(y) = /3 e*ik'y|k|2dk = —(27?)3Ay5(y).
R

Since .
FioWe(ay) = > pivi (v = 5y) 01" (2 + 5v). (46)
ieN
this implies that

1

W)L = —= [ do [, (W) () (e + 5) = U(a = 50))

y=0

- / AoV o (Fisy W) (5,2, )| y=0 - VoU* (2)
]R3

= /deesx - VU (z).
R3

Above, the current J¢ is defined by

JH(s,@) = 59 pi(05) VY (5.2) (s, ) (47)

ieN
where & denotes the imaginary part. The classical identity
on®+V,-J =0,

together with the fact that —AU® = n® finally yield

t 1 1
/0 (W=(s), L3h0) ds = 5[ VU032 — 5 IVU° (@)II7-. (48)
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The term A5. Let
OU* (z,ey) == Ua(er%y)—Ua(x—%y). (49)

Then, using (45) and (42), we have in the distribution sense

21 o ~ , x
Finihlen) = Zovaen) | [T [ avi@ers o - o) - @npswvt)
0 R3
This implies that
21

(We(s), LsA1) = W/o dre™" /RS /RS AV (€)dwe’™ /*(Fyy W) (5,2, 7€)0U* (2, er€).

From (46) and the Cauchy-Schwarz inequality, we deduce that

BV (el < \fniGe = S0y fnsGe+ S0)

which yields, together with the Holder inequality

€ € 9 - —r ¢ €
(WL < = [ are [ 1av©) [ anliveno)

x\/nf(x — %Tf)\/n’f(x + %rf)
C o0 .
< Sl [ e [ av@laveesl, . 60

We already know from (34) that

3
z S C181:1n

Il

so it only remains to treat 0U°. Standard interpolation estimates along with classical

results for differential quotients show that

1 1 1 1
< V20U (, er&) 17l V%N 7ua < V/2er €IV UP 22N 0P o
This is where we take advantage of the extra /c factor related to the test function ;.

This allows us to control [[6U(-,er¢)||
in some L” norm to compensate exactly the e~! factor. Using estimate (35) with p = 14
and n = 0, together with estimate (33) with § = 2%, we find
|UF][za < Clln7]l, 4
< O(T(e))"* (€)' e

To_ _
S 0820 2( iin)l 0'

10U=(-, e7€)

[P

7 by [[VU?||;2 and not by a larger power of VU*

Above, %9 — 2 > 0. Going back to (50), it comes, using the Young inequality, the fact
that V has a bounded support and that d+i1-0)<?3

3,11 1
WVE (W= Lsh)| < cenftert= 0 vee 2,
C(1+ &5, + | VU|[%)

C + Cé*. (51)

IAINCIA
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End of the proof. We have, using (41)

1
<W67)\1> - W(Fzﬁfwaafxﬁf)\ﬂ

_ _# /]R AV ()R (Fen W) (€ )

- h - f irk-§ £\ *
+(27T)3 /0 dre /R ., dV (§)dke™ (Fom e W) (&, k).

This implies, together with (43)

el <c [

R

|dV| sup/ dk| Fose We (u, k)| < C.
3 u€R3 JR?
We therefore have just proved (39). Gathering (44)-(48)-(51), we obtain (40), which,

as announced previously at the beginning of this section, leads to the desired estimate
after the use of the Gronwall Lemma in (38). O

Remark 3 Proposition 2 with (34) yields

n* (1)

We extensively used in the proof of Proposition 2 that W€ is the Wigner transform of a
density operator. It is not clear such an energy estimate holds for general solutions to
the Wigner equation with an initial condition which is not the Wigner transform of an
initial density operator.

