AN INVERSE PROBLEM IN
QUANTUM STATISTICAL PHYSICS

FLORIAN MEHATS AND OLIVIER PINAUD

ABSTRACT. We address the following inverse problem in quantum statistical
physics: does the quantum free energy (von Neumann entropy + kinetic energy)
admit a unique minimizer among the density operators having a given local
density n(z)? We give a positive answer to that question, in dimension one.
This enables to define rigourously the notion of local quantum equilibrium, or
quantum Maxwellian, which is at the basis of recently derived quantum hydro-
dynamic models and quantum drift-diffusion models. We also characterize this
unique minimizer, which takes the form of a global thermodynamic equilibrium
(canonical ensemble) with a quantum chemical potential.

1. Introduction

We deal with a question which is at the core of recently derived quantum hy-
drodynamic models based on an entropy minimization principle [13, 11]. Let a
given density of particles n(x) > 0, can we find a minimizer of the quantum free
energy among the density operators ¢ having n(z) as local density, i.e. satisfying
the constraint p(z,x) = n(x), where p(x,y) denotes the integral kernel of o?

This question arises in the moment closure strategy initially introduced by De-
gond and Ringhofer in [13] in order to derive quantum hydrodynamic models from
first principles. Let us briefly review this theory (for more details, one can refer to
the reviews [12, 10]). The quest of macroscopic quantum models is motivated by
applications such as nanoelectronics, where affordable numerical simulations of the
electronic transport are necessary while the miniaturization of devices now imposes
to take into account quantum mechanical effects in the models, resulting in a higher
simulation cost. At the microscopic level of description, the Schréodinger equation
and the quantum Liouville equation are numerically too expensive, which motivates
the derivation of models at a more macroscopic level. In the classical setting, the
relationships between microscopic (kinetic) and macroscopic (fluid) levels of descrip-
tion are fairly well understood by means of asymptoti ¢ analysis, see for instance
[18, 17, 29]. In particular, it is known that the understanding of the structure of
the fluid model relies on the properties of the collision operator at the underlying
kinetic level. Indeed, collisions are the source of entropy dissipation, which induces
the relaxation of the system towards local thermodynamical equilibria. The free
parameters of these local equilibria are the moments of the system (e.g. local den-
sity, momentum and energy) and are driven by the fluid equations. Arguing that
the derivation of precise quantum collision operators is a very difficult task, while
only the macroscopic properties of such operators is needed in our context, Degond
and Ringhofer have grounded their theory on a notion of quantum local equilibria.
To do so, they have generalized Levermore’s moment approach [27] to the quantum

setting. The idea consists in closing the system of moment equations by defining a
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local equilibrium as th e minimizer of an entropy functional (say, the von Neumann
entropy) under moment constraints.

In [11], this approach was adapted so as to describe systems in strong inter-
action with their surrounding media and obtain quantum macroscopic models by
applying a diffusive asymptotics. The most simple of these models, the quantum
drift-diffusion model, was studied numerically in [16, 7] and the simulation results for
one-dimensional devices such as resonant tunneling diodes were encouraging. This
model is based on the most elementary constrained entropy minimization problem.
Indeed, in this case, the local quantum equilibrium at a given temperature, also
called quantum Maxwellian, is defined as the minimizer of the quantum free energy
subject to a local constraint of prescribed density. Note that not only the total
number of particles is fixed, as in the usual quantum statistics theory (for the so-
called canonical ensemble), but also the local density n(x) is imposed at any point z
of the physical space. This problem has been studied formally in citeQET and the
Lagrange multipliers theory lead to the existence of a quantum chemical potential
A(x) such that the solution of the minimization problem is a density operator of

the form
0=exp <_—A—|—#A(x)> ] (1.1)

Remark that the difficulty in this problem lies in the fact that its solution will
depend on its data in a global way. The similar problem in classical physics, i.e.
reconstructing f(z,v) = exp(—(@ + A(z))) from its density n(z) = [ f(z,v)dv,
is very simple and the chemical potential, given by A(z) = —logn(z) + 2log(2r),
depends on n(z) in a local way. Here, due to the operator formalism of quan-
tum mechanics, which is not commutative, the density and the associated chemical
potential are linked together by a non-explicit formula, and in a global manner.
To end this short presentation, let us also recall that this quantum drift-diffusion
model displays formally several interesting properties: it dissipates a quantum fluid
entropy, which indicates that it should be mathematically well-posed, and it can be
related to other known models after some approximations (for instance, semiclassi-
cal expansions on the quantum drift-diffusion system enable to derive the density-
gradient model). Besides, a whole family of quantum fluid models were derived
by several authors, based on the same entropy minimization principle: quantum
Spherical Harmonic Expansion (QSHE) models [4], quantum isothermal Euler sys-
tems [22, 8], quantum hydrodynamics [23, 9], models with viscosity [6, 21, 20],
quantum models for systems such as subbands [32] or spins [3]. Nevertheless, one
has to put the emphasis on the fact that all these studies rema in yet at a formal
level. Even the notion of local quantum equilibrium has only been defined formally
and this problem of entropy minimization under local constraints is widely open.
The aim of this paper is to make a first step towards the rigorous justification of
these models, by studying the quantum entropy minimization principle in the most
simple situation, in the case of a density constraint. We work in dimension one, in
a finite box with periodic boundary conditions. Our main result, Theorem 2.1, is
presented after a few notations in the next section. We show that, in an appropriate
functional framework, the quantum Maxwellian is properly defined, i.e. that to any
density n(x) > 0 corresponds a unique density matrix ¢ minimizing the free energy.
Moreover, we prove that o actually takes the form (1.1), where A(x) is the quantum
chemical potential (in the sequel of the paper, the temperature 7" will be set to 1).
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Let us now make a remark. One can see on the formula (1.1) that the quantum
Maxwellian reads as the global equilibrium canonical ensemble associated to the
Hamiltonian —A + A(z), where the chemical potential A(x) is seen as an applied
potential. Hence, our problem can be reformulated as the following inverse problem
in quantum statistical mechanics. Let a system at thermal equilibrium with a sur-
rounding media at a given temperature, in a certain potential. Can we reconstruct
the potential from the measurement of the density at any point? This problem has
been much less studied than more standard inverse problems such as the inverse
scattering theory (reconstructing the potential from its scattering effects) or the
inverse spectral problem (reconstructing the potential from the spectrum of the as-
sociated Hamiltonian). Nevertheless, one can quote at least two references where
similar inverse problems have been investigated. In [26] (see also the series of ref. 5
therein), a practical method for reconstructing potentials from measurements was
settled using Feynman path integrals and, in [19], a close problem for quantum spin
systems was studied.

The outline of this paper is as follows. In Section 2, we define the functional
framework of the paper and state our main theorem. In Section 3, we study the
entropy and the free energy and give some useful results for the sequel. In Section
4, we prove the existence and uniqueness of the minimizer p[n| associated to a
density n. Section 5 is devoted to the characterization of g[n] via the Euler-Lagrange
equation for the minimization problem. To deal with the constraint, we introduce
a penalized problem.

Future developments of this work will involve several directions. A first exten-
sion will concern the investigation of other spatial configurations: other boundary
conditions, whole-space case, or space dimension greater than one. We will also
investigate the entropy minimization problem with constraints of higher order mo-
ments. As in the case of classical physics, it might lead to ill-posed problems and to
delicate problems of moment realizability [24]. Another interesting question which
remains to be solved concerns the quantum evolution: can we define an evolution
for a quantum Liouville equation with a BGK-relaxation operator based on the
local equilibria defined in this paper, as for instance in [1] for other relaxation op-
erators? This issue is linked to the possibility of rigourously deriving the quantum
drift-diffusion model.

2. Notations and main result

Let us describe the functional framework of this paper. The physical space that
we consider is monodimensional and bounded. The particles are supposed to be
confined in the torus [0, 1], i.e. with periodic boundary conditions. We consider the
Hamiltonian

H=-"
dx?

on the space L?(0,1) of complex-valued functions, equipped with the domain
du du
D(H) = $u e H*0,1) : u(0) =u(l), —(0) = —(1) ¢ .
(1) = {u e 12012 u(0) =), 0 = F 0}

The domain of the associated quadratic form is

Hll,er ={ueH(0,1): u(0) =u(l)}.
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Its dual space will be denoted H L. Remark that one has the following identification:

per*
du dv du
Vu,v € Hy,,,  (VHu,VHv) = <%,%>, IVHul| 2 = ‘ i,
We shall denote by 7 the space of trace class operators on L?(0,1) [30, 33] and by
J> the space of Hilbert-Schmidt operators on L?(0, 1), which are both ideals of the
space L£(L?(0,1)) of bounded operators on L?(0,1). We denote by K the space of
compact operators on L2(0,1).
A density operator is defined as a nonnegative trace class self-adjoint operator
on L?(0,1). Let us define the following space:

E= {ge Ji, 0= ¢* and VH|o|VH € jl}.
This is a Banach space endowed with the norm

lolle = Tr |o| + Tr(VH|o|VH).

