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UpPPER BOUND THEOREM
LCM Reachability is F 4-complete in fixed dimension d > 3.
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Example (strongly (x — x + 1,4)-controlled bad sequence over INZ)
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ANTICHAIN FACTORISATION

Example (strongly (x — x + 1,4)-controlled bad sequence over INZ)

(3,4),(5,2), (4,3),(4,2),(5,1),(2,3),(4,1),(5,0),(1,4), (3,1), (0,4), ,(1,1)

(3,4) oo T (2,3)
|
(5,2) > (4,2) (4,1) 7> (3,1) >
| | | |
(4,3) (5,1) (5,0) (0,4)



ANTICHAIN FACTORISATION

Example (strongly (x — x + 1,4)-controlled bad sequence over INZ)

(3,4),(5,2),(4,3),(4,2),(5,1), (2,3), (4,1), (5,0), (1,4), (3,1), (0,4), (3,0),

(3,4) oo T (2,3) T >
(5,2) > (4,2) (4,1) = »(3,1) > (3,0)
(4,3) (5,1) (5,0) (0,4)



ANTICHAIN FACTORISATION
Example (strongly (x — x + 1,4)-controlled bad sequence over INZ)

(3,4),(5,2),(4,3),(4,2),(5,1),(2,3), (4,1),(5,0),(1,4),(3,1),(0,4), (3,0), (1,1)

(3,4) T (2,3) e e (1,1)
(5,2)/“‘?---»\(4,2) (4,1) 7> (3,1) > (3,0)
(4,3) (5,1) (5,0) (0,4)
(1,4)
PROPERTY

Every branch is a strongly (x — x + 1,4)-controlled antichain
over N2,



ANTICHAIN FACTORISATION
Example (strongly (x — x 4 1,4)-controlled bad sequence over IN?)
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ANTICHAIN FACTORISATION

Example (strongly (x — x 4 1,4)-controlled bad sequence over IN?)

(3,4),(5,2),(4,3),(4,2),(51),(2,3),(4,1),(5,0), (1,4),
(3, 4): v Ty (2,3)
(5,2) > (4,2) (4,1) >--->(3,|1) 44444 o
(4,3) (5,1) (5,0) (0,4)
(1,4)

Here, height is 3, hence

» maximal norm at most g3(ng) =ng+3=7,

(3,1),(0,4),(3,0),(1,1)
>>(1,1)
> (3,0)



ANTICHAIN FACTORISATION
Example (strongly (x — x 4 1,4)-controlled bad sequence over IN?)

(3,4),(5,2), (4,3),(4,2),(5,1),(2,3),(4,1),(5,0),(1,4),(3,1),(0,4), (3,0), (1,1)

(3,4) o T (2,3) e T (1,1)
(5,2) > (4,2) (4,1) = »(3,1) > (3,0)
(4,3) (5,1) (5,0) (0,4)
(1,4)

Here, height is 3, hence
» maximal norm at most g3(ng) =ng+3=7,

» length of the bad sequence at most (7 + 1)2 = 64



FACTORISATION LEMMA

LEMMA
Let (X,<) be a wgo with norm ||.||: X — IN . Then

Ns x(no) < g%ox™)(ny),
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LEMMA
Let (X,<) be a wgo with norm ||.||: X — IN monotone. Then
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3. subrecursive hierarchies



INGREDIENT 1: DESCENT EQUATION

amortised (g,ng)-controlled antichain xg,X1,X2,X3,...

over a wgo (X, <):

norms ||x4 ||
3
g>(ng) s
o
X2

92(ng) o}

91 (ng)

go(no)

e
X1
(0]
indices i




INGREDIENT 1: DESCENT EQUATION

amortised (g,ng)-controlled X0,X1,X2,X3,...
over a wgo (X, <):

norms x|
3

g no)

2(ng) (o) over the suffix
X1,X2,X3,..., Vi>0,

g
91(110)
O(ng)

X%) x1

9

indices i



INGREDIENT 1: DESCENT EQUATION

amortised (g,ng)-controlled antichain xg,X1,X2,X3,...

over a wgo (X, <):

norms ||x4 ||

93(“0)

9%(ng)

91(110)
O(ng)

e

9

over the suffix
X1,X2,X3,..., Vi>0,

indices i



INGREDIENT 1: DESCENT EQUATION

amortised (g,ng)-controlled antichain xg,X1,X2,X3,...
over a wgo (X, <):

norms x|
3

g no)