EP

<C, Vtelo,T). (52)

z
5

N~ wiN

Remark 4 We want to comment here on our form of the random potential and how it
1s used for Proposition 2. The Markov assumption allows us to solve the equation for
the corrector A1 (27) and can be seen a regularization of the same equation with Q. = 0.
As already mentioned, such an hypothesis can be replaced by some other provided A\ is
well-defined. The fact that 0(t) is a jump process with the generator (10) provides us
with simple, pointwise estimates (with respect to dV) for A\y. Such assumption could be
relazed to more general bounded generators with additional technicalities. More essential
1s the fact that dV is a measure with bounded total variation. This allows us to estimate
the terms A5 and A5 uniformly with respect to €. In particular, we can control stochastic
integrals of the form

I = / AV (€)dkFpse WE(E, k)
RS,
directly by

|| < / \df/(f)| sup/ dk|FomseWe(u, k)| < Clngll o < C.
R3 R2

ueR3

It is not clear to us how to relax the bounded total variation constraint, in particular
for estimating the non-linear term A5. A possibility could be to make use of Malliavin
calculus and treat the stochastic integral as a divergence operator. This would require to
derive some estimates for the Malliavin derivative of We.
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3.5 Tightness

We prove in this section that the family of measures P¢ is tight in the space D([0,77], X)
of X-valued right continuous processes with left limits endowed with the Skohorod
topology [13]. Here X is the state space for W¢ and is defined in section 3. Since the
measure P¢ is actually defined on C°([0, T, X) and the Skohorod topology relativized to
continuous functions coincides with the uniform topology [13], we also obtain tightness
in C°([0,T], X). Moreover, since the space X is a metric space, compact for the weak
topology, the tightness of the family {W¢ e € (0,1)} is equivalent to the tightness of
the family {(W¢ \o),e € (0,1)}, for all Ay € L?, and by density for all \y € C(RS).
We use the following criterion of tightness of [32], Chapter 3, Theorem 4. We need to
prove that

hm limsup P*{ sup |[(W*<(t), \o)| > N} =0, VT < oo (53)

N—oo g0 t€[0,T)

and that, for each ¢ € C*(R), there exists a sequence g. € L*((0,7")) such that for
each T' < oo, the family {A°g.(t), ¢ € (0,1), t € (0,7)} is uniformly integrable and

lim B={ sup [o((W7(0), M) — g:(1)] > 6} =0, V5 >0, (54)

t€[0,T]

Item (53) is immediate because of the conservation of the L2 norm of We. Let V =
Ve(t) = V[oe(t)] € V which satisfies the uniform bound (14). For (54), we introduce
the corrector

f2(t) = VEL)(WE (L), A) (55)
Wlth F2t) = d((We(t), X)), fL(E) = &' ((WE(E), Ao)) and Ay = Ay (z, £, K, Ve(t)) is defined
n (29). Decomposing the gradient V, into

)

1
V., > Vet-V, n=-=
£ £

we find

Aty = Ve (we (Too+ vy o Skt ) 1)

FVEWE ) f2(t) <W€, <k -V, + %K[@a,n] + ﬁg) )\0> : (56)
Hence

A(F(0) + f2(1) = AT+ A3
where
Al = SO W (k- Ve + L£3) M)
1 ~NE 3
VBV 220 (W, (- Vit K]+ £5) o)
1 ~NE 3
A5 = Vefl(t) <W€, <k: -V + %’C[’U .n)+ £2> )\1> :
We set g. = f2+ f for criterion (54), so that we need estimates for A5 and A5 in order

to prove the uniform integrability. To this end, we use the following series of Lemmas.
The first one is given without proof and is a simple adaptation of the one proved in [7]:
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Lemma 3.1 There exists a constant C' independent of € such that, for all Ao € S and
all V €V satisfying estimate (14):

. X
[ A1l oev,z2) 4 1K - Vi ||l v,22) + IK[V, g]”ﬁ(m <C.

In the Lemma, the differentiation is meant with respect to the slow variable z and £(L?)
is the space of bounded operators on L?. We will also need the following two Lemmas.

