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1. Introduction

In the fields of biology, medicine, and ecology, oscillatory phenomena are widely observed across various
levels, including populations of individuals or animals [29], cellular dynamics [20], and chemical concentration
fluctuations ([28], among numerous studies). These oscillations can reflect both normal and pathological
processes.

Mathematical modeling of such oscillatory behaviors using delay differential equations (DDE) emerged
relatively late, only gaining traction in the latter half of the 20th century. Since then, the field has experienced
continuous development (see [1,21,26] and references therein). This growing interest is primarily due to the
wide range of qualitative behaviors exhibited by these DDE-based dynamical systems. Indeed, natural
fluctuations can be chronic, periodic, chaotic, or damped, and they may emerge or vanish without an
intuitively apparent cause.
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The objective of this study is to investigate one such behavior, characterized by the following scenario:
a quantity, denoted by xz(t) at time ¢ > 0, undergoes continuous degradation or decay; in addition, its
evolution is regulated by two distinct negative feedback mechanisms, acting at different timescales: one
operating instantaneously (i.e., at the time of observation t), and the other affecting the initiation of the
formation of this quantity. This latter feedback mechanism occurs whether through direct mechanisms, such
as birth in populations or progenitor cells in cellular dynamics, or indirectly via intermediary components.
This process can lead to oscillatory behavior as a balance between instantaneous and long-term regulation.
One of the primary goals of our study is to establish conditions for such a general system to exhibit sustained
oscillations.

Such a DDE model has the following form

' (t) = —h(x(t) + f((t)g(ax(t - 7)). (1)

Note that for the linear case h(z) = pz, p > 0, Equation (1) has been proposed in [3] as a mathematical
model of the megakaryopoiesis process (production and regulation of platelets). Furthermore, the case where
nonlinearity f is a constant (one can assume f(z) = 1) fits a range of well known models proposed and
studied in the past several decades. They include the well-known physiological blood cell production models
by Wazewska-Lasota [31] and the first Mackey-Glass model [22], where the function g is monotone decreasing
on Ry with a specific form in each case.

Another closely related DDE is a population dynamics model proposed in [25] and describing the dynamics
of a fly population, given by the equation

' (t) = —z ()X z(t) + z(t — 7)b(z(t — 1)), (2)

where A(x) and b(z) are generally monotone functions (see [25] for details of specific assumptions). Perez
et al. [25] were motivated by the early work of Nicholson [24] where the dynamics of the fly populations
were described by ordinary differential equations. Model (2) takes into account the time delay due to the
maturation period for the eggs to develop into fully grown adult species. A similar time-delay model of fly
dynamics based on Nicholson’s work was proposed later by Gurney et al. [10] with specific functions A and
b as A = A\g (constant), b(x) = bgexp(—ax), which led to the well-known Nicholson’s blowfly population
model with delay

2’ (t) = —dox(t) + bo x(t — 7) exp(—ax(t — 7)).

Another case of DDE (2) is the second Mackey-Glass physiological model [22] describing the dynamics
of blood cell production and functioning in human body. The choice of functions in Equation (2) is A = Ao
(constant), b(z) = by /(1 + z™), n > 1, leading to the following equation

box(t — )

:L'/(t) =—Xp !L‘(t) + m

There is a significant amount of research on the above named models, including the questions of global
asymptotic stability of the equilibria, existence of periodic solutions, and complex/chaotic behaviors, to-
gether with extensive numerical simulations (see e.g. paper [7]). On the contrary, Equation (1) is much less
studied in its general form.