2(

9°(no) over the  suffix
. X1,X2,X3,..., Vi>0,
g-(ng)
xi € X déf{XGX\XOJ_x}
go(ﬂo) 1 X0
%

indices i



INGREDIENT 1: DESCENT EQUATION

amortised (g,ng)-controlled antichain xg,X1,X2,X3,...
over a wgo (X, <):

norms ||x4 ||
9°(g9(ng)) = g3 (ng) -
o
1 2
97 (9(no)) = 9%(no) over the suffix
X1,X2,X3,...,Vi>0
9%(g(ng)) =gt (ng) 1720730 ’
def
Olng) X € X =[x € X|xqLx}
* x < gi-l
1 [xill < g " (g(no))
e indices 1
a a
gx(mo)=~ max 1+Wgy (g(no))
x0€X,[[xo0[[<no 0



INGREDIENT 2: NORMED REFLECTIONS

X I >Y

DEFINITION
Let (X,<x) and (Y, <y) be qos with norms ||.||x and ||.||y. A
is a function : X — Y such that
1. Vx,x" € X.x £x x’ implies 1(x) £y r(x’)
2. Vx e X |Ir(x) [y < |Ixllx
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INGREDIENT 2: NORMED REFLECTIONS

IxXllx (v Oy

DEFINITION
Let (X,<x) and (Y,<y) be qos with norms ||.||x and ||.|ly. A
normed reflection is a function 1: X — Y such that

1. Vx,x" € X.x £x x" implies 1(x) £y r(x’)

2. Vx e X.
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DEFINITION
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2. Vx e X.
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INGREDIENT 2: NORMED REFLECTIONS

DEFINITION
Let (X,<x) and (Y, <y) be gos with norms ||.||[x and ||.|ly. A
normed reflection is a function r: X — Y such that

CWx,x" € X.x £x x" implies T(x) £y r(x’)

2. ¥x e X.|lr()|ly < |IxlIx

>

>

FAacT
Ifr:X — Y is a normed reflection, then for all g,ng
Wg,x(no) < ngy(ﬂo)-

(if xg,x1,... is an amortised (g, ng)-controlled antichain, then T(xg), r(x1),... is as well)

over-approximate WSXLX (g(ng)) in the descent equation
’ 0

e.g. (N9) |, reflects into the disjoint sum H\Idfl-zlggdv(i)



OUTLINE

lossy counter machines (LCM) reachability
» canonical ACKERMANN-complete problem

» complexity gap in fixed dimension d:
F4y-hard, in Fqy1

complexity using well-quasi-orders (wqo)
> controlled bad sequences

» antichain

> function theorem
on the length of controlled

> upper bounds for LCM reachability
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Complexity Classes Backward Coverability Subrecursive Functions

CoMPLEXITY CLASSES BEYOND ELEMENTARY

[S/16]

MuLTIPLY RECURSIVE

F(U
— ACKERMANN

PRIMITIVE RECURSIVE

Fs

ELEMENTARY
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CoMPLEXITY CLASSES BEYOND ELEMENTARY

[S/16]

MuLTIPLY RECURSIVE

PRIMITIVE RECURSIVE

ELEMENTARY

F3= | ] DTime(tower(e(n)))

e elementary



CoMPLEXITY CLASSES BEYOND ELEMENTARY

[S/16]

MuLTIPLY RECURSIVE

PRIMITIVE RECURSIVE

ELEMENTARY

ExAMPLES OF TOWER-COMPLETE PROBLEMS:

satisfiability of first-order logic on words [Meyer75]
B-equivalence of simply typed A terms [Statman'79]
model-checking higher-order recursion schemes [Ong06]



CoMPLEXITY CLASSES BEYOND ELEMENTARY

[S/16]

MuLTIPLY RECURSIVE

PRIMITIVE RECURSIVE

ELEMENTARY

F, & U DTiME (ack(p(n)))

P primitive recursive



CoMPLEXITY CLASSES BEYOND ELEMENTARY

[S/16]

MuLTIPLY RECURSIVE

PRIMITIVE RECURSIVE

ELEMENTARY

ExAMPLES OF ACKERMANN-COMPLETE PROBLEMS:
> reachability in lossy Minsky machines [Urquhart'98, Schnoebelen'02]
> satisfiability of safety Metric Temporal Logic [Lazi¢ et al.16]
> satisfiability of Vertical XPath [Figueira and Segoufin'17]
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(Arnold & Latteux'78)

