ANALYSIS OF THE DOUBLE SCATTERING SCINTILLATION OF
WAVES IN RANDOM MEDIA
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ABsTrRACT. High frequency waves propagating in highly oscillatory media are
often modeled by radiative transfer equations that describes the propagation of
the energy density of the waves. When the medium is statistically homogeneous,
averaging effects occur in such a way that in the limit of vanishing wavelength,
the wave energy density solves a deterministic radiative transfer equation. In
this paper, we are interested in the remaining stochasticity of the energy density.
More precisely, we wish to understand how such stochasticity depends on the
statistics of the random medium and on the initial phase-space structure of the
propagating wave packets.

The analysis of stochasticity is a formidable task involving complicated ana-
lytical calculations. In this paper, we consider the propagation of waves modeled
by a scalar Schrodinger equation and limit the interaction of the waves with the
underlying structure to second order. We calculate the scintillation function
(second statistical moment of the Wigner transform) for such signals, which
thus involve fourth-order moments of the random fluctuations, which we assume
have Gaussian statistics. Our main result is a detailed analysis of the scintilla-
tion function in that setting. This requires the analysis of non-trivial oscillatory
integrals, which is carried out in detail.

1. Introduction

The analysis of wave propagation in random media is an important problem aris-
ing in many applications such as biomedical imaging, geophysics, telecommunica-
tion or underwater acoustics. The random media generally models a heteregeneous
medium with an unknown underlying microstructure. While the dynamics at the
scale of the wavelength can be fairly complex, some reduced models of propaga-
tion, depending on the structure of the random fluctuations can be derived in the
limit of vanishing wavelength (high frequency limit). In the weak coupling regime,
such models take the form of radiative transfer equations [21, 22| that describe the
propagation of the wave energy. A mathematical proof of such limit is a difficult
challenge that has found so far only partial answers. In most cases, the rigorous
analysis is done within the paraxial approximation, see e.g. [24, 8], which occurs
when the wave has a privileged direction of propagation and backscattering effects
can be neglected. In such a case, the propagation is described by a Schrodinger
equation with a random potential in which the time variable corresponds to the
direction of propagation. Many different regimes can be obtained according to how
depend the fluctuations on the direction of propagation: for instance, when the fluc-
tuations are faster in the direction of propagation than in the tranverse direction,
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the propagation is described after appropriate rescaling by an It6-Schrodinger equa-
tion in which the potential is a white-noise in the longitudinal direction and regular
in the others, see [1, 15, 9]; in the weak couling regime, and when the medium
barely varies in the privileged direction over the distance of propagation, then one
finds a random Schrédinger equation with a time-independent potential. This is
the regime we are interested in in this paper. It also naturally arises in the context
of quantum waves in random potentials. Wave propagation is therefore modeled by
the following Schriodinger equation:

L0 €2 x d
<zg§+5A—\/EV<g>>ue(t,x)—0, t>0, zeR% (1.1)

where ¢ < 1 is the rescaled wavelength, augmented with a deterministic initial
condition (0, -) uniformly bounded in L?(R%) with respect to ¢, for d > 1. Here,
V is a mean-zero Gaussian stationary random field with autocorrelation R(z) :=
EV (z+y)V (y) and is time-independent. The symbol E denotes the ensemble average
with respect to a given probability space (2, F,P) on which V is defined. The
asymptotic analysis of (1.1) and the derivation of the radiative transfer equations
is usually done with the help of the Wigner transform of u. defined as [17]:

1 .
W&(t7x7 k) = / elk.yu&‘ (t,l’ - ﬁ) ’ITL;.; (t,l’ + ﬁ) dy7
R

(2m)d 2 2
where 7. is the complex conjugate of u. and W, solves the Wigner equation
0
EWE +k- vxwa = A6WE7 (1-2)
with
AW k) = [ folosk—n)Welon)n,
- i ’ —i26-x ’ i26-x
folw€) = o [V(-20)e 200" — V(g7

where V denotes the Fourier transform of V with the convention
V(k) = / e RV (1) da.
R4

The initial condition of (1.2), denoted by W2(x,k), is the Wigner transform of
ue(0,-). We denote by a. := EW, the ensemble average of W.. For sufficiently
rapidly decaying correlation function R and Gaussian potentials, a. is known to
converge in a proper functional setting to the solution ag of a radiative transfer
equation, see |23, 11]:

%ao +k-Vgao = /]Rd o(p,k)ao(t, z,p) — ao(t, x, k)]dp, (1.3)
with a scattering cross section o (p, k) = R(p — k)3(|k|? — |p|?), where § is the Dirac
distribution and the power spectrum R(k:) is the Fourier transform of the correlation
function R(z). The above radiative transfer equation is known to hold for other
frameworks involving the Schrodinger equation or classical wave equations [2, 4, 18,
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21]. In this work, we are interested in quantifying the remaining stochasticity at
the limit ¢ — 0, which is done by analyzing the covariance of W, — EW.. This
is motivated by imaging applications and related to the self-averaging property
of waves propagating in random media. This property, that formally reads W, —
EW,. — 0, is important for instance in the analysis of the refocusing of time-reversed
waves [4, 7, 19, 13| or inverse problems in which the main source of noise is created
by the difference W, — EW,, see [6]. An appropriate tool in the analysis is the
scintillation function that is introduced below.

Scintillation function. The scintillation function J. (or covariance function) is

defined as
Je(t,x, k,y,p) = EW(t, x, k)W (t,y,p) — EW(t, z, k) EW.(t, y,p), (1.4)

whose weak convergence to zero implies the convergence in probability thanks to
the Chebyshev inequality, Vr > 0,

B(I0W-(0),0) — {ac(0), )] 2 7) < (0,0 @ ),

where ¢ is a regular test function. Convergence in probability shows that W is self-
averaging as € — 0. Introducing first the free transport semigroup J, Jh(t,z, k) :=
h(z — tk, k), and the operator

t
D7 h(t,x, k) = / h(t — s,z — sk, k)ds,
0

then (1.2) can be recast as the integral equation
(I-D AW, = JW,

whose solution can be decomposed formally as the multiple scattering expansion:
e .
We =Y (D7'A Y JW?. (1.5)
§=0

We cannot obtain closed form equations for statistical moments of W, as can be
done in the Itd-Schrodinger regime [20, 5|. Moreover, it is shown in [5] in the
[t6-Schrodinger regime that the single and double scattering contributions give the
leading terms of the scintillation function and therefore that higher order scattering
terms are negligible. Obtaining such a result for our case of interest requires the
analysis of the whole series (1.5) with is so far out of reach. We nevertheless formally
expect such a property to still hold if the power spectrum is small enough in some
norms so that terms proportional to R? in the scintillation can be neglected com-
pared to the terms linear and quadratic in R. Furthermore, if there is no smallness
assumption on the power spectrum, we still believe the first few scattering events
dominate since high order terms are more regular and instabilities are mostly cre-
ated by singularities of the terms defining the series (1.5). Retaining only the terms
7 < 2 in the latter decomposition, and writing

Wex~B+ 5SS+ DS,
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where B = JW? is the ballistic part, S5 = D1 A.JW? the single scattering con-
tribution and DS = D tA.JD 1A, JWY the double scattering contribution, we
have:

J. =~ E(B+SS+DS)(B+SS+DS))—E(B+SS+DS)E(B+ 5SS+ DS),
= Jss +E(DS(B+ S5+ DS))+E((B+ SS)DS)
—E(DS)E(B+ SS+ DS) —E(B+ SS)E(DS).
Since the potential is mean-zero and Gaussian, E(DSSS) = 0, and we have
J. = Jss + Jps = Jss + E(DSDS) — E(DS)E(DS).

Here, Jgg is the scintillation function of single scattering. It was analyzed in [3]
and the main results of that study are recalled in section 2 after theorem 2.2. The
purpose of this work is to carefully analyze the convergence properties of Jpg to
complement that of Jgg.

Long-range correlations. We are interested in random fields with possibly long
range interactions, which can be modeled with slowly decaying autocorrelations that
are not integrable. Such media arise in applications such as geophysics, telecom-
munications, hydrology or laser beam propagation in turbulent atmosphere, see e.g.
[10, 12]. Assuming R(z) ~|;00 2°7¢, with 0 < § < d, some standard rescaling

arguments show that Ris singular in the origin and behaves like ]k\*‘; . The simplest
way to model such power spectra is to consider correlation functions with singular
Fourier transforms near the origin of the form

R(k) :%, 0<6<d, (1.6)

with S € LY(R?) N Cy(RY), Cy(R?) denoting the space of bounded continuous fonc-
tions. Since, 0 < § < d, R is locally integrable. Physically realizable media impose
that [ R(k)dk = (27)*R(0) < oc. Short-range correlations correspond to integrable
R. In this case R is bounded so we may take § = 0 in (1.6).

Initial conditions. The scintillation function is known to strongly depend on the
structure of the initial conditions, see [3, 5]. We consider initial conditions u.(0, -)
oscillating at frequencies of order e~! and with a spatial support of size £* for
0 < a < 1. The parameter « quantifies the macroscopic concentration of the initial
condition. The simplest example is a modulated plane wave of the form (or a pure
state):

u:(0,z) = dax(g—a)e so, (1.7)

£ 2
where xy € S(R?) and S denotes the Schwarz class of functions. Such an initial
condition allows for a precise characterization of the convergence of Jpg and is
motivated by practical considerations related to imaging problems: in such applica-
tions, the medium is generally probed by waves with a prescribed wavevector, here
q;“ (or by isotropic waves with momentum |q€—°|), with a prescribed support related
to the bandwidth of the antenna generating the wave. Here, this support is €* and

the smaller the bandwidth, the larger the support. This is a crucial parameter for
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imaging purposes as it affects both the resolution and the stability of the imaging
method: when the support is small, a better resolution is expected but with a poorer
stability as the statistical instabilities are averaged over a smaller domain. This can
be seen as a consequence of the law of large numbers. Note that the above sequence
of initial conditions is uniformly bounded in L?(R%), and that the corresponding
Wigner transform reads

L T 4 4qo
Wg(ﬁﬂ,q) = EWO (6_0{, cl—a > ) (18)

where Wy(x, k) is the Wigner transform of the rescaled initial condition u.—; and
is real-valued. We restrict a to be less than 1 to ensure that ¢! is the highest
frequency in the problem. We suppose for simplicity that |go| = 1. To consider the
case of vanishing ¢g, one needs to rescale ¢g to let it depend on € to be able to capture
the correct behavior of the corrector. The limiting behavior is then obtained via a
similar analysis to that below. We do not follow that route here since in the most
relevant cases related to |go| = 0, that is when the Wigner transform is smooth in
the momentum variables so that o = 1, the limit is simply obtained by prescribing
go = 0 in the corresponding expressions in the theorems below. The cases o < %
and a > % correspond to different behaviors in the phase space as can be seen in
(1.8): when a > %, the initial condition is more singular in the spatial variables
than in the momentum variables; as a result, it is shown in [5] in the It6-Schrédinger
regime that the instabilites are mostly created by an initial layer around ¢ = 0 while
in the case a < % they are also created at later times in the propagation.