In a broader biological context, our study applies to any physiological or ecological process that shares
the following common key features (see Fig. 1.A for a schematic representation). For the sake of clarity we
illustrate our framework on the megakaryopoiesis system. A species z (e.g., platelets) inhibits the production
of species a (e.g., thrombopoietin, TPO) when present in high concentrations. Species a stimulates the
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Fig. 1. Schematic representation of Model (1). A. Illustration of a general biological or ecological process in which species x inhibits
the production of species a (1). Species a, in turn, can activate the production of species b (3), which undergoes a transformation
cycle, first differentiating into an intermediate species ¢ (4), and then, after a fixed time T (5), giving rise to species z (6).
Additionally, species a can directly stimulate the production of species = (2), bypassing the intermediary steps involving b and c.
B. A simplified representation of panel A, highlighting two negative feedback loops: a direct delayed inhibitory effect of x on itself
(1) and an indirect time-delayed inhibition (2). In both diagrams, species x can be degraded (e.g., through natural death) at a
rate h(z(t)), represented as (7) in A and (3) in B. (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)

production of species b (e.g., stem cells in the bone marrow), which must undergo a differentiation process.
After a fixed time T, species b gives rise to species ¢ (e.g., megakaryocytes), which in turn produces species
x (e.g., platelets). Additionally, the release of species x can be directly regulated by species a through an
alternative, bypassing mechanism. The megakaryopoiesis model has been well described in [3].

From an ecological perspective, this can be illustrated by the dynamics of lion populations within a pride
(see, for example, [2]). When nomadic males invade a pride (z), they not only challenge the resident male
coalition (the group of males within the pride), creating a direct negative feedback loop (feedback loop (1)
in Fig. 1.B, green), but also target male cubs (feedback loop(2) in Fig. 1.B, purple). As a result, after an
invasion, the pride must go through an entire cycle of gestation and cub-rearing before it can fully reestablish
itself, at which point it may once again be vulnerable to attack.

These motivation examples (as many others sharing the same features) can then be described by the
model given by Equation (1) with decreasing functions f and g, and may exhibit oscillations. This is what
we theoretically and numerically investigate in the next sections, after a quick reminder of basic preliminary
results in Section 2.
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Global asymptotic stability (GAS) of the unique equilibrium of Equation (1) is studied in Section 3. Two
sets of conditions are derived, one being delay-independent while the other one involves the duration of
the delay. Delay-independent conditions are based on an induced interval map constructed exclusively on
nonlinear functions f, g and h. The global attractivity of the interval map yields the GAS of the trivial
solution of the original DDE, regardless of the delay. The delay-dependent conditions are based on the global
attractivity property of the corresponding unique fixed point for an interval map obtained from functions f,
g, h and the delay 7 > 0. Those conditions are somewhat more involved due to their implicit form; however,
an explicit one can be given in the case of linear function h.

The existence of slowly oscillating periodic solutions is studied in Section 4. The principal result is that
such solutions always exist when the linearised DDE about the unique equilibrium of (1) is unstable. To
show the existence of oscillatory periodic solutions, we adopt the well-known result of Kaplan and Yorke [19]
about the existence of a globally asymptotically stable annulus in (z(t),2’(t)) phase plane whose boundary
is made by two slowly oscillating periodic solutions. Several other methods can be adopted and used to prove
the existence of slowly oscillating periodic solutions in Equation (1). However, they are more technically
involved and require additional background knowledge and exposition to be adequately described in this
paper. They are briefly outlined in the Conclusion and Discussion (Section 6).

Section 5 deals with examples of co-existence of distinct periodic solutions of (1). The Kaplan-Yorke result
implies the existence of a “smallest” and a “largest” slowly oscillating periodic solutions. Theoretically, this
implies the possibility of existence, in some cases, of at least two distinct periodic solutions. However, to
the best of our knowledge, multiple periodic solutions for Equation (1) have not been shown explicitly. We
construct explicit examples of Equation (1) with specific functions f, g and h which provide at least two
distinct slowly oscillating periodic solutions, which in addition can both be asymptotically stable with the
asymptotic phase. By a straightforward generalization such examples can be extended to cases where there
are multiple periodic solutions to Equation (1).

Through Sections 3, 4 and 5, extensive numerical simulations are run for particular choices of functions
f, g, h and the delay 7. They illustrate and confirm the discovered theoretical dynamical behaviors.

