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Asymptotic quantum transport models of a two-dimensional gas are presented. The
models are the stationary versions of those introduced in a previous paper by Ben
Abdallah, Méats, Pinaud. The starting point is a singular perturbation of the three-
dimensional stationary Schiimger—Poisson system posed on bounded domain.
The electron injection in the device is modeled thanks to open boundary conditions.
Under a small density assumption, the asymptotics lead to a full two-dimensional
first-order approximation of the initial model. An intermediate model, called the
“2.5D adiabatic model” in Ben Abdallah, Meats, Pinaud is then introduced. It
shares the same structure as the limit but is shown to be a second-order approxi-
mation of the three-dimensional model. )04 American Institute of Physics.
[DOI: 10.1063/1.1688432

[. INTRODUCTION

The paper presents the stationary versions of the models previously analyzed in Ref. 11. These
models, first introduced in Refs. 32 and 33 in a formal approach, were originally implemented in
a stationary framework and with open boundary conditions. The objective of the paper is, as for
Ref. 11, to prove rigorously the asymptotics derived in Refs. 32 and 33. Before going into the
details, we recall the motivations of the introduction of open boundary conditions and confined
systems.

In nanoscale semiconductor, the electronic transport can be described in various ways. Very
often, like in resonant tunneling diod&%?>2°3lthe electrons are injected, through a wave guide
or quantum wire, into an active device where all the important physical effects take place. Con-
sequently, due to the ultrashort scale, a quantum description is needed into the device while in the
leads, two situations are possible: the transport can be considered either as classical or as quantum.
Then, the different descriptions have to be connected at the interface lead-active region. A
gquantum—quantum case was first treated in Ref. 26 thanks to the introduction of suitable boundary
conditions and was analyzed in Ref. 6 while a classical-quantum one was studied in Ref. 5. Some
other examples of such coupling can be found in Refs. 7, 8, 12, and 18.

Besides, the operation of many quantum devices relies on the formation of a bidimensional
electron gas. Such a system is obtained by confining the electrons in one direction and allowing
for transport in the two other directions, the confining appearing at some junctions between
different layers. The reduced extension of the electron gas results, at low temperature, in an
increase of the mobility and therefore to a ballistic transp®tt®Again, at this level, several
strategies can be used: the transport along the nonconfined directions can be considered either as
classical or as quantum. The classical-quantum description give rises to the theory of sub-bands
which is widely used in the semiconductor physics literatuté’® Such a model has been
rigourously derived in Ref. 9 and analyzed in Ref. 10.

The situation described in the paper is a fully quantum model: a heterostructure coupled to
electrons reservoirs through wave guides is considered. The electrons behavior is assumed to be
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quantum both in the device and in the leads and the electrons gas is assumed to be confined in a
particular direction. The initial model is a three-dimensional Sdimger—Poisson system, where
the electrons are described by a mixed state,

1 z
— AW+ ?vc(g)wiJrvsqfi: EeWwe, (1.1)
—AVE=n?, (1.2)
n'g:f |W$|?du(N\)+boundary conditions, 1.3
A

where u represents the statistics of the injected electronshaisca set of quantum numbers with
values inA, ande can be seen as the ratio between the kinetic and the confining energies of the
electrons, see Ref. 11 for more details on the scaling. The external potentigl Vi(z/¢) is a
confining potential and the potentidF is the self-consistent potential due to space charge effects
and is expected to be slowly varying in thalirection. Due to the strong confinement, the wave
functions concentrate around the plae=0} and the transport effects are almost two dimen-
sional. In Ref. 11, in a time-dependent and whole space picture, thedimd was performed.

The electronic density®(t,x,z) concentrates into a surface density(t,x)5(z) and the limit

model was calle®?D surface density modeThis model involves bidimensional Schiiager
equations, coupled to a bidimensional equation for the potential. An intermediate model, called the
2.5D adiabatic modelffirst introduced in Refs. 32 and 33, was also derived and was shown to be
a second order approximation of the initial model. This model couples 2D @iciger equations

and a 3D equation for the potential. It has been shown numerically in Refs. 32 and 33, that the
2.5D model gives results in a very good agreement with those of the 3D model with a much lower
computational cost. In this paper, we will develop a similar strategy to justify the asymptotics in
the stationary framework. The differences in the analysis come from the boundedness of the
transport domain and the stationary character of the problem. This requires to derive new esti-
mates for the Poisson equation and to take particular care of the existence and uniqueness theory
of the nonlinear stationary problem. More precisely, the results are proven under three main
hypothesis: the first one states that the electrons are injected into the device on the ground state
and is necessary in order to obtatindependent estimates. The two others hypothesis are directly
related to uniqueness result concerning the solutions of the openddueo-Poisson system
stated in Ref. 6. In order to have uniqueness, one requires a weak coupling between the Schro
dinger and the Poisson equations and also requires a statistics of injection avoiding the bound
states of the device.

Within the time-dependent picture, quantum confining on very general surfaces have been
previously investigated in Refs. 16, 23, and 28 for the linear Qtthger equation. As pointed out
in Ref. 37, the quantum constrained system can be related to the Born—Oppenheimer theory for
molecular dynamicé*®® Even if these theories are mainly developed in a time-dependent and
linear framework, they share similar properties with the problem presented in this paper. In the
different cases, the electron dynamics is located on the eigenspaces of the cdofitiagsverse
Hamiltonian and is governed by an effective potential. In the present work, the main difficulty
stems from the nonlinearity due to the Coulombian interaction.

The paper is organized as follows: in Sec. Il we introduce the spectral elements of the
confining operator, which enable to define the 2.5D adiabatic model; then we present in details the
different models where special care is given to boundary conditions; the main results of the paper
are presented in Sec. Ill; in Sec. IV we obtain sogA@dependent estimates f@¢t.1)—(1.3) and
we give existence and uniqueness results for the approximate models; in Sec. V, we prove that the
2.5D model is a second order approximation while in Sec. VI, the 2D model is proven to be only
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a first order approximation; Sec. VIl is devoted to some extensions and comments; finally, an
appendix contains some basic results on the Stihger equation and some regularity estimates
for the Poisson equation which are used all along the paper.