Some notation. We denote by Ff the Fourier transform of f(z,q) with respect

to both variables x and ¢. For a function f(z!,---,2") € C™(R"™), 2/ ¢ R%,
j=1,---,nand a multi-index i = (i1, ,ipq) € N with |i| = i1+ +ipqg < m,
we introduce

4 i1 ind

' nf e a_ C. 0 f

2l 2 8211 azg

Let (z) := (14 |z]?)Y/2 for 2 € R?, |2| being the Euclidian norm of the vector z and
let a Ab (resp. aV b) be the minimum (resp. maximum) of a and b. All along the
paper C denotes a universal constant that might differ from line to line.

2. Results

This section summarizes our main results on the scintillation function. For a real
test function ¢ € S(R??), we define

we (1) = /R“d dxdydpdqe(z, p)e(y,q)Ips(T, 2,0, Y, q)- (2.1)
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Simple but lengthy calculations show that w. admits the expression

we(r) = W/RM d&ydmid&adn E{V (m)V (£)V (n2)V (&)}

XF (7, &+, m)FE (7, &2 + n2,m2)
- [ dedudpdage.p)o(o. OEDS (7,2, DEDS) (). (22

where we have defined

F(r,&m) = alaz/OT/OtdtdseXp{—2[3028(5—0)-?7+qo-(t£—s77)”

o1,09=%1

< [ rdp oo { ~ <za ey { Lo (6= o)} W p) 2D,

Pap )= Y o1p(c%+ 5~ Hor( —n) +7lgo + <)
o1==%1
1 I—a 1 1
+ 502(7' —t+s)n,q +e “p+ 501(5 -n)+ 50277)-
Above (and also in the sequel), we used the shorthand notation [z] = (7,t,s,&, 1, 02)
to denote the variables (after possible rescaling) related to the function . Since
the potential is Gaussian, we have the property

2m) BV (n)V (&) V (12)V (&2)) = R(n)d(m + &) R(m2) (2 + &2)
+R(m)6(m + m2)R(€1)0(E1 + &) + R(m)d(m + &) R(£1)5(& + 1m2),

where § denotes the Dirac measure. The first term on the right of the latter equation
generates a scintillation that is equal to the second term on the right of (2.2), so
that only two terms remain in w,:

we(r) = wh(r) +wd(r), (2

wlr) = g [, SR D ROIF (g (24)
1 . R

WAr) = e [, AR~ ) RO Em) (=€ =€ ). (29

As will be explained at the end of section 3.2, the two terms above are actually
equal in the limit ¢ — 0 and we will therefore only consider w! in our analysis.
When d > 2, we decompose the variables ¢ and n according to the line defined by
the vector gg (recall that |go| = 1) as

n= (77||777J_) S Rd ) §= (§||7§J_) S Rd7 (26)

where (§,my) € R%, (1,m1) € RV & =& q0,my=n-q0, - q0o=1"q0 =0,
with €2 and 7° denoting the vectors (0,£,) and (0,7.). When d = 1, such a
transformation is not necessary as & and 7 are always aligned with gg. Let B; be
the unit ball of R4~ When |n,| < 1, we define n5(n1) = 1+ /1 —|n.|> and

nt = (ni,n.). The theorem below characterizes the limit of w! (and therefore
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that of w? ) in the limit ¢ — 0 according to the physically relevant parameters
o and 6. When d > 2, we do not address the case o = 1 in detail as it is of
lesser interest since the double scattering contribution is of higher order in ¢ than
the single scattering contribution and is therefore asymptotically negligible. When
d = 1, single and double scattering contributions have the same order when o = 1
and the corresponding case is treated in theorem 2.2. All convergences below are
pointwise in time and can be shown to be uniform provided an initial layer is avoided.
More precisely, we have the following result when d > 2:

Theorem 2.1. We have, pointwise in 7, V§ € (0,d), Vo € [0,1]:
wl(t) =0 as €—0,

and when o = %, there exists a positive non-identically vanishing function f such
that, pointwise in T,

f(r) < liminf 9wl (7). (2.7)

Besides, when § =0 and d > 3:

g—d(—0)=(2a=1)=(a=1)VO0, Ly 4 47, (2.8)

The limits depend on several parameters. When 0 < a < 1, we have:

Odz/ / /]R / st s LU = [ F(W0) (€0t — s)

|77L|

Ca = W’ ba = 2101w(7qo—§(1+01)(7—t)77 QO——1+01 )
g1=
>

with T = 7 when o < ,Tafoowhenoz>2,§a—0whena<2,§af§0when %
ta —twhena<§,cmdt —Owhena>—

When a = 0, then we find that:

L [ o

1 1 1
Zaup(w+ T—t)ol(ﬁ—ni)ﬂwqo—5(7—t+8)ni,qo+§01(§—77i)—§ni)-
01— :tl

2

3

/ e F(Wov) (€, 1)

When d =2, § =0 and o € [0, 1], (2.8) still holds while when o € (3,1):
572(17a)7(2a71)7(2a71)vo|10g7_€172a|71 1( )*> ’LU(T),

D= ) (0,60 )

= n.?)

for the 1, previously defined.
In the one-dimensional case, we have the following result:
Theorem 2.2. V§ € (0,d), Va € (0,1], pointwise in T:

w(t) =0 as & —0.
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When 6 = 0, we have lin% "% (T) = wqu(T), where
e—

= 7R2(2q0) ’ - S S 2 (6%
wo(r) = 5[ aas F o) 0.9 e 0.1),

) = ) [ [

2
) OZZO,

/T dt exp {—it&} F(Woha) (&, 5)

T dnds - o0 , 2
wi(r) = 4// N RQ(”)‘ Zag/dsexp {is¥,, ()} F(Wya) (0, sn) ‘, a=1,
rJo 277 11 Jo
and
Yalz,p) = Y o190 (xa— (1 —t)(1+01)q0 + 70 + (T = sa)q0,q0 — (1 + 01)q0) ,
o1==x1
zo=x ifa=0, xz,=0 otherwise, sa=sifa=0, s5=0 otherwise,
1 1
Y(x,p) = Y, o (5(7 —t)(o2 —o1)n +7(p+qo),p+ g0 + 5(02 — 01)?7> :
o1==%1

All the expressions that appear in the above two theorems can be shown to be
finite since Wy and ¢ belong to S(R??); see also section 6. We give a complete
proof of theorem 2.1 in sections 4 and 5 in the case o € [0, 3]. The case a € (3, 1]
is treated formally in section 6. The proof can be made rigorous by adapting the
arguments of the case a € [0, %], we did not follow that route here for the sake of
conciseness.

When d > 2, theorem 2.1 shows that the scintillation function of the double
scattering converges to zero, even for long-range correlations. A similar result was
obtained in [3] for the single scattering contribution. This means that the truncated
Wigner function (including only the ballistic part and the single and double scatter-
ing parts) is statistically stable in the limit ¢ — 0 in media with spatial long-range
correlations. There is nevertheless a striking difference with the single scattering
contribution. The latter was shown in [3]| to be (approximately) of order /¢ when
d ~ d and not of lower order. Here, the estimate from below (2.7) shows that the
limiting scintillation of the second scattering is greater than a term of order 49
when a = %, which is therefore close to one as § ~ d. This means that long-range
effects are stronger on double scattering (and likely on any higher order scatter-
ing events) than on single scattering. This agrees with the physical intuition since
long-range effects are supposed to be seen at large distances and double scattering
events take place at a larger distance from the source than single scattering events
do. Whether or not higher order scattering are statistically stable in media with
long-range correlations remains an open problem for the random Schrédinger equa-
tion with time-independent potentials. Getting such a result may require an analysis
of the whole series (1.5), which is already very difficult for short-range correlations
[11].

We treated in the theorems the cases that seemed to be most relevant. Obtaining
all the limiting expressions of w! when § > 0 is a fairly long task. Indeed, as
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explained in section 3.2, three different scales have to be defined in order to handle
the singularity of R around the origin. This leads to three different expressions in
the limit € — 0. The leading term thus depends on the value of §. We computed
the exact limit for the smallest of the three scales in section 4.3, and this allow us to
obtain the bound from below (2.7). We presented the result only for o = % as it is
the most interesting case. Indeed, it shows the scintillation is increasing as § — d,
a result that no longer holds when « # %

Theorem 2.1 also shows that when d > 3 and 6§ = 0, scintillation of double
scattering is of order dl—@)+Ra=1)+2a=1V0 = Tt reaches a minimum of order ¢

when o = 0, and a maximum of order €5 when a = % and d = 3 for instance. The
scintillation of single scattering was shown to be of order g?—®+1-aA(l—a) [ jg
then interesting to notice that single scattering dominates when o > %, which is
precisely the same threshold observed for the Ito-Schrodinger regime in [5]. The
case d = 2 is very similar except that there is an additional logarithmic correction
when a € (%, 1). Also, the optimal estimates of our theorem together with those
of [3] allow us to quantify the (self-)averaging effects of the fast oscillations in time
of the random potential in the It6-Schrodinger case. For the time independent
potential considered here, the highest order of single scattering is %! (obtained
for a = 0), while it is €9*2 for the It6-Schrodinger case. For double scattering, we
have €1 when o = 0, while the order is €% for It6-Schrédinger. When o = 0, the
fast oscillations in the It0-Schrédinger regime then make the scintillation an order
in € smaller than the time independent case. It is interesting to compare with the
case of initial conditions that do not localize in the momentum variables, i.e., when
a = 1. We find for both the stationary potential case and the It6- Schrédinger case
that single scattering is of order ¢ while double scattering is of order £2. This means
that the fast oscillations in time have no longer a self-averaging effect when a =1
and therefore that spatial self-averaging becomes dominant as the initial condition
gets unlocalized in momentum.