For any o € &, the associated density n[g] is formally defined by

(2.1)

nlo)(x) = p(x, ),

where p is the integral kernel of ¢ satisfying
1
¥ e 20D, old)w)= [ ple.n)ot)ds
The density n[g| can be in fact identified by the following weak formulation:
1
Vo € L°(0,1), Tr(Pp) = / & (x)n[o](z)dz, (2.2)
0

where, in the left-hand side, ® denotes the multiplication operator by ®, which
belongs to £(L?(0,1)). If the spectral decomposition of g is written

0= pr(dk,)2 bn
k=1

then we have

e} 2
VIV = Vel = Y ol | (23
k=1
nlol@) = Y pelos@P, nlelle < loel = Trlel (24
k=1 k=1

Moreover, by the Cauchy-Schwarz inequality, n[g] belongs to W1(0,1) with peri-
odic boundary conditions, and we have

dn 1/2
Al <o) (e VEIVE) " < Clele.
Ll

dx
The energy space will be the following closed convex subspace of £:

E={0€&:0>0}.

On & we define the following free energy:
F(p) = Tr (plog(o) — 0) + Tr(VHoVH). (2.5)



We will see in Section 3 that F' is well-defined and continuous on £;. If p € &4,
then the Cauchy-Schwarz inequality applied to (2.4) gives

p 0o 1/2
%-M4§<Z} > :
k=1
Hence we have /n[o] € H,, and, using (2.3), we get
H——— <I&~»/__g\/__)1/2 (2.6)

Recall also the following logarlthmlc Sobolev inequality for systems, proved in [14]
and adapted to bounded domains in [15]: for all p € £; we have

Aoy
dx

1
Trolog o + Tr(VHoVH) Z/o n[o] log n[o]dx + %Trg. (2.7)

This inequality, coupled to (2.6) which gives n[g]logn[o] € L'(0,1), implies that
Tr polog o is bounded for all g € &,..
Our main result is stated in the following theorem.

Theorem 2.1. Consider a density n € H},, such that n > 0 on [0,1]. Then the
following minimization problem with constraint:

min F(g) for o € E4 such that nlp] = n, (2.8)

where F is defined by (2.5), is attained for a unique density operator o[n], which has
the following characterization. We have

oln] = exp (=(H + A)), (2.9)
of H!

per

where A belongs to the dual space Hper and the operator H + A is taken in

the sense of the associated quadratic form
2

+ (A, |o]? Ju-! g - (2.10)

DPET s "per

Quloe) = |

L2

From (2.9), it is possible to obtain a formula for A. Such formula is given in
(5.50). The following remark shows that the functional space H,. ! for the quantum
chemical potential A(z) is optimal.

Remark 2.2. For a given A € Hper, we prove further —see subsection 5.2, Step 4 of
the proof— that the operator H+ A(x) (in the sense of quadratic forms) is self-adjoint
and has a compact resolvent. Moreover, the associated quadratic form is a form-
bounded perturbation of u — |[v/||2,, so that H + A(z) can be diagonalized on L?
and its k-th eigenvalue pj has an asymptotic behaviour of the form Ck?. Therefore,
the H' norm of the associated eigenvector ¢}, is bounded by Ck. Consider now the
operator ¢ = exp(—(H + A)) and the associated density n(z). By using the decay
of the exponential, one can see that the series in (2.4) is converging in H!. If we
assume that A belongs to the Sobolev space H®, where —1 < s < 0, then by elliptic
regularity one has ¢, € H*T2, and the series (2.4) will converge in this Sobolev
space, so we deduce that n € H5F2. Hence, if n belongs to H' but does no t belong
to any H®, s > 1, then we have A € Hper and A cannot be more regular.
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Remark 2.3. The two main limitations of this theorem, the strict positivity of n
and the one-dimensional setting, are not essential for the first part of the theorem,
the existence and uniqueness of the minimizer. This first result will be extended
in a forthcoming work. However, these assumptions are essential in our proof of
the second part of the theorem, the characterization of the minimizer. Indeed, the
strict positivity of n is crucial in Subsection 5.2, Step 3, see e.g. Eq. (2.9) and
the argument after (5.51). Moreover, the one-dimensional framework implies by
Sobolev embeddings that Hll,er is a Banach algebra, which enables to define the

above quadratic form Q4 in (2.10).

Outline of the proof of Theorem 2.1. The existence of the minimizer g[n] of the
constrained problem (2.8) is obtained by proving that minimizing sequences are
compact and that the functional is lower semicontinuous. Compactness stems from
uniform estimates that enable to apply Lemma 3.1, whereas the lower semiconti-
nuity comes from (3.2) in Lemma 3.1 and from Lemma 3.3. The uniqueness of the
minimizer is a consequence of the strict convexity of the entropy (proved in Lemma
3.3).

In order to characterize the minimizer g[n] of (2.8), we need to write the Euler-
Lagrange equation for this minimization problem. This task is difficult because the
constraint n[p] = n is not easy to handle when perturbing a density operator. We
circumvent this difficulty by defining a new minimization problem with penalization,
whose minimizer p. will converge to g[n]. Next, the Euler-Lagrange equation for
the penalized problem reads

Ve (log(ee) + H + Ac) /0.

From this equation, in order to prove that
0e =exp (—(H + A.)),

we show two important intermediate results, relying on the fact that o, is a min-
imizer and on properties of the von Neumann entropy Tr(ologo — g). First, we
prove that the kernel of g is reduced to {0}. Second, we prove that the family (¢7)
of eigenfunctions of g., which is a Hilbert basis of L?(0,1), is in fact dense in Hll)er.
This enables to prove that (QS;) is the complete family of eigenfunctions of H + A.,
and to identify the associated eigenvalues. Finally, using the two assumptions dis-
cussed in Remark 2.3, we are able to prove that A, converges in the nglr strong
topology, which is sufficient to pass to the limit as the penalization parameter e

goes to zero, and conclude the proof.

3. Basic properties of the energy space and the entropy

In this section, we prove a few basic results on the energy space £, that will be
used in the paper.

Lemma 3.1. Let (ox)ren be a bounded sequence of Ey. Then, up to an extraction
of a subsequence, there exists o € E4 such that

ok = oinJ and \Jor — /o inJr ask— 400 (3.1)
and

Tr(VHoVH) < lim inf Tr(VHopVH). (3.2)



Furthermore, if one has
Tr(VHoVH) = klim Tr(VHorVH)
—+00

then one can conclude in addition that
VH o — VH\/or in Jo as k — 4oo0. (3.3)

Proof. Step 1: weak-+ convergence in Jp. First notice that the boundedness of g in
&, implies by (2.3) that the operator V/H /o is bounded in the Hilbert space Jo.

Moreover, since g and v HopV'H are positive and bounded in J;, we can extract
subsequences such that o and v H iV H converge in the J; weak-* topology, that
is, there exists two positive trace class operators ¢, A such that, for all compact
operator K € IC,

Tr(K o) — Tr(Ko) ; Tr(KVHoVH) — Tr(KA).
By application of Proposition 3.12 of [5], we have
Al 7 < liminf ||V HoepVH| 7 = liminf Tr(VHopVH). (3.4)

Step 2: Identification of A. We show that A = vHovH. Indeed, let K = (vVH +
I 'K'(VH+1I)"! with K’ compact. Using the cyclicity of trace with the bounded

operators \/g_k\/ﬁ and \/ﬁ \/Q_ , we get
To(KVHoVH) = Tr(yorVH K VH\/or),
= Te(vosVHWH+1)'K'(VH +1)"'"VH/or)
= T(VorK'vor) — Tr(yorK' (VH + 1)~ y/or)
—Tr(yor(VH + 1) K"\ /o)
+Tr(Ver(VH + D)7 K (VH + 1) /or),
= Tr(K'ox) — Te(K'(VH + 1) ""o) = Te(VH + 1) 7" K 0y)
+Te(VH + 1) 'K (VH + 1) o).
Since g — o in the J; weak-* topology, and since (vVH + I)"'K'(vVH + I)~,
K'(VH +I)"', (VH 4 I)"' K’ are compact operators, we have
Tr(KVHoVH) — Tr(K'o) — Tr(K'(VH 4+ 1)) — Te(VH + 1)1 K'p)
+Te(VH+ 1)K (VH + 1))
= T(K'(WH+I)'AWVH+I)™).
We thus obtain
VH+DTAVH+D)™ = o-(VH+D)o—o(VH+1)™!
+(WH+ D) o(VH+I)!
and it follows that A = v HpvH. In particular, (3.4) yields (3.2).
Step 3: weak convergence in J1. Let us prove now that g converges weakly in J;,
that is, for all bounded operator o € L(L?(0,1)),
Tr(oox) — Tr(oo).
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We have
Troo) — Te(yEro Var)
= Tr(yoe(WVH + D(VH +1)"'o(VH + )" (VH + I)\/or)
= To(VH+ID)'o(VH+ D)"Y (VH + Iox(VH + 1))
= Te(VH+I)'o(VH+1)""VHoVH) + Tr(VH + 1) o)
+Te(c(VH + 1) o) = Te(VH + 1) 'o(VH + 1) 1),
Since (VH+I)"to(vVH+1)"', (VH+1)" o and o(vH +1)~" are compact, since
or — o and VHopvVH — VHoVH in J; weakly-*, we can pass to the limit in the

latter expression and obtain the weak convergence of gy.

Step 4: strong convergence in J1. To obtain the strong convergence in Ji, it suffices
now to apply a result of [33] that we recall here (specified to the case of J7).

