UNIFORM BOUNDS AND WEAK SOLUTIONS TO AN OPEN
SCHRODINGER-POISSON SYSTEM

OLIVIER PINAUD *

Abstract. This paper is concerned with the derivation of uniform bounds with respect to the
scaled Planck constant ¢ for solutions to the open transient Schrédinger-Poisson system introduced
by Ben Abdallah and al in [On a open transient Schrodinger-Poisson system, Math. Meth. Mod. in
App. Sci. 15, (2005), 667-688]. The uniform estimates stem from a careful analysis of the non-local
in time transparent boundary conditions which allow to restrict the original problem posed on an
unbounded domain to a bounded domain of interest. These bounds can be used to perform the
semi-classical limit of the system. The paper also gives an existence and uniqueness result of weak
solutions while they were previously defined in a strong sense.
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1. Introduction The modeling of semiconductors at the quantum level has
become a very active area of research during the past decades. Indeed, the design of
high-performance components requires the development of simulation tools that help
the engineers in finding the best configurations. This in turn demands a compromise
between the accuracy of the models and the computational cost, and thus to derive
models as close to physics as possible with a relatively cheap cost of resolution. The
particular geometry and physics of semiconductors allow for a wide variety of models,
see for instance [8]. A semiconductor can roughly be decomposed into two zones: an
access zone, through which the particles reach the active zone, where basically all
the main physical effects take place. Whereas the access zone is generally not the
most relevant part of the component, it has usually the largest dimensions (say some
hundred of nanometers long) and thus a lot of computational time might be spent
in there. On the other hand, the active zone, which could be roughly a few tens of
nanometers long, represents the essential part of the semiconductor and then needs
to be carefully treated. Indeed, the operation of the device is basically induced by the
potential profile in the active region which presents some sharp variations - on the
order of the De Broglie wavelength of the electrons - so that the dynamics requires a
quantum description, more expensive than a kinetic one. It has then led to different
strategies to lower the computational time spent in the access zones. One possible
strategy is to prescribe adequate transparent boundary conditions at the interfaces
access zone - active zone, so as to limit the resolution to the active zone ; another
strategy is to model the two zones differently - which a relatively cheap treatment of
the access zone - and to couple them at the interfaces. The first strategy has already
received a great interest since it is related to many wave propagation problems in
unbounded domains for which the aim is to restrict the resolution to a bounded
zone of interest. Indeed, the Schrédinger equation governing the dynamics of the
electrons can also be seen as a paraxial approximation of the Helmholtz equation,
see [30] for one of the first derivation, so that some existing results apply. There
is a very abundant literature about the subject, one could cite the pioneering work
of [16], [3] for more recent advances, [4] in the context of semiconductors and [5]
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for numerical considerations, and for instance [2, 30] for applications to underwater
acoustics. Note that the concept of open systems at the quantum level cannot be
straightforwardly defined as it is at the kinetic level where it suffices to prescribe
the distribution function for incoming velocities. This requires the introduction
of conjuguate operators which dissociate ingoing from outgoing particles as it was
done elegantly in a very general framework in [24]. The second strategy is also an
active area of research. Typically, the active region is treated as fully quantum, with
possibly some subband decomposition, see [27], while the access zone only requires a
kinetic description. The two descriptions are then connected via adequate interfaces
conditions, as it was done in [14, 9].

The description chosen in this paper is fully quantum, namely both in the access
and active zones, and then falls into the first type of models. The dynamics of the
electrons is then given by the Schrodinger equation everywhere in the semiconductor
and it is assumed that their energy distribution is known. The electrons being charged
particles, they self-interact. The non-linear effects are taken into account at Hartree
level through a potential solution to the Poisson equation, given rise to the so-called
Schrédinger-Poisson system. That system can be seen as a mean-field approximation
of a system of many-interacting particles through a Coulomb potential [7]. There is
as well an extensive literature about the subject, see for instance [19] for a general
mathematical analysis, and [23, 24] in the context of open quantum system. In [12]
a quantum transport model is introduced, and explicit boundary conditions at the
interfaces access zone - active region are derived, and will be recalled further in the
paper. The wavefunctions are solution to the Schrodinger equation

N
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where £ is the Planck constant, A is a given quantum number and the Hamiltonian is
defined by

h2

2me

H(t)=— A4V (t,2)+ Vs(t,x). (1.1)
m, is the effective mass of the electron in the semiconductor (supposed to be constant
to simplify), V. is an exterior potential, while Vj is the self-consistent potential solution
to the Poisson equation

CAV,— / o2,

for some measure p. In [12], the model is shown to have a unique strong solution
(¥, V) (in the sense that the Schrédinger equation is verified almost everywhere in
time and space) provided the data are regular enough. A possible way to confirm that
the introduced transparent boundary conditions correctly describe the physics of the
device, is to perform the semi-classical limit of the above system, by letting the scaled

Planck constant € (e:=h:= \/% in the sequel) go to zero. This limit is performed by

means of Wigner transforms [32] which relates the quantum dynamics to the classical
one. It is thus expected that at the limit, the boundary conditions simply reduce
to standard inflow boundary conditions, as it was done in [11] for a one-dimensional
stationary model. The Wigner transform is defined by, for any ¢ € L?(R?),

1 i € X €
W (ak) = gz [ € ola = G0l o+ Sl
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where ¢* denotes the complex conjugate of ¢ and d the dimension. If ¢ is solution
to the time-dependent Schrédinger equation with potential V' (¢,x), then its Wigner
transform W¢ is solution to the Wigner equation, namely

%t +E-V W+ K, We=0,
) . € €
K — —ik-y —1 SN _ < )
(t,z,k) @n)l /Rde € (V(t,x+ 2y) V(t,x 2y)) dy

Wigner transforms have found applications in many high-frequency asymptotic prob-
lems, see for instance [28] for a formal analysis of hyperbolic equations with random
coeflicients, [6, 17] for semi-classical limit of random Schrodinger equations, [21, 22| for
Schrodinger-Poisson systems and [13] for the Helmholtz equation. Passing formally
to the limit in the above equation leads to the Vlasov equation,

%+k~VzW7VzV~VkW:O,

where W is the limit of W€ in some sense. The Vlasov equation equation then has
to be supplemented at the interfaces with inflow boundary conditions of the type
W(t,x,k)=f(k) for entering wave vectors k, which will be the classical analogue
of the quantum transparent boundary conditions. Passing rigorously at the limit
requires some uniform in € bounds for the wavefunctions, which in turn provide
estimates on the Wigner transform in some appropriate spaces, see [18, 21|. The
purpose of the present paper is then to address the question of uniform bounds for the
open Schrédinger-Poisson system introduced in [12]. While in standard Schrédinger
equations with L? initial conditions those estimates are straightforward, it is not
the case when considering open systems with transparent boundary conditions.
The reference [12] gives some regularity results and estimates, without precising
the dependence on e. This work thus provides uniform bounds in Ll20c which stem
from a careful analysis of the non-local in time boundary conditions imposed on the
interfaces active zone - access zone. The semi-classical limit and the obtention of the
inflow boundary conditions from the quantum transparent boundary conditions will
be performed independently in a further work [26]. In addition to this estimates,
we construct as well weak solutions to the open Schrédinger-Poisson model of [12]
where the solutions were only defined in a strong sense. Those solutions verify the
Schrédinger equation in a variational form which could be suitable for numerical
simulations since it naturally incorporates the transparent boundary conditions in
the formulation.