Application to precursors. When ¢ = 0, the optimal estimates obtained in the-
orem 2.1 provide the dynamics of the statistical instabilities. The test function ¢
appears as
5 %(1 +o 1)77i>,

with ¢, = ¢t when a < % and t, = 0 if o > % When a > %, this means that
the instabilities of double scattering propagate freely in the random medium with
momentum qg + %(1 + o1)n*. The instabilities are therefore created by an initial
condition as was already observed in [5| for the It6-Schrodinger regime. When
a < %, they are generated by a source term as the position is now determined by

1
(P(TQO — (A + o) (T =t qo0 —

Tqo — %(1 + o1)(t — t)n*. It is interesting to notice that instabilities propagate
not only with the initial momentum ¢, but also with a momentum gy + n*, whose
distribution admits the following fairly complex expression when o < l:

7o) = 1—\m\ %/ /Rd  dade [F(0Wo) (€7 al
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The integrated term on the right can be shown to be uniformly bounded with respect
to 11 so that the main characteristics of the distribution are that of

R%(n*)
(1—In.f2)2

This is in contrast with the dynamics of the limiting Wigner transform, which
is known to be the solution of a transport equation with a conservative collision
operator, see (1.3) and [11]. This means that if the initial condition for the transport
equation is narrowly supported in frequency (momentum), the same holds for the
solution at all times. Statistical instabilities thus propagate with a larger range of
frequencies than the average Wigner function, and this property can be used for
imaging purposes as explained below. See [16] for an exposition of precursors in a
one-dimensional setting. Recall that |go| = 1. We have [n%| = (24£2/1 — |n.[2)"/?,
so that since |, | < 1, we have [n*| € [0,2]. Therefore, instabilities propagate with
both lower and higher frequencies than |gp|. The distribution will be maximum for
momenta k™ with |k7"| = 1. The above cross-section therefore mainly generates
momenta with norm v/2|qg|. This corresponds to high frequency waves that are not
suited for precursors. Nevertheless, the cross-section also creates low frequencies k'
(provided R does not vanish around the origin) whose amplitude decays like r3
if |k} |2 =1 — r. If the related low-frequency waves can be measured, which could
be a difficult experimental task since: (i) the amplitude decreases as the frequency
does; and (ii) the amplitude is of order ¢?1=®)+2a=1) (when § = 0 and o < 1) and
therefore small, they can be of interest for imaging purposes as they weakly interact
with the random fluctuations of the medium and thus approximately propagate in
a homogeneous medium. It is interesting to perform a comparison with the single
scattering contribution. According to the results of [3|, when « < 1, the instabilities
only propagate in the direction qg, so that no low frequencies are created during the
propagation and no precursors are generated.

Comments on the one dimensional case. A first observation of theorem 2.2
is that, as for single scattering, double scattering is stable when a > 0 in the
presence of long-range correlations. There is no contradiction with the well-known
localization property of waves propagating in one-dimensional random media, see
for instance [14]. Our result shows that scattering events of order at least three
are responsible for localization when o > 0. The case o > 0 corresponds to initial
conditions localized in the spatial variables, while o = 0 corresponds to unlocalized
initial conditions. When a = 0, we find that the scintillation is of order one and
therefore is compatible with localization. The results seems to indicate that waves
need to spread spatially first in order to localize: when o = 0, waves have a wide
spatial support and statistical instability occurs for the double scattering; when o >
0, waves needs to disperse first and then double scattering is stable. Also, double
scattering is dominant whenever @ < 1 and is of same order as single scattering
when o = 1.
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3. Outline of the proof

3.1. Preliminary calculations. We need to perform additional computations be-
fore describing the outline: when « € |0, %], we make in (2.4) the change of variables
s = e%and & — el 7¢ £ — €%, where we used the notation (2.6). Whend = 1,
by convention §; =7, = 0. Let £ = (¢*|,£1). Still using the notation F* for the
rescaled version of F°, as well as d§ = d§|d€, and dn = dndn_, and defining

Re(&m = RE =), Wo)=n+ 2 (IP+nf) (31
aE(U’vU? [ZE]) = ]:(WO('V)wa('v'?[ZE]))(U7U)7 (3'2)
Fs(ﬂﬁe,ﬁ) = Z 02F§2(Ta£€an)’ (33)

oo=%1

with [2°] = (T,t,eo‘s,el_o‘fa,n, o2), and

(1,6%,m / / dtds exp {—io9s&° - n/2} exp {—zt&u }exp { sUg, (77)}
X ac (65,172 — sm, [27]) (34)

we find the expression for the first scintillation w}

_ _ dédn ~
1 — d(l a)+3a 2 FE £ 2‘ 35
wir) = L. b B el 69
When o € (%,1], we make in addition the change of variables t — £2*~1t and

5” — 51720{5”. This yields

d&d -
ul(r) = etz [ AR MROIF (R E P, 6O

with now £° = (61’°‘£”,£L) and

ea— 1t
(1,6.n / / dtds exp {—ioasE° - 1/2} exp {_itfﬂ}

?
e { s, e (€06 — 1 (), (3)
[2°] = (1,271, 6%, 7€ m, 02).
The second scintillation contribution w? is discussed below.

3.2. Outline. Assume d > 2. The case d = 1 is simpler and treated in section 7.
Let us start with a formal analysis for wj: assume a € (0, 2) and decompose F* as

|Fe)? = Z 0202F€F/.

02,05==%1
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which leads for w§ (before the change of variables | — £%¢) to oscillatory integrals
of the form

— "7 aty diade d R R
I AMA/;tlmgnR@mmm
exp {—é(tl - 752)5”}3(151,5,77’ Uz)g(t%fﬂ%aé), (3'8)

with

= : i o 12«
g(ta 57 n, 02) - A ds exp {_2028§ ' 77/2} exp {El_a sW 2(77)} Qe (57 € t§ - 377) :

We drop the dependence of a. on [2¢] to simplify. The product g can be written
as

eT% e %o - ,
/ / dsidss exp {—i(0231 — 8905)E - 77/2} exp { 11704 (57072 — 32\11‘72)}
0 0 €

ac (£, E — s1n) ac (&, € — sam)
The first exponential term in the integral above plays no role. When a < 1, the
second oscillatory phase localizes 1 on the (hyper)surface on which the phase factor

51072 — oW vanishes. The phase is equal to

/
o o! §1092 — 20
51092 — 59072 = (897 — 52)77” + fQ <|77L|2 +77ﬁ> .

Assume first o5, = 09. Then the phase reads

/ g
519092 — 59072 = (51 — $9) <?7|| + 72 (|77L|2 + nﬁ)) ,
which vanishes on the surfaces S,, given by

Sor = {(nm1) €RX R 2 4 o901 |* + oanf = 0},

= {om) eRxRT <1, ny=—opk VTP

Setting s; = sp + e~ %s; then yields formally:
g(th §7 n,02 )§(t2§7 m, 02) ~

7%y
8170‘5502 (77)/ dsg ac (€,€'7241€ — sam) e (€, 672 € — sam)
0

where dg,, denotes here the Dirac measure on the surface Sy,. When o = —0o9, we
have
- _ _ 289 + el 7%
(s2+ €78 )U2 — 50772 = el 4oyt 2 5 : <|77¢|2 +77ﬁ) ;

~ 0282 <|m|2 + Uﬁ) ,

which therefore does not vanish except at the origin. Hence, it is expected that the
contribution of the terms corresponding to ¢, = —oy will be negligible compared
to that of o}, = o9 since it oscillates like exp{o2e® tsa(|n.L|? + nﬁ)} When o =1,
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the situation is different since the integral in s; no longer displays fast oscillations
and all terms are of the same order whether ¢, = o9 or not. Let us now go back
to (3.8) and study integration with respect to the time variables. When o > 0,
the oscillatory integral localizes to t; =& t3, so that, after the change of variables
t1 = to + €“ty, we find formally

IN€/ dgd’l’]R (f ’I’])) ( )6502 (S(] 5” / / dtgdsﬂae 5, 1= 2at2£ 8277)‘ s

% 2
N€/ / d¢y dn R*(n)ds,, (n / / dtadsy |ac (€°,e' 2260 — som)|”,
Rd—1 JRRd

(3.9)

where following the notation (2.6), € = (0,£,). A close look at the surface S,,
shows that they include the origin. This is problematic since R?(7) is singular near
zero when & > 0 and behaves like |72, Even if a. ~ || around the origin when
€ (0,1), as can be seen from (3.2) and the definition of ¢, the singularity is not
integrable when § becomes too large (but less than d according to our assumptions).
One has therefore to be careful for very slowly decaying correlations in order to
justify the formal computations. A possibility is to precisely control the rate at
which 7 gets closer to the origin: the term R.(&,n) R(n) behaves like |¢'~¢ —
n|~%|n|~% which generates three natural scales:
o || > |e'7€|, so that |e'72¢5 — 5| 7%|n|~% ~ |n|~2 and we will prevent in
this case 1 from approaching the origin because of the singularity,
e when |n| ~ |e!72¢8|, |e'=*¢ — n|70|n| 7% is integrable since § < d,
e and finally when |n| < |e!7%¢|, so that |e!=%¢ — 9| 0|n| =% ~ |e1=*€|79|n| 0
which is also integrable.
The last scale allows us to obtain bounds from below that show that scintillation
grows in some cases as the correlation distance gets longer. The latter analysis leads
us to decompose the domain of integration in 7 over R%, as follows: let B, be the
closed ball of R? centered at the origin of radius a and C? be the corona of radii a
and b with b > a also centered at the origin. Let

D! = {(Uuﬂu)GRXRd_l, el <1, 0< 4y Sl},
Dy = {(77||,m) ERxR™ Ini[<1, 1< i77||}7
Cx = Cn{Ln >0}

DY = DU\{DLNBs},
¢ = RA{DSuUD’uDLuUD!}.