Theorem 3.2 (Theorem 2.21 and addendum H of [33]). Suppose that Ay — A
weakly in the sense of operators and that || Ax||7, — ||All7 - Then ||Ax — Al 7, — 0.

One can indeed apply this result since g converges weakly in J; to ¢ (which
implies the weak operator convergence), with convergence of the respective norms:
okl = Trox — Tro = lolla-

This implies that the convergence of g in Jj is strong and the first part of the
lemma is proved.

Step 5: strong convergence of \/or in Jo. We have

ok — ollzcz2) < llok — oll -

Moreover, it is known that the norm convergence of g > 0 to ¢ > 0 implies the
norm convergence of /gy to /o (see e.g. [30]). We claim that in fact we have

Vor = /e in Ja. (3.5)
To prove this fact, since J» is a Hilbert space and since

IVekll%, = Trox — Tro = |loll%,,

it suffices to prove that /o — /0 in J> weak. Let o € Jo. One can choose a
regularizing sequence o with finite rank such that

o — 0 in Jy as n — +oo0. (3.6)
For all n,m € N, we have
| Tr(Vor — Vel < | Te(Veor = Ve)om| + | Te(Veor — Ve)(o — om)l
IWVer = Velleway lomllan + (Vekll . + Vel z)llom = ol
IVer = Vel lomlln + Cllom = ollz,

which implies by (3.6) that Tr(\/ox — /)0 — 0 as n — +oc. This means that
Ok — /0 in Jo weak, which finally implies (3.5).

IAIA

Step 6: strong convergence of v/ H./or in Jo. From now on, we assume that one
has in addition the following convergence:

IVH orl|%, = Te(VHoVH) — Te(VHoVH) = [VH /| %,



Consequently, if we prove that
\/ﬁ\/@ — \/ﬁ\/é in Jo weak,

this weak convergence in the Hilbert space J2 will be in fact a strong convergence.
To this aim, we consider o € J» and, for all € € (0,1), we decompose

Tr(oVH,/o5) = Tr(o(1 +eVH) " "WH /o) + Tr(o(1 — (1 +evVH) " Y)WH,/or)
= Tr(oVH/0) + Tr(coVH(or — v/0) + Tr((0c — 0)VH /2) + Tr((0 — 02)VH/0x)

with 0. = o(1 +evH)~L. For all € > 0, the operator (1 +evH)™'vH is bounded
on L?(0,1), so 0.V H belongs to J» and the previous step implies that

lim Tr(o.VH(\/or —2)) =0

k—+o00

Now we write

Te((02 = o WHVE) + Tel(0 — o VEVE)| < llo =l (VA Va2 + IVEVl.2)

< CHJ - UEHJQ'

Therefore, if we prove that o. converges to o in J as ¢ — 0, we will have

Tr(oVH,/or) — Tr(cVH/2) ask — 400

and the proof of the lemma will be complete.
Introduce the eigenfunctions and eigenvalues (e, pip)pen= of the operator H,
which has a compact resolvent. We have

1
lolZ, = D _llocenllis = ) m————slloeplz
=Sl =S
which converges to HO‘HQJ2 as € — 0 by comparison theorem. Similarly, for all
¢ € L?(0,1), we deduce from the convergence in L? of the series >_p Ppep, Where

©p = fol o(x)ep(z)dx, that

(1+evVH) o= i
p=1

—————ppe, — @ in L2(0,1) as e — 0.

1—1—8,/

Therefore, 0. and of = (1 + eV H) lo converge strongly to o as ¢ — 0 and one
can apply Griimm’s convergence theorem (see [33|, Theorem 2.19), which proves
the convergence of o, to ¢ in J5. The proof of Lemma 3.1 is complete. O

Lemma 3.3. The application o — Tr(plog 0 — o) possesses the following properties.
(i) There exists a constant C > 0 such that, for all o € &4, we have

Tr(olog o — 0) > C<Tr\/_9\/_)1/2 (3.7)

(ii) Let o be a bounded sequence of E; such that o converges to o in Ji, then
ok log o, — or converges to plog o — o in Ji.
(11i) The application o — Tr(olog o — o) is strictly convex on E4.
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Proof. Step 1: proof of the inequality (3.7). We shall use the following inequality,
deduced from Lemma A.1 which is proven in the Appendix: there exists C' > 0 such
that, for all p € £,

> p*Ale] < CTrVHVH, (3.8)
p>1
where we have denoted by (A,[g])p>1 the nonincreasing sequence of nonzero eigen-

values of o (this sequence is finite or infinite). The function s — ((s) = slogs — s
is negative on [0, €] and positive increasing on [e,4+00). Let

1 _
Cy = sup w < 400.

s€[0,€] \/g

Let o € &4 and denote by (Ap[o])p>p, the eigenvalues of p that belong to the interval
(0,€e]. We have

~Tra) < Y 1Bl < O Y /Al

P>po P>po
1/2 ) 1/2
ca(sew) ()
pP>po p>p0p
1/2
< g <Tr\/ﬁg\/ﬁ> / ,
v/Po

which proves (3.7).

Step 2: proof of (ii). Consider a sequence g bounded in £, such that g — o in
Ji. Let M = supy, ||kl £(z2) < +00. There exists a constant Cjy > 0 such that

Vs e [0,M], |slogs—s| < Cys™/t

Thus, for all € > 0, denoting again [(s) = slogs — s, we get

S BOled) < O S OuladPt <Ot YT (pler)?

Aplok]<e Aplow]<e Aplok]<e
1/2 1/2

1

< Cue [ D’ Mloxl > 5

p>1 p21p

1/2
S <Tr\/ygk\/ﬁ>/ < eV,

where C' is independent of k and where we used (3.8). The same inequality holds
for the limit o. Let € > 0 and let us decompose

B(s) = Bi(s) + Ba(s) = (BLs<e)(s) + (BLaxe)(s)-

For all ¢, one has

Tr |B(er) — B(0)] Tr |B1(er)| + Tr[B1(0) + Tr[Ba(er) — B2(0)|

Ce'/* + Tr|Ba(ok) — B2(0)l,

so that the result is proved if we show that ([2(gr) converges to [2(0) strongly in
J1. According to Theorem 3.2, it is enough to prove that fB2(ox) converges weakly
to P2(0) in Jq and that ||S2(0k)|ls — ||82(0)]|7, to obtain the strong convergence

<
<
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in J1. We prove first the weak convergence. To this aim, we choose ¢ such that
Aplo] # € for all p € N* and denote

N =max{p: \plo] >¢}.
According to Lemma A.2, we have
Aplok] = Aplo],  Vp =1, (3.9)
and we can choose k large enough so that we have
Aplok] > € for all p < N and \,[gx] < € for all p > N.

Besides, following again Lemma A.2, we choose some eigenbasis (gb’;)peN* and (¢p)pen-
of o and g, respectively, such that

¥p N, lim |6} — dpllz2 = 0. (3.10)

Then, the actions of B2(0x) and B2(0) on any ¢ € L%(0,1) read

Zﬁ RO Zﬁ D) (9, #)bp,

where (-,-) denotes the L?(0,1) scalar product (taken linear with respect to its
second variable and anti-linear with respect to its first variable). Therefore, for any
bounded operator B,

r (B2(0k)B Zﬁ [ok]) (¢, Bef) — ZB 1) (¢p: Bop) = Tr (B2(0)B),
p=1
thanks to (3.9), (3.10) and the continuity of the function . This proves the weak
convergence of f3(ox) in J1. Regarding the convergence of the norm, we have
directly

N
[182(ex)lln = Z!ﬁ = > 1BOaD] = lIB2(0)lln
p=1

and item (ii) is proved.

Step 3: proof of the strict convexity (iii). We recall first the Peierls inequality [33]:
let (u;);>1 be an orthonormal basis of L2(0, 1), whose scalar product is denoted by
(+,-); then, setting §(s) = slog s — s, we have

> B(ui, 0ui)) < Tr (B(o)) - (3.11)
i>1
Indeed, denoting by (\;, ¢i)i>1 the spectral elements of g € £, we have
uu }E:ﬁ ¢]aul|‘
j>1

Since >~ (95, u;)|? = 1, it follows from the Jensen inequality that

ﬁ((uuQuz = Z)‘ ‘ ¢j7ul 2 <Zﬂ ¢]7uz ‘ .

j>1 j>1

Summing up the latter relation with respect to i and using the relation >, |(¢;, u;)[* =
1, the Peierls inequality (3.11) follows.
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Consider now g1, g2 in &4 such that o1 # 2. Let t € (0,1) and denote by
(1i,1;)ien+ the spectral elements of the operator tg; + (1 — t)g2. Then

Tr (B(tor + (1 —1)02)) = Y Blus) = > B((Wi, (tor + (1 — t)2)thi)).
i1 i>1

There exists at least one index iy such that (¢y,, 01%i,) # (Viy, 02%i,). Indeed, if
not, we would have g1 = g9 since (¢););en+ is an orthonormal basis of L2(0,1). Since
B is strictly convex, it thus comes,

D B, 01 %) + (1= 1) (Wi, 02)) < > [tB((Wir 01)) + (1 — )B((i, 02 ¥4))]

i>1 i>1

Using the Peierls inequality (3.11) to control the right hand side, it comes finally
Tr (B(ter + (1 —t)o2)) < tTr(B(e1)) + (1 —1) Tr (B(e2)),

which yields the strict convexity of the functional. O

4. Existence and uniqueness of the minimizer

In this section, we prove the first part of our main Theorem 2.1. More precisely,
we prove the following proposition.