2. Preliminaries
2.1. Basic assumptions and elementary properties

The following standing assumptions about the nonlinearities and parameters in Equation (1) are made
throughout the paper:

(H1) Functions f, g and h are defined, continuous, and non-negative on the positive semiaxis R := {x €
R |z >0} with f(z) >0, g(x) >0, Vo € Ry and h(0) =0, h(z) > 0, Y > 0;

(H2) Nonlinearities f and g are strictly decreasing while h is strictly increasing on R with lim, 4o h(z) =
+o0.

Rewriting Equation (1). Since f is assumed to be strictly positive in (H1), Equation (1) can be rewritten
in the form

2'(t) = f(z(t) [-F(x(t) + g(x(t — 7)), 3)

where F(z) = h(x)/f(x).

Since f(z(t)) > 0 for all t > 0 (see for instance Proposition 2.1 below that ensures positive invariance of
the solution x(t)), the change of sign of the derivative of solutions in DDE (1) is determined by the sign of
the difference g(z(t — 7)) — F(2(t)). Thus, the auxiliary delay equation
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?(t) = —F(x(t) + g(a(t — 7)) (4)

plays a significant role in the dynamics of the original equation (1). Its precise roles will be more obvious
and fundamental from considerations in Section 3.

Equilibria. The steady states (equilibrium points) of Equation (1) are found as the non-negative solutions
of the equation h(z) = f(z)g(x) or F(x) = g(x). Since h is increasing and fg is decreasing on R, with
h(0) =0, h(4+00) = +oc and f(0)g(0) > 0, there is exactly one positive equilibrium z, > 0 to Equation (1).

In many of the considerations of this paper the following additional assumptions, enhancing the above
standard assumptions (H1) and (H2), are assumed:

(H1*) Functions f, g and h are continuously differentiable on the positive semiaxis R .

Negative Feedback Property. Due to the monotonicity of F' and g, Equation (1) has the negative feedback
property with respect to the positive equilibrium z,, meaning that the expressions F(z) — F(z.) and
g(z) — g(x,) are of the opposite sign for x # x,.. This property can be expressed analytically as follows

[F(x) = F(z)llg(x) — g(z.)] <0, Va e (0,00), x # .. ()

It plays an important role in dynamics of solutions of Equation (1); noticeably, it induces the existence of
so-called slowly oscillating solutions, in particular under the instability assumption of the equilibrium x,.

The standard phase space for Equation (1) is given by X = C([—7,0], R) [8,13]. However, it is natural to
consider its proper subset X := C([—7, 0], R} ) as a set of initial functions for model (1), due to its biological
interpretation. Below we show that the set X is invariant under the shift along solutions in forward time
t > 0 (see Proposition 2.1). We shall assume that for arbitrary ¢ € Xy there exists a unique solution
z(t) = z,(t) to (1) defined for all ¢ > 0. Equation (1) defines a semiflow S* on X by S'(¢) := z,(t + s),
s € [—7,0], where z,(t) is considered, on the interval [t — 7,t], as an element of the phase space X .

The basic assumption that the functions f, g and h are non-negative for the non-negative values of x is
a natural and important one in view of its biological interpretation. In related applied models one expects
that the solution x = z,(t), ¢ € X, satisfies z(t) > 0 for all ¢ > 0. This is indeed true for Equation (1)
and for many similar DDE models used elsewhere (see e.g. the explicit models in [10,22,31] and additional
models in monograph [21]).

The following simple basic properties hold for Equation (1).

Proposition 2.1 (Positive invariance). Suppose assumptions (H1) and (H2) are satisfied and let an arbitrary
initial function ¢ € X be given. Then, the corresponding solution x,(t) to Equation (1) satisfies x,(t) > 0,
for allt > 0.

Proof. Indeed, in the case when ¢(0) = 0 the corresponding solution x(t) is increasing in some right
neighborhood of ¢t = 0 as 2/(0+) = f(0)g(p(—7)) > 0, in view of (H1) and (H2). Therefore, z(t) > 0,
vt € (0,to] for some tog > 0. When ¢(0) > 0 and t; > 0 is the first positive zero of the solution z,(t),
then z/(t1—) = f(0)g(xz(t;1 — 7)) > 0, a contradiction as one must have x'(t;—) < 0, since x(t) > 0 for all
te(0,t1). O

Thanks to Proposition 2.1, any solution of Equation (1) with initial condition in X will remain in X.