The latter decomposition is depicted in figure 1 when d = 2. A fair amount of
calculations is redundant and we will focus our analysis only on the subdomains
DQL, Ct and B+ that contain all the relevant difficulties. The techniques used to
treat these domains can then easily be transported to the other subdomains. When
a < 1, following the latter discussion, the contribution of the domain C can be
shown to be asymptotically negligible since it does not include the surfaces S; and
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S_1. It will therefore not be treated in detail. The contributions of Di and D! will
not be discussed further either as they are simpler to analyze than those of DQL and
DY since the domains Di_ and D! do not include the origin. The domain D° U D!
is similar to D(}r U Di and symmetry arguments show they yield the same limit.
The related results will thus be given without proof. We will focus our attention
on the case a < % The rigorous treatment is fairly lengthy and technical. When
a < %, the proofs can be performed in a relatively simple systematic manner and
we will present them in details. When o > %, the technicalities are heavier due to
the extra infinite domain integration with respect to to (7 has to be replaced by oo
in (3.9)) and do not bring much novelty compared to the case a < 1. For the sake
of conciseness, we decided therefore to remain at a less formal level when o > %

1

We set in the sequel v, = lfTa, 72 = 1 — § and decompose w, according to the

various subdomains (and omit the dependence in ¢ for simplicity):

wl(r) = > wi(r), D= {DY,CF B, D’,Co, D}, DL.CY, wi(r) = /(- - )dn.
D;eD D;

The value of 7, is the scale that allows us to capture the corrector (the exact limiting
term) around the origin, while +; defines a (non-optimal) scale at which the long-
range correlations have a weaker effect than around the origin. As annouced earlier,
we will focus only on the terms wi, we and ws. Our main technique to prove
theorems 2.1 and 2.2 is a careful estimation of the dependence of the function F*
on ¢ and 7. This amounts to analyzing the different oscillatory integrals involved
in the definition of F so as to obtain optimal estimates. Part of this task is carried
out in the appendix in Lemma 8.2 where we study parametrized oscillatory integrals
of the form

/T /E_ t dtds exp {—isA} exp{—itB}exp{isV} f(t,s),
0 JO

and obtain accurate estimates of their behavior as |B| and |¥| become large. In
sections 4.1, 4.2, 4.3, we show the terms w1, wo and w3 tend to zero for o < % and
d > 2 while the optimal estimates for 4 = 0 are obtained in section 5. The case
o> % is adressed in section 6 and the one-dimensional setting in section 7.

To conclude this outline, recall that the total scintillation function w, is the sum
of w! and w?; see (2.3). Starting from (2.5), the expression of w? may be recast as

w(r) = g [, ASAR(E— RODF(r € )C (€.,



)

€

m =1

DY

LIe72

CE

S1

FIGURE 1. Decomposition of the integration domain in n when d =

Dl

nL=1

2. The subdomain DS]F corresponds to the shaded zone.

where

G*(1,6,m) =

o1,02=%1

T t
Z 0109 / / dtds exp {—
0 0

/]de dxdp exp{ z’_aw . g} exp {g%p ((t — s)& + 377)} ‘/1/0(367]9)155(367]97 [2]),

el

ia(x’p’ [Z]): Z a1y

o1==%1

1
qgo+e -0

Eazs(g —n)-n—qo-((t—s)&+ 877)} }

1
<50‘:U — 5(7’ —t)on+ 7(

2

Go+e °p

11— 502('5 —n)

15

nL

)~ 5oa(r — 1+ 5)(E ),
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and [z] = (7,t,s,&,m,02). After the change of variables s — £%s, G° reads (dropping
the multiplicative e factors):

G (r,&m) = > 02G5,(1,€,m),

oo==%1
T e ;
Go,(1,&,n) = /0 /0 dtds exp {—io9s - n/2} exp {eia(t - 80‘3)5”}

X exp {glL._as\I}m (77)} Qe (_57 _81—2a(t - 8a8)§ — s, [ZE]) .

A simple inspection then shows that the expression of w? is extremely close to that
of w! (actually equal up to high order terms in ¢ after appropriate rescaling): the
variable 7 is also localized on the surfaces S; and S_; in the limit as well as {H at
the origin. The case a = 0 seems to yield a different result than w! because of the
extra ¢*s factors. They actually have no influence at the limit as explained further
in the following sections. Hence, all the methods used for w! can be applied to w?
with very few modifications and show that w! and w? share the same limit. We will

therefore not analyze w? in detail and focus mainly on w}.

4. The Case a € [0, 1]

4.1. Contribution of D; := DY. Our starting point is (3.5) with the related
definitions. Our goal is to estimate F*¢ and to prove that w; tends to zero. For this,
we first need an estimate for the function a.: it stems from applying Lemma 8.1 of
the appendix with v =1 —2a, r =7 =0, h = a and we find Vn > 0, k,1 = 0,1,
pointwise in all variables:

|0F0La. (€5, 172" — sn, 2°) |
(Ie17€ —nl* + Inl*)len]’ + [e!~>*€°[* |’
T+ 6T + |12t — s

As announced in the outline, we decompose F* as

<Cy

et =l (40)

|F)? = |F%,>+ R, R® = |F{]?- Z FEF ., (4.2)
oo==%1
and split w; := wl + wl¥ accordingly as leading and negligible parts. We treat

these two terms separately. The first step of the analysis is to control F*¢ using
(4.1). Recall for this that the characteristic surface in DY is given by

{(nu,m) ERXxRYL <L pp=ntn) i =1-y1- IMIQ}-

We then perform the change of variables 1 — 7*(n.L) + 61*0‘77” and as in (2.6),

introduce the notation n° = (n*(n.) + 61_0‘77”,77l). The phase W_; reads after this
transformation

_ 1,
() =y (1 —n"(nL) — 551 a?7||> :
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In order to control F¢;, we need to bound ¥_; from below. This stems from the
following geometrical constraints in the domain Dg_:

201 _ _
es ™) <P = ¥ () + 0 P+ I, 0 < f(ny) + 0ty < 1, (4.3)
along with |n, | < 1. These relations yield

1 1 _ 1 1
1- 577*(m) - 5(77*(77¢) +el ) > 5 (I=n"(n1) = V1= nL|?,

so that

1

el (1 S () — 20 () + 61Ol77ll)> ‘ )

U =
W1 5 5

1 _
> 561 Uyl 1= L. (4.4)

Using (4.1), we apply Lemma 8.2 of the appendix with a = h = a, v/ = 1 — 2q,
A= 1, B=¢,¥= U_1e2 ! and r = 0. Depending on the values of §| and
1), we use four different estimates. Lemma 8.2 gives, pointwise in 7° € Dg_ and
&€ eRY Vn > 0:

|FEy(1,65,0%)| < Co(€5) " U A2 A T3 AT,

_ _1
ol =1, W2 = oy = e P) T2+ 1€ 0t| + D),
P =g [T+ €8]+ r°]),
_ _ 1
L T e T O A O S e U e o S R ST B
Using the fact that [n°| < 2 in the domain Dg_, together with, for n > 2,
(€)(IE +elgyl) < (€)Y,
we arrive at
|[F21(m, €,0°)| < Cle) MUt AW A TP AT, (4.5)
_ _1 _ _ _ _1
Ul=1, W =g t1A=n)7z, =g O =gyl A= Pz
Defining the functions f and g by
_ _3 _
fQyme) = 1A (|77||| (1= [nLl?) 4) cglg) = 1AL

with by construction g € L'(R) N L>®(R), f € L'(R x By) N L>®(R x By), By being
the d — 1 dimensional unit ball, we can thus control |F¢;|? by

[F21 2 < CLE8) g())f () (4.6)

This provides us with the desired bound. In order to estimate wq, it remains to treat
the integration with respect to £ and n and thus the multiplicative (and singular
when § > 0) terms R(n°) and R.(£5,n°) = R(e'7%¢ —nF) in (3.5). For the first
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term, we have using (4.3), so that |n°| > e3" when n° € DY (recall the S below
was defined in (1.6)):

l—ozé

‘|<€ —a(nL)e” 3

Loy OF)SCF P < 18l (1, e (r)bial 0+

(4.7)

For the second term R.(£°,7°), assume first that [£5] < e, with 0 < 7 < 2(1 o)

Since |n°| > e according to (4.3), there exists, for ¢ < g small enough, a constant
C., such that |gl=2¢ — | > 0506%, and therefore, for n° € DQL:

. (1-a)
RO —if) S CL[ISIe e 57, when |€F]| <™. (48)

The contribution of the set {|{%] > e~} is of higher order thanks to the arbitrary
decay of (£€°)~™. More precisely, we have, introducing D; . = {n € R% n° € D;}:

déd
whr) = ettt [ [ e RO ()

27‘1’ 2d

= / ()d£+/ («--)d§ == Ty + Ta.
|§=]<e™0 |£=]>e0
Using (4.8) and (4.6), T} is controlled by

T, < el g2 / / dedn (€0) " 17| 0 g(€p) F ().
¢e|<e=0 JDy .

)21 d0-a) -
< Qedl-a)2am1- S5y p / dn 1|~ F (),

Dl,s

since g € L' N L*. Moreover, thanks to (4.7),

L[ dnlE P f ) < / / dyd e |~ Fmy 1)
RJe ™3 <|n|L1

Dl,s
_6(1704)
+e7 3 // o dpdn f (L)
RJny|<e 3

Treating the domains || < 1 and || > 1 separately, and using that when |n, | < z,
(Ll f)~s <2/

we find

IN

11—«

3

1/2
[l ) < [ r i sy
Dl’s 15

_ O(1+6(d7175)(17a)/3)’ (4.9)

so that
T < Cad(l—a)—l—Zoz—l—@(l + 8(d—1—6)(1—o¢)/3). (410)
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Regarding Tb, we denote by B the ball centered at ¢*~'5° of radius one and by B¢
its complementary in R?. We have

déd R
i S I == R U

= Cellmet2e g o / / + / / :
D1, J{I€5|>e770}NB D1, J{|€5|>e770}NBe

In the first term, we perform the change of variable { — ¢, which yields an
integration of ¢ on the domain {]{\ > e 7} N B and a loss of a factor e~®. Since
§ < d, the function |¢ — e 19f| 70 is integrable on B. This implies that the first
term is bounded by, Vn > 0:

Cg(d—5)(1—a)+2a71—a+%n /D an(ns)f(n” ’ nL),
1,e
which, thanks to (4.9) is controlled by
he = Ce(dfzg)(lfa)+2a717a+'yon(1 + €(d7175)(17a)/3)‘
The second term controlling 75 is also readily bounded by h.. It finally suffices to

choose n large enough so that
1

h. < ed(1-e)t20-1- dd—e) (1 4 @-1-9)(1-a)/3)

to obtain that 75 is higher order than 77. The main result of this section is therefore,
that, pointwise in 7:

w{/(T) -0 <€d(17a)+2a717

A close inspection then shows that V& € (0,d), Yo € [0, 3], for d > 2, we have,
pointwise in 7:

§(1—a)
3

1+ g(d*1*5>(1*0‘)/3)) . (4.11)

wh(r) =0 as e—0.