II. NOTATIONS AND PRESENTATION OF THE MODELS

In the paper(), denotes a regular domain of dimension 2. First, we define the following
functional space.
Definition 2.1: Letl<p, q<+. Then

1/q
LILE= ueLY(QoxR), ||u||Lq,p=( J ||u<x,->||ﬁp<de) <+°°}
0

(with an obvious generalization of this definition for=g-«). In the sequell.P(QyXxR) will be
more simply denoted. P.

For a functionf = f(z) belonging toL*(R) we denotef)= [f(z)dz. In particular, ifn(x,2)
is the particle density, the surface density is definea{fx) =(n(x,-)).

A. Spectrum of the confinement operator

We introduce the properties of the confining potential We assume that it satisfies the
Assumption 2.2: The rescaled confining potentigEW.(z) is a non-negative real-valued
function in L2 .(R) such that

lim V¢ (z)=+oo.
|z|—+o0

Under this assumption, the operatoe — 3(d?/dz?) + V. defined onX=L?(R) with the domain
D(A)={ueH?R) such thatV ueL?R)}

is self-adjoint, non-negative, and has a compact resoliges, e.g., Ref. 34Hence, its spectrum

is purely discrete and consists in a strictly increasing sequence of non-negative real numbers
tending to infinity €p),.n+ . Moreover, the associated eigenfunctiong) ., chosen real-
valued, form an orthonormal basis bf(R) and verify

Ya>0, VpeN*, 3C,,>0, such that, VzeR, |[x,(2)|<C,,e 2. (2.1
The partial Hamiltonian involved ifil.1) is obtained by rescaling:

UL Y vl
T 2dZ e 2dZ2 2%/

This operatorA® on X=L2(R) has the domain
D(A®)={ueH?(R) such thatViueL?*(R)}.

Its eigenfunctions Xp), . x+ and eigenvaluessy), . n+ can be deduced by a simple rescaling from
those ofA:

& 1 z € Ep
Xp(Z)ZEXp o Epmo2

We shall denote byI;; the orthogonal projector ospar(x;). The space *(R?,spar(x;)) will
be called thepth subband. With an abuse of notation, we shall also denofd pthe orthogonal
projectorl@I1} of L*(R®) on L*(R? span(xp)).

The following technical lemma, proved in Ref. 11, will be used several times in this paper.
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FIG. 1. The device projected fze[—1,1]}.

Lemma 2.3: Let ¥e WY¥(R) with @ e[1,+]. Then for any p= N* we have
ICTLS VeIl czry <Cp &'~ Y10,V Lagry

where[-,-] denotes the commutator of operators ang @ly depends on.p

Notice that this type of commutator estimates was already used in the semiclassical analysis of
electrons motion in periodic crystals. In that case, the projector is the projector on the energy
bands related to the Bloch decomposition, see Refs. 27 and 4.

B. Definition of the models

For the sake of completeness, the open boundary conditions introduced in Ref. 26 are derived
step by step in Appendix A. We set now the geometry of the device.

The device domain consists in an active region, denote@ by R connected to semi-infinite
electrons reservoirs hyleads(); X R, j=1,...n, see Fig. 1 for a schematic drawing of the device
in QyX[—1,1] and Fig. 2. The full domain of the device {3 X R, whereQ=U}‘ZOQj. The
boundary of(}, is split into a par’y andn partsl';, j=1,..n. We denote by, the boundary
(FoXR)U (QoX{z=*}). The transport directions are denotedxpy (x4 ,X,) and the confined
direction byz. The local coordinates of the leadj #0 are denoted by; andé;, see Fig. 2. The
confining potential insures that the electrons stay around the planxe (2,z=0}, see Figs. 1
and 2.

1. The 3D model

The 3D model is obtained by coupling the Poisson equation to a set ofdiehen equations
to be solved on the domain X R with open boundary conditions. A single electron injected with
an energyE® is represented by a wave functid® solution of the Schidinger equation

—AWV?e(x,2) +(Vi(2) +V*(X,2))P®(x,2)=E* ¥*(X,z) in Q¢XR, (2.2

where V¢ is a confining potential an¥® is, up to now, a given potential supported only(xy
X R. ¥ satisfies the nonhomogeneous open boundary conditions derived in Appendix A:

awe

am; r|

=79 E*)(W*) +S 7 E®], (2.3
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FIG. 2. The planeP.

Te=0 on w. (2.4

The electrons populate the different sub-bands starting from the first sub-band. In Ref. 11, a model
close to the one presented is analyzed in the time-dependent picture. Thereifindependent
estimates are obtained using crucially the Stricharz estimates introduced by Castella in Ref. 14 in
order to solve the Schdinger—Poisson system Ir?. This theory does not usd! energy esti-
mates. Obviously, within the stationary framework, the Stricharz estimates are not available and
one needH?! theory to obtain energy estimates. In the time-dependent picture, when the initial
condition has a nonzero component on a sub-band with ipge, e-independena priori bounds
in H! are only derived on a small time interval while the time interval can be made arbitrarily
large for wave functions supported only on the first sub-band. Therefore, there is a little hope to
obtain estimates for the stationary problem if the electrons populate the upper sub-bands. Conse-
quently, we will only focus on the electrons injected on this first sub-band by assuming the
following hypothesis. '

Assumption 2.4: Le®! and £, be the eigenfunctions and eigenvalues of tihetjansversal
Schralinger operator— a?j with Dirichlet boundary conditions. Then, we suppose that the elec-

trons are injected in the lead,j on the first sub-band, on the transversal modgand with a
longitudinal kinetic energy % This implies thats’°=—2 5/°ik ), x; and E'= Ei+5]n?0+ K2,

The wave function®® are thus parametrized by=(mq,jo.K), ¥°:=¥7 (the dependence on
the parameter 1 of first sub-band is omifteotice that the assumption is compatible with some
physical situations called electrical quantum limit, see for instance the numerical simulations in
Refs. 32 and 33, where only the first sub-band is populated. This hypothesis is often verified in
structures like T-stubs, quantum couplers, or various types of transistors. Indeed, in two-
dimensional electron gases, the electron occupancy in the second sub-band is usually a small
fraction (typically less than 10%cof the total electron density, see Refs. 36 and 20. Nervertheless,
in parabolic quantum well structures, the electrons population in the sub-bands can be carefully
controlled and the densities in two lowest sub-band can be similar to within 30%, see Refs. 19 and
21.