Lemma 3.2 Let A € §. Then, we have the estimate:

I

(W, LEN) | < ClWE[ 12| VU | 2 (/ dyly|® Sup |fmy>\(x7y)|2)
R3 z€R3

Proof. Using notation (49), we have

'l. * €
(We,L5N) = (27?)35/]1@ drdy(FryWe(z,y)) Froy Az, y)0U (2, €y)

6
Yy

so that

N

€ IS5 1 € 15
[(We, L3N | < WIIW 22 (/6 drdy| Fr_yMz,y)oU (fv,ey)l2>

2

1
— |WWEll o el ;g d2 A 2
s W90 ([ ol sup 1Fico Mo

IN

0

Lemma 3.3 There exists a constant C' independent of € such that, for all Ao € S and
all V€V satisfying estimate (14):

€T ~
[l sup | Fi (o 2y VP < €
R3

zER3
The proof of the last Lemma is postponed to the Appendix.

Gathering Lemmas (3.1)-(3.2)-(3.3), we conclude that there exists a constant C'
independent of € such that

ATl < CIWE 2 U+ [[VU [z + [WE 2 [VUF[|12) < €+ C VU] 2.
Using the energy estimate of Proposition 2, this yields
sup B {| A} < C,

t€[0,T]

which shows that Aj is uniformly integrable. Proceeding analogously, we deduce in
addition that A5 is uniformly integrable. The property (54) follows from the fact that

20 < Vel o= W5l 2 Ml 2 < CVE.

The proof of tightness is now complete.

21



4 Passing to the limit

In this section, we pass to the limit in the martingale formulation and prove Theorem
1. We use again the notation V' = Ve(t) = V[0°(t)] € V. Recall first that for smooth
functions F',

t
ME = F(VE(8), We(t) — / AEF(VE(s), W(s))ds  is a B* martingale,
0

where A® is defined in (25). The martingale property of M; implies that for any sequence
0 <t <ty <---<t, <t any bounded continuous fonction h, we have, for all
Ao € C(R) and s > 0:

B {h ((WE (02, Aods ==+ 5 (W= (1), o)) [M7, = M]} = 0. (57)

We have shown in section 3.5 that the family of processes {WW¢ e € (0,1)} is tight in
the space C°([0,T],X), so that there exists a subsequence, still denoted by W€, that
converges in law to a process W € C°([0,T], X). Notice that since the limits of Wigner
transforms are non-negative [33], W is non-negative. We will pass to the limit in (57)
and show that the limit of M; is also a martingale, and that the corresponding process
for ' = ¢((W, \g)) and ¢(u) = u is a martingale with null quadratic variation. This
then allows to identify W with the unique solution to the VPB system (9). The passage
to the limit is done first by introducing different correctors. In addition to f! defined
in (55), we set, using the same notations as section 3.5, with A\; and Ay be the test
functions defined in (29)-(32) :

F2) = eI (We X)) ff(t)zgfé’(t)«WiM)Q-

Then, forn =<

e?
1

AL = ef(0) <W€, GQ bRV, ka4 ZKIE (0.1 + Lg) )\2>

e (W), Aa) £ (1) <ws, (k Y+ %K[@E(t), 0] + cg) )\0>

AS3(t) = eff/(H)(We ) <WE, <§Q + %k -V, +k-V,+ %K[@E(t),n] + Eg) )\1>

L0, + ) J)

reve 2120 (W (9 +

and therefore, together with (56)

A(LO+ O+ L0+ 1) = fi@) W@, (k- Va+ L5+ Le) Ao} + VER(1)
= AL + Ay (f) + VER:(1),
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where L. is defined in (31), R is an error term, A5 and A%, are linear and non-linear
parts given by

AL@) = F@) W), (k- Vo + Le) Ao)
ve(t) = L) (WE(2), L5M0)

(
(
R.(t) = [fl(t) (W k- V. + L5N)
(W )£ (@) (W, (k- Vo + L5) Ao)
F L) (WE, (Vek - Vo + K[0°(),n] + VELS) Aa)
H(WE Aa) f() (W, (VEk - Vi + K[0°(t), 1] + VELS) Ao)
F 1) (We, (Vek - Vo 4+ K[05(1), ] + VELS) M)

with obvious notations. We need the following Lemma, whose proof is postponed to the
Appendix:

Lemma 4.1 There exists a constant C' independent of € such that

T ~
||)\2||Loo(v,L2)+||k"vaz>\2||Loo(v,L2)+/ dyly|? sup |Frsyta(z, oY VE(t), Ao)|? < C. (58)
]RS