Proposition 4.1. Consider a density n(z) such that n >0 on [0,1] and n € H})er.
Then the minimization problem with constraint

min F(p) for o € &4 such that n[o] = n, (4.1)
where F' is defined by (2.5), is attained for a unique density operator o[n].

Proof. We denote
A = {o € & such that n[g] =n}.

Step 1: A is not empty. We start with a simple, but fundamental remark: thanks
to our assumption on the density n(x), the set A is not empty. Indeed, let ¢; :=

HnHle/Q\/ﬁ and complete ¢ to an orthonormal basis (¢;);>1 of L?(0,1). The func-

tion n belongs to H}m. Hence, by Sobolev embedding in dimension one, n is con-
tinuous and, from n > 0, we deduce that

n(x) > minn > 0
[0,1]
and then /n € H.,,. For all ¢» € L?(0,1), consider the density operator v defined

by per*
v = Vn (Vn, ), (4.2)

we find

Te(VHVVH) VEVVIZ, =) (VEVéi, VHV)

i>1

vV = [

2
dr < 00,

1
Tr(dv) = /0 n(x)®(x)dx Vo e L>(0,1),

so, by the characterization (2.2), v belongs to \A.
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Step 2: F is bounded from below on A. From (2.7), we deduce that, for all p € A,

Flo) > /01 n(z)log n(z)dz + (% - 1> /01 n(z)de > —c0,  (4.3)

since by Sobolev embedding n is bounded. Therefore, one can consider a minimizing
sequence (g )ren for (4.1), i.e. a sequence g € A such that

lim F = inf F —00.
it Flen) = S Fle) > =

Step 3: uniform bound in €. Let us prove that (gx)ren is a bounded sequence of
&,. Since g € A, we already have

1
loxls = Tr oy = / n(z)dz < +oo.
0

Moreover, since the density operator v defined by (4.2) belongs to A, we have, for
k large enough,

Tr(ox log ox — o) + Te(VHopeVH) = F(or) < F(v) + 1 < 4o00.
Hence, using the inequality (3.7), we obtain

-C (Tr \/ﬁgk\/ﬁ) i + Tr(VHopeVH) < F(v) +1 < +00,

thus

sup Tr(VHopVH) < +0c.
keN

Step 4: convergence to the minimizer. Since (gk)ken is a bounded sequence of £,
one can apply Lemma 3.1 to deduce that, after extraction of a subsequence, we have
or — 0in Jh as k — +00 (4.4)

and
Tr(VHoVH) < lim inf Tr(VHopVH). (4.5)
——+o00
Next, by (4.4) and Lemma 3.3 (i3), we get
Tr(or log o — 0r) — Tr(elog o — ) as k — +o0,
which yields, with (4.5),
F(p) <liminf F = inf F(o0). 4.6
(0) < liminf F(er) = inf F(o) (4.6)
Let ® € L*°(0,1) and denote also by ® the bounded multiplication operator by ®.
Since gy, converges to ¢ in J;, we have

1
/0 O (z)n(x)dr = Tr(Por) — Tr(Pp) as k — +o0,

thus, from the characterization (2.2), we deduce that n[g] = n, which means that
0 € A. This enables finally to conclude from (4.6) that, in fact, we have the equality
F(p) = inf F(o) = min F'(0).
(o) = inf F(o) = min F(o)

The uniqueness of the minimizer is a consequence of the strict convexity of F', see
Item (7i7) of Lemma 3.3. O
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5. Characterization of the minimizer

This section is devoted to the second part of our main Theorem 2.1, the charac-
terization of the minimizer. As we explained at the end of Section 2, we need to
define a penalized version of our minimization problem.

5.1. A penalized minimization problem. Consider a density n(z) such that
n >0 on [0,1] and n € H},,. For all ¢ € (0,1] we define the penalized free energy
functional, for all p € &4

1
2e
such that n > 0 on [0,1]. The

F.(0) = Tr(olog 0 — 0) + Te(VHoVH) + —|In[g] — n7-.

Proposition 5.1. Let ¢ € (0,1) and let n € Hy,,
minimization problem without constraint

in I 5.1
Iin :(0) (5.1)

where F; is defined above, is attained for a unique density operator o:[n], which has
the following characterization: we have

0:[n] = exp (—(H + A.)) . (5.2)
where A. € H!

per*

Proof. Since the entropy functional Tr(glog o — ) is not differentiable on &, we
regularize it. For all n € [0,1] and s € R, we define the regularized entropy

By(s) = (s +mn)log(s +n) — s —nlogn,

and the associated free energy functional, for all g € £,:
1
Fen(0) = Tr (By(0)) + Te(V HovVH) + |ln[] — n|7..

Notice that ) (s) = log(s +n), ,(0) = 0, and that f3, is strictly convex on Ry and
holomorphic on (—n,00) x R for the convenient branch.

Step 1: minimization of F.,. In this step, we prove that for all n € [0,1], the
problem

in F, 5.3
min F (o) (5.3)

admits a unique minimizer o, ,. Notice that for n = 0, this problem is nothing but
(5.1): in the statement of the Proposition, we have denoted shortly o = 0.
By (2.6) and a Sobolev embedding in dimension one, we have

|n[o]||L < CTro+ CTr(VHoVH),
so the functional FZ' is well-defined on &, for all n € [0,1] and £ € (0,1]. We will

need the following technical lemma on the function 3.

Lemma 5.2. The application o — B,(0) possesses the following properties.
(1) There exists a constant C' > 0 such that, for all p € &+ and for alln € [0,1], we
have

Tr B,(0) > —C (Tr \/ﬁg\/ﬁ)m . (5.4)

(ii) Let or be a bounded sequence of E4 such that o converges to o in Ji, then for

all n € [0,1], By(0ok) converges to By(o) in Ji.
(i) For allm € [0,1], the application o — Tr B,(0) is strictly convex on E,.
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(i) Consider a sequence o, bounded in € such that 0, — 0 in Ji asn — 0. Then
Tr 3, (0,) converges to Tr By(o) as n — 0.

Proof of the lemma. It is not difficult to adapt the proof of Lemma 3.3 in order to
show Items (i), (ii), (#ii). We shall only prove Item (iv), proceeding similarly to
Step 2 of Lemma 3.3. We first notice that the function /3, converges to Sy uniformly
on all [0, M], M > 0, and that one has

Vs € [07 M]? ‘577(8)‘ S CM\/E7

with Cys independent of . Let M = sup, ||ollz(r2) < +oo. For all N € N*, by
using the inequality (3.8), we get

Z |/817 Qn | <Cum Z \/ Qn <T1“ \/_Qn\/_>1/2 < C—Ma
p>N p>N \/N

where we used the fact that (o) is a bounded sequence of £, and where A,[0,]
denotes the p-th nonzero eigenvalue of 9. Hence, decomposing

T 8y (o) — Tr Bo(o Z |8y (Ap Bo(Aple))l
p<N
+ ) 1BypleaD + D 1Bo(A
p>N p>N

one deduces from the uniform convergence of 3, to 3y and from
[Aplon] = Apleall < lley —ellerzy < llen —elln,  Vp =1
(see the proof of Lemma A.2 in the Appendix) that
Tx By (eq) — Tr Bo(e)] — 0 as n — 0.

The proof of Lemma 5.2 is complete. O
Let us now study the minimization problem (5.3), for fixed n € [0,1]. For all
0 € &4, we deduce from (5.4) that

1/2 1 1
Fey(e) > =C (TVHVH) " + Te(VHoVH) + —llnlell 7. — 5-lInlf:.

where we used (a —b)? > % —b?. From this inequality, we deduce two facts. First,
that inf,ce, F: ,(0) > —oo. Second, that any minimizing sequence g is bounded
in £;. Indeed, we have

1
Fe,n(é’k) < Fe,n(o) = %Hn”%%

thus

1/2 1
—C <Tr @gm/ﬁ) + Tr(VHorVH) + 25 In[ox][|71

< Sl;PFe,n(Qk) + —|ln|72 < gllnlliz-

2
This implies that, for all &,
Trop + Tt VHorVH < C- (5.5)
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where C; is a positive constant independent of £ and 7. Hence, according to Lemma
3.1, one can extract a subsequence still denoted g; such that the convergences

or — 0 in J1, Tr(VHoVH) < llimJirnfTr(\/ﬁgk\/ﬁ) (5.6)

hold true as k — 4o00. By Lemma 5.2 (7i), we have
Tr 3, (o) — Tr 5, (0). (5.7)

Let us now prove that n[gx| converges to n[g| in L>°(0, 1), which implies in par-
ticular that

Infor] = nll72 — lIn[o] — 77 (5.8)
We have
1 2
v/ nlox] 7 = /0 nlox](x)dx + H%\/n[gk] , < Trop+ TrvVHoVH < 400,

where we used (2.6). Therefore, the sequence (1/n[ox])ren is bounded in H(0, 1),
and by Sobolev embedding one can extract a subsequence such that \/n[gg] con-
verges to a function f € C°([0,1]) in the L°(0, 1) topology. This implies that n[g]
converges to f2 in L.