Assumption 2.4 thus implies that the boundary conditi@:3) reads
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owe

= Z3P[ES+E (W) —2 61k O}, x5 (2.5
T.
]

In order to take into account self-consistent effects, the electrons are supposed to be injected in the
state\ by a source in the leads and the electronic density is assumed to be in a mixed state. It reads

n®(x,z)= fAI‘I’i(X,Z)IZd/L(A)=J_E_1 Py fR*@(jo,mo,k>|\1ffo,mo,k<x,z>|2dk, (2.6

where®(jo,mq,K) is the statistics of injection and is the set
A=[0,... N]XN*XR?% .
The electrons being charged particles, they generate a self-consistent poténtmbugh the

Poisson equation. It is assumed that the nonlinear interaction takes place only in the active region,
the domainQ X R. Hence,V?® solves

—AV®=n® on QyXR, (2.7
V=0 on dQyXR, (2.8
VE—0 as|z]—». (2.9

The fact that the electrons are injected on the first sub-band does not imply that the wave function
V! has only a contribution on this sub-band. Indeed, the different sub-bands are coupled through
the z-dependence o¥*. Nevertheless, it will be shown that the upper sub-bands are weakly
populated since the potentislf is slowly varying with respect to the variabke The 3D model
finally read as follows.

The 3D model:

—AWVI(X,2)+(Vi(2) +V4(X,2))¥5(X,2)=(E]+ E)) ¥5(X,2) in QgXR,

V5=0 on wy; ¥} satisfies(2.5 on I'jXR, j#0,
(2.10
—AVE=n® on QuxR, ng(x,2)=f W5 (x,2)|> du(N),
A

VE=0 on dQyXR; V*—0 as|z|—x.

Existence and uniquenesthe model presented in Ref. 6 is slighty different from the 3D
model but the results can be easily adapted. It is proven in Ref. 6 that, for a garsatsfying
an assumption of boundedness of the support, the 3D model admits a weak sdhjtion
H(QyxR). More precisely, the obtained density reads

nszf |WE2du(N)+ sum of bound states.
A

This last statement means that the electrons having adequate energies are trapped into the active
region. In other words, the bound states of the device can be excited by the injected beam of
electrongsee Ref. 6 for more detajlsThis implies, conjugated with the nonlinear character of the
problem, the nonuniqueness of the solutions. Morever, the wave function satisfies estimates of the

type
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C

||\II)\||L2S |56_E>\| ' (21])
where&?® denotes an energy of the bound states. This leads to a nonintegrable singularity in the
computation of the density. To derive the asymptotic models, the nonuniqueness property is not
fundamental but in order to obtain error estimates, we need to recover uniqueness. This can be
done thanks to the uniqueness result of Ref. 6: if the bound states are avoided by the sgatistics
and if the nonlinearity is supposed to be weak enough the solutions are unique. Moreover, the fact
that the bound states are avoided implies also, thank& 1d), some uniform bounds with respect
to \. This leads to the following definition.

Definition 2.5: Assume that®Ms a given regular potential. Consider the operaterA + V¢
+V®—E] equipped with Dirichlet boundary conditions @, and with the homogeneous trans-
parent boundary conditions (2.3) diy X R, j=1,..n with S?°[E{+E,]:=0. According to Ref. 6,
this operator has a purely discrete spectrum and we will call “energies of the bound states” its
eigenvalueg &7 (V?®))i=1-

In order to simplify the analysis and to avoid additional technicalities, we set in the simplest
way to make the electrons avoid the bound states, see Ref. 6. The requirement is given by the
following

Assumption 2.6: The measyichas a bounded support such that, foe suppu, there exists
C>0, e-independent such that

C<E&L(0)—E, .

This implies that the electrons avoid all the bound states. Indeed, by the maximum prik€iple,

is positive and ther€7(0)<£5(V®). Notice that above, this choice @f is e-independent since
£4(0) is alsoe-independent. This assumption is rather stringent in the general case and some ways
to waive this restriction are proposed in Sec. VII. Nevertheless, in the case of confined devices at
low temperatures, this hypothesis may nearly be verified. Indeed, in these structures, the typical
statistics of injection is a Fermi—Dirac statistics. It reads

d(E®)= !
( )_ EE_ES '
+
1+ex KT
wherekg is the Boltzmann constan®, the temperature, anBg the rescaled Fermi level. In

practical,
EF=Ei+O(1),
and the Fermi—Dirac reads

1

E.+O(1)|
1+EX[<kB—T)

®(E°)=

which exhibits an exponential decay at low temperatures and also at high energies.

The theorem of Ref. 6 reads, for givenafter a slight adaptation.

Theorem 2.7:(Ref. 6) There existé(e) positive, such that for every satisfying assumption
2.6 and

u(A)<d(e)

the 3D model admits a unique solution
We shall see in the sequel thé) can be choser-independent.
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2. The 2D surface density model

The 2D surfacic density model is the coupling between many 2D Saiger equations and
a 2D potential. Where goes to zero])(f,|2 concentrates around 0 and becomes then a Dirac
measure. This leads to the definition of the limit model by replacing the self-consistent potential
by its trace on the plangxe Q4,z=0} and by replacing the 3D density by a 2D density multi-
plied by a Delta measure. The boundary conditiarb) becomes

AT =7Z29E\1(¥y)—2 801k O (212
0777] Tj J o
where
NGV _ * _ _
ZAEIW)= 2 KB (004(6) = 3 Ki(Ey) m(0) OR(£).
m= m=N(Ey)+1

The 2D surface density model then reads
=M (X) V(X0 (X)=E\ ¢ In Qy,

=0 on Iy ¢, satisfies(2.12 on I';, j#0,
(2.13
—AV(X,2)=n{x)8(z) on QoxR, ng= f |l dr(N),
A

V=0 on dQyXR; limV=0 a.e. on Q.