The paper is organized as follows: in section 2, we recall the transport model of
[12] ; in section 3, we present the weak formulation and the main result, namely the
uniform bounds ; in section 4, the proof of the theorem is given and finally one can
find in Appendix A and B some technical results.

2. Setting of the problem. We recall in this section the transport model in-
troduced in [12] in a time-dependent picture and in [10] in a stationary one. It consists
of a Schrédinger-Poisson system posed on an unbounded domain, with non-vanishing
conditions at the infinity modeling the electron injection in the structure. This system
is then reduced to a problem posed on a bounded domain with suitable inhomogeneous
transparent boundary conditions taking into account the injected particles.
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2.1. Geometry. The unbounded domain is denoted by € and its dimension
by d. It is assumed in the sequel that d=2 or d=3. The domain 2 is then split
into two zones, a bounded active zone denoted by Qg and an unbounded access zone,
consisting of n wave guides €2;, j=1,---,n, see figure 2.1. The interfaces between
Qo and each €); are supposed to be flat and are denoted by I';. The waveguides
}; have a cylinder-like structure and can thus be written as the cartesian product
I'; xRT. They are equipped with a local set of coordinates (£;,n;) €T'; x R*. Here,
7; is basically the variable associated with the direction of propagation in the lead
j. The outer boundaries of the I';’s are denoted by I'; 5. The remaining part of the
boundary of € is denoted by I'y so that aQozFOU( ?Zlfj). We also introduce

Sj‘

Fic. 2.1. The domain Q2

(t5)j=1,--- m, & partition of unity of , i.e. some C*°(£2) functions which satisfy

0<pu; <1, Zuj: on €,
j=1

pi=lon§; j=1,---,n,

i =0o0n Q for k#0,k#j.

2.2. Initial conditions. To model the electron injection, the initial condi-
tions are supposed to be non-zero in the leads and to be scattering states of a given
Hamiltonian H° defined by

0 g 0

where VY is an exterior potential which is assumed to depend only on the transversal
coordinate in the leads €2, i.e.

VieL>(©Q) VO q, =VO()).
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The fact that V? does not depend on 7; is necessary to be able to construct rather
simple - though not obvious - boundary conditions on the interfaces I';, j #0. When
V0 is linear in n;, the analysis is more involved and the resulting boundary conditions
are more complex, see for instance [15]. Moreover, V? does not belong to any LP(£),
p < oo since it supposedly does not vanish when 7; —oco. We then define the transver-
sal Hamiltonian H? = —% Ag; + V0 (&5), equipped with Dirichlet boundary conditions
on ' o. It admits a compact resolvent and this leads to the following definition:

DEFINITION 2.1. The transversal eigenmodes and the eigenvalues of the guide j are
defined by

H?X?ﬁj:Egnxgﬁja mEN*a j:1,~~~,n,
0,5 1 0,5 0,5 (2.1)
Xni € Hy (L), X Xy 405 = O,
Ly
where o is the surface measure on I';. Notice that we do not write explicitly the
dependence of X7 and EJ, on e for notational simplicity. For any fized j and ¢,
the sequence (EJ,)y, tends to +00 as m tends to +o0co. For two functions f and g in

L%(T;), we define
rg); = /F TG o Fhi= /F €T &) o

1/2

REMARK 2.1. Let ¢ be an L*(T;) function. The relation ¢+ Z (Efn)a |2, |2
m>1
defines a norm equivalent to the H*(T';) norm.

We suppose without loss of generality that EJ >0, Ym>1, Vj > 1, it suffices in
the sequel to multiply the time-dependent Schrédinger equation by the phase factor

Lminjml E

; J . .
e's m to recover the general case where Vj is negative and bounded from below.

The electrons are injected in the leads in given quantum states. These states
follow a prescribed statistics denoted by wp. p is a non-negative measure on
the state space A, and a pure state is denoted by A. The wave functions are thus
indexed by A. Consider the following hypotheses for a family of function ¢ € H\ .(£2):

(H-1) For a.e. A€ A, there exists a constant F(\) such that
HOYS=EN)YY on Q;, ¥3=0, onT;oxRy, j#O0.

(H-2) For any bounded set K C €, there exists C'x >0 finite such that

/A 1011272 ) (V) < Cc.

In practice, the electrons are injected in the guide jg, on the transverval mode mq
and with a non-vanishing longitudinal momentum p. This implies that A={p,mq,jo},
A:Rjr x N* x {13"'777'}3 E(A) = %pz +Ej0 and

mo

dp(X) = ®(p,mo, o) dpd(mo)d(jo),
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where ¢ denotes the Dirac measure and the positive function ® e L*(R%, ¢! (N* x
{1,---,n})) the statistics of the injected electrons, typically a Fermi-Dirac statistics.
This is equivalent to writing, for any ¢ € L' (A,du),

J o) =32 32 [ otomoio)®omo.io)dr

jo=1mo=1

The energy %pQ represents the longitudinal kinetic energy of the electrons while EQO is
the transversal energy in the lead jo. We add the following hypothesis on the measure

22
/(1+p5)du<+oo, (2.2)
A

and a local in A version of (H-2):

(H-3) for any bounded set K C€, there exists C% >0 finite and independent
of A\ such that

SN[URI7 5y < Ck -

A family ¢ € H] .(£2) indexed by A € A is then said to belong to the class of initial
data if hypothesis (H-1)—(H-3) are satisfied.

Transparent boundary conditions for the initial conditions. It is proved
in [10], that wave functions satisfying hypothesis (H-1) verify some boundary
conditions on I';, allowing for a simplification to a boundary value problem on the
bounded domain §2y. Same kind of boundary conditions have been obtained for
the one-dimensional case in [11]. The explicit form of these stationary boundary
conditions are needed in the sequel to carefully analyze their time-dependent version.
We thus briefly describe their form and derivation now, the details can be found in [10].

The restriction of 1/)9\ to Q; is projected on the transversal basis ( 99, i.e.

¢§’Q, &mj)=>. X% (Xj)fj (n;) so that f7 verifies, according to (H-1),
J
82 82fj
2 oapf

and thus reads f7(n;) = aj, exp(—"2 {/2(E(\) — Eh)) + b1 exp(“2 {/2(E(\) — Eh)).