T€R3
We then have the following result:

Lemma 4.2 There exists a constant C' independent of € such that

sup EF{|R.(t)2} < C.

t€[0,T]

Proof. Estimating the terms R, R, R and R (that do not depend on \s) is done
as in the proof of tightness by using Lemmas 3.1-3.2-3.3, we leave the details to the
reader. The linear terms in RS and Rj are treated with the first two estimates on A,
of Lemma 4.1, along with (3.2) and Proposition 2. For the non-linear term (W<, £5)s),
we use Lemma 3.2 together with the third estimate of (58). O

Let now
FWe V) = f2(t) + f2(1) + f2() + £2(2) == f2(t) + re(t).

We know from Lemma (3.1), (58) and the fact that ¢ is bounded in L?* that

sup |re(t)] < veC. (59)

te[0,7)

We then write s
s = M =m(ts) + / Aoy (r)dr + R0,
t
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where
me(t,s) = fo(t+s)— / A5 (T
R-(t) = r(t+s)—rt \/_/
We deduce from Lemma (4.2) and (59) that

sup EF{|R.(t)*} < Ce. (60)

t€[0,T]

We then pass to the limit in the operator £. defined in (31). As stated in section (2.1),
it is given by the Riemann sum approximation of the continuous operator £ introduced
n (8). Since Ay € C°(RY), Ry(s) = Roe ¥l and R; € C°(R?), it is then not difficult to
see that, almost surely:

sup [ (W5(2), (L = L)Ao) | < sup W5 ()| 2[|(Le = L) Aol < Che = o(e),

t€[0,T t€[0,7]

so that we can replace L. by £ in A5. Finally, using the fact that P° converges weakly
to a measure P in C°([0, 7], X), together with (60) and the fact that h is continuous and
bounded, we can pass to the limit in the linear terms so that, Vs > 0

lin B {1 (V5 (12), Ao). -+ (W (1), do)) [ (1, ) + R (1))}
— P {h (W (1), Mol (W (E), Ao)) malt, )} (61)

where

m(t,s) = G((W(t+ ), M) — S((W(s), o)) / e
AL(t) = (W), o)) (W(E), (k- Vs + L) Ao)

It remains therefore to pass to the limit in the non-linear term A%, .

Non-linear term. We need first a refined version of Lemma 3.2:
Lemma 4.3 For \g € C°(R®), we have the relation
(We L5Ng) = — (W=, VU - Vi) + S:
with
sup EF|S.(t)| < Ce/15.
te[0,7)
Proof. Using the notation (49), we have

i % CTTE
(W=, L3Xo) = W/ drdy(Fi—y W= (2, y)) 06U (z, ey) Fryro(,y).
RS,
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Using
1

Us(x +ey) — U (x) :»3/ y - VU (x + ety)dt (62)
we find O
(We, L5h) = — (W=, V,U®- Vi) + Se
S. = ﬁ /ng dwdy(FW*(z + %y, Y) (2, y) FroyAo(e + %y,y)

re = /1y'V[UE(x+€ty) — VU*(x)] dt.

Assume the support in = of Ay is included in a bounded domain D. Using standard
interpolation inequalities, we have

1
lrelizy < Wl | @HIVUSC+ ety) = VU oy
0
1
< Clyl / dt| VU (- + ety) — VU |52 VU (- + ety) — VU7 2)2.(63)
O xT

From (62), we deduce that

HaxlUT( -+ Ety) — &Ber 775 < e\y\tH&xiVUeHst

[

and consequently
3
VU (- + ety) = VU s < Celylt Y [102,00,U% | o (64)
ij=1

In order to bound the r.h.s, recall that U¢ = (—A)~'n®, so that, since the operator
05,0x,(—A)~! is bounded in L, 1 < p < oo,

1182, 00, (= A) "0 ss < Clln || s (65)
On the other hand, the inequality (35) with n = 1 yields

”VUE 21/8 S CHnEHL7/5

2

so that together with (63)-(64)-(65), it comes
Irellzz < C¥2ly[lIn®]l 7ss.