Moreover, for all & € L>°(0,1), we know from (5.6) that

1 1
/ n[ox]Pdx = Tr 0P — Tr o® = / n[o|®dz,
0 0

which means that n[g;] converges weakly to n[g] in L'(0,1). This enables to identify
the limit: we have in fact f? = n[g)].
Finally, (5.6), (5.7) and (5.8) yield

F; (o) < liminf F; ,,(0x) = Oiengf F. ,(0),
+

so ¢ € &, is a minimizer of (5.3). Furthermore, one remarks that the application
0+ n[g] is linear, so the application
0~ [In[ox] — nl7-

is convex, and it can be deduced from Lemma 5.2 (7i) that FZ' is strictly convex:
the minimizer g ,[n] is unique. In the sequel of this proof, n being fixed, we
denote shortly o, instead of o, n[n]. Notice that, from (5.5), one gets an estimate
independent of the parameter n € [0, 1]: for all € € (0, 1], one has

sup Tro.,+ sup Tr \/ﬁgemx/ﬁ < +o0. (5.9)
n€(0,1] n€(0,1]

Step 2: differentiation of F.' for n > 0. We will use the following lemma, whose
proof is in the Appendix.

Lemma 5.3. Let n € (0,1]. Let o € &+ and let w be a trace-class self-adjoint
operator. Then, the Gateaux derivative of the application

0~ Fy0) = Tr B,(0)

at o in the direction w is well-defined and we have

DF,(0)(w) = Tr (B, (0)w) .
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Let h be a bounded Hermitian operator. For o € &, consider the operator
o+ t\/ohy/o. Assume that t € [—tg,to], with 0 < to||h|| < 1. For such values of ¢
and for all ¢ € L?(0,1), we have

(0p,0) +t(oh/op,9) = IIVewlltaq) +thyop, Vop),

IVeellz2 o) (1 = [tlIAID),
0.

Therefore ¢ +t,/0h,/0 is nonnegative, self-adjoint and belongs to £ since
T(VEehyaVE)| < [hIIVE VI, = 1] Tr(VEevH) < .
Moreover, we have the following estimates:
IVehlZ, < IklPllels. IVEehlZ, < |hl* Te(VHeVH),
Te(velnlve) < Ihlllels,  Tr(VHelhly/evH) < ||| Te(vVHevVH).

Therefore, by linearity, the following equality holds in Wpr(0,1) € L*°(0,1) C

L%(0,1):
nlo + ty/o hy/0] = nlo] + tn[\/o h\/0],
which yields, for all ¢ # 0;

Info +ty/ehy/e] — nlZ. — [Inle] — n|Z.
2t

AVARYS

1
- /0 n[y/ahy/@l(z) (nlg] - n) (2)dz+O(2).
(5.10)

From Lemma 5.3 and from (5.10), one deduces the following expression for the
Gateaux derivative of F; ; in the direction w = /0., h./0c

Fen(0en + t\/Oen Iy 0c.) — Fenl(0en)
t

lim
t—0

=Tr (57/7(96,17)\/ Oeyn h\/ Qe,n) + Tr(\/ﬁ\/ Oeyn h\/ Qs,n\/ﬁ) + Tr(As,n\/ Oeyn h\/ Qe,n)
=Tr (\/ Ocn (5;](06,7]) +H+ Aa,n) V Qe h) s

(5.11)
where we used the cyclicity of the trace and where we have denoted
1
Acf) = 2 (nfoe] — ) (0). (512)

Note that A., denotes here, with an abuse of notation, either the L*° function
Ag ), or the operator of multiplication by A, ;, which is a bounded operator. Indeed,
A. ; belongs to Hll,er C L°° since n € Hll,e according to the hypotheses and since
Oe,n S 5+_

Now, we have the tools to conclude: since g, is the minimizer of (5.3) and since
ey +t/0e.nh\/0cy belongs to £ for t small enough, the Gateaux derivative (5.11)

vanishes and for all h € L£(L?), self-adjoint, for all n € (0, 1], we have

Tr (/0o (By(0em) + H + Acy) /2oy h) = 0. (5.13)

T

Step 3: convergence of 0., as n — 0. From the estimate (5.9) and from Lemma
3.1, one deduces that there exists o € &4 (dependent of €) such that, as n — 0+,

0ey = 0in J; and Tr(\/ﬁﬁx/ﬁ) < lim(i)rif Tr(\/ﬁgg,n\/ﬁ). (5.14)
n—
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Then, from Lemma 5.2 (iv), one deduces that
%g% /817(96,77) = Bo(0)- (5.15)

Moreover, one can deduce from (5.14) and from Sobolev embeddings in dimension
one, exactly as to prove (5.8), that

Infeq) = nllz2 = lInfe] - nl

as 7 — 0. Together with (5.14) and (5.15), this leads to
Feo(e) < lim Feq(0zn). (5.16)
Moreover, by definition of o, o and g. , as minimizers of F; g and F; ,, one has
Fe,O(Qa,O) < Fa,O(@ and Fam(@e,n) < Fa,n(@e,o)-
Applying Lemma 5.2 (iv), one gets

nl—i>%l+ Fam(@f,o) = F570(0670)7

and finally all these limits are equal, since
Fa,O(Qa,O) < FE,O(@ < nl_i)%l_’_ FEJ](Q&J}) < nl_i>%1+ FE,U(QE,O) = Fa,O(Qa,O)-

Hence, by uniqueness of the minimizer, we have ¢ = g, g. Moreover, we deduce also
from F o(0:0) = limy—o4+ FL 5 (0e,) that

Tr(VHo.oVH) = 1_i>%1+ Tr(VHoe ) VH).
n
Hence, by applying the second part of Lemma 3.1 we get finally

Oey — 0e0 in J1  and VH, /0c.m — \/E,/g&o inJo asn—0. (5.17)

Now we have the tools to pass to the limit in (5.13) as n — 0+. First, let us
prove that, for all bounded operator h,

lim Tr (B (0e) e h) = Tr (Bo(ee)ozo ) - (5.18)

To this aim, we introduce a parameter £ > 0 and decompose

Tr (/8117(96,77)96,77 h) =Tr (]]'Qg,nzﬁ /8117(96,7])96,7] h) +Tr (]]-ggm<n /8117(95771)95,77 h) . (5-19)

Since 3 (s) = log(s + 1), on all interval [x, M] with 0 < x < M, one has

lim s |9)() — B(s)] =0 and[s)(s) ~ s54(s)| < Cs.

The first term in this decomposition (5.19) can thus be uniformly approximated,
for M large enough:

|T1“ (]]-gg,n2m B;,(Qa,n)ga,n h) —Tr (1957025 /8(/)(95,0)95,0 h) |
< loealan Il maz 183(5) — 356)| + Cullec ~ ozl Il

and converges to 0 as 7 — 0 (for all fixed x > 0). Consider now the second term
in the right-hand side of (5.19). We have a uniform bound 51/8ﬁ,’7(8) < R for
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s € (0, M], so

Tr (]]-Qs,n<n 57,7(95,77)95,77 h) < RHhH Hjlga,n</i (Qe,n)7/8||J1
CR|R)&® D (A)**

Ap<K

IN

1/4

1
< CRIRI 5|

p=>1

where we used again the bound (3.8) for the eigenvalues A, of o ,, together with
the estimate (5.9). Hence

i%nzl(lopl ‘TT( 0e n<K 5n(Qe,n Oe,n )| = 0.

This ends the proof of (5.18).
Second, by (2.6) and by Sobolev embedding, we have
1 1
Ae,n(x) = = (n[Qs,n] —n)(z) = As,O(x) = - (n[Qs,O] —n) ()
in the L*°(0,1) topology. Hence, the corresponding multiplication operators satisfy
Aey — Ao in L(L%(0,1))
and the convergence of ,/o: , in J» yields

71]1_% Tr (\/ Qe,n Aa,n v/ Qe h) =Tr (\/ Q¢,0 AE,O v/ Qe,0 h) . (5.20)
Third, the convergence of v H, [0z, in Jo yields
%ig%)Tr <,/Q€J,\/E\/ﬁ,/ge,n h) =Tr <,/Q€70\/E\/H,/9570 h> . (5.21)

Finally, one can pass to the limit in (5.13) and (5.18), (5.20), (5.21) give, for all
h € L(L?) self-adjoint,

Tr (/o (log(o:) + H + Ac) \/oc h) = 0.
where we have denoted g, = 0.0 and A, = A, . This means that

Ve (log(0e) + H + Ac) /o= = 0. (5.22)

Step 4: the kernel of pc is {0}. In this step, we will prove that, for all £ € (0, 1], the
kernel of the minimizer o. of F; is {0}.