Goal: Check whether
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Fixed-point computation
def def

Uo =1q¢(ve)  Upgr = Uy UPres(Uy)
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def def
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where Pres(S) ={q(v)|3q'(v') €S.q(v) = q'(v')}
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BAckwARD COVERABILITY

(Arnold & Latteux'78)

Goal: Check whether
do(vo) € Pre5(1q¢(ve)) ={q(v) | Iv' = v¢.q(v) = q¢(v')}

Fixed-point computation
def

Bo ={q¢(vs)}  Bni1 = min(Bn UPres(1By))

def

where Pre3(S) ={q(v) |3q'(v') €S.q(v) =¢ q'(v)}

Ascending chain of upwards-closed sets
1Bo & TB1 G-+ C TBL = 1Bry1 = Pre5(1qs(ve))
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Ascending chain of upwards-closed sets
1TBo G 1B1 G-+ G TBL = 1Bry1 = Pre5(1qs(vy))

(QxN¢, Q) isa (wgo), thus
finite basis property: each By, = minlU,, is finite

ascending chain condition: a finite length L exists



BAckwARD COVERABILITY

(Arnold & Latteux'78)

Ascending chain of upwards-closed sets
1TBo G 1B1 G-+ G TBL = 1Bry1 = Pre5(1qs(vy))

Pseudo-witness
def

co = q¢(vy) Cnt1 € Bny1 \ TBn

(Q xIN¢,<) is a well-quasi-order (wqo), thus
finite basis property: each B, = minlU,, is finite

ascending chain condition:



BAckwARD COVERABILITY

(Arnold & Latteux'78)

Ascending chain of upwards-closed sets
1TBo G 1B1 G-+ G TBL = 1Bry1 = Pre5(1qs(vy))

Pseudo-witness
def

co = q¢(vy) Cnt1 € Bny1 \ TBn
Then

(Q xIN¢,<) is a well-quasi-order (wqo), thus
finite basis property: each B, = minlU,, is finite
ascending chain condition: a finite length L exists

finite bad sequences: c¢g,C1,... iIsa
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SUBRECURSIVE FUNCTIONS

DeriniTioN (Cichon Hierarchy)
For g:IN — IN, define (gy:IN — IN) 4 by

go(x) =0 ga(x) = 1+ gp, () (9(x))
Py (o) denotes the : “maximal
ordinal 3 < o with Cantor normal form coefficients at
most x”
ExAMPLE

P3(w?)=w-3+3
P3(ww2) :ww-3+3.3+ww-3+2_3+ww-3+1 3+ww33
+ww~2+3_3+ww-2+2.3+ww-2+1_3+ww-2.3
+w®3. 34 % 2. 34 w®t .34 % .3

+w3-3+w? 34w-3+3



SUBRECURSIVE FUNCTIONS

DerFiniTioN (Cichon Hierarchy)
For g:IN — IN, define (gy:IN — IN), by

def

go(x) =0 9u(X) =14 gp, () (9(x))

DeriNITION (Hardy Hierarchy)
For g:IN — IN, define (g*:IN — IN), by

g°(x) € x g%(x) & g™¥(g(x)) for x>0



SUBRECURSIVE FUNCTIONS

DeriniTioN (Cichon Hierarchy)
For g:IN — IN, define (g«:IN — IN) 4 by

def

go(x) =0 9u(X) =14 gp, () (9(x))

DeriniTioN (Hardy Hierarchy)
For g:IN — IN, define (g*:IN — IN), by

g°(x) £ x g% (x) & g™ ¥ (g(x)) for x>0

If g(x) =x+ 1, then g®% (x) = Fy(x)



Complexity Classes Backward Coverability Subrecursive Functions

RELATING NORM AND LENGTH

[Cichon & Tahhan Bittar'98]

norms ||x4 |
R I .
3
= x ©
L O~------ )
N [0 - X
- g%(x) = g%+ (x)
o 1 .
=1 97 (ng)
Tl Png){- -
T
el x
: o'
»indices i

length: Cichon function g (ng)
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RELATING NORM AND LENGTH

[Cichon & Tahhan Bittar'98]

norms ||x4 ||

g3ng) -
< ~ O
Z 9%(ng) o) )

04 — A9x(X
@ X)= X
2l | 9% (x) = g7*™ (x)
z{ 9" (ng)
2
T;f go(no)
= xq
£ ) x1
g (0]
indices i

length: Cichon function ga(ng)
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