Going back to S., we find

1/2
.1 < C=glas ([ dalyl?sup Ficol?) el < O
R3 z€R

which ends the proof using (52). O
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According the previous Lemma, we thus only need to look at the limit of

B, = Eps{h((We(tl),Ao>,-~- ,(W*f(tn),A(]))/t Sde;(T) (W, V.U - Vido) (r)}.

To this goal, we use the Skohorod representation theorem [18]: since the subsequence P*
converges weakly to P on C°([0, T], X') (which is separable), there exist random processes

We and W defined on a common probability space (2, F,P) (which can be chosen as
(10,1), B([0, 1)), dw), for dw the Lebesgue measure and B([0, 1)) the Borel o-algebra of
[0,1), see [18]), such that P* is the law of We, P is the law of W, and W¢ converges P

almost surely to W for the C°(0,T, X — weak) topology. In other terms,

lim sup d(We(t), W(t)) =0, P almost surely, (66)

where

B i |(ei,WA//5—/WV)|
d(f.9) = XI; 21+ |(en, W — )|

and (-, -) is the usual L?(R3 x R3) inner product and (e;);ey a dense set in L?(R3 x R3).
We introduce the notations
~ —~ ~ 1
n(t,x) = | We(t,x, k)dk ; Us

= * ME.
. drfa] "

Since the processes We and W¢ have the same laws, tilded quantities satisfy the same
estimates as the non-tilded ones, namely, P almost everywhere:

| =c (67)

N wiw

i ["Wv€<t)|’L2 + |7 (@)l + ELE ()} + ElRe ()]

telo,

where E denotes expectation in (€, F,P). Moreover, we have the equality
~ — — s — —
B, = {h (W), Ao}, -+, (W=t Ao) ) / arfL(7) (W2, V.U° - Vido ) (T)} ,
t

where f/(t) = d((ﬁfa(t), Ao)). We pass to the limit in the last expression using (66) and
compactness arguments deduced from the various estimates on n° and f]}v A first result
is given by the following Lemma: we use some WP type estimates on U¢ to transform
the weak convergence (66) into strong convergence in the appropriate setting. More
precisely:

Lemma 4.4 We have

<er, v, 0" - mo> (1) = <'W, v, U° - mo> (1) + RE(D), (68)

N
lim E {/ \RE(T)|dT} = 0.
e—0 0
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Proof. Let
G (t7) = / Ak o, k) (7% — W)(t, z, k)
R3

as well as

(We, VU - Vido) = (W, V,U* - Vido) + R°
3
R = (We—W,V,UsVido) = > (0,,U%, g5)a

i=1
where (-, -) denotes the L?*(R?) inner product. From (66), we deduce that, Vi) € L?(R?),

lim sup |(¢,g;5(t))2| =0, P almost surely.
=0 e(0,17]

Assume moreover that the support of Ay in z, denoted by S, is stricly included in a ball
D. Let x be a smooth function with support S such that S, CC S CC D and xy =1
on S,. Denoting by Ap the Dirichlet Laplacian on D, we then have

(0:.U%.99)2 = (I —Ap)2x0nU%, (I = Ap) 240
The classical following estimate holds

1 —~

and according to (65),

10:,0:, 07,3 ) < Il 5,

L% (D)
so that .
< C|VU4| 2oy + ClIn°|| 2

(I = Ap)2x0.,UF| 3 (69)

L5 (D) L3 (D)’
Besides, since (I — Ap)~2 is a compact operator from L2(D) to Lz (D), it is clear that

_1

lg%tsﬁ% (I —Ap)~2g Z(t)HL%(D) =0, P almost surely. (70)