Let us prove this result by contradiction. Assume that the kernel of o. is not
{0} and pick a basis function ¢ € Kerp.. We first complete ¢ into an orthonormal
basis {¢, (¢¥p)per} of Kerp. (I may be empty, finite or infinite). Then, we denote
by (Ap)i<p<n the nonincreasing sequence of nonzero eigenvalues of g, (here N is
finite or not), associated to the orthonormal family of eigenfunctions (¢p)i1<p<n-
We thus obtain a Hilbert basis {@, (¥p)per, (¢p)1<p<n} of L?(0,1). Since it is not
clear whether ¢ belongs to H._ , let us regularize it by setting

per

¢* = (1+aVH) ¢,

where o > 0 is a small parameter. We have ¢* € H!

per and, as in the proof of
Lemma 3.1,

lim ¢ — ¢

a—0
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in L2(0,1). We simply fix a > 0 such that |(¢*,¢)| > 1/2. Denote by P% the
orthogonal projection

P = ¢ (% ¢), Ve L*0,1),
and consider the positive operator o(t) = o + tP* for t > 0. From ¢* € Hll,em we

deduce that the operator P® belongs to £;. We shall prove that there exists t > 0
such that

Fe(o(t)) < Fi(oe), (5.23)

which is a contradiction.

Let > 0 and denote as before (s) = slog s —s and 3,(s) = (s+n)log(s+n) —
s —nlogn. From the min-max principle and from the positivity of the operator P<,
one deduces that

Vp e N*, Ap(o(t) > Aploe),
where Ap(-) denotes the p-th eigenvalue of the operator. Hence, we have

Ap(o(t))
BOW(e(t)) — BO(e:) = A log(s)ds

p(0e)

Ap(o(t))
< / log(s + n)ds
)‘P(Qs)

= By(Ap(e(t) = By(Ap(e2)),
which implies
Tr(B(e(t) — Tr(B(ee)) < Tr(ﬁn(@(t)) - Tr(ﬂn(@a))
and then

Fo(o(t)) — Fe(o:) < Fep(o(t)) — Frploe)-
Therefore, to prove (5.23), it suffices to find > 0 and ¢ > 0 such that

F; n(o(t)) < Fzp(o0e). (5.24)

Since P* belongs to &4 and by Lemma 5.3, for all 7 > 0 one can differentiate F;,
at o in the direction P% and one has

FEJ?(Q(t)) - Fe,n(@s)

lim . = Tr (log(o- + 1) P®) + Tr(VHP*VH) + Tr(A. P%).
One has
N
Tr (log(o- +mP%) = |(¢%,¢)]*logn + > _ (6% ¢p)[*log(A, + n)
p=1
+ Z ’(¢a7 ,l/}p)‘2 1Og 777

pel
hence, by using |(¢“, ¢)| > 1/2, one obtains for 0 < n < 1/2

1 0 1
Tr (log(gz +m)P*) < Jlogn+ ) (6%, ) log(Np + 3),
p=1
where po has been chosen such that A\, < 1/2 for p > py. Therefore, there exists a
constant C; o independent of 1 (but depending on € and «) such that

o Fenle(9) — Fol0)
t—0 t

1
< 1 logn + Cs -
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To conclude, it suffices to choose 1 small enough such that i logn+Cc o < 0. Then
one has

lim Fep(o(t) — Fen(oe) <0,
t—0 t
and for ¢ small enough one has (5.24), which leads to a contradiction. This ends

the proof of the claim.

Step 5: identification of .. Notice that, since A, € H}m C L*(0,1), the operator
Hy = H + Ac with domain D(H) is bounded from below and has a compact
resolvent. Denote by (A}, ¢} )pen the eigenvalues and eigenfunctions of g.. From
the previous step, we know that, for all p, we have A} > 0. Moreover, (QS;)peN* is
a Hilbert basis of L?(0,1). We will prove in this step that (#5)pen+ is a complete
family of eigenfunctions of H, associated to the eigenvalues —log A5

Apply (5.22) to ¢, Since from Step 4 we know that A\, > 0, we obtain
Vs (log(As) + H + Ac) ¢, = 0.

Remark that, since v H /0= is bounded (with adjoint operator \/@\/ﬁ ), we know
that ¢;, belongs to Hll)er. Taking the L? scalar product of the above equation with
¢y leads to

0 (Ve: (log(X;) + H + Ac) 65, ¢7)

= \A10g ()0 + (VoVHVHS, 67) + (Ve A 6, 67)
N log(o)dy + (VS VH 0:05 ) + (Ac 65, /0:67)

= % (108(X5)8 + (VS VHS) + (A: 65, 65) )

Hence, for all p,q € N*,
(VHS; VHS) + (Ac 65, 67) = —108(X;)0pq- (5.25)

The family (Qf;)pgN* is thus an orthogonal family for the following sesquilinear form
associated to H 4:

Qa(u,v) = (\/ﬁu, \/ﬁu) + (Acu,v).
Note that, since A. € L, there exists two constants m, M > 0 such that
VueH, <l < Qalww) +mlulfs < My (5.26)
Let us now prove that this family (¢f)pen- is dense in Hl.,. Let ¢ € H .. We

already know that the following series:

N

oN =Y (65, 0)5

p=1

converges in L?(0,1) to ¢ as N — 4oo. We will prove that in fact this series
converges in H! which, by (5.26), is equivalent to saying that

Qa(d,0) = Nl_i;{loo Qa(on, onN). (5.27)
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Again, the key argument of the proof will be the fact that g. is the minimizer of
Fy: for all t > 0, we have

0 < F.(0- +tP) — F-(0.) (5.28)
where P denotes the orthogonal projection on ¢:
Pu = ¢ (¢p,u), Vu € L*(0,1).
Indeed, ¢ € H.,,. implies that P € £, thus g(t) := o. + tP belongs to £, for all

per
t > 0. Now, as in the previous Step 4, one can prove that, for all n > 0, we have

0< Fe(@e + tP) - Fe(@a) < Fa,n(@a + tP) - FE,U(@?)

and
}i_r)ré Foalo: + t];) — Fenle:) = Tr(log(o: +n)P) + Tr(VHPVH) + Tr(A.P)
= (@, 65) log(X; +1) + Qal, ).
peEN*
Therefore, for all n > 0, one has
=2 1(6,65)Plog(X; + 1) < Qa(6,0). (5.29)

peN*
Let N € N* large enough, such that log(A\%,) < 0. For n > 0 small enough, one has
Vp> N, log(A, +n) <0,
thus (5.29) yields

N
=216, 5)Plog(X; +1) < Qa(o, 9).
p=1
Since we know that A7 > 0 for all p, one can pass to the limit in this inequality as
n — 0:

N
= " 1(¢, )7 log Ay < Qale, 9).
p=1
Remarking that, by the orthogonality property (5.25), one has

N
Qa(on, on) ==Y (6, ¢5)|* log A,
p=1
this inequality reads

In particular, this means that (¢x) is a bounded sequence of H})er, thus converges

weakly to ¢ in H' as N — 4o0. From the equivalence of norms (5.26), we then
deduce that

Together with (5.30), we get (5.27) and our claim is proved: ¢y converges to ¢ in
the H' strong topology and the family (#5)pen+ is dense in Hzl,e,,.

This enables to conclude the proof. Indeed, this density property implies that
(5.25) is equivalent to

Vo e,  (VHe, VHS) + (A:65,0) = (95, 0)log X, (5.31)
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This means that (¢7),en+ is a complete family of eigenfunctions of H, (still identi-
fied with the associated quadratic form) and that the associated eigenvalues of H 4
are —log Aj. In other words, we have

0: =exp(—Ha)

in the sense of functional calculus. The proof of Proposition 5.1 is complete. O

5.2. Passing to the limit. In this subsection, we terminate the proof of our main
Theorem 2.1. Let n(z) such that n > 0 on [0,1] and \/n € H},,. By a Sobolev
embedding in dimension one, y/n is continuous on [0, 1], so that we have

0<m:= mi : 5.32
m Jél[éfh"(x) (5.32)

Propositions 4.1 and 5.1 define the unique minimizers g[n| and g[n] — shortly de-
noted g and g here — of the minimization problems (4.1) and (5.1). Moreover, o,
takes the form (5.2), with

1
Aazg(na—n) c H!

per

where we have denoted n. := n[g.]. Let us study successively the limits of o., n.
and A; as e — 0.

Step 1: convergence of o-. Recall that, for all ¢ € £, we have
1
F0) = (o) + 5 nlo] ~ i
and that n[g] = n. Hence, by definition of g, we have
1
F(oe) < Fe(o:) = Tr(oclogoe — o) +Tr \/ﬁge\/ﬁ + %HH[QE] - n”;

< F.(o) = F(o). (5.33)

Therefore, one deduces from the estimate (3.7) that Tr vVH Qe\/ﬁ is bounded inde-
pendently of ¢ and that n[o.] converges to n in L?(0,1). In particular, by Cauchy-
Schwarz, we obtain

1
|Tr 0c — Tro| = / (nloe] — n)(z)dz| < ||nfos] — ||z =0 ase— 0.
0

The family . is thus bounded in £ independently of € and then, by Lemma 3.1,
there exists o € £ such that

0- »oinJ; and Tr(vVHpVH) <lim iglf Tr(VHo.VH). (5.34)
E—r
Therefore, by Lemma 3.3 (4i), by the expression (2.5) of F' and by (5.33), one gets
F(p) < limiélf F(o:) < F(o). (5.35)
e—

Furthermore, we have n[g] = n. Indeed, the strong J; convergence of g. implies the
weak J71 convergence, thus