Above, +/— denotes the complex square root with a non-negative imaginary part, b/,

(E()‘)_Egn)fja nj€R+7

is an unknown coefficient depending on the solution and af, is the amplitude of the
injected electrons travelling towards the active region and is thus known. We suppose
the electrons are injected in the lead jo, with a momemtum p, on the transversal mode
mg and with an amplitude one so that aj, =§7°6;7° and E(\) = $p*+ EJ0 . The modes
associated with EJ, < E()) are the propagating modes and the ones with EJ, > E()\)
are the evanescent modes. When j = jg, b?, is a reflection coefficient, and when j # jo,

it is a transmission coefficient. The boundary conditions are obtained by eliminating
b, and formally read

0
R

o |1, =Z;[EN](W) +S;[EN)]. 2.3)
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These relations are impedance-like boundary conditions. The operator Z;[E(\)] cor-
responds to an homogeneous part while S;[E())] is a source term. They read

ZEWN@) =i Y /20BN — EhL) w5 x0 (&), (2.4)
Si[E(N)] = —2i67 pxiid (&), (2.5)
= (U0 =0,),x07) -

It is shown in [10] that these boundary conditions actually make sense in a weak
formulation for every ¢ € H'(£)y), see therein for more details and a complete analysis
of the related stationary open Schrédinger-Poisson system.

2.3. Potentials. In [12], it is assumed that the exterior potential of the
Hamiltonian (1.1) shares close properties to that of V°. In order to solve exactly the
Schrédinger equation in the leads for the derivation of the boundary conditions, it is
supposed that the spatial dependence of the exterior potential V, is only transversal.
The following class is then introduced in [12]: a given potential V' belongs to the class
V if it satisfies:

1. Vec([0,T],L>=(Q)),
2. for any j=1,---,n, there exists a function V;(t) such that for x €2; we have
V(t,x)=VO(x)+V;(t).
The regularity in time is needed to obtain energy estimates, that is H'(€g) bounds
for the wavefunction. One could also consider non-regular in time potentials with
some Sobolev regularity in space but in the typical application we are interested in -
namely quantum transport in nanostructures - the potentials present a barrier profile
which is obviously not smooth.

3. The transient open Schrédinger-Poisson system. It consists in solv-
ing for Vi (t,x) and 9 (t,x) the following system

iedhn=Ht)Yx ; UA0,)=98 ; z€Q ;  A€EA, (3.1)
H@:—§A+%wm+%@@, (3.2)

=0 ; zeTol J(Uj (Mo xRY)), (3.3)
~aVi= [P, €@ 5 Vilon, =0 (3.4)

where V, belongs to the class of potentials V and ¢ belongs to the class of initial con-
ditions. Notice that the Schrodinger equation is set on the whole domain §2 including
the leads. As it was done for the stationary case in [10] and in [11], it is proven in
[12], thanks to the introduction of suitable boundary conditions, that this system is
equivalent to the same Schrédinger-Poisson system posed only in the domain €. In
the next subsection, we recall the time-dependent transparent boundary conditions
introduced in [12] and the theorem stating the existence and uniqueness of strong
solutions to (3.1)—(3.4) in the sense of [25]. We then present the weak formulation of
(3.1)—(3.4) and state the main result of the paper.
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3.1. Transparent boundary conditions and strong solutions. = We first
introduce some notations. Let

X (8:€5) 7= X (&) exp (—Z /Ot(X/j(T)JrEgI)dT) .

At any time, (x2,)m>1(t,.) is an orthonormal basis of L?(I';).

DEFINITION 3.1. For any given function f& HY?(0,T), one defines - see [20], or

[29]:

/ Ld [ fr) _1dy
0= fdt/ Ny

H'2(0,T), see [1], is the fractional Sobolev space of functions verifying

T T 2
1/2 _ 2 suc a |f(s) = f(7)] sdr
H (O,T)_{fEL (0,7), h th t/o /0 7(5—7)2 dsd <oo}.

An alternative definition that will be used in the sequel defines H'/2(0,T) as
the restriction to (0,T) of functions belonging to HY/?(R). Then, for any f€
HY2((0,T), L*(T;)), we set

D}/ F(£,6) = V2 Y X (6,6) 0" (F(t), X (t,7)) - (3.5)

m2>1

Let now

R = > i 03, (3.6)
j=1

ot
By (-2 [ B0 +v6)ds), (37)
0
where (y;); is the partition of unity introduced in section 2.1. Then, according to
[12], the wave function 1) satisfies the following boundary conditions,
0 pw € —im/4 1/2 pw .
- ; el;, =1,...,n.
G ) == D i) 5 eely, =l

One can also write a boundary condition involving a half-integral Z'/2 rather than a
half-derivative. The final system we will deal with in the sequel thereby couples many
Schrodinger equations, posed on a bounded domain with open boundary conditions,
to the Poisson equation. The complete system reads:

iedn=Ht)Yx ; ¥r(0,)=v) ; z€Qy ; AEA, (3.8)
9 (g — i) = ﬂmﬂ% —yRY) i zEly (3.9)
an; Ve ’ g '

=0 ; zely, (3.10)

—AV;:/|1/JA|2du()\) . 2eQ 5 Viloa, =0. (3.11)
A
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The existence result of [12] provides strong solutions to (3.8)—(3.11) in the sense that
the Schréodinger equation and the boundary conditions are verified almost everywhere
on 9 and on I';, respectively. The exact statement is the following:

THEOREM 3.1. [12]. Let V. €V, 4% verifying hypothesis (H-1), d=2 or d=3, and
in addition

/ ng\”%{Z(K) du(A)<oo ;5 ® has a compact support,
A

for any bounded set K CQ). Then (3.8)—-(3.11) is equivalent to (3.1)-(5.4) and there
exists a unique solution (¥, Vy) to (3.1)-(3.4) such that

PYr €YY +CO([0,T], H*(R2))NC*([0,T7,L*(R2)), Na.e.,
V. €C°([0,7],Hg (22))NC’([0,T], H*(Q2))NC*([0,T], H*(2)),

for any positive arbitrary large T and so that (3.8) and (3.9) are verified almost
everywhere.

The above theorem does not provide any information about the dependence on e
of the different bounds on 1) and Vj, which is paramount for the semi-classical limit.
The proof can actually be adapted to yield more regularity of the solution when the
data are more regular, for instance we can get pointwise in A, ¥, €C*([0,7] x Q)
when 19 €C*(Q) and V, €C>([0,T] x Q). We will use this regularity further to use
1y as a test function in the weak formulation. Some details about the regularization
procedure are given in Appendix B.

3.2. Weak formulation and main result. We present in this section the
weak formulation of (3.8)—(3.11) and the main result of the paper. The formulation
of the boundary terms requires a particular attention to obtain the e-independent
estimates. More precisely, the boundary condition (3.9) is split into homogeneous
and inhomogeneous parts, that is

% . e—iﬂ'/4
on; Ve

D}/ (1) + A5 (W),

where

awiw N 671'71'/4 D1/2

AS (PP = :
]( A ) 877]’ r, \/g 7

(¥5"),

1 —im/4

= — (Z;[BOV](@R)+S;[EW)]) & +

e

1/2 w
NG D2 (W), (3.12)
Note here that we used the stationary open boundary conditions (2.3) to define
AS(45"). The solutions to (3.8) are sought under the following weak form: let
weCH([0,T),H*(Qp)) be a test function, where T is an arbitrary non-negative con-

stant ; denoting by (-,-) the L?(€q) inner product and using the Green formula, the
boundary conditions (3.9) and (3.10), we find X a.e.,

T T T
—ia/o (z/J,\,asu)dSZiE(z/Jg,u(O,-))—|—%52/0 (VQ/JMVu)ds—&—/O (Vpr,u)ds
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1 3/2 —in/4 ’ 1/2 2 T e/, PW
+§; e3/2¢ /O<]D>j (12, u); ds —e /0 (AS(E"), u);ds |

(3.13)
When the potential V. belongs to the class V, it is rather natural to consider wave-
functions 1 solution to (3.13) belonging to L2((0,T),H*(£0))NC°([0,T],L3()).
Nevertheless, this regularity is not sufficient since the boundary terms need more
integrability in time to make sense. To define the convenient functional space, we in-
troduce the following family of unitary transformations: for any f € L?((0,7),L?(T;)),
let

Tif(t,) =D e o EntValedds (1) 30T) x0T (€)), (3.14)

m>1
and let (75 f), :=(7; f,x%7). Consider now the functional space

E= {gpELQ((O,T),Hl(QO))OCO([O,T},LQ(QO)), such that

7}906]{1/4((0’T)3L2(Fj))a .j:la"'an}7

and let E® be the space of functions belonging to E with a vanishing trace on Ty, i.e.
E0= {<p €E, such that o, :0}.