‘Zl*}OC

Definition 2.8: Assume that V is a given regular potential. Consider the operatar,
+V(-,0) equipped with Dirichlet boundary conditions diy, and with the homogeneous trans-
parent boundary conditions (2.12) dfy, j=1,..n without source term. According to Ref. 6, this
operator has a purely discrete spectrum and we will call “energies of the 2D bound states” its
eigenvalueg&(V(-,0))i=1.

3. The 2.5D model

The 2.5D adiabatic model is an intermediate model between the fully 3D model and the 2D
surfacic density one. It takes into account the small thickness of the electron gas and consists in
coupling a set of two-dimensional Schiinger equations and the three-dimensional Poisson equa-
tion:

— A5 (VXD U5 () =Ey 45 in Qg

Y5=0 onTy; ¢ satisfies(2.12 on Ij, j#0,
(2.14
—AVe=n°|xi]* on QoXR, n€=J [9R12 d(V),
A

Ve=0 on dQyXR; lim V*=0 a.e. onQ,.
|Z|~>oc

Remark 2.9: According to Definition 2.8, the energies of the bound states of the 2.5D model
are naturaly denoted by&((V®|x5|?)))in+. Morever, if V is a potential independent of the
variable z it comes easily thaf;(V)=£7(V).
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lll. MAIN RESULTS

In this paper, we will prove the following theorems.
Theorem 3.1: Suppose that Assumptions 2.2, 2.4, and 2.6 are satisfied. Then, therezexists
positive e-independent such that, for evemysatisfying Assumption 2.6 and

H(A)<n,
the 3D model (2.10) and the 2.5D adiabatic model (2.14) admit unique weak solutions, respec-

tively, denoted byW 3P v3P) and by(2°°,v2°P). Moreover 7 can be chosen such that we have
the following error estimates, uniformly ik, for >0, for pe[1,2),

1w 3P 'ﬁ}Z\ISDXi”WLP(QO,LZ(H)) =0(e'" ), (3.1
IVEP= V2B \wip(q, L=(ry = O° 7). (3.2

Furthermore the surfacic densities defined by3Pa [, (|¥3P2) du(\) and 1P
= Al 2%9% du()) satisfy

InP—nZ*0ipo)=0(e*"*) Va>0, Vpe[12. (3.3

Theorem 3.2: Suppose that Assumptions 2.2, 2.4, and 2.6 are satisfied. Then, therezexists
positivee-independent such that, for evepysatisfying Assumption 2.6 and

m(A)<n,

as e—0, the unique solutior{2°°,n?°P v2D) of the 2.5D adiabatic model converges to the
unique solutior( 2°,n2P,V2P) of the 2D surfacic density model (2.13) in the following sense: for
a>0, for pe[1,2),

%P~ ¢*Plwioay)=0(s* "), (3.9
(o V2D||W1-P(QO,L°°(]R)):O(sl_a)y (3.5
In2%P—=nZPwipgay= O "), (3.6

where r£P=[,|$2P12du(N) and ré°P=[,|4>°%%du(\). Furthermore, we have the following
bound from below:

[V2P—V25| o+ [nZP—nZ°Y .=Ce, (3.7
where C does not depend en
A straightforward consequence of these theorems is the following.
Corollary 3.3: Suppose that Assumptions 2.2, 2.4, and 2.6 are satisfied. Then, under the

notations of Theorems 3.1 and 3.2, there existgositive e-independent such that, for every
satisfying Assumption 2.6 and

H(A)<n,
the 3D model converges as—0 to the 2D model. Furthermore, we have the estimate

C1e<||V2P—V30| o+ |n2P—n3P| .<C, el
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IV. e-INDEPENDENT ESTIMATES AND WELL-POSEDNESS

In this section, we shall obtain sormeéndependent estimates for the 3D and the 2.5D models.
To this aim, we will use Proposition A.1 for both models. Besides, the well-posedness of the 2D
and 2.5D models will also be studied.

Proposition 4.1: Let V and¥§ be the solutions of the 3D model. Then, under assumption 2.2,
2.4, and 2.6 we have the following estimates, uniformly,in

||‘I’i||H1(QO,L2(R))<C, (4.7

I(1=TI) W[ 2<Ce, (4.2)

IVollwpay msy=<C for pe(1”), s<3, p(1+2s)<8, (4.3
[[(I— i)q,)g\||H1(QO,L2(\H))$CSliar a>0, (4.9

where C ise-independent

Proof: The proof of(4.1) and(4.2) is a direct application of Proposition A.1 Indeed, according
to the maximum principlé/® is positive and according to hypothesis 244 satisfies the bound-
ary condition(A10) with a= 1. It suffices to applyA12) and (A13) with f=0 to conclude.

The estimatd4.3) will be obtained by using the regularity properties of the Poisson equation
given in Appendix B. To this aim, we first remark that,|V,¥¢|?du(\) eL! and
Sal®e2du(N) e LPLL, for all pe[1.), thanks to(4.1) and the embeddingi*(Qo)—LP(Qo),
p<c. This implies by interpolation, that far<2,

Vyn®=2 Rej VEVWEdu(N) el
A
It suffices then to applyB3) to conclude.
To prove(4.4), we form the quantityws :=(I—1I17)¥5 . It can be easily seen that; solves
— AW} +(Vi(2) +Ve(x,2))wy = (E] + Ey) w; +[I17,V]¥? (4.5

with boundary condition§A10) with a=0 and(A1l). Hence, the estimat@\12) of Appendix A
with f=[117,V*]¥{ implies

WXl L2ry < CII[TL, V][ 2<C R PAVY LQL§||‘I’>S\||L‘X‘L§

thanks to Lemma 2.3. We conclude the proof by ugihd) and by noticing that4.3) implies that
9,V® is bounded inL{LP for any p<, thanks to the embedding?~ MP)(R)—LP(R), for p
e[22), see Ref. 1. ]

Proposition 4.2: Let V and ¢; be the solutions of the 2.5D model. Then, under Assumptions
2.2, 2.4, and 2.6, we have the following estimates, uniformly, in

l¥3llh1an=C, (4.6)

3

||V8||Wl'p(QO,HS(R))$C for pE(l,oc), s<3, p(1+23)<8, (47)
where C ise-independent
Proof: To prove(4.6) and in order to apply Proposition A.1, we form artificially the function
d7(x,2) =47 (X) xi(z) which solves

—ADF+(VE+H (Ve X3 Pi=(EF+E,) ®F in QoxR
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equipped with boundary conditiori$10) with a=1 and(Al11). (A12) concludes then the proof
sinceV? is positive by the maximum principle.