1 1
Weﬁwm,Anmmwmmzﬁ@w%ﬂ@wzén@m¢mm

and we already know that n[g.] converges to n in L?(0,1), so

1 1
VYo € L>(0,1), /0 nlo](x)p(z)dx :/0 n(x)p(z)dx
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and then n[g] = n.
Finally, ¢ is a minimizer of (4.1) and the uniqueness of this minimizer proved in
Proposition 4.1 yields ¢ = o. Moreover, one has F'(o.) — F'(0), so

lim Tr(VHo.VH) = lim F(p.) — lim Tr(o. log 0. — 0:)
e—0 e—0 e—0
= F(0) —Tr(plogo— o) = Tr(VHoVH).
The second part of Lemma 3.1 can thus be applied and one has finally

0. — o0in J; and \/E@%\/E\/E in 7, ase—0. (5.36)
Notice that, from Lemma 3.1, we also have
Voe = yoin Jo ase — 0. (5.37)

Step 2: convergence of ne := n[o:]. In this step, we will prove that
li — =0. 5.38
lim f[ne — 7l (5.38)
From the previous step, we know that 9. — o in J;. According to Lemma A.2,

for the sequel of the proof, let us choose some eigenbasis (¢)yen+ and (dp)pen+,
respectively of o and ¢ and such that

vpe N, lim ¢, — ¢pllL2 = 0. (5.39)
We claim that
vpeN" i |[\/oi; — Vel =0, (5.40)

=0 (5.41)

and ?_r)r(l) H\/E\/@(ﬁ; - \/ﬁ\/@?p‘

Indeed, to prove (5.40), it suffices to write

[Vosdy = Vedpl . < [IVee(d; = dp)|l 2 + (Ve = Vo) byl e

< Iva@llews 165 = pll 2 + 1VE — Vel guey
< Ivallz 165 - dpll 2 + v - vl

then to use (5.37) and (5.39). To prove (5.41), one writes similarly
|VE Vet - VEVES| , < IVEVEN 165 - 60l + |VEVE - VEVE|

then use (5.36) and (5.39).
Let us prove (5.38). We already have n. — n in L?(0,1), so it remains to prove
the convergence of ddzf in L2. One has

Ne = Z >\16;|¢;|2, n= Z )‘p|¢p|2,

pEN* pEN*

thus
dn. dn
dz dzx

V5

d d
)‘%@‘ﬁ; Y )‘p@%

Viwatn| [y~ V).

< 2))
eN*
22
peEN*

p
2
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Therefore, from (2.1) and Cauchy-Schwarz, one gets

|

$ o= Y |WEVE)S - (VEVE),

dn. dn
dr  dx

< 57+ 5
L2

with

H\/@&HLW (5.42)

peEN*
55 = ZH(f Vob| | IVeds — Voo (5.43)

Let us use again (3.8). From the Gagliardo-Nirenberg inequality, one deduces that,
for all N € N*,

YoXleplie < D/ Mldplelly /A VHS |
p=N

p>N

A

1/2
(Z)\;) (Te(VHo.VE) v

<
p=N
v 1 v 1/2
< Clecllgey | D% S| (nWHeVE)
p=N p>n P
¢ 1/4 3/4 C
< N1/4(Trgg)/ <Tr\/ﬁggx/ﬁ> §N1/4’

and similarly

C
> lblite < <

p>N

Thus, for all N € N*

552 < 2 (Z Aiqbf,%oo) (Z IVH/pedy, ~ \/ﬁx/ﬁqbpia)

pEN* p<N

C
+x7 2 (IVHVR 6|13 + IVE V56, |12

p=N
< O VA6~ VIVl + ~os
p<N
and from (5.41) one deduces that
lim |s5]? = 0. (5.44)

e—0
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Furthermore,

517 < | D0 IVHVEslZe | | D0 IVPedh — Vodylliee

peEN* p<N
+ | D IVEHVeelZ: | | D (IVeedilie + Vodpll7)
pEN* p>N
1/2
< C| D IVHVeslia | | D IVeedy — Vodulia | x
peN* p<N
1/2
C
<\ D IVHVP0, = VEVpS |72 |+ 5 D IVH Vool
p<N peN*

where we used again the Gagliardo-Nirenberg inequality. Hence, from (5.41), one
deduces that

lim |s5]? = 0. (5.45)

e—0
The convergence (5.38) of n. is proved.

1
per

Hence,

Step 3: convergence of A.. By a Sobolev embedding in dimension one, H;,_. is a

1
per:

Banach algebra: for all u,v € H})er the product uv also belongs to H
from (5.31), one gets

1
Ve Vo ey, (VASVEG) + [ AloPode = (65 050 og X

Multiply this identity by A and sum up on p. Since n. = Zp )\;|¢;|2, we obtain
that, for all ¢ € H})

er’

1
/O Ancgdr = = 3 (65, 6(o-los0)e) — 3 (VA Va6, VE(6\/2:d5))
peEN* peN*
= —T(le:loge.) — Y (VAVES VHVES)) . (5.46)
peN*

Let us examinate separately the convergence of the two terms in the right hand-side.
From (5.36), Lemma 3.3 (73), and from

| Tr(¢ (0 log 0:)) — Tr(¢(elog 0))| < [|@|| L= |0 log 0= — olog 0| 7,

one has

lim sup [Tr(¢(oc log oc)) — Tr(¢(elog 0))| = 0. (5.47)
9ol <1

Let us now prove that

VH¢/o: » VHpJoin Jo  as e — 0, (5.48)
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where ¢ denotes the operator of multiplication by ¢. Using the identification (2.1),
one gets

IVHO(Ve: = vo)llZ, = D IVHO(Ve: = Vool

=3 | 6(ve: - Vo)

2
L2

5 2

<2| | SIE - B + 201 S| S E - VD))
2

< c‘ % B > 1(Vez = va)dpllez |VH(ve: ~ \/@%\ L

2
L2

+Clol > |VH(/E - vas,)
< Cllélidn (Ive: - val, + IVHVe: — VA Vel,)

where we used a Gagliardo-Nirenberg inequality. Hence, from (5.36) and (5.37), one
deduces (5.48). Finally, from (5.36) and (5.48), one gets the following convergence,
as € — O

> (VAvesVHsVee;) = (VEVEVHsVE)

peN* T2
- (VHVEVHE) (5.49)
=2 (VA Vas, VH(#VEs,)) -
Let us now define a linear form on H],. Fo:ib € H].,, we set
(A, =T (Seloze)) + > (V20 VE (250 ) ) - (550
peN*

From the above estimates, one deduces that

Y

(A,w)H—l Hl § C E

DPET"per

(\Trglogg[—l—Trg—i—Tr\/ﬁg\/ﬁ) . (5.51)
H!

Since n(x) > m > 0 on [0, 1], the application ¢ — % is continuous on Hj ., so the

above defined linear form A is continuous on Hzl,e,, and belongs to its dual space

H..l. Moreover, we have proved by (5.46), (5.47) and (5.49) that, for all ¢ € H}

per* per>

lim sup = 0.

€20 gl <1

1
/ Acnepdr — (A, nd) -1 11
0

pers--per

To conclude, it remains to use the convergence (5.38) of n. to n in H', which implies
that nL converges to % and that, in fact,

lim sup = 0.

20 [yl 1 <1

per

1
| Actds = (400 1,
0
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In other words, one has

A. — A in the H ! strong topology as € — 0. (5.52)

per

Step 4: identification of o and conclusion. Let us define the following forms on Hll,er,

Qa.(p,¥) = (VHe, VHY)+ (Aep, )
Qalp.¥) = (VHeo, VH) + (A, BY) -1

perngl)er :

The form (A, @zp)Hgl 1 is asymmetric, form-bounded perturbation of (v He, vV Hv)
€Ty per

with relative bound < 1. Indeed, by (5.51) and by 1 € H}

per>
2 2 2 dp
(AP, < ClleP i < Clloli + Cliola |22
3/2
1/2 || de
< Clele |52 +Cliellis -
L2 L2

1
< S (VHe,VHg) +Clgllz,

where used the Young inequality and a standard Gagliardo-Nirenberg inequality.
Let H4 be the unique self-adjoint operator associated to Q4. Then, according to
Theorem XIII.68 of [31] H4 has a compact resolvent and we denote by (fp)pen= its
eigenvalues. In addition, we have

Qa.(#:0) = Qalp, )l < CllA: = Al Nl llrs

< CllA— Al ((VHp, VHg) + ¢l2:)

Moreover, Theorem 3.6 of [25], chapter VI, section 3.2 yields the convergence of
operators in the generalized sense, which implies in particular the convergence of
the eigenvalues:
—log A, = 1y, — hp Vp € N*
as € — 0. Hence, by continuity of the exponential function,
A, = exp(—pup,) — exp(—pp) Vp € N*.

Besides, according to Lemma A.2 in the Appendix, the [J; convergence of o, to o
implies the convergence of the eigenvalues:

Ap = Ap Vp € N*.
This enables to completely identify the eigenvalues of ¢: we have
Ap = exp(—ptp).
Furthermore, from (5.41) and from A, > 0, one deduces that ¢}, — ¢, in H!. One
can thus pass to the limit in (5.31): for all p € N* and for all ¢ € H})

Hp($5, @) = Q. (95, 9) = Qa(dp, 9),

er?

which yields
Qa(dp, @) = 1p(9p, 8), Vo € H;I)era
so, finally, (¢,)pen+ is the complete basis of eigenvalues of @ 4. We have completely
identified p:
o=exp(—(H+ A)).
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The proof of our main Theorem 2.1 is complete.