In the weak formulation (3.13), the boundary term fOT (]D);m(w,\), u)ds has to be un-
derstood in the following weak sense, which uses the expression of the half-derivative

in the Fourier space given in Lemma 4.1 of Appendix A:

T eiTr/4 e~ T
| @@= 5= [ VEFTE), AT, (3.15)

m>1

Above, the 7 sign is the extension by 0 outside [0,7], F stands for the Fourier
transform with respect to time and v is the complex square root with non-positive

imaginary part. The dual variable of ¢ is denoted by £. This expression is well-defined
for any v, € E and ue C*([0,T], H ()).

We state now the main result of the paper, which provides existence and uniqueness
for the system (3.11)-(3.13) as well as uniform bounds in ¢ for the density n and
energy & defined below:

THEOREM 3.2. Let ¢ belongs to the class of initial data, let V. €V and assume p
verifies (2.2). Let

n(t):= /A r (1) 2y

g2 1
&= [ IV oyt FITV: ) o

Then, the Schrodinger-Poisson system (3.11)-(3.13) admits a unique solution, for d=2
or d=3, such that, \ a.e.,

VsELQ((O>T)7W37T(QO))mHl((OvT)7W17T(QO)) ) %GEO,
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with r <2 when d=2 and r :% when d=3. Moreover, assuming that

n(0)+0)+e| 3 [ (Z B, 09), du| < Co, (3.10)

where Cy is independent of €, there exists C1, depending on Co, on ||Vel|e1(jo,1),L (@)
on ||pllzs(a,dp), on 7, and independent of € as well such that,

Il oo 0,7y + 1€ L1 0,7y + 10 Vsl L2 (0,7, L7 (920)) < C1s (3.17)
where r <2 when d=2 and r<% when d=3.

The proof of the theorem is the object of the next section. The existence
and uniqueness part is very standard and is obtained after regularization of the
problem in order to use Theorem 3.1. Some estimates give then some com-
pactness results and allow to pass to the limit in weak formulation. The proof
of the e-independent estimates is more involved and requires a careful analy-
sis of the boundary term A5(4{"). Indeed, the term e(A5(¢}"),1x); can be
straightforwardly bounded by Collwa |lz2r,)ll¢S | zr1/2(r;) for some positive con-
stant Cj independent of £ ; by means of trace theorems, this bound turns into
e 120 ||y ||1L/22(QO)||8V¢)\ ||}LI/12(90)|W9\ | zr1/2(r;) which has a wrong homogeneity in
¢ whatever the available bound on 1/1?\. We thus expect some compensations or av-
eraging between the homogeneous stationary boundary conditions given by Z; and
the homogeneous time-dependent boundary conditions involving the half-derivative,
which will allow to control the boundary terms in terms of other boundary terms with
a sign argument. That property is shown in the next proposition. The e-independent
estimates rely as well on the verification of assumption (3.16). If the initial condition
¢§ is a solution to the Schrédinger equation not only in the leads but also in €,
as it is in [10], then (3.16) has to be verified by the solution to a stationary open
Schrédinger equation. This property has only been shown yet in the one-dimensional
case in [11].

We decided in the theorem to set the transparent boundary conditions on the
I';’s while they could have been set anywhere further in the guides. Doing so would
have led to L? () estimates for the density and for the energy.

loc
PROPOSITION 3.3. Let A5 be defined in (3.12), ¢Y3* in (3.6), S;[E(N)] in (2.5) and
6(t) in (3.7). Then, for any t>0, for ) € HY/2(T;), ue L**0((0,t),L*(T;)), 6 >0,
we have, A a.e,

/ (AS(2"), ) ds = - / (S;{E(N)]6 1), ds. (3.18)
0 0

3

Proof. Setting

e—?,Tr/4

1/2 w
NG D}/ (4R"),

(3.18) is equivalent to showing that fg(lﬂ%j (W) +C;(¢8"),u);ds=0. Let ul (t) be
the projection u, (t) = (u(t,-), x07 >j. Then, plugging the definition of Z; (2.4) into

Bi(45") = LGS, 5 Cig”) =
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B, and denoting 7/, =2(E()\) — E7,), it follows

| (B, (), Z Vot / s BTN (5) ds,
0
= L3 v FUR (i, 29)).

Above, F denotes the Fourier transform with respect to time and U}, is defined as

. ul,(s)efJo EntVidr it sefo,,
Ul(s)=
0 if s [0,¢].

Concerning C;, invoking (3.5) yields

7171'/4

¢ i [s(md - i g
/<Cj( iw),u>jdsﬁ\[ Zwod/ éfo(E;nJer(T))dTugn(s)al/Q (e*zv;ﬁ) ds,
0

- Qﬂ;wf | FU©) VEF [avemine] (s

where we used the Fourier-Plancherel equality and (4.17). Above, v is the complex

square root with non-positive imaginary part. Actually, in the distribution sense,
i ; i

F [Ware™E707] (€) = 70(3,/(22) +€) ~pov.————,

" EATCERY:

where p.v. stands for the principal value. Then,

SR w0 ds= 52 7 N et FUL (= 22)

de‘”pv/fw et Ve e

27rf ) (26)+€

To conclude the proof, it remains to evaluate the integral of second term of the r.h.s. of
the above equation. To this aim, we use standard complex analysis. Let us first notice

that U3, can be extended to an holomorphic function for z € Ct = {z€C, ZImz>0}.
Besides, we have the estimates, for z=re? € CT,

c()

|FUR(2)| € —— 5 llud, |l L2 +5 0,1y (3.19)
rsing)z+s
as well as
[FUR(2)] < [l | £ (0,1)- (3.20)

The function 3/€ is also holomorphic on C*—{0} (provided we choose the conve-
nient branch) so that, defining a convenient contour C=CrUC,, UC,, UCRg;, », CCT,
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where Cp, is the semi-circle centered at 0 of radius R, with R>|vJ,|/(2¢), C,, the semi-
circle centered at 0 of radius 7y, C,, the semi-circle centered at —vJ, /(2¢) of radius
72, and Cg y, n, connects the different semi-circles on R, the Cauchy theorem yields