The estimatd4.7) is proven analogously t¢4.3) by using(4.6). O

The existence and uniqueness of solution for the 2.5D and the 2D models are direct applica-
tions of Theorem 7.2 of Ref. 6. The result is the following.

Theorem 4.3: Let Assumptions 2.2, 2.4, and 2.6 be verified. Wé:tDe HY(QyxR) be a
solution of the 3D model. Then, there exists arpositive such that, for every satisfying
Assumption 2.6 and

m(A)<n,

the 3D, the 2.5D, and the 2D models admit unique weak solutions. The solutioRéy)}Hof the
2.5D and the 2D models are, respectively, denoted)py° and ¢2°. Moreover, we have the
estimates, uniformly in,

”d’iDHHl(Qo)gCi (4.8
||V2D||lep(QO,HS(]R))$C for pE(l,oo), S<%, p(1+ 25)<8 (49)

Sketch of the proofThe basic tools are the Leray—Schauder fixed point theorem and the
regularity properties of the Poisson equation. The positivity of the potenti&dfsand V?°P
coupled to Assumption 2.6 imply direct bounds on the densities thani&1t2) with f=0 and
a=1. It follows, thanks to the Poisson equation, Lemmas B.1 and B.2, some compactness prop-
erties of the mapping and then to the existence result. The uniqueness is given by the fact that the
fixed point procedures become contractions if the densities are small enougmorm. To this
aim, we notice that, thanks 1@.1), (4.6) for n° andn?°P, and thanks tdA12) for n2P,

In*Pla<Cpu(A), [IN**Fi=Cu(A), [n*Z|=Cu(A),
and then it suffices to choosgsmall enough such that each of the Leray—Schauder mappings are

contractions. Equation@.8) and (4.9 are direct applications gfA12) and Lemma B.2.

V. THE 2.5D MODEL IS A SECOND ORDER APPROXIMATION

In this section, we end the proof of Theorem 3.1 initiated in the preceding section. The used
strategies are the same as Ref. 11. We assume that we are under the hypothesis of Theorem 4.3
which insure that the 3D and 2.5D models admit unique solutions. We denote respectively, by
(P3P v30) and y2P,v2P), these solutions. We start by provirig.2) by settingV3P— V25D
=V+R]+Rj with

—AV=[xiAnP-n2P), —ARI=r, - ARS=13

equipped with boundary conditioriB2) and where

0= [ [ 5wz aou0n, ri=2Re [ TERE a-nwPduon),
AJR A

ro= fAld—Hi)\PiDlzdu(x).

Estimating the remainder termsiRind R;: Thanks to(4.1) and(4.4), we have directly, for
r<2 andsé>0,

”ri”wl:f(no,Ll(][~z))S Cel 9
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”rg”wl:f(ﬂo,Ll(\H))$ Ce?79,

Iz ri”ler(QO,Ll(]R))g Izxillizr) el"*<Ce?

This implies thaR5 is almost of order two whild7 is, up to now, almost of order one. To get one

order more forR], we will use(B5) of Appendix B. To this aim, we remark by orthogonality of
Ew3P and (—115) 3P that

f ri(x,z) dz=0.
R

Thereby,(B5) applies. Choosing= 3+ a, 8=1—2a with a positive and close to 0, we obtain,
for all § positive andp<2,

[ Ri”wlvp(go Huzragy<Ce?

|| REHWLP(QO,HUZJr“(R’))g C 827&
which leads to bounds iW*P(Q,,L*(RR)) thanks to the embeddirtg?" *(R)— L*(R) for all «
positive.

It remains now to treaV. In order to estimatéy;|2(n3°—n?%P), we use the Schrdinger
equation solved byve :=TT5W3P— y& 4250
— AWSVews +(V3P X2 wi = (B + Eywi + 2+ g°
equipped with the transparent homogeneous boundary condi#di®s with a=0 and where
fe=—IFVeP(A-THWR®, g==((V2*P=V0) [xi%)x vt ™",

Remarking that

1 V30 (1 I1§) = 5 115, V3°,
we deduce from Lemma 2.84.3) and(4.4) that, for ¢ strictly positive,

2 2<C 81_1/p||(9zV3D||L‘X‘L§||(ﬂ_ MDYy, L2my = O(e279)

1
thanks to the embedding 2~ (P)(R)—LP(R), for pe[2). Besides, according t6t.6), for r
>2

lg¥llLz=CIV3P— V20 Ly =
and we obtain finally, thanks tA12), (4.22), and(4.6), that
HWi||H1(QO,L2(R))$C||fs||L2+ C||9£HL2$0(82_5)+CHV3D—V2D||L;L;°,

1/2

2
In$P—n2*0\y1p(q ) =Cp(A)"? fA||Wi||H1(QO,L2(R)) du(N)

<O(e? %) +Cpu(A) ||V3D_V2DHL;L;°-

for >0, r>2, andp<2. Applying (B3) in order to boundv, we find, according to the above
estimate,
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IVliwzecay L=ry=<C g2 %+ C u(A) HV3D—V2D||,_;|_;.
Gathering now the different estimates Bfi, R5, andV leads to
||V3D_V2D||W1’P(QO,L°°(]R))$C g2 %+ C u(A) | Vv3P— V2D||L;L;°-

Choosingr=[2p/(2—p)] and u(A) small enough end the proof thanks to the embedding
WHP(Qg) =L (Qo).