Regarding the remainder R® defined in (4.2), there are two contributions. They
both involve the phase factor ¥y, that reads

_ 1 -
Ui(n®) = 2n(nu) +e" <1+77*(m)+§€1 a77||>7

n (L) + 0 () + e+ et (L),
> )L+ %) = n ()1 = InLf?,

v

since
1—/1— [P+ =n"(ny) +&" % >0
according to (4.3). Contrary to W_1, ¥y is bounded from below independently of ¢,
so that the oscillatory term exp{isc® 1W;} provides an additional averaging effect
that renders R® of higher order. Proceeding as for F*¢; and using Lemma 8.2, we
find the estimate
[Ff| < ClE) W A2 AT AT,
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with
U= W= )
- _ - _ 1
L T e [ e U e O S VTN
Therefore, using (4.5), we have

CYFe Ff| < (4.12)
—-n —Q * _1 —Q * | — — _3
() g(gy) (27 pr1 (= I 27 ) A (07 2 72y 21— 27

where ¢ is as in (4.6). We then proceed as for |F<,| and underline here only the
main differences. Consider first the contribution for || < 1. We control |F<, FT]|
using the first term on the right hand side of (4.12). Since the term 7* behaves likes

In1|? ne;g the origin, 747279 in (4.9) has to be replaced by 7%~479 and we lose a

factor e~ 3 ~ compared to w!. This is compensated by the multiplicative ¢!~

and

yields an overall gain of a factor e 3 compared to wlL . When 271 > \77”\ > 1,
(1—a)
we use the second term of (4.12). The term |n*|~%/? creating a loss of ¢ 3 , the

overall gain is a factor a(lTa) compared to wlL. We proceed exactly the same way
for |[F|? and obtain finally that w¥ is negligible compared to wf when ¢ — 0.

As claimed in the outline, the results of this section can be directly generalized
to the domain DY and to w?. This ends this section about the domain D;.

4.2. Contribution of Dy := Cfr. The method is the same as the one for the
domain D;: we first find an estimate for F* and then show that wsy goes to zero.
We have the following geometrical constraint in the domain Ds:

209 <2<, o<y, (4.13)
Starting from (3.5), we perform the change of variables n — ne(l=a/2) g 5 g—ag,
This yields:
d(1—a)+d(1—2)+a—2 D (e 1—a/2 \Drl-a/2 € e o d€dn
wy(r) =€ 2 Re(&5, e ) R(e™ ") |[F*(7, &%, ) TR
Rix Do . (2m)
(4.14)

where Dy, = {n € Rd,s(lf‘”p)n € Dy}. As in the previous section, F* is decom-
posed as, with same notations,

|F¢| = |F%, > + R°. (4.15)

We split wy := wk + wd accordingly into leading and negligible parts. F¢, reads:
T t
Fe(r,&5,n) = / / dtds exp {ie(lf‘g’aﬂ)sfe . 77/2} exp {—it§) }
0 0
X exp L3\11_1(77) e <§€,€172at§€ — g(1=3a/2) g [ze]) ,
ca/2

1—a/2
(!m\? +nﬁ> :

2

€

V_1(n) =n -
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with [2°] = (7, t,s,e' 7€, e(1=2/2)y 1), The phase ¥_; vanishes for

=" (nL) = o—(1-a/2) (1 — \/1 — 62(1a/2)|7u|2> )

We then set n; — n*(nL) + 50‘/277” and introduce the notation 7° = (n*(n.) +

g/ 217”,77 1 ). The phase reads after the latter change of variables

_ 1
Uy = ey (1 — T (ny) - 5877||> :

and the constraint (4.13) becomes

72(4704)
V< 2 = I (o) + 0Py P + P <em s, 0<n* () + 0.
The definition of n* gives e!~%/2* < 1. This, together with the constraints above

yield the following lower bound when n® € Da:

B 1 1, 1
L—e! =y (nn) = geny = 1= g ™20 (n0) + ) — 5" 20" (n1)
1 1 1 1 (1-a)
> 1—5513 -5= 2(1_5 5 )>c>o (4.16)

for € small enough. This implies
(W_y| > Ceyyl, V€ Dy (4.17)

In order to apply Lemma 8.2, we use first Lemma 8.1 with h = 0, r = 1 — /2,
r’ =1 — 3a/2 and obtain the estimate

|a£<:aéa€ (55’6172017555 _ 1 304/2775 P ) |
- C(’&.lfags _ &.lfa/277€‘k: + ‘alfa/277€’k)’€173a/2775‘l + ‘81720455‘]9‘817304/2775“

(1 + ‘55‘2 + ‘8172041555 _ 85173a/2775‘2)n
l-aee 1 a2, e
X|e e — -

We next apply lemma 8.2 with a=h =0,y =1—2a, A=¢c'"3%/2¢5. ¢ B = &
=016 r=1-0a/2 1" =1-3a/2. We find, using (4.17) and the notation
of the Lemma:

I 617a|£e_ /2 z—:|
I glfa’n”’fl(l_i_gl 3a/2‘§ane‘+€173a/2‘775‘)‘§€_ /2 z—:‘
I < &g T A+ 1€ + TR — e,
Since |nf| < e~ (4=2/6 ¥n > 1, we have:
(€)M < el )T D]y L1 ) ee — calzye,
(€) "5 < et (e) Vg e - e,
which implies that
|[F2? < 02U en) ™ (14 B H (g, my)[€° — 227 2, (4.18)

IN
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where
H(Egm) = 1A (1g172) A (17117 -
From (4.14), the scintillation w? is then controlled by

’w%(T) < ng(lfa)+d(lfa/2)fa/2 /Rd/D dfd’l’}RE(fe 1—a/2 E)R( (1- a/2)77€)
2,e

X(€) T (L + MO H (g my)IE" — PP,
Cg(dfzg)(1fa)+(d75)(1fa/2)fa/2||S||%OO /Rd/ dgd’l’]|£€ _ 6a/277€|275|,’7€|75’
28

()T (L + N H gy ).

We control the latter integral for [{| > 1 and ||| > 1 only treating the most
technical part in detail. The corresponding integral is denoted by I. The remaining
part is simpler to tackle. We have, Vn > 1, for some ~ > 0:

€ HEp,my) < eyl g T e T,
Owing to the fact that [n°| > 1 in Dg, this yields

IN

17 <1 _aw O™ + Ly <a(n),  Vn© € Daee (419)
e 6 >nu>1
(4=a)
Besides, since e!~%/2p* < 1 and 0 < n*(ny) + na/277|| < e” x , we find that
In| < &' when 7° € Dy.. Assume first § > 2 (which implies necessarily that
d > 2). We have, using (4.19):

[ee) 6_1
I < / / / / de | de i dny (€0) 7)€L — e, [P0y Vg1
Rd—1 In.|<1
e —1
dé, d&ydn, d
/Rd 1/ / g_z>m>1/ €1.d&)dn Ldn
X(EL)TMEL — e Py P o |0 Iy Ig 1T,
< Jlogele™ / / d L, (€)™, — /2, [0

Ri-1 Jin, |<1

+|logele™ 7/}Rd 1/ o)y, dEudn i (§1)” e — e Py P00

This implies, since § < d and

[ deten e —ermp <c (1.20)

where the constant C' does not depend on 7, , that

_(4-a)
I < C|logele™ <1+/ d?rd—Q—fS) = o( —y- 452 (d—1—6>) . (4.21)
1
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When 0 < § < 2, we have since |f| < e~ (4=)/6
(€)M — PP < O (14 [,
C<§e>f(n71)(1 +€(a/27(47a)/6)(275)) (422)

[VARVA

and obtain

_(4—a)
I = (9<|loge|e—7+(a/2—(4—a)/6)(2—6)/ ¢ dwd—a—z)’
1

-0 <| 10g6|6—w+(a/2(275)7@(dﬂfzs)) . (4.23)

The cases |n| < 1 and [{|| < 1 are simpler and yield higher order terms than (4.21)
and (4.23). Therefore, going back to wl, we find when § > 2:

L O(’ 10g8’(1 + 5(1—404)/3)E(d—é)(1—a)+(d—6)(1—a/2)—04/2—W%(d—l—é)—'y)

= O(|loge|(1 + e(174)/3)c5(d=0)(1-a)+ 5 (1-a)=7)
2
3

)

)

e~ =

1
hen - <
, Wen4_a

Setting for instance v = 2(d — 6)(1 — a), which is strictly positive since § < d and
a< %, we have V§ € [2,d), Ya € [0, %], pointwise in 7:

wh (1) =0 as e —0. (4.24)

= O(|loge|es(d=D)(1-a)+1-2a=7)

IN
l\')_l =

When 0 < 6§ < 2, we find

wh(r) = O(“Ogg‘(l+8(17401)/3)g(dﬂS)(173a/2)+a/27a/257@(dﬂfz&)ﬂ)’

1
= (’)(\logs\es%(?d*‘sfl)(l*a)*'y), when o < T

_ O(‘log€‘€§(2d7571)(17a)+%(17401)77)7 when % <a<

DN | —

Let 9 =2 — ¢ > 0. Then, since d > 2:
2 1 2
§(2d—5—1)(1—a)+§(1—4a)—721—2a—|—§70(1—a)—7.

Setting for instance v = %70(1 — a) then yields (4.24) for § € [0,2) and « > 1. The

same holds for the simpler case a < %. Regarding the other scintillation w) and

the related term Rf, we proceed exactly as for wi' in section 4.1 and notice that

the phase factor ¥y satisfies the following bound from below:

_ 1
Uy o= 2 (nL) + ¥y (1 +el T 2 (L) + 5677”) ,

N W*(Ui)\/l _ 62(170{/2)|7u|2 > Cgf(lfa/2),

for £ small enough. Following step by step the method used for w) shows that wl’
is negligible compared to w¥. We do not go into further details.
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The conclusion of this section is that, Vo € [0, d), Va € [0, %], pointwise in 7:
wa (1) — 0 as e —0. (4.25)

As for section 4.1, this last result can be generalized to the domain D° and to w?
without difficulty.