.77 o VE dz=0. (3.21)
vm/ 2e)+ %

We evaluate now the integral on each contour. We have, according to (3.19),

j T d
m““m“mﬂs(o@ .

|sm€|2+<S

FUh () — Y a2 <
Cr '7;?1/(26)""2

so that the integral on Cg goes to zero as R goes to the infinity as soon as § >0. In
the same way, according to (3.20),

f

Cny Wm/ (22) +

which vanishes in the limit 17, — 0. Concerning the integral on C,,, we have

3/2 :
dz| <O |[ud | 1 0.0

\[ B 0 J(_Ad o0 1) _nd it
/7,2‘F ’)/m/(2€)+2' _‘/ﬂ' FUm( ’Ym/(2€)+’l72 ) \/ 77"/(25)‘“72 9 d0,

so that the Lebesgue dominated convergence theorem implies that the integral goes

to —im \/ =i /(26)FU3, (—4,/(2¢)) as 2 —0. Since the integral on Cg.y, ,, tends

to

p.v. .7-' VE ——d¢,

'Ym/ 2e)+§
as R— oo, 11 —0 and 1y — 0, we finally get, using (3.21),

. %3 i T T (i
p- f %n/ 2€)+€d§ yn Y FUin (=7 / (2€)).

Consequently,
t
" R
J e s =25 Y=y FUR (= 22),

and it remains to notice that 1 —yﬁﬁ =—iX 7%1 to end the proof. [0

4. Proof of the theorem. We start by regularizing the problem to ap-
ply the previous existence result of [12] given in Theorem 3.1 where the initial
condition is more regular. To be able to use ) as a test function, we never-
theless need more regularity for 1, than that given in the theorem, which is only
Pa €R+CO([0,T], H%(Q))NC ([0,T],L*(2)). We thus consider a sequence of regu-
lar data wg’k €C>(Q) and V¥ €C>([0,T] x ) such that (3.8)—(3.11) admits a unique
solution 1} verifying ¥% € C%°(0,7] x €2). All the manipulations that will follow fur-
ther are then justified. The regularization procedure is not direct and is sketched in
Appendix B. The regularized data verify, for 1 <p < oo,

W3t =y strongly in - HY(K) 5 VE—Ve strongly in - C([0,T],L(K)),
(4.1)
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for any bounded set K C Q. This implies that, for any u€ H'/4((0,T),L*(T;)),

D} (u) — D} (u) strongly in H~Y/4((0,T),L*(T;)), (4.2)
SR(UR0T) = AS(gR") weakly in L2((0,T),L*(T})). (4.3)

In the same way, ®(p,m,j) is localized so that the obtained ®*(p,m, ) has a compact
support and ®* converges strongly to ® in L'(R% ¢} (N* x {1,---,n})).

We prove now the bounds that will allow to pass to the limit. They will also
provide the e-independent estimates.

Density estimate. ~ Consider this regular solution ¥% which is also obviously solu-
tion to (3.13). Multiplying (3.8) by 1%, integrating in [0,7] and taking the imaginary
part, it follows

n L )
||¢§(T>')||%2(Qo):||w27k||%2(90)+\@ZIme ! /4/0 < D2 (), ¢A>
j=1

fEZIm/ OGO 1/1A>

We drop in the sequel the k superscript to clarify the notations, keeping in mind until
further notice that the wavefunctions we are manipulating are the regular solutions.
Define now for any se€R,

—_~

O 1 (5)=(T30n),,(5),

where 7; is the transformation previously introduced in (3.14), (Z;¢x),,(s)=
(Tia(s,m;=0,-),x%7);, and ~ is the extension by 0 outside [0,7]. Then, accord-
ing to (4.17) of Lemma 4.1,

Im27re_m/4/0 < 1/2("/}/\) 2/1/\> ds=— \[Z/ \/7|-7:<I) ©)%de,  (44)

The term involving A5 is treated thanks to Lemma 3.3. Using the expression of S;
given by (2.5) and since the electrons are injected with a momentum p, in the lead jo
and in the transversal mode mg, we have E(\)= %p2+Eﬁo and therefore,

T 2 2
| s o=, 22 / O ()0 () ds = ~0), ZFF @ 1(0°)22).
0

Gathering the previous estimates and integrating with respect to A, we find

Ta Z// VEIF D], ()P dédu

ijm

(0)—}—2/}9‘]:(1) 202/2)|du,  (45)
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which gives after an integration in time,

Inll 20,74 +—Z/ // V=E|F®, (&) dédpdT

<T*n +2/ / ’f@mOT (v?/22)| dpT.

(4.6)
Energy estimate. We multiply now (3.8) by 0y¢px. Taking the real part and
integrating in time yield,

2 0
NGB ||vwx||mo>+522m [ G0 m> s

—/ / V(s,2)0s|tx(s,2)[*dxds.
0 Jao

We need to be a bit careful to extend Os1)y by zero to R to use the Fourier tranform

since 1) does not vanish at 0 and at T. Let ¥, be this extension et let 851#,\ be its
derivative in the distribution sense so that

8%( 2)= { %(Sax)_wA(T,(E)&T—f—'()[}/\(O’x)(SO’ se[0,T],
o 0, s¢[0,7).

We then have

[ (Grom) w= [ (G0s) o
<5¢§)w/\> (T) - <5¢§’w/\> (0).

Using now the boundary conditions, both stationary and time-dependent, we find

81/})\ — B e—iTr/4 T 12 N T . . .
/0 < o m>jds_— = /0 (D] (1/1A),351/J>\>jds+ /O (AS(UR™), B5tn); ds

(5200 ) (0=~ (B2}, (0)+ A58 0,0,

NG

Oy 1 1
(G200) =L @R, + 2 SENL ),
J
and we recast the energy relation as
e? e?
5||V¢>\(T,-)||2L2(QO) + L1+ Ly= 5”v¢§||22(90) +R1+ Ro+ Rs3

T
—/ / V(s,2)0|tn(5,2) 2dads,  (4.7)
0 Qo
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where

n T N
Li=e¥2 Y Ree 4 [ (D2(02). 0.0 ) ds,
0 J

j=1

Ly=¢%? iﬂee*”/‘l <D}/2(¢/\)7¢,\ >j (1),

j=1

n T —
w5650, 05)
j=1

R2 2622726<A;(w§w)7¢)\>j (T),

:*Z?ZR@{ 2] (@R) 1/’,\> +(S,[E 77/1,\>}

We treat now each term separately. For the non-linear boundary term L;, we have
thanks to the Fourier-Plancherel equality:

T
Rezme=/ [ (D200 ) ds=VEY. [ €217 0, 1(~9) de
0 J — Jr+
V2 _ T . .
~ainane S [ (B V)0 T),, ).
Jo
Using (4.4) and the fact that we assumed EJ, >0, m>1, j>1, we have
Tm2me” ™4 "EJ, / V(T (Tiy), ds =
—WZEJ / V=EIF®) (&) de <.