VI. THE 2D MODEL IS A FIRST ORDER APPROXIMATION

In this section, we end the proof of Theorem 3.2. We first assume that we are under the
hypothesis of Theorem 4.3 which insure that the 2D and 2.5D models admit unique solutions. We
denote, respectively, by/£°°,v2°P) and (¢2°,V2P), these solutions. We start by provi(.5)
by writing

— A(V2P—V20) = |x{|2(ng%P—ngP) +nZ® (|xi|* - 8(2)) (6.1

equipped with the boundary conditiofB2). In order to apply(B3) to (6.1), we first estimate the

quantityn2°°—n2P by using the Schidinger equation solved bw? := x5 (2°°— ¢2P):

— AW+ Vaw; + (V2P| i[2) i = (B + B wi + F°
equipped with the transparent homogeneous boundary condi#dr®s with a=0 and where
fe= (VZD( . ,O) _ <V2.5D|X§-|2>)X§:¢§D.
Estimating the source terntfWe have
Ifelle=([v?P— V2'5D||L§Lf+ I((VZP(-,00—V2P) |Xi|2>HLP(QO))”¢iD”H1(QO)
<C|[v?P- VZ'SDHLQL;“LC||t9zV2D||L§L§<Zl_lm|){i|2>a
p>2sc||v2D—v2-SD||L5L;+0(61*5), 5>0,
where we used the estimat¢$.9), (4.9 and the embeddingsli(Qo)—L%Q,), q<« and
H/2= W) (R)—L*(R), aec[2%). Applying now (A12) in order to estimatev:, we obtain
uniformly in A, thanks to the above estimate of the source t&rmfor p>2, §>0, andr <2,

”W}S\HHl(QO L2(R)) S C[v2P— V2'5D||LQL;°+ O(e'7?), (6.2
g 2= nZPwis (g < Cu(M)IVZP= V2 oy =+ O(s™ ). 6.3

It remains now to estimate the second part on the right-hand sid@2nfTo this aim, we find,
according to(B6), for r<2, p(1+2(s+8))<4r, s+ 8<3,

1(=2) "1 (nZP (Ix517 = 8(2)) lwregay sy =< (2l x5 12 I3 llwerq,)

Since[[nZ%lwzs(q,) is bounded for <2 thanks to(4.8) and since(z| x5|%)= O(e) thanks to 2.1,
we have finally, by choosing=1-— 6, s=3+ (5/2),

I(=A) "1 (nZ° (| x5]2— 8(2)))lwrpcag Hsgry < O(e'™?). (6.4
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We are able now to estimate the differen¢é—V?°P by applying (B3). Gathering the
bounds(6.1), (6.3), and(6.4) and thanks to the embedditt}’?" “(R)—L>*(R), >0, we find, for
5>0,q<2, andp>2,

[\v2P— V2'5D||Wl-<4(nO Le(R)S Cu(A)|[V2P— V2'5D||LQL;C+ O(e'™?).

Choosingp= 2g/(2—q) and u(A) small enough end the proof ¢3.5).

In order to prove(3.4) and(3.6), it suffices to apply3.5), (6.2), and(6.3).

The estimate from belowEor the proof of(3.7), we introduce & ,\;);.~+, the Hilbertian
decomposition of thex-Laplacian equipped with Dirichlet boundary condition 6€),. Let g
e L?(QyXR) and letu be the solution of- Au=g on the domair{),x R with Dirichlet boundary
conditions ond(Q¢XR). It can be easily seen that the Fourier transférmof u reads

(g( 1§)1ei('))L2
lAJ(X.§)=;1 szei(x)

and thus, thanks to the Fourier—Plancherel equality

(.62 2
N+ E

ulE=l-2)tgl= 3 | de

Hence, using the above equality, we find

2D 2
(ns~,ei).2

I(=8) XN (|32 8(2))Pe= S, fdf
i=1 JR

2
[ e
R

N+ &
S 1eI)L2 1 2
e12/ a—iéz__
.; T Odflexll (e7¥~1)dz

2

1 .
=CInEL s J, o8 e v . 69

Moreover, pointwise ir¢ z, ase—0, we have

e—i£§Z_1

—iegéz -1

Consequently, defining by

h(s) 2

1
2 fdff |X1|2(e ledz_ 1)dz

€
the Lebesgue dominated convergence theorem implies that

h(s)

U Z|X1|2dz

To conclude, we come back (6.1) and (6.5. By noticing that|\n§D||H71(Qo)=C, there exists
finally Cq e-independent such that

||V2D_V2'5D||f2+||n§D 25%_2/ —A) " 1(nZP (|52 - Z)))”Lz Coe?.

This ends the proof.
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VIl. REMARKS

We considered here a model without exterior potential. The analysis still holds if a regular
enough potential is added, for instance, a potentidli(Q,, W (R)), with p>2.

We also assumed that the open 8k} is regular. This hypothesis can be weakened if the
boundary conditions prescribed for the Poisson equation are modified: for instance, considering a
square, we put Dirichlet boundary conditions in two parallel interfaces and Neumann conditions in
the orthogonal ones.

All the analysis presented in the paper strongly relies on the Assumption 2.6 which is essential
in order to obtain existence and uniqueness results. We conjecture that all the results still hold if
this assumption is replaced by the

Assumption 7.1: The measure has a bounded support and there exisispositive
e-independent, such thati=1,

inf  |E,—&(0)|>4,
Nesuppu

where theg; are the energies of the bound states introduced in Definién

This assumption means that the statistics avoids the bound states of the linear open Schro
dinger equation, see Ref. 6 for more details. To prove the theorems under this framework, one has
to show that the statistics still avoids the bound states when considering a nonzero self-consistent
potential. This can be done by a careful analysis of the open 8iclyer equation and by setting
a statistics whose total mass is weak enough such that there gédstsuch thatVi=1,

inf |[E,—&(V2)|>n(9).
\ € suppu

On the other hand, following agafra limit absorption procedure can be performed as well. One
may add to the energi®, a complex termiv with »v>0. Then all the results applies without
Assumption 2.6. Then, the limit goes to zero has to be investigated and the difficulty in this step

is to obtainv-independent estimates. This will require a precise statement of the rate of conver-
gence inv in order to preserve the different errors estimates. To conclude, the Assumption 2.6 can
be actually weakened but this improvment involves more technicalities than in the present analysis
and not directly related to the purpose of this work.
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APPENDIX A: THE LINEAR SCHRO DINGER EQUATION ON OPEN DOMAINS