4.3. Contribution of D3 := B.w. When n € D3, we have
0<|n <el=2), (4.26)

Starting from (3.5), we perform the change of variables n — ne, s — s™%s. Then:

(1,€%,m / / dtds exp {—1028 T9sE" - n/2} exp {—it§||}
x exp {isW,,(n)} ac (55, gl2agee _ glmagy [za]) ,
Uoaln) =y + - (P +nf) s 2] = (7.t 5,6' 7% e, o).

In order to obtain an optimal estimate, we expand a. in powers of . According to
(3.2), we need to expand

1 - —
A Ul‘p<€ax +5(r = t)or(e 7 —en) + 7(g0 + 1 p)
o1==%1
1 l1—a 1 1—a 1
+ 50T —t+s)en, qo+ e+ Sou(e T —en) + 502577)_
Easy calculations yield:

P° =1 + ey,
UG = [(€ 7% —en) - (T = )Va + Vp)] (% + (a0 +£'7p), g0 + £ ~p)

where 1] satisfies, for all multi-indices 7 and j, pointwise in 7, {®, for 7,¢, s bounded,
k=0,1:

|0F 050507 (, p, [2])| < Clnlle'~¢" — en]. (4.27)
In the same way, we have
exp {—iagel_as£ “m+ ie 22 5|77| } =1 —iope! T¥sE% - + exfs,
where the function 3 verifies, Vn > 2 and for s bounded:

(€)M s] < (€9) D, (4.28)
This implies that

> osexp {—1'0251*%56 -1+ Z"S%SIWIQ} YT = —2ie' T ¥sE% Y + ey,
oo==%1

where 1] satisfies, using (4.27),
OF g5 < CE) (1 + In*)[e' ¢ —en). (4.29)



25

Consequently, we can write

FE = Z F;, = —2ig!™ / / dtdss exp {—zt§||} exp {zsn”} ag + eai),

af = F(Wous) (€5, 172465 — el s, [27]),
af = F(Woug)(€5,6'726% — &'~ sm, [°)).

With obvious notation, we recast the latter system as

’Fa‘Z — JF —i—Ra, R = 82—ar6’
2

T rt
LF=4lelo(¢ . 77)/ / dtdss exp { —it€ } exp {isn } af| ,
0o Jo

and the scintillation w3 reads

wg(T) _ 8d(1—o¢)+d+o¢—2/ d¢dn Ra(ge 877)}?(877)(L6+R6)
RIXB__q /2 (27T)2d

= w%(T) + ’U)?(T).

Consider first the leading term w%. The function af satisfying the estimate of

Lemma 8.1 with ¥ = 1—2a, v/ = r = 1, h = 0, we apply Lemma 8.2 with
7':1—2a,A:0,B:§”, \I/:n||,r/:r:1,h:0andﬁnd
L < 0 (€) g€ InlP e ¢ — enl? (4.30)

where ¢ is an in (4.6). Besides, we have

1 (¢e a
L |£€|1“+6a(2_5)/ (€ )

|£e _ 6a77|572 |£e — uev |5 4

— i ) (431

where h verifies, n and &, a.e, since ¢ < d:

1
/ ()" mdEL < 0\77!/ / (€5)7M €5 — ue®n PO dude |,
Rd—1 Rd-1 Jo
1
Clal [ [ {e)7les —ustnuPduds. <
Rd-1.Jo
< if 3<é<d, (4.32)

Clnl(1+|e*n P70, if 0<d<3.



26 G. BAL AND O. PINAUD

Using (4.31), we then write for the contribution of L¢ to the scintillation:

wé/(’T) = 6(d_6)(1_a’)+d—6+a—2
ded . e ) o
/R/ oS E —en)le — e S el 0 le — el 2L,
/2

— —Q —o0+a— d d —Q
_ ld=9)(1-a)t+d—o+ 2/ / f 77 S(e 1 € —en)
a/2

<|£€|5 5 T eh(E, )> S(en)n|~0|€f — e%n| 2L,
E(d—é)(l—a)-‘,—d—S—l—a—Z (Tl + Tz),

with obvious notation. The change of variable n — e~%/2p in T} yields

o d5d77 -« a
1_€6d/24d/ 27T2d 1= 55_1 /277)

€ P0S(e a/Qn)!n\"s!fSE — P72 L (e ).
According to (4.30), the integrand is controlled by, ¥n > 0:

S o |17 (€%) g€y P

€20 if 2<0<d,

< Ce*m S| oo [ =0 € 0) g () Il _
1 i 0<<2.

= 64(170‘)70‘1{(5, n).
This tells us that
T = O(€(5fd)a/2+4(1fa)fa). (4-33)

Assume now o = % We will obtain an optimal estimate in this case that shows that
w;,f is of order e47°. Since the function H belongs to L'(R% x By), we can apply the
Lebesgue dominated convergence theorem and obtain that, pointwise in 7:

dédn 5 -
(d 8a/2—4(1—a)+a 2—46 1
1o SOF [ [ Gl

« 213(1)5 41—« +a|£€ _ 6oz/277|7211‘5(6704/2,'7)

with, according to the definition of L® and af, when a = %:

lim 8—4(1—04)-}—0{‘56 _ 80:/277’—2[/6(8—04/277)

e—0
T t 2

=46 |72|(6L - mL) / / dtdss exp {—z’tfn} exp {isn”} ap(§L,7,t)|

0 0

aJO(éla T, t) = TzZ)O(T’ t) ]:WO (505 th),

Yo = [ ((T —t)Va + V,)] (700, 0)-
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Above, we used the notation €% = (0,£,). Regarding, T, using (4.30)-(4.32) and
following step by step the calculations for 77, we find:

Ty = O(g(é—d)a/2+a/2+4(1—a)—a)’

which is an order €*/2 smaller than T};. Together with (4.33), this means first that
Vo € 10,d), Ya € [0, %], pointwise in 7:

wh(r) =0 as =0, (4.34)

and that there exists a non-identically vanishing function f such that, when o = %,
e~ @=Dwl(r) — f(7). (4.35)

Regarding the remainder RF, it is proved to be negligible (when a > 0 and same
order when o = 0) by mimicking the steps for L and using estimate (4.29) together
with Lemma 8.2. We leave the details to the reader.

We treat now (2.7). The definition of w§ gives straightforwardly

ws(7) < wi(7),
so that, together with (4.35) and the fact that w& is of higher order than w?,

f(r) < ligljélf e @0yl (1),

which yields (2.7). The main results of this section are therefore (2.7), and the fact
that, Vo € [0,d), Va € [0, %], pointwise in 7:

wz (1) = 0 as e —0.

5. Optimal estimates for § =0 and « € [0, 3].

We complete in the present section the analysis of the case a € [0, %] by showing
that the estimates obtained in section 4 are optimal when § = 0. The case a € (%, 1]
is adressed in section 6.

Since R is bounded in L>® when § = 0, we can consider the whole domain D(}r
without having to decompose it into subdomains to be able to treat the singularity
of R. Assume first & > 0. We follow step by the step the lines of section 4.1
and decompose |F?|? into leading and negligible parts. We already know from the
results of section 4.1 that the leading term is given by wlL and thus focus on this
term. Estimate (4.6) provides the majorizing function

(&) g€ f Oy me)

that allows us to use the Lebesgue dominated convergence theorem and pass to the
limit in the expression of w¥. Recall that

Dy = {(mwu) e R, (" () + & " ny,my) € Dg},

d
Dy = {(mum)GR, il <1, 0§77||§1}-
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This implies that, pointwise in n° = (n*(n,) + 61*0‘77||,m_):
Lp,.(n°) = Tr(m)La, (nL), (5.1)

where Bj is d — 1 dimensional unit ball. Hence, pointwise in 7:

o d(l—a)—2 ded
Jim e—d(-0) 20413, L (1) / 5" L lim 1p, _ R (65, 0°) R(r) [ (r, €, 0°) 2,

e—0

dﬁd _ _
= /Rd s 77 R2(n)[FO(r, & &0.myom )2,
X5y
where F¢ is defined in (3.4), n~ = (n*(n1),n.) and
FOr. &, 60,mp,m7) = lim F2,(7,6%,0°)  ae.

In order to identify F°, we need another majorizing function. Assume for the
moment that o < % We write, for £€° and 7° fixed:

1
Qe (5‘3, gl—2aqee sn) = a:(&,—sn) + gl—2aqee . / Vaa. (5‘3, uel T2ees — 377) du,
0
= a. (&5, —sn) + T2, (5.2)
Above, Vs denotes the gradient of a.(z,y) with respect to y € R% Using the
definition of a. given in (3.2) and the fact that Wy € S(R??), we find, Vn > 0, for
k=0or k=1:

(Va)Fae (€,y)| < C 1

(14 [€5]> + [y )"

' — 0], (5.3)

so that
11—« £
e+ Il
e <C d .
- /0 YA IER T Juel-2ates — sip?)n
It is then clear that

-

te Lo d 00 1 ’n{-:’
bods < tem % + / / dsdu L <,
/ = 2 Jy o BOTTER e T ey S

(5.4)
where 77 denotes the i-th component of the vector n* and C' does not depend on €.
Hence, owing (3.4), (5.2) and (5.4), F°, admits the expression

Fe€ (T §€ z—:) — ( 172a)+
/ /dtds]lo<s<€ ap exp {is&° - n°/2} exp{—zt§||}exp{

S P

We then perform the change of variables s — s|n®|~! in the expression above and
introduce the notation 7¢ = 7°[n°|~!. According to (5.3), we have, Vn > 0

las (&, —si7)| < C{EL)™(s)™™
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Applying the Lebesgue dominated convergence with the latter majorizing function,
together with

1/2
)

—s|n®| T W_y(nf) — dsyylnT TN = ne]?)

we obtain the following limit for F*:

FO(T,£”,£¢,77”,77_) = |77_|_1/ / dtds exp {z’s|77_|_1§l.nl/2}exp{—it£”}
0o Jo
exp {is(1 = [n )2l | b ao (€0, =l |7Y)
1 o2 [T [T o Lis(1— 2-1/2¢4
=(1—1n.]%) /0 /0 dtdse p{zs(l InL]?) &L 77¢/2}
exp {—it&) } exp {isn } ag (507 —s(1— \m\Q)’l/Qn*>

where

w0 =0 F (M), o= 3 ore (7= 50+ o) = a0~ 50+ o).