The last term of L; is treated by multiplying the Schrodinger equation by
Zj 1 Vi =gy, by integrating in time and taking the imaginary part, which yield

T T
(9902) (T) = (g0, 93) + / (Degth,n) (s)ds + Tim / (Vg, AV (s)ds
0 0

n T
+Im2[51/2e‘”/4 / (D} (9r), Vjtoa),ds —e / <A§<w§w>,vgw>ds]-
0 0

J=1

Applying (3.3) and using the expression of S;, we have

no T
e Z/O /A<A§(¢§W)7ij>dsdu S?/Ap‘]:V %, 7 (v?/22) |y
This finally gives for Ly,

\/5 .
D / / 212 F @] 1(—€)|Pdédp+ R} < / Lydp, (4.8)
oy I AJRY A
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where R} verifies, using (4.5):
RIS [ p[FVa0 207/22) dt € (a0)+ Il o +IE s o).

The generic constant C' above depends on ||Vj|c1(jo,77). For the boundary term Ry,
an integration by part and (3.3) give

—

T
Ry = —Re?ips/ 0%° (s) Oy, (s)ds

(p2/2€)+.7:v oo (p?/2¢)]. (4.9)

moT

=—2pRe [ F oo

moT

The term L is integrated in time to be able to use similar arguments a those of the
density estimate. It yields,

/0 Lo(T)dr = ¥ gz/az / VEIF® . (6)de. (4.10)

and in the same way

/ Ry(T)dT = EQpIm]:(I)mOT*(p2/2€). (4.11)

The last term Ry is straightforwardly bounded thanks to hypothesis (3.16) and Lemma
4.1,

‘ / deu‘ < Cot Clpll Y2y 2 H(0) E4(0). (4.12)

It remains to tackle the term involving the potential V =V, 4+ V;. Using the Poisson
equation (3.11), we find

T
1
[ [ vidulusPrdsdu=IVVAT ey - 5 IVV0) e
0o JAaJqo 2

The term including the exterior potential V, is easily handled after an integration by
part,

V.05 |¥x|*dxdsdp

T
<|Veller (0,11, (2)) ( (T )+n(0)+/0 n(s)ds) )

Qo

The next step is to integrate (4.7) with respect to A, to add (4.6) to it and to use (4.8),
(4.10), (4.9), (4.11), (4.12) and hypothesis (3.16). Gathering the different estimates,
we find,

-
Il + ooz +Ts<Cr+Ra+Ca [ (Inlloimy +1El o) T,
0
(4.13)
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where

\[53/2 3/2 j 2
T — / / /R EPNFD, ()P déddT

752 /O /A /R V=EIF ), () dedpdT
3/2
+ 2 > / VEIF®], . () ded,

R4—/ / ‘]—"(I) - (0?/2) ’dudTJng/ /p]fv o p2/25)‘dudT

+2e / p|F O, 1 (07/2)| dyi+ C / / p|F 8, 1 (p*/2¢) | dudT.
A 0 A

The constants Cq, Cy, C3 and Cy depend on the constant Cy of (3.16) and
on HV”Cl([O’T]’Loo(Q)). To end the proof we need now to bound R; and thus

F @ig o ((p?/e), for t =T, T*. A straightforward attempt by using trace theorems would
fail again because of the homogeneity in €. Indeed, we expect to estimate the trace

with the help of the derivative of 1) while the energy involves a derivative multiplied

by e. Nevertheless, it is expected that f@mo (p?/€) goes to zero as e —0, and the
rate of convergence is given by the regularity in time of ¢, which induces the decay

of F <I>m0 +(&). This will allow to recover a correct homogeneity in € to be able to use
trace theorems. To this aim, we apply Lemma (4.2) which provides, for p>0,

1/2

1/4
Fol p/25)‘<0<> ||§1/4]-‘<I>J°0t||Lz(R+)+C<p> |F @I e

and Lemma (4.1) yields

| F @, Nr2my =27105, 20,0 < 2|9l L2 0.0y, L2 (1, ))
1/2 1/2
S Ol (0,09, 22 o) I VA 20,00, 22020

Notice here the fact that the L? norm of the trace is controlled by || V1), HlL/QQ((O £),L2(20))

while with non-flat interfaces the exponent would have been 1/2+ «, with a>0. This
would have led to a wrong homogeneity. We thus have, for 5=1,3,

1/2 1/2
[P F w22 <l 2 )+ U

1/2
so ([ 16 F e dn)

(4.14)

where the constant C' depends on ||p[|z5(a,a4u). According to Remark 4.3, it can be

easily shown that we have the same estimate as above for pr ’]-'V <I>§;;0 (p?/2¢) ’ dp.

We control now the last term of the above r.h.s, that is, for any n >0,

1/2
cl/4 (/{\51/4}-(1)-700t|L2(R+)dM) —i—?’]\[Z// v/ — |]—'(I) ‘Qdfdu
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This allows to write
Ry <Cp+Cn([Inlltro,r) + 1€ L1017+ + T4) 5

so that the Gronwall lemma and (4.13) imply that ||n||pi7r+), [IE]lL10,r+) are
bounded independently of ¢ for any finite 7* >0 and in turn so do T and ||n|| . (0, 7+)
thanks to (4.5). In particular, we obtain that

ﬁ%/A/R VEIFR), 1.(€)Pdsdp<C, (4.15)

where C' is independent of ¢ and of the regularization parameter k, and thus a bound
in H'/4((0,T),L2(T';)) for Tyix.

To conclude the derivation of the different bounds, it remains to estimate
Vi. The fact that ||npe,r) and [|€]|L10,r) are bounded imply [, [¢a[>du(N) €
L2((0,T),W'(Qp)), with r<2 for d=2 and r=32 for d=3 which in turn gives
Vi€ L2((0,T),W37(Qy)), thanks to standard elliptic regularity results. We estimate
now 0; Vs which is solution to

Aat‘/s:diVJ, $€Q(), 8tV5:0, l’eaﬂo,

where J=TIme [, \Virdu(X). J belongs to L*((0,T),L"(Q)), with same r as
above. Elliptic regularity then implies that 9,Vy is in L2((0,T),W"(Qp)). To
get the e-independent bound on 9,Vs, we cannot use any Sobolev embeddings so
that J is bounded independently of & only in L?((0,7"),L'(€p)), which implies the
L2((0,T),L"(£)) estimate announced in (3.17).

End of the proof of existence.  So far, estimate (3.17) has been proved for regular
data. It remains true at the limit for unregularized data as we will see in the sequel
using standard compactness results. Thanks to (3.17),

X € L2((0,T), L7 (R x Aydadp®)) 5 VX e L?((0,T), L (o x A;dwdp®))),

with bounds independent of k, so that 5 converges weakly-* to a limit ) €
L>=((0,T),L*(Q0 x A;dzdu)) as well as VX, up to the extraction of a subsequence.
Remember that ®* converges strongly to ® in L'(R,,¢*(N*x {1,---,n})) so that
the weak-* limit of ¢§ in L°°((0,7),L%*(Q x A;dzdu)) is equal to that of ¥% in
L>((0,7T),L*(Q x A;dwdy)). This implies that

1971 Lo (0,19, £2 (90 x Ay <HMINE [$X]| Lo (0,7,12 (020 x Asdwdu)

with same relation for Vi), with an L? norm in time. Hence, estimate (3.17) is also
verified at the limit by i, and Vy.