In this section, we derive the open boundary conditions introduced in Ref. 6 and we give some
estimates for the solution of the ScHinger equation equipped with such conditions. More pre-
cisely, we seek a generalized eigenfunctibfi solution of the Schrdinger equation associated
with the energyE®, this means

—AWVE(x,2) +(Vi(2) +V(X,2))P*(x,2)=E*¥*(X,z) in QOXR, (A1)
¥ is bounded, (A2)
Te=0 on J(QXR), (A3)
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where V¢ is a confining potential and was defined in Introduction affdis a given regular
potential, supported only if2X R. The equatior(Al) is, in the lead;,

(_&g_Afj,nJ)\Ps(gj :771yz)+V§(Z)‘P8(§1:W]:Z):Esqfs(fj:77]:2): J;ﬁov (A4)

where§; and 7; are the local coordinates of the legdsee Fig. 2. The boundary conditions are
obtained by explictly solving the Schiimger equation in each lead. For this purposeﬂﬁtand
££n, be the eigenfunctions and eigenvalues ofjitetransversal Schdinger operator- (95 with

Dirichlet boundary conditions¥® can be written under the form, in the lepad

V(. ,z>=§ Hz‘lf"::pZm Ve () OL(ENX(D),

whereW¥y . is the component o © on the basis@%@xg)p,m and solves
az\lf*’m o] .
In? = (B =B EnWip- (A5)
Hence, setting
KI(E2—ES)=V|E°—E;—&l,
NI(E*—E)=sufm=1, E°—E;>¢&l 1,
we obtain
Wi (1) = pe bl ek it m=NI(E*~Ep), (A6)
& j ST = &
W o i(m)=bl e ki if m>NI(E*—EY). (A7)

The modes associated with<N/(E®— Ep) are the propagating modes and the modes associated
with m>N/(E®—EZ p) are the evanescent modes. The coefﬂuah,tg are known whereas tkb#n

are the reflection— transmlssmn coefficients and deduced from the solution. The boundary condi-
tions onT’; are obtained by eliminating thel, , coefficients and the result f&°

&

——| =LPETN(wO) +SE, (A8)
i Tr,

where

m=

o N/(E®—E?)
sz[Eﬂ(w):El( 2 k(B BV 0(0) O} (&)

> Ki(E°—Ep) W5 1 1(0) O4(&) | x5
m=N/(E°—E})+1
= NI(E°-Ep)

SO Ee]=—22 X kL (EP-EYal, 0 (&) xi(2).
p=1 m=1

To summarize, the problem is solved only on the bounded dofaix R with the boundary
conditions(A8) and V=0 on wq.
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We rewrite now these boundary conditions in the case of the nonlinear transport model of Sec.
II1B 1. According to Assumption 2.4, the ener§y is equal toE]+E, , whereE, = EL?O+ k? and

al, = 35 om0 8]°. This implies thats;® takes the simpler form
SOES+E\ = -2 6Pk O, (£) X5(2).

Finally, in order to derive estimates for more general problems, we consider the following
system:

—AV*(x,2) +(Vi(2) +V°(X,2))¥®(x,2) = (E] + E)) V*(x,2) +f(X,2) in QgXR, (A9)

v
(97]J Fj

= Z3O(ES+E\J(W9)—2a 6k O}, (£) Xi(2), (A10)

Pe=0 on wg, (A11)

wherea is a positive parameter arfda given source term. The well-poseness of this system has
been studied in Ref. 6.

Proposition A.1: Let¥® be the solution of (AS)A11). Let fe L2(QoxR), VeeL™(Qq
X R) and V¥ non-negative a.e. Then, under Assumption 2.2, 2.4, and 2.6, we have, unifoknly in

W[l h1a, L2r)y<C (2a+|f|.2), (A12)

[(I=T1)We|| 2<C e (2a+|/f||_2), (A13)

where C is a generic constaatindependent
Proof: Consider the kinetic energy alongand the kinetic energy alorgdefined by

Ein,x=f |V, ¥?|2 dx dz, gﬁin,z:J’ |0, 9|2 dx dz.
QoXR ( 3

2ox R

The potential energy and the external potential energy are, respectively, defined by

SSOFJ V| We|? dx dz, EZfo V2 | W#|2dx dz.
QoXR QxR

0

We introduce also the energy coming from the boundary terms
n

. :_Ej ows
BC & xR 97

W d¢; dz.
T

A standard energy estimate for the Sainger equation, obtained after multiplication @) by
¥ and some integration by parts, yields

& & & & & & & 2 _8
kinx+ EkinzT Eport Eaxt ReER=(EI+ EVIY[; 2+ fn fo\P dx dz, (A14)

0
Im £5=0. (A15)

Besides, the boundary conditigA10) implies that
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n ® o0
Refic=2, > X Kh(Ex+ES—Ep)[ W o 12— 2akim Wi, o
j=1p=1 m=NI(E, +Ej—Ef) +1
(A16)
n oo Ni(EﬁEi—EZ)
Im&ge=>, > Ki(Ex+Ef—Ep)[W o [*+2akReWs, ; =0, (A17)
j=1 p=1 m=1 Y
and we first deduce frorfA16) and (A17) that
WS, <22 (A18)
0<Refg-t2aklm ‘Pimo,jo- (AL19)

Moreover, according to Ref. 6, the operaterA +V;+V*—E] equipped with(A10) and
(A11) with a=0, has a compact resolvent and den@g({/?)); c v+ its spectrum andd;); . n« its
associated eigenvectors. Singe=0, then&3(V®)=£7(0) and it can be easily seen th&}(0) is
e-independent. It follows, after a projection ®° on the basis ®7); .n+ that

kln x+5k|n z+8;0t+53xt+ Re‘C/‘S(?_*'zaklmq’lm Jo Ei”q’s”EZ:izl gia(vs)|(w8-(bis)|2-
Injecting this relation iNfA14) leads to
(£5(0)—E) W] Fo= E (EF (V) —ED[(P%,@]) [P <48 k+ | f]l 2| P72,

where we use@A18) for the second inequality while the first inequality follows from the fact that

E7(0)=<&{(V®) sinceV? is positive. We use now crucially Assumption 2.6 which implies that

££(0)—E,>C, whereC is e-independent and this gives thé estimate, uniform in\,
[Wefle=C(2a Vk+|f].2). (A20)