Appendix A

Lemma A.1. Let o € & and denote by (pp)p>1 the nonincreasing sequence of
nonzero eigenvalues of o, associated to the orthonormal family of eigenfunctions

(¢p)p>1. Denote by (Ay[H])p>1 the nondecreasing sequence of eigenvalues of the
Hamiltonian H. Then we have

Tr(\/ﬁp\/ﬁ) = Z Pp (\/ﬁgbp’ \/EQSP) > Z Pp Ap[H].

p=>1 p=>1

Proof. Notice first that

T(VHpVEH) = TWVHVH)) =Y (VH o0y VH56y).

p>1
= pr(\/ﬁ%’\/ﬁ%)-
p=1
Then,
N N N-1
Y o (VHy,VHe,) = pn > (VHep, VHS) + (pn-1— pn) Y (VHey, VHey)
p=1 p=1 1=1
2
+o(p2 = p3) Y _(VHep, VHS) + p1(VH1,VHe).
p=1
Using [28], Theorem 12.1 page 300, it comes
N N
> (VH¢,, VHe,) > N[H],
p=1 p=1
so that, since p, < pp—1, Vp > 1,
N N N-1
> oo (VHSp VH,) 2 pn Y AH] + (ov—1 = o) Y Ap[H]
p=1 p=1 p=1

= pr)‘p[H]-

We conclude by passing to the limit as N — +o00. Notice that the theorem of [28]
is written for Hamiltonians defined on R%, but it can be easily extended to bounded
domains. This ends the proof of the lemma. O

Lemma A.2. Let a sequence g converging to o in J1 as k — +oo. Then the
corresponding nonincreasing sequence of eigenvalues (A];)pGN*; (Ap)pen+ converge as
follows:

Vp € N¥, kggloox’; — Ap.
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Moreover, there exist a sequence of orthonormal eigenbasis (gb];)peN* of o, and an
orthonormal eigenbasis (¢p)pen+ of 0 such that

* . k _ _
e N, lim 6~ dyllia =0

Proof. Let us first prove the convergence of the eigenvalues. According to [33],
Theorem 1.20, we have the following relation between the eigenvalues of g, and o:

o
)‘]zg_)‘pzzapq)‘q[é)k—@], p=>1,
q=1

where (Ag[or — 0])q>1 denote the eigenvalues of g, — o and « is a doubly stochastic
matrix, that is a matrix with positive entries such that Z;il Qpg = 2211 apg = 1.

The minmax principle [31] implies [Aj[ox — ol < [lok — ollz(z2), Vg > 1, so that

k
Ay = Mol <ok —ollzey < llok —olln, p>1,

which gives the desired convergence property.
Let us now prove the convergence of eigenfunctions by following [25] and [2]. Let
o (o) be the spectrum of p and consider an eigenvalue X, of p with multiplicity m,,.
Let d, be the distance between ), and the closest different eigenvalue,
d, = min Ap —
P peolo)u#ny o = sl

dp

and denote by I' the circle of radius 32

that

centered at \,. Assume k is large enough so

d
llor = ollzr2) < Ep- (A1)

Then according to [25], theorem IV.3.18, (see also example 3.20), there are exactly
my, (repeated) eigenvalues of g, included in I" and denote by ¢’;7l, l=1,---,m,p the
associated eigenfunctions. If (¢p,)i=1,... m, denote the eigenfunctions associated to
Ap, we construct an operator Uz]f such that

o5 =Uldp, 1<1<my, and U} — I'in £(L?) as k — cc.

To do so, let P,[o] be the projection operator onto the spectral components of o
inside T,

1
Pylo) = =— [ (21 — o) dz.
plol = 5— /F(Z 0) dz
According to [25], I11.4.2, Remark 4.4, if
150 = Pplor]llczzy < 1, (A2)

then an expression of Uﬁ can be given by

_1
Uy = (I = (Bplex] = Bple))?) 2 (Bplex] Polo] + (I = Pylox])(I = Bplel)) . (A.3)
Let us verify first that (A.2) holds for k large enough. We have

Rld=PRlod = 5= [(GT=07 = GI-0) ™)
1

= 5 (21 —0) (o — o) (2] — or) 'dz.
17T T
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From the definition of d,, we have

2

sup || (21 — Q)_1HL(L2) =q (A4)
zel P

Moreover, owing (A.1) and noticing that

(2 —or) ™ = (I + (21 —0) (e —ow)) (2] — o)™

and

1T+ GT -0 o o) g

IN

_ —1
(1= [I(zI — 0) "ok — O)llez2)
2 —1
1- d—pHQk —olcaey)

1

IN

we conclude that

sup [|(2I — o) g2y < T (A.5)
zel

5 — llok — QHL(L2)
Therefore, (A.4) and (A.5) imply the inequality

llox — ollz(z2)

15510l = Bplorllecrz) < .
= — llox — ollz 2

Assuming £ is large enough so that |lor — ol|z(z2) < C{Tp, the above inequality yields
the desired result since

4
1Pple) = Polewlllerzy < —llow — elleqe) < 1. (A.6)
P

Let us prove now that UI’? — I in £(L?) as k — oo. First, remarking that P,[g] =
Pylo]? and Pplox] = Pplox]? since both are projections, (A.3) can be recast as

_1
2

Uz? = (I — (Pplox] — Pp[Q])Q) (I + Bplox)(Pplo)] — Pplek]) + (Pplok] — Polo]) Pylol) -
Let 6 := || Pplo] — Pploklllz(z2) < 1. Then

_1
’ < (1 _52)_%’
L(L?)

(1~ 1 - Rie?)

and, together with (A.6),

|0 =1, < =272 (1B ldBle) ~ Blodlen
+1(Pylex] = Bole) Polalllggu + | (Polen] = Bol)?l| sz )
< (1-6%)72 (25467,
< Gypllox — ollz(z2),

where the constant C), does not depend on £ for k large enough. It thus follows that

6k — bpallze < Cpllor — oll o2y — 0 as k — oo.

This ends the proof of the lemma. O
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Proof of Lemma 5.3. Let I' be an oriented curve in (—7, +00) x R that contains the
interval (—4,2[/o||). Let t € [—to,to], with 2to||w|| < min(n,||e||). For such values
of t, the spectrum of ¢ + tw is included in the interval (—2,2o).

Since 3, is holomorphic in (-7, oo) x R, one can define 3,(¢ + tw) and $, (o) by

Bil) = 3= [ BT — 07N

= I—o— 1
B0+ tw) 2z7r/ﬁ77 (2] — o —tw) "dz.
Let [t| € [0, min(¢,t1)], where

b dist(T, 0(0)) ! ]l < 1,

o(p) denoting the spectrum of p. We have

(2l —p—tw) L= (2l —p)™' = (2 —p)! (I —tw(zI — g)_l)_l — (21 — p)7!
= (I—0) " ) (tw(zl — o))"
keN*

where the latter serie is normally converging in ;. Indeed, first,

(tw(zl =)™ lln < [ lw(=l = o),

so that we only need to estimate w(zl — o)~ !

in J;. Now, since g is self-adjoint,
[(zI — 0)~*|| = dist(z,0(0)) " < dist(T,0(0)) ",

and it comes

< Il = o) lwll g

< Jtldist(T, o () lwll o

< 1, VY <t.

[tlllw (=1 = o)l

We thus can write
(I —o—tw) = (2l —0)7!) = (2] — o) lw(zl — 0) 7! +tA(L, 2),

where the operator A(t, z) is uniformly bounded in J; with respect to ¢t and z for
|t| € [0, min(tg,?1)] and 2z € T'. Hence,

t*mmwﬁm—ﬂm@]=5¥ﬂ/mww>mﬂmkam

—T
+227T r/ﬁn

The two expressions of the right-hand side are well-defined and we have

slémwamuf—m]wuf—mwﬁm,

Tr/rﬁn(z)(zf — o) tw(zl — o) tdz

< dist(T, o 2HwH /Wn )dz,

IN

Tr /F By(2)A

sttmﬁ/m )z < Cu,
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where C is independent of ¢ € [0, min(tp,?1)]. Hence

lim ¢1 [Tr B, (0 + tw) — Tr 3, (0)] = —Tr/ Bn(2)(2I — o)~ 1 w(zl — Q)_ldz,
t—0+ 2m
1 2
= 227‘1’ gbz,wgbz /,817 Z _pz) dz
1EN*

where (p;, ¢;)ien denote the spectral elements of p. Standard complex analysis then
implies that

o / 5, — p) e = B (0.

We therefore get the followmg expression of the Gateaux derivative:

DFy(0)(w) =Y By(pi) (i wehi)- (A7)

1EN*

The serie is absolutely converging since ﬁ;](s) = log(s+mn) is locally bounded on R
(recall that n > 0):

185, (pi) (¢, wepi)| < Cl(¢i, wei)|,
and since we have assumed that w € J;. Finally, to identify the derivative, it suffices
to notice that

Z B (i) (i, wi) = Z (¢i,wbBy(0)hi) = Tr(wp(0)) = Tr(By(0)w).

1€N* 1€N*
The proof of Lemma 5.3 is complete. U
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