We pass now to the limit in the weak formulation (3.13). ¥ is obviously a solution
to (3.13). Integrating with respect to A and choosing a test function u such that u €
CL([0,T),L*(Q0 x A;dxdu)) and VueC([0,T),L*(Qo x A;dzdp)), the non-boundary
linear terms pass to the limit readily, only the boundary terms and the non-linear one
require some attention. Thanks to the previously obtained bounds, we have for d =2
or d=3,

VskEL2((O7T)7H(%(QO)) ; atVskeLQ((O7T)7LT(QO))7



20 Uniform bounds and weak solutions to an open Schrédinger-Poisson system

where r <2 when d=2 and r <% when d =3 with bounds independent of k, so that
there exists a subsequence still - denoted by V* - such that V* converges strongly
to Vs in L2((0,T),L"(p)), for any 1<7<6, in three dimensions and 1<r < oo, in
two dimensions. See [31] for a standard compactness result. In the same way, thanks
to standard Sobolev embeddings, 1§ converges weakly - up to the extraction of a
subsequence - to ¥y in L2((0,T),L"2(Qo x A;dxdp)) (where L™2?(Qq x A;dzdp) is de-
fined as the Banach space of functions f such that fQo If (@ )72 (A, gy A2 < 00), for
any 1 <r <6, in three dimensions and 1 <7 < 0o, in two dimensions. This thus allows

to pass to the limit in the non-linear term

T
/0 /A/Qo VE(s,2)08 (s,2)u(s,z,\)dzdsdy.

It remains the boundary terms, namely

1" 3 r T w
2}{:[61/2e1ﬂ/4]€ D)2 wa).u)ydre | (05,05 >,u>ds].

j=1

The second one converges straightforwardly because of (4.3). The first one is treated
thanks to its weak formulation (3.15). We know from (4.15) that 7;9§ is bounded in

H'Y*((0,T),L*(T;)), independently of &k so that thanks to (4.2), fOT 1/2(%) u);d
converges to fOT (]D);/Q(wA), u)jds.

We show now that the limit ¢y actually belongs to C°([0,77],L*(0)), A a.e., so
that the initial condition can be identified. Let us denote by 9§ and ¢!, k, I € N*, two
elements of the sequence of regularized solutions and define w:1/)§—1/)§\. w verifies
the following boundary conditions on I';,

Ow e—im/4 e—im/4 w w
9. ;,kQ ;,If 1112 A 3.k WX ") - YRAU |-
oy =~ D )+ = [P =D () + (A5 5 A5, 5

Proceeding as in the proof of estimate (4.5), we obtain

J

|mnmw4wu»m%wﬁim“mﬁ<ﬁwm>%
+- Im//Q )\wdmds—le—i—Rg,
*ﬁmeW7<Wf D] ), w) ds,
j=1 0
:—EZIm/ punky — A5 ( iw’l),w>j ds.

The first term of the r.h.s goes to zero as k,l — oo thanks to (4.1), the second one is
negative, the third one is treated using the Gronwall Lemma and that

(VS =V UR) ()22 0 x sy S NV = VIt s (o) 195 (8 | 6 020,22 (A )
SCE®)||w(t, )l 2 (0 x Asdwdp) - (4.16)



Olivier Pinaud 21

Moreover Ry, Rs converge to zero as well thanks to (4.2), (4.3) and (4.15). ¥ —}
is thus a Cauchy sequence in C°([0,T],L?(£)) so that the limit ¥, belongs as well
to this space.

It just remains to show that (3.13) is indeed verified almost everywhere in A and
to treat the Poisson equation. For the first claim, it suffices to take a test function
of the form u(t,x)f(\), with u€C1([0,T), H'(y)), f € L?(A). For the Poisson equa-
tion, using a weak formulation, VF passes straightforwardly to the limit, as well as
[y [¥5|?dp. We only need to show that its limit equals [, [¢x|2du. This requires some
local estimates with respect to A. Using the fact that the non-linear potential V¥ is
bounded, the density and energy estimates can be rewritten in local in A versions so
as to obtain

1931132 0.7, 201 (20)) S C(T) (1 +0° +19R1132(0)) +52||V¢?\||%2(QO)) ;

for some constant C independent of k. Multiplying by ®, using (2.2) and hypothesis
(H-3), we get a uniform in A bound for <I>H¢§||%2((O’T)’H1(QO)). We thus have that
\/‘5@/}’/{ converges weakly - up to the extraction of a subsequence - in L2((0,7),L"(Q0))
to V®1y, A a.e., where <6 in three dimensions and r < oo in two dimensions. This
allows then to identify the limit of [, [¢§|*du with [, [¢x|?dp and concludes the proof
of existence.

Uniqueness.  We claim that two solutions to (3.13) in EC, ¥i, i=1,2, with same
initial condition verify the relation

3} — ’L/))\”LZ(QO <- Im//ﬂ —V2)u) (dﬁ 1/J,\> dzds.

Such an estimate is proved in the same manner as the density estimate (4.6): by first
deriving it with regular solutions, and then by passing to the limit. Following (4.16),
it comes

10} — 62)( ) 22620 xAstop) < C / E()I W —2)(5, )| L2 x Aoy 45,

so that the Gronwall Lemma yields 1 =2 since & is bounded in L'(0,T).

Appendix A: some technical Lemmas. We state first the following Lemma.
The (easy) proof is left to the reader.

LEMMA 4.1. Let f€ HY2(0,T), and define:

e 1 d f(7)
oY2f.= \th/ \/?dT, 0<t<T.

Denoting by Ef the extension by zero outside (0,T) and by f its Fourier transform,
we have the identities

al/2f_ Ef <HR+1>, teR,

Jrdt v
D12 (&) =/ YEF(©), (4.17)
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where v stands for the complex square root with non-positive imaginary part and Mg+
for the indicatriz function of RT.

The second Lemma basically states that if a function g(z) belong to L?(R), as
well as |z|'/4g(x), and if g is the Fourier transform of a function with a bounded
support, then g decays as |x\_1/4.

LEMMA 4.2. Let f be a function in L?(0,t). Denote by Ef its extension by zero
outside (0,t) and let f be the Fourier transform of Ef. Assuming k/* f(k‘) € L?>(R1),
we have, for any a>0, for £>a,

‘J?(f)‘ <C ((1+t)5_1/4||k1/4ﬂ\L2(R+) +§_1/2H}\HL2(R)) ,

where C' depends on a.
Proof. The proof strongly relies on the fact that we compute the Fourier transform
of a function with bounded support. From the definition, we have

)= [ e as =Ty qBs = (1110
where H ()= Ot]*( i&)"1(e7*t —1). H verifies

HEI<t,  VeeR 5 HEOI<o, V>0 (4.18)

&l

We assume that £ >a>0. The convolution H *f is then split into four terms, with

0<fB<a:
§-8 £+8 +00
Joresnfom=[ <[ [ w

=L+1I+13+14.
Having in mind that £ >a >0, if follows readily from (4.18) that

L < HE+ ) 2@ 1l 2@y <262 Fll 2 ) -

Concerning I, we have

1/2
12<</0 HiE sl dy> Iy Flw) 2 e

-3 d 1/2
Y 1/4 7
<2 (/0 |§_y2y1/2> ||y f(y)||L2(R+)