To conclude the proof, we come back(#14) and by using/A19) and (A20), we obtain

2 2
k|n x+gk|n z+‘€;ot+€8xt\ Ei”\PSHLZ"' C(4a2+ ||f|||_2),

whereC depends on syR sypp,Ex - Since
k|n z+ggxt E E; ”H e |||_2
and sinceV® is non-negative, we havg;,=0 and finally
1 2
kln x+ 2(E2 1)“(1[ 1)‘1" |||_2 C(4a +||fH|_2)
which ends the proof. O

APPENDIX B: THE POISSON EQUATION WITH L}L% DENSITIES

This section deals with the regularity of the solution of the Poisson equation

—AV=n on QyXR, (B1)
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V(-,2)=0 on dQy, Ilim V(x,z)=0. (B2)

|z| =0
In the whole sectionl.PLY denotes the spaces introduced in Definition 2.1.
Lemma B.1: (i) Let V be the solution of (B1) and (B2), I@tln’xLi with r e (1,0). Then for
s<2 and p(1+2s)<4r, we have
IVIlLecg msery=<Clinllir 2. (B3)
(i) Besides, for 5<% and p(3+ 2s)=<4r, we have also

”VXV”LP(QO Hs(\la))\C”n”L Ll (B4)

(iii) Let neLiL? such that zreLILY, with re(1,+%) and [y n(-,2z)dz=0. Then, for0

X=z7

<B<1,pe[2,+=), s+B<3and p(1+2(s+ B)<4r, we have
17
||V||Lp(no nscryy=<Cllz n|| L1||”||L;L€- (B5)
(iv) Assume that (x,z) =ng(x) (p(z) — 8(z)) where neL'(Q,) with re (1,+«), wherep
e Ll(]R) non-negative such that@e L*(R) and ||p|_1zy=1. Then, for0<p=<1, pe[2,+x),
s+B8<3and p(1+2(s+ B)<4r, we have
IVllLoay sy =Clizpll 1 Ingllrcay) (B6)

Proof: Taking the Fourier transform dB1) with respect taz leads to

—AV(X, &)+ E2V(x,6) =N(x,£),

where
\“/(x,g):f V(x,z) e 2¢dz, ﬁ(x,§)=J n(x,z) e "2édz. (B7)
R R

Since —A,, equipped with Dirichlet boundary conditions dn,, is a sectorial operator on
LP(Qy), for pe(1,+*), we have

- 1 . N 1
V(- &)llLpg= gz” —ANV(LH+HEV(L Oy = gz”ﬁ( ey - (B8)
Moreover,(B8), (B7), and standard elliptic estimates imply

V(- E)llwzpa g <CIA(-,&)Lray (B9)

whereC does not depend o& Besides, fop=2, we have thanks to the iter inequality,

p/2
dx

||V||EP(QO’HS(R)):JQO( fR(1+ §25) |V(X,§)|2d§
1

(14 £ P2 |/(x, £)|P dé dx

1+§ Lp/(p*Z)(H) QO R

<C [ (1455 PR N, Bl N DI fo (810
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as soon as

2
0s1l-—-<a, Ilsrspscw,

Coupling now(B8) and(B9) and using the embedding®' (Q,)—L*(Q,), for r>1, leads to
IVIIPeea, sy =C f (14 7P V(- Ly IVC Ot o) 9

(142 @ OPR LA, £)]Pr g, ) dé

R
) 1
$CHI’]”E;L§ if mELl([l,‘FO@)), (B11)

where we used the fact thiit(x, £)|<|n(x, -)[| 1z . After some easy algebra, this gives the final
conditions for(B3),

2<p<w®, s<=3, p(l+2s)<4r.
For (B4), we use a classical interpolation equality in Ref. 13 which insures that

|\‘/||r/2r

12[ (r/
oy IVIEG)™" B12)

v 1/2 /11172 /1112
IVVlpag=CllaVI IVl =CllaxV L=(2)

L"(Q0) LY(Qg) L"(Qg) |

with 1/p =3[ (14) + (1/r).] This inequality implies, together wittB8), (B9), for t=r>1,

R Cc . .
IVVlLeag= g—r/T”n”Lf(QO) : (B13)
ReplacingV by V,V in (B11), using estimate$B9) and (B13), we obtain by proceeding as for
(B1Y),
[VVIE ‘ <H— f (1+ B P2 [RV(x, )P dé dx
X LP(QO,HS(\R)) 1+§ Lp/(p—z)(“g) 0o/ R X
<Cf (1+ grp/t (25+a)D/2) 1||n( ég)”Lr(Q )df\C”n”L Ll
as soon as
012< 111+1 i, P 12+ >1.
=1— — —_= = = —_ = _— =
b % p732 oISt (2s+a)p

This concludes the proof dB4) after some easy manipulations.
We end now the proof of Lemma B.1 by proviB5). If [grndz=0, it can easily remarked
that

A(x,¢)

<|lzn(x, )|l 1k

1 _
—_|= —izé_
’Sﬁa(e 1)n(x,z) dz

sincele '2¢—1|<|z&|, V(k,&) e R?. This leads to, thanks tB11),
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”ﬁ( : 1§)||Er(90) #

p 2r —(2s+ /12— -1
||v||Lp(QOYHS(R))<cJR(1+gr 25+ apiz- o) -

(Hﬁ( ' 1§)||EF(QO))liﬁd§

Bp (1-p)p

) 1
=<C|z ”||L;L;||”||L;L; if FEET AT © LY([1,+)),

which gives the result.
For (B6), we just remark that

A(x,£)=ny() JR<e-izf—1>p<z> oz

which is exactly the same form as above. O
In the same way, ifi is given byn(x,z):=n¢(x) 6(z), we have the following.
Lemma B.2: (i) Let V be the solution of (B1) and (B2) wittx,z) :=ny(x) 8(z), where n,
eL"(Q) with re (1,%). Then, for < and p(1+2s)<4r, we have

IVllLpog msry=<Clnllrag - (B14)
Besides, for 5.3 and p(3+ 2s)<4r, we have also

”VXV”LP(QO,HS(R))$C”n”L’(QO) . (B15
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