This can be seen for instance by interpolating first the L% norm as
17 = AD)’%gf(t)HLg(D) < (I = Ap) "2 g5 ()| 20| (T = Ap) 265 ()15
for appropriate 6. Furthermore, Sobolev embeddings implying that
11 = Ap) "2 g5 (1)l zop) < I = Ap) 2 gi )|y < Cllgi ()l z2py < C, (71)

for a constant C' independent of ¢, it is not difficult to show (using for instance a spectral
decomposition of (I — Ap)~2) that
1

lim sup ||[({ —Ap) 2g

e F(O)|l2py = 0, P almost surely.
e~Y¢el0,1)
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Finally, using the Hélder inequality and (69)

t —~
/ R(lar <€ sup T = 80) Eai Ol 50, [ (195 o) + 170,15,

t€[0,T)

so that

2
t
E{/|Wﬁwh}§0 E (wPWf—AMQﬁ“meJ
0 t€[0,T

1/2
x <sup (B 012, +EHVU€|@2(D))> -

t€[0,T]

I~

The last term in the r.h.s is bounded because of (67). The convergence (70), the bound
(71) together with the Lebesgue dominated convergence theorem then end the proof of
the Lemma. O

Using the last Lemma, we thus have

B, =E {h ((We(tl), o), s (We(t), )\0>> /tHS dr f!(7) <’m7, v, U° - mo> (ﬂ}

+9:(t,s),  with sup |g(t,s)] = 0,
t,s€[0,T

so that we are left to pass to the limit in the term <W, VJJ? - ViAo). This is carried
out using weak compactness arguments. We deduce first from (67) that we can extract

subsequences (still denoted by n® and VU® for simplicity) such that

R a0 L((0,T), L73(Q, P; LTP(R?))) — wx (72)
VUS = F°  (L((0,T), L*(Q, P;: L*(R*)))® — w *. (73)

We identify now the limits n° and F°. For this, we need to introduce the Husimi
transform of We [33] defined as

WE — Ve % G, where Ge(z, k) = (WE)_ge_(‘x‘Q*"kP)/a_

The main property of the Husimi transform is to be non-negative and it is not difficult
to see that ¢ and W* have the same limit W see [33]. Besides, since W and W have

the same law and W is non-negative, W is itself non- negative P almost surely. Moreover
17 () 1y = W) 1oy < .
so that we can extract subsequences such that W® converges in the space
1((0,T), (5, P; M(R® x BY)) — ws

to a measure p, where M(R3 xR3) is the cone of bounded positive measures on R? x R3.

The fact that We and We have the same limit allows to identify dp with Wdzdk and
therefore W € L((0,T), L®(2, P; L*(R® x R3))) since it is non-negative.

We have the following lemma, which is a consequence of the energy estimate (36).
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Lemma 4.5 We have the identification
ot x) = [ Wtz k)dk =n(t, z).
RE

Proof. For any function ¢ = ¢y ® 1y, ¥ = 1 (t,w) € C((0,T) x Q), 1y = 1ha(x) €
C2°(R?), we have from (72)

IE/OT(w,ﬁe)gds%E/OT(w,ﬁo)gds. (74)
Let
Ne(tw) = | We(t @, k)dk = (e) 3 2e 1o /2 s e (75)
We have ’
o7 = (i NYa| = | (= (me) 202 sy %)
< s — (mwe) T2 s | e |7 | s
Since

i  (me)H2elele L
lim [[¢hy — (me) ™2™ E x4y 12 = 0,
we obtain, thanks to the bound (67)

lim sup B |(¢ho, )2 — (1h2, N%)a| = 0, (76)
€0 4¢(0,77]
so that we only need to consider (1), N¥) and can replace (1, n) by (1, N¥) in (74). Since

We and We have the same limit W, we clearly have for some R > 0, according to (66),
P almost surely:

/ o (2)WE (E, 2, ) dadlle — / (@)W (t, 2, k)dadk| = 0. (77)
3 J|k|<R

r3 JIk|<R

lim sup

To obtain a control for large R, we observe that we have the relation:

J

which implies, thanks to (67)

—~ 3~
; |k|2W‘€d[L‘dk’+?HTL€HL1,

xk

\k[2Wedzdlk = /

6
xk R

sup / |k|PE{ W }dzdk < C. (78)
RG

te[0,7

Therefore, since W¢ is non-negative,

lim lim sup
R—o00 e—0 te[0,7]

/RS Ik|>R o (@) EAWE (1, z, k) }dxdk

1 ~
< |||l lim lim sup —- \k|PE{W?(t, 2, k) }dzdk = 0. (79)