Consider now an « such that 0<a<1—G/a<1—§/¢ and a<a. Then

/5—5 dy B 1 /1—5/5 dy
o lE—yPyl2 €32 ) ly—12y1/2’
a 1-8/¢
Lo
0 a

! 2a1/? 1 1 [¢ 1
= ¢3/2 (1—a)2+53/2a1/2 B+1—0& ’

=07,
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Proceeding analogously, I3 is easily estimated thanks to (4.18),
1/2
&8 4
Y 1/4 7
Bt [ ) A )
( 8 VY ) "
V25

t N
Swllyl/“f(y)\\p(w).
In the same way,
oo dy 1/2 R
S (/5+ﬁ|€—31|2211/2) " F ()l 22 )

2 ~
W ||y1/4f(y)HL2(]R+)-

The proof is then ended by gathering the different estimates on Iy, I, I3 and I,. O
REMARK 4.3. The previous lemma can be generalized to functions of the form g(s)f(s)
where f satisfies the hypothesis of the lemma and g is a C*([0,t]) function. Indeed, in
this case the convolution kernel H verifies, instead of (4.18),

<

H©)|<Cr, VEeR IH(£)SC§|7 vl >0,

for two positive constants Cy and Cs, so that the proof of the lemma still applies. The
result is thus

9| <c (A+0E A Tl 2oy +€ 21 Mliam)

where the constant C' depends on ||gllc1(jo4))- That relation is used at the end of the
proof of the energy estimate.

The last Lemma is a reformulation of a standard trace theorem when considering
flat boundaries. Notice that applying straightforwardly the existing results would
have given

1/2— 1/2+ .
lellzaw,) S Clel o IVelbias, >0, j=1n,
while we have the following Lemma:

LEMMA 4.1. Let o € H* () where Qg is smooth (at least C') and is defined in section
2. Assume that the trace of @ vanishes on I'y. Then there exists C >0 such that

1/2 1/2 .
lellzzr;) SC'||<,0||L/2(QU)HV<,0||L/2(QO)7 j=1,-,n.

Proof. We assume that ¢ is regular proceed by density to conclude. Let us
parametrize Qo by an orthogonal set of coordinates x = (z’,n) such that if n=0, z
belongs to the plane into which I'; is included. Such construction is possible since the
interface I'; is plane. Thus ¢(2’,0) is the trace of ¢ on I'; for 2’ €T';. We have

, 777 , o x/7
(e’ ,m)* =]o(a 70)I2+2726/O plx ,y)w(ayy)dy.

Then, the Cauchy-Schwarz inequality implies
||‘P||%2(Fj)§||90||2L2(Qo)+2||50||L2(QO)||VSD||L2(QO).

Finally, the Poincaré ineqality allows to control ||¢||z2(q,) in terms of [[Vil|12(q,) and
this concludes the proof. O
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Appendix B: sketch the regularization. The particular geometry and the
different assumptions made on the data render the problem not straightforward
to regularize. Indeed, the initial wave function is supposed to crucially solve a
Schrédinger equation in each wave guide and the potentials have as well some impor-
tant properties. We give here the main ideas about how this procedure can be pursued.

Let p be a standard mollifier such that 0<p<1, peC>(R?), ||p|lz: =1 and
whose support is included in the unit ball centered at zero. We denote by p°:= p(%)
and by E either an extension operator from (0,7)x € to R or from Q2 to
R% see [1]. Let V. e€C([0,T],L>=(Q)) be in the class of potentials introduced in
section 2.3, and define V?:=p®x, (p5 *xEVe), where we use a one-dimensional
mollifier for the time variable. Then V2 €C>®(R%*1) and V converges strongly
to V. in CY([0,T],LP(K)), p<oo, for any bounded set K C(Q. It is assumed
in each wave guide (2; (equipped with the set of coordinates (§;,n;)) that V.
verifies Ve(t,x):VO(gj)—l—Vj(t), which is not true for V. Nevertheless, as soon
as 7, >0, V2 shares a similar structure, that is ‘Qé(t,x):VO"s(fj)—i—Vj‘s(t), where
VO9(&) = [pa 1f EVO(2)p(&; —z,y)dzdy and Vj‘szp*tEVj. This suggests to
define a fixed parameter dg, with 0<d <dg, such that the transparent boundary
conditions are prescribed on F;S-O ={(n,,&;) €9Q;,§;€T;,n;=00)}. It is not possible
to define them for x € Q;, n; <4, since V2 does not satisfy the adequate decomposition.

In the same way, let 77/12’5 =X p% %, (EYY) €C>(12), where y is a cut-off which
ensures that 1/)2\’5 vanishes on the boundary 0f2. wg\’é converges strongly to z/}?\ in
H'(K), for any bounded set K C Q. Let now x%7° be the solution to (2.1) with the
regularized potential V°° and EJ:° be the associated eigenvalue. According to the
regularity of the potential, %79 GC‘X’( j). In each guide Q;, 9 reads:

UNGENEDS {an ()00 6% exp(—2 773 {/2(E(\) —Eh))

m

b, exp(M +\/2(E()\)—E%))]

This leads to the definition of

@iﬁwnﬂ::§j[ 0 ()0 87 exp(— m V2B -ER))

memmeﬁﬁﬂ,

so that ¢} €C>(£;) and 3 converges strongly to ¢ in H'(K), for any bounded set
K c ;. In each wave guide, we thus have, for n; >0,

2
—%AsﬂiJrVo"s R=E\N)g3.

Let x be another smooth cut-off function equal to one on Qo and whose support is
included in the set {z € R% n; <&y, j=1,---,n} and let w)\ —xw)\ +(1=x)p3. We

have 1/)9\’5 €C™>(Q), and 1/)2’6 converges strongly to ¢ in H'(K), for any bounded set
KcQ.
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Consider now the following regularized Schrédinger-Poisson problem:

) 2 _—

z‘s%z—%w%(vgswf)wi L U=0,)=yy" 5 weQ
AV [Py 5 e 5 Vian, =0

A
Define as well:
5 0% iP5 5 i ff
PR =y ;0 . 000 () =exp <_€ /O (E(A)+Vf(s))ds),
j=1

where (p); is the partition of unity introduced in section 2.1. The previous construc-

tion of w?\’é and V9 insures that

awiwﬁ
ot

2
) €
*© =—5A¢§w76+(@+‘@6) 10, weQy, my =,
so that Theorem 3.1 applies and provides a unique strong solution ( ‘f\,VS‘S), the C*

regularity is easily deduced from that of the data. Moreover, wi verifies:

0 ) pw,o e_iﬂ-/4 1/2/.,5 pw,o0 5
877],(%—% )=-— NG D5 (b —¢3x™°) 5 xel}.

The definition of ]D},/f is the same as (3.5), x%’ being replaced by x%7° so that we
have (4.1)—(4.3).

For the sake of clarity of the paper and without loss of generality, we abusively
decided to set the boundary conditions in the proof of theorem on the interfaces I';

instead of F?O .
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