o1=+1

Then, the Fourier-Plancherel theorem yields the final expression

lim == () =
/ / /Rd I/B1 dtdsd&d?u R_Q(ml‘)z ‘ao <§0 S(1— InL )~V ) 2’
/ / /R /B dtm&dm( f !27521_%1/2’“0 (€% sn7) . (5.5)

When a = %, we simply control a. by

c c
<
(L4 [€517 + |er 228" —sme[?)™ = (14 [€L? + 661 — smu[?)"

lac (65,t&° —sn) | <

which provides a majorizing function and allows us to pass to the limit. Finally, we
then get for a = % :

: —d(1—o)—2a+1, L _
e e () =

didsde dn,  R2(n) .
/ / /Rd 1 /B1 (2m) 2(2 1)l (1— ’nJ_‘Z)l/Q‘ao (€%,86% —sm) 2. (5.6)
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The case a = 0 is the most direct to treat and yields the result

hm e lyl(r) =

dédn
(2m)2d /]Rd /]RxBl (1- Iml 1/2

v=Y oip(eto(r—NowE—n) trao— 5l —t4sh

o1==%1 2

2

1 _ 1 _
QO+§0'1(§_77 )—577 >
Using again the Fourier-Plancherel theorem, we find

hm € d+1w%(7) =

s [y, s o

1

2

/ dte S FWop) (&, —sn7)| - (5.7)

Hence, the limit of the scintillation w! corresponding to the domain DY 5 is given
by (5.5)-(5.6)-(5.7). The contribution of D! admits the same expression with 7~

replaced by ™ = (1 ++/1 — |n.|%,71). Moreover, simple symmetry considerations
then show that the contribution of D° U D! is the same as that of Dg_ U D—lk' As
claimed in the outline, the contributions of the other domains are of higher order
while w? shares the same limit as w! since the two terms have similar expressions
up to neglibible quantities. A first look at G,, when a = 0 seems to indicate that
the limit is different since the extra e%s term is now of order one. This term actually
disappears in the final expression after using the Fourier-Plancherel equality, leading

therefore to the same expression as w}. This ends the section.

6. The case a € (3,1]

The contributions of the domains Dy, Do and D3 can be treated with some
modifications of sections 4.1, 4.2 as well as Lemmas 8.1 and 8.2 of the appendix.
The case d > 4 is relatively straightforward while the cases d = 2 and d = 3 require
a little more attention. In all cases, the corresponding scintillation is proved to
converge to zero for any ¢ € (0,d). We do not go into further details. We remain
below at an informal level for the derivation of optimal estimates when 6 = 0.

As already mentioned in section 5, it is not necessary to divide the domain DS]r
into various subdomains when d = 0 since the power spectrum is bounded. We then
only consider the contribution of the scintillation in DS]F, that we denote by w; and
generalize the result to the other domains of interest. We start from expression (3.6).
Assume first o < 1. It is clear from the discussions of sections 4.1 and 5 that the
leading term in |F#|? is | F’¥; |? and we therefore concentrate our attention on this sole
term formally neglecting the remainder. The corresponding scintillation is denoted

by w{. We perform the classical change of variables ny = = n"(mL) + 51*0‘77”
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and define n° = (*(nL) + &'y, nL) as well as n~ = (7*(nL),nL), € = (0,€1).
According to (3.2), we have informally

a: (€5, — s, [2°]) = ao(£2,t€° — sn™, [2]) + o(e),

where

ao(u, v, [2]) = 1o(2)F (Wo)(u,v), [z] = (0, 7),

()= 3 ovp (=50 +o0r +ranan - 51+ o).
Besides,

V() = e (1 = [ne)? + o).
This implies that
Tel—2a tex—1
Fey(r,65,m) = /o /0 dtds exp {is€1 -1 /2} exp {—it€ }
xexp {isny(1 = 1 2)12} ao(€, 16" — 17, [2]) + ofe),
= F5(r,&,&L,m,mL) + o(e).

Consequently, wlL reads

_ _ dédn fo
L —  d(1-a)+2(2a-1) 2 € e . €)|2
wh(r) = e | oo B ()

—a)42(20— d&dn
—  gd1-a)+2(2a-1) /de pise ]]-]R(n”)]lBl(m_) 2(n7)|EFE(r, & &L, n1)?
+0(€d(1—a)+2(2a—1))’

where Dy . = {n € R%,7® € D1}. The Fourier-Plancherel theorem then yields

’U)lL(T) _ 6d(l—oz)—l—Z(Zoz—l) ( )+0( d(l—a)+2(2a—1))

)

1 2« te— 1 ,\2 _
d@_dnldtds R*(n™) 0,0 . - )
el /Rd 1/31/ / 204-1 (1 —\mP)l/z’ao(ﬁ 60— s, [2])]7

Suppose first that d > 3. Passing formally to the limit in the latter equation gives

gg% 6—d(1—a)—2(2a—1) U}{' (7_)

d€ dn, dtds  R2(n~
/R/B/ / 2;2@ tls( _,éjp))l/ﬂao(ﬁo,tﬁo—Sn_,[Z])Iz- (6.1)

We claim the term on the right is finite. We only verify it for ¢t > 1, the remaining
part of the integral following directly. Notice first that, since ¢ € S(R??),

Yo < Cln~|.
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This fact, together with the change of variables in order s — s(n*)~!, &, — t71¢,,
£ — &1+ s(n*) "ty implies, Vn > 0:

d€ dn, dtds 1 R%(n~
/Rd 1/3 / / o md tlstd b (1 - !?5 !))1/2’a0(t_1§°7§°—877‘(77*)‘17[2])\2

<C/ / / / ditdsd§ dn, 1 R*(n7) In”|?
Ri-1.JB, (2m)2=0 d=tyr (1 — [y [2)V2 (14 €L + s2)"

I ()] + n.)?
<C [ dn. .
B (L= )Y (nL)

The last integral is finite since by definition |[*(n.)|> + [n.|? = 2n*(nL).
The case d = 2 requires a little more work. We set £ — t~1¢, and perform an
integration by parts in ¢ when ¢t > 1. It comes, with obvious notation:

wlr) = / at + / — Wl (7) + wd (7).

wi (1) = / ()dt (log 7e'~2*) H®(re' %) — /1 - EHE)’(t)dt, (6.2)
e _ e d&dmds R2(n") an(t=1€0 €0 _ o= [.])[2
" (t) B /Rd 1/31/ ( _‘77J_‘2)1/2‘ O(t &8 K 7[ ])‘ ’

It is not difficult to see that wie and the second term on the right of (6.2) are of
order one compared to €. Besides, as ¢ — 0, we have

a d£ d’l’} dS
o _>/Rd 1/3 / 2; z(dL ) ( 7)]ao(0, §O—Sn ,[z])\Q,

and is therefore also of order one compared to €. Therefore, when d = 2, the leading
term is given by the one proportional to log 7e!=2:

il_{% 872(1704)72(20471) (log T€172a)71w% (T) _

s R2(n—
//B / d&dnld f|7§j|2))1/2’a0(0,§0—877,[z])\? (6.3)

Hence, the limit of the scintillation w] corresponding to the domain DS)r is given by

(6.1)-(6.3). The contribution of D! admits the same expression with 1~ replaced
by nt = (1+ /1 —|n.|?,n.) and simple symmetry considerations then show that
the contribution of D° U D! is the same as that of Di U D—lk' To conclude the case
1>a>35 , we finally claim as before that w? shares the same limit as w!. This
ends the case o € (3,1).
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7. The case d = 1.

The case d = 1 is particular in the sense that £ and 7 are always aligned with qo.
Starting from expression (3.5), this implies that F, reads:

T et i
Fren = [ [0 dasesp (iastscn2) o (i) exp { SEosvn )}
X Qg (50‘5,81_%5 — s, [25]) , (7.1)

g2
\I}UQ(TI) = T’+ 77727 [28] = (T7t7€as7€§77770-2)-

Recall that |go| = 1, so that the phase W,, vanishes a the points n = 0 and n =
—209 = +2qg. The origin is therefore a singularity as in the multidimensional case
and requires a careful treatment. All the methods of the case o < % of section
(4.1)-(4.2)-(4.3) carry on to d = 1 with some simplifications, for instance only three
subdomains in 7 are necessary. It is then not difficult to show that, when « > 0,
Vo € (0,d), pointwise in 7:

we(1) = 0.
When 6 = 0, the origin is no longer a singularity and the corresponding contribution

is negligible. In this case, when a € (0,1), we find for the contribution of the
subdomain including 2¢y (denoted by wy):

o déd 2
lim e~ %w1 (1) :/ 3 nRz (240) / / exp {—it&} exp {2isngo} ap (0, —2sqp)|
e—0 R2 (27T)
where ag = F(Wyep) with

Y(@,p) = > orp(—(r —t)(1+01)g0 + 740,90 — (1 + 71)q0) -
o1==%1
Using the Fourier Plancherel equality, it comes
lim e™%wy (7 / / dtdsR?(2qo) |ao (0, s)|? := —w (7). (7.2)
e—0 4’(]0‘

A~

Since R is an even function, it follows that the contribution of the subdomain
related to —2qo satisfies the same limit. Moreover, the second scintillation w2,
whose expression is given at the end of section 3.2 and is equal to that of w! up
to vanishing terms at the limit, also converges to the same limit. Summing up
the contributions, this implies that e~*w. converges pointwise to the w, defined in
(7.2).

When a = 0, the limiting expression becomes

lim wy (1) = R2(2q0) / /
cs0 87| qol?

where now

U(zp) = Y orp(e—(r—t)(1+01)g+ (T = 5)q0, 90 — (1+01)q0) -
o1==%1

[ oo ity ao )| = Sut), 79
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Again the contribution related to —2qg has the same expression. Regarding wg,
a first look at G, seems to indicate that the limit is different since the extra £
terms are now of order one. They actually disappear in the final expression using
the Fourier-Plancherel equality, leading therefore to the same expression as w.

When o = 1, there is no longer localization at the zeros of ¥,,(n), which renders
the analysis simpler. We obtain

dédn -
lin(l)sflwl(T) = /R? (2£7T)Z R2(77)

E—

2

= wl(r).