2
R—00 =0 40,77 R RS
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Let now

ng(t,z) = W(t, z, k)dk.
[kI<R

We have

ds = W — W°) dadkd N —71)yd
E/o (¥, 1im)2 ds E/o /RS |k\g3¢( )de 5+E/0 i )2 de

T T
K / / WWF dadkds + E / (¥, ) ds.
0o Jr3Jik|>R 0

Gathering (74), (76), (77) and (79) then show that

lim E/OT(w,nR) ds =FE / (1, n%)2d

R—o0c0

Since we proved earlier that W € L>((0,T), L>=(Q2, P; LY(R? x R3))), the Lebesgue
domlnated convergence theorem shows that the first term on the left above is equal to
E fo ,n)2 ds. By density of functlons of the form 1) = 1), @10 in C((0,T) x 2 x R3),
see [41] Chapter 39, we deduce that n° is equal to 7. This ends the proof of the Lemma.
0

Owing Lemma (4.5), the identification of F° is now straightforward: for all ¥ €
C>((0,T) x Q x R3), we have from (73)

. T . . T
E/O (¢,VU€)2ds—>E/O (1, F%)y ds

But

(¥, VU)s = (¢, V-—— % %)y = —( x (V1)) 7)a,

s o * (V) € (LM((0,7), LTV*(Q, P; LT/?(R?))))?. This then

allows to pass to the limit using (72) and Lemma 4.5 and to conclude that F° = V 473‘33‘

47T|l‘| 47|z

and from inequality (35)

End of the proof. We have all needed now to end the proof and to pass to the limit
in B; ;. Since h and f] f/ are continuous with respect to We and uniformly bounded, since

g(t,x,w) = /R3 W(t,z, k)Vido(z, k) € L=(, P; C°([0, T, L*(R?)))?

with a uniform bound, we can pass to the limit in B*(¢, s) using (73) to obtain that,
Vt,s € [0,T7:

i 5, = B {0 (00 (). 00) [ /) (090} ()}

where

. — -1

()= (W(r),x)) 3 U=

47|z



Gathering this latter result with (61), we find, for all s > 0:

E{ ((W(t2), do). - (W(ta). M) ) (Mo = Mi]| =0,
with

M, = f(t) — tﬁﬂs)ds, Af(t) = f't) <’m7, (k-vm—vﬁ-vHL) )\0>.

0

Since W and W have the same law, we deduce that
E* {h ((W(t1), ho), -+ (W(tn), M) [Mirs — Mi]} =0,

where the definitions of the untilded quantities are the same as the tilded quantities
with the "removed. We therefore conclude that M, is a P-martingale. We use this fact
for the functions ¢(u) = u and ¢(u) = u?, and denote by M, and M? the corresponding
martingales. Classical arguments related to martingale theory, see for instance [30]
section 5.4, then show that the quadratic variation of M} is null, so that, for all ¢ € [0, T]]

M = (W (1), Ao) — /Ot (W, (k- Vy — VU - Vi + L) Xo) (s)ds = (W, Ao).

It is then direct to see that W € C°([0,T], L?) is a solution in the distribution sense
of the Vlasov-Poisson-Boltzmann system (9). The solution being unique according to
Assumption H’, W is therefore this unique solution and deterministic. Now that we
know that W is deterministic, the convergence in probability is a consequence of the
fact that, for any v € L?

E™ sup [(W(t) = W(t),¢)]* = 0.

te[0,7

Convergence in probability of the density. We prove now the convergence in
probability of the density knowing that W is deterministic. For this, we remark as
shown in the proof of Lemma 4.5, that it is enough to prove the convergence of N¢(¢, x)

defined in (75). Let ¢ € C>°(R?) and write

(Y, N° —n)y = / (We — W) (z)dzdk +/ / (W? — W)(z)dxdk
R3 J|k|<R R3 J|k|>R
= 17 +1T5.
We show first that, VR € (0, 00):

lim E™ sup |T¢] = 0. (80)

=0 te[0,T]