S o /O ' /0 dtds exp {—it€} exp {isWa, (n)} ao (0,46 — s1)

oo==%1

where now
1 1
U(zp) = Y o1p (5(7 —t)(o2 —o1)n+7(p+q),p+a+ 502 — 01)77> :
o1==%1

After the change of variables s — sn + t£ and the Fourier-Plancherel equality, we
find

wioy=af [ T%‘Rz(n)

Again, w? converges to the same limit. The final result of the section is therefore

that, pointwise in 7:

2
(7.4)

S o /0 " ds exp {is 4y (1)} ao (0, 57)

oo==%1

lim e %we (1) = w*(7),
e—0

where w® is defined in (7.2)-(7.3)-(7.4).

8. Appendix
Let p € S(R??), (z,p,&,m,7,t,8) € REx R x RY x R x R x R x R and define
V(. p, [2]) =
Z o1 <5°‘x + %(T — o1 (e — &) + 7(qo + ') + %02(7’ —t+els)em™,

o1==%1

1 1
et 5o =) + o) (81)

for some parameters (a,r,h) € [0,1]>. Above, we used as usual the shorthand
[2] = (1,t,5,&,1,0%). Let Wy € S(R?*?) and
ae(u’v’ [Z]) = ]:(WO(" ‘)wa(" " [Z]))(u’v)’

where F denotes the Fourier transform with respect to x and p. We have the
following lemma:
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Lemma 8.1. Vn > 0, there exists C,, > 0, such that, for k,1 =0,1:
|0FdLa. (§,€7lt§ — " s, [z]) | (8.2)

6Iw’+lr’|£|k + 6l(h+r)(|€1—a£ _ 5r77|k + |6r77|k)
(1 +[&]2 + [e7'tg — emsn|?)"
pointwise in (£,m,7,t,5) € R? x R? x R3.

< Cp |t e 7€ — ™),

Proof. We drop the dependence on [z] for simplicity. Since ¢ € S(R??), it is clear
that there exists a constant C' > 0, such that, for all multi-indices ¢ and j, for
k,l = 0,1, uniformly in (z,p,t,s):

0,05 0F 0= (w, p)| < Mg —empl* + 7" nl' |72 — Tl (8:3)

Besides,

Oholar (.71 —sn) = [(€7€ Tl e"n- Vlad] (6716~ on)
+F(Wodf 0,07 ) (€7 1€ — € sm),
= a1+ as.

Using (8.3) with k = 1 = 0, together with W, € S(R??), there exists C,, > 0, such
that, Vn > 0:

€7 ¢JR e )
(L+[€]2 + 7't — e sy|?)"

a1 (€,€7't€ — s )| < Cy, el —emy).

In the same way, we find for as:
A (10 — erf + [eTy¥)
(1+ g2+ [e7't€ — e snf?)"

Gathering the last two estimates ends the proof.

l
lan(€, €716 — 57 )| < G 0l g1ag _ory,

0

Given (A, B,V) € R2, (£,1) € R? x RY, we study parametrized oscillatory inte-
grals for the form, for the case a € [0, 3],

sen = [ " dtds exp {—is A} exp{—it B} exp {is W} £ (t,5,€.1)

where @ > 0. Since in our analysis J needs to be integrated with respect to
(A, B,V,¢,n), we will obtain explicit bounds according to these parameters. In
particular, we are interested in controls for large values of B and W as for stationary
phase techniques. We assume that f € C®°(R??+2) and satisfies the estimate of
lemma 8.1. The case corresponding to o € [%, 1] involves integrals of the form

O‘_lt

/ / dtds exp {—isA} exp{—itB}exp {isV} f (t,s,&,n)
0 0

that require some modifications in the analysis that we will not pursue. We have
the following result:
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Lemma 8.2. Vn > 0, there exists C,, > 0, such that J satisfies the estimate,
pointwise in (A, B, W) € R, (¢,7) € RY x R?:
3] < Co(§) "1 N2 N3 Ay,
where:
e Case I: whenr=1"=0,a=h=a<3 +=1-2a
Lo=1, I = [+ A+ ), 15 = [BIT'(1+I[E]+ D),
Iy = IB‘I’I 1( Bl + (L + Al + [n)(L + [€] + [n])).-
e Case 2: a=h=0,7=1-2«

L = e~ I, =1,
I = [U[7H(1+|A] +€TM,!77\)\€170‘§—€T77\7
Is = |B[7'A+ ¢+ ¢ — M.

Proof. For convience, we omit the dependence of f on (£,7) and recast J as

3 = /Tdt exp {—itB} (1), 3(t):/0€tds®(t,s),

0
&(t,s) = exp{—isA}lexp{isU} f(t,s).

Case 1: r=1"=0,a=h=a<3, v =1-2a. We estimate first J for bounded
values of B and . We have using Lemma 8.1 with k =1 =10, Vn > O:

e '€ |
< C ds ; ,
B s of ey
B i
S C/ ds 7 +C/ ds 7 )
0 (1+ [€)7 + |7t — snl*)" 0 (L+ €)% + |7t — snf*)"
= |+ Fs. (84)
Since a < % and ¢t < 7, it comes that
Fy < Ctel =22y < ey ™. (8.5)
For a vector v € R? and j = 1,--- ,d, we denote by &/ € R%! the vector with
components v/ = (vi, -+ ,Vj—1,Vj41," " ,v9)T. Using this notation, we have for Fy,

Vn > 1:

B < CZ/ B ] : (8.6)

T IR+ M8 — sip P+ |7 1 — sy

ds
< C / = —— —— < O(g)~h.
g R (L4 |62 + 678 = &ny ' id) — smy i 2 + [s|2)m
Consequently, we obtain the first following bound for J: for all n > 0, there exists
Cy, > 0 such that
3] < Cu()™ (8.7)
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To control J for large values of ¥, we need another estimate. It is obtained by
performing an integration by part w.r.t. s in §. We decompose:

g = gl + 327 (88)
where
e
Bi(t) = —B(te ), Folt) = —— [ dsexp {is¥} o, [exp{—isA} f(t,5)].
A v

Using (8.2) with £ = [ = 0 and the change of variables t — te~%, §1 is estimated as

|et=a¢ — )
L+ [€]2 + 2| +ag — p|2)n’

o dt
a -1 < o -1 —{n—l) )
ceu [ o < WO (89)

Above, we used the fact that v/ +a = 1 — a. o is estimated using the same
method as (8.6) along with (8.2) with & = 0, [ = 1, the only difference is that
exp {—isA} f(t,s) is replaced by 05 [exp{—isA} f(t,s)]. We find

—x

/Tdt|§1(t)| < Cea|\lf|1/T€ dt(
0

0

IN

Te’b

[ sl < ool + .

Together with (8.9), this gives a second estimate for J, ¥n > 0:
CUYNE™MI| < e+ Al + ). (8.10)
In order to control J for large B, we perform an integration by part w.r.t. ¢ in J.
It comes:
J:=T01+ T2+ T3,

where

1 1 7
J = Bexp{—iBT} (1), Jy = Z,Bga/Odtexp{—itB}Qi(t,a_o‘t),

@

T te™
J3 = i// dtdsexp {—itB} 0;6(t, s).
1B 0 0

To control J;, we use the decomposition (8.4) with ¢ replaced by 7 and follow the
same lines. We find:

3 < OBl ™ (8.11)
For J5, we set t — €t and obtain, using (8.2) with £k =1 =0, for any n > 0:
e ¢ — 1)
(1 +¢2(|er g —n))2)’

clBO™ [ < cBrie™ (5.12)

—x

TE
3 < OB /0 dt

IN
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Above, we used again the fact that v/ +a = 1 — . J3 is treated in a similar fashion
as the first estimate (8.6). The only difference is that & has to be replaced by 9;&.
We find, using (8.2) with k=1 and [ = 0:

35 < CIBITHE T (¢l + Inl)-
Together with (8.11) and (8.12), this yields the third estimate:
3] < Cu(1 + Inl + [EDIBI~H (&)™ (8.13)

It remains now to obtain a bound that allows us to control the large values of both
¥ and B. For this, we perform an integration by parts w.r.t. s in J; and J3, and
w.r.t. ¢t in Jo. The term J; involves

S(r) = %(’5(7’,5’0‘7) — % /06 ’ dsexp {isV} O [exp {—isA} f(T,9)].

The first term is directly estimated by

& (7, e77)| < CLE) e~ —n| < CE) (€] + [n])-

For the second, we proceed as for (8.5)-(8.6) except that f is replaced by the ex-
pression J [exp {—isA} f(7,s)]. We then find for J;:

CTHBIWHE™ T < 1+ A+l +[¢]- (8.14)

Regarding Jo, after an integration by part in ¢, we have with Jp := 3} + 73,
1
1

~ _ o _a -«
2 = 5y exp {—iTV} & (1, e “7),
1 e AT
32 = B0 dtexp {itW} 0, [exp {—ic“tB} f(e“t,t)].
0

We find directly
1331 < CIBY|7HE) T (€] + [n])- (8.15)
For J3, according to (8.2), we have
|1 72€ — &™)
(L+¢2(ler e —n))?)™’
so that, following the same technique as (8.9), and the fact that a +9' =1 —
331 < C|BY|"HE) ™ (%[ Bl + [¢] + [n]) (8.16)

91 [exp {—iet B} [(=4,0)]| < c(ea\Br el + !n\)

J3 is treated in a similar manner as § decomposed as §1 + §2 in (8.8) in order to
obtain (8.10), only & needs to be replaced by 9;6. We finally find:

CIBUI(E)" T3] < (% + Al + [n])(I€] + [n])- (8.17)
Gathering (8.14)-(8.16)-(8.16)-(8.17), this provides the last estimate,
CHBY|3[E)" < (Bl + (1 +|Al+ (L + €] + In]). (8.18)

The lemma is proved by taking the best estimate among (8.7)-(8.10)-(8.13)-(8.18).
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Case 2: a=h =0, =1—2a. . The proof is simpler and very similar to the first
case, so we only underline the differences. Since a = 0, the integration in s over R
is not required any longer in order to obtain an estimate uniform in €, and (8.7) can
be replaced with

3] < CE) e —eMnl. (8.19)
For the second estimate, we remark with the help of Lemma 8.1 that

Al + (" +e)n)

Os lexp {=is A} (1, )] < O (o7 = snp

)n |61—oz£ _ 6T77|,

which transforms (8.10) into

3] < Cul®ITHE" (L + Al + ™ )¢ — €7l (8.20)

In the same way, it is not difficult to show that (8.13) becomes
9 < CalBITHE™MA+[E] +€"ml) et — €, (8.21)
which concludes the proof of the Lemma. O
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