Notice that the above quantity is perfectly defined since W' is deterministic. Let F'(11/°¢)
be defined by
F(W?) = sup [T7],

te[0,7
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where the Husimi transform is seen as a function of W¢. It is a continuous function of
We for the C°([0,T], X — weak) topology, i.e., for any u® € C°([0,T], X) such that

lim sup d(u®(t), W(t)) =0, then lim F'(u®) = F(W).

e—0 te[0,7) e—0

Above, the distance d(-,-) is defined in (66). Since moreover F' is uniformly integrable
as
[EWE) < CAUWE 22 + [Wollz2) < C,

we conclude from the convergence in law of W, in C°([0, 7], X) that
lim EF{F(W®)} = EF{F(W)} = 0.
E—

It remains to treat 75. For this, we use the energy estimate for the Husimi transform
(78) together with the estimate (21) satisfied the W the solution to the Vlasov-Poisson-
Boltzmann equation. We find

|k|2(EPE{W€} + W) (t, 2, k)dvdk < <

sup sup EF {|TE|} < sup sup e

€(0.1) te[0,T] ce0.) tefo.r] B2
Together with (76)-(80), this shows that
lim sup E {|(¢,n" —n)y|} =0,

£=0¢ejo,1]

which implies the convergence in probability thanks to the Markov inequality. This ends
the proof of the theorem.

Appendix

4.1 Proof of lemma 3.3.
With the notation 7 = 2, we deduce from (29) that

Froyhi(z,1,) E > o / dre / V(p)er e F N (2, y — rp)
o1==+1

(81)
and therefore

FioMen )| <C [ e [ (av)IF e < C
0 R

Hence, we only need to consider the set |y| > 1 to prove the proposition. For r >
ly|/(2L), the corresponding contribution in right hand side of (81) is controlled by

Celvl/en) / 1AV || Fosy Mol e < Ce VD), (82)
R3

When r < |y|/(2L), since A\g € S, there exists C' such that

C
(1 [2[") (1 + |y[*)”

|-Fk—>y)\0(x7 y)| S
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which implies, since r < |y|/(2L) and |p| < L (recall that the measure V has a bounded
support included the ball of radius L):

ly —rpl > |ly| —rlpl| > |yl|/2.

The second part of the r.h.s of (81) is thus bounded by Cly|~'°. As a consequence, it
comes together with (82)

/ dyly|? sup | Frsy (z,m,9)> < C+C dyly[*(e W/ @) 4 1y 720) < C.

z€R? ly|>1

This ends the proof.

4.2 Proof of lemma 4.1.
We start from the definition of Ay given in (32). Define the shorthand
T = (Lcho)(x, k) — (K[0, 0+ rk]A) (2,0 + vk, K, 0)

so that Ap(x,7, k,0) = — [;7 dre"@T. Using Lemma 3.1, the fact that Ay € C3°(R®) and
the definition of £, as a Riemann sum, it is not dlfﬁcult to obtain that

| T'|| L2®sxrsy < Cl| Aol 23 xr3) C' independent of e. (83)

Some lengthy but simple calculations show that, for £ € N*:
(QE)kT - (_1)kT + (_1)k+1kR7 R := Z Z amﬁn,m@m'{}n

mEN: n € N.

n # —m
where
h3 A A
m = __ & R 5 Zp:fn-n’
“ i(2m)3 1(Pha)e
hg » ip5,-(r(k— 5 p5,)+n) 02 .
Bnm = r Ri(p;) Z 0102€"" m) TN\ (, k—?pm—?pn)
o1,00=%1

In the same spirit as (83), we can show that || R 2msxrs) < C|Aol|z2(rsxrs), and there-
fore
GTQET =e T + TG_TR, and ||)‘2||L2(]R3><]R3) S C||)\0||L2(R3XR3)7

m— almost surely. This proves the first estimate of the Lemma, as well as the second
one by remembering that the derivative is taken with respect to the slow variable x and
not 1. The third estimate is obtained by using the above decomposition of e"?=T and
by proceeding as in Lemma 3.3 by splitting the integral in 7 into two contributions. We
leave the details to the reader. This ends the proof.
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