The other simple and important property is the fact that every solution remains bounded above and
separated away from zero for all sufficiently large forward times. The following statement describes mathe-
matically such property.
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Proposition 2.2 (Uniform persistence and boundedness). Suppose assumptions (H1) and (H2) are satisfied.
Then, there are positive constants 0 < m < M, defined by functions f, g, and h only, such that for arbitrary
initial function ¢ € X4 the corresponding solution x,(t) to Equation (1) satisfies m < x,(t) < M, for all
t > tg, for some tg :=to(p) > 0. The constants m and M can be calculated as

M :=F7Y(g(0)),  m:=F"'(g(M)). (6)

Proof. The proof of this elementary fact, which is generally valid for a wide variety of DDE models of
type (1), can be proved by several different approaches. In our case it follows from the proof of Claim 3.3
(Squeezing) of Subsection 3.1. Indeed, the positive semiaxis R is mapped under F' into the interval [m, M]
with M = F~1(g(0)) and m = F~'(g(M)) and none of the endpoints m or M being fixed points (see
additional details in the proof of Claim 3.3). O

Proposition 2.2 implies that every initial function ¢ € X such that m < ¢(s) < M, with m and M
given by (6), holds for all s € [—7,0] generates a solution wz,(t) for which m < x(t) < M is valid for all
forward times ¢t > 0. Therefore, the set

Xm,M — {90 c X+|m < (p(S) <M, Vs e [_T, 0]}

is a proper invariant subset of X . Moreover, for arbitrary ¢ € X, the corresponding solution enters it in
a finite time 9 = to() and remains in X™M for all t > t.

2.2. Linearized equation and oscillations

In this subsection we describe some basic properties of the linear DDE that is the linearization of Equation
(1) along the unique positive equilibrium. They are necessary for further related exposition in the paper, in
particular regarding the existence of oscillating solutions.

The linearization of Equation (1) about the constant equilibrium z, is found as

y'(t) + Ay(t) + By(t — ) = 0, (7)

where A = h/(z.) — f'(z.)g(z«) > 0 and B = —f(2.)¢'(x«) > 0, thanks to (H2). Various properties of the
corresponding characteristic equation

A(N) := A+ A+ Bexp{—-A7} =0, AeC, (8)

are well known and have been studied by many authors in numerous papers; see e.g. [8,13] and further
references therein. The following summary statements are taken from [3].

Proposition 2.3 (Local asymptotic stability). If B < A, the equilibrium x, of DDE (1) is locally asymptotically
stable, while if B > A then there exists 7* > 0, given by

. arccos(—A/B)

such that x, is locally asymptotically stable for 0 < T < 7*, stable if T = 7*, and unstable for T > 7.

The following lemma states and proves that all solutions of the linear equation (7) oscillate when the
equation is unstable.
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Lemma 2.4. Suppose that the linear delay equation (7) is unstable (1 > 7*, defined in (9)). Then the
characteristic equation (8) has no real roots and all solutions of (7) oscillate.

Proof. Suppose the linear delay equation (7) is unstable. By contradiction, assume its characteristic equation
(8) has real roots.

Consider the characteristic function A in (8) is a real function. Simple calculations show that it has a
minimum for \,,;, = 7~ log(B7), and this minimum, given by A(Anin) = A+771(1+log(B7)), is negative.
Since A and T are positive, then necessarily BT < 1. As a consequence A, < 0, and since A(0) > 0 and
A is increasing on (Amin, +00), then real roots of A are necessarily negative.

Denote by X the largest real root of A. Simple reasoning (as in [5], for instance) shows that any complex
eigenvalue \ of (8) satisfies R(\) < . This contradicts the initial assumption on the instability of the linear
equation (7). We conclude that the characteristic equation (8) has no real roots and thanks to [11] that all
solutions of the linear equation (7) oscillate. 0O

Since all solutions of Equation (7) oscillate if and only if (8) has no real root [11], then a necessary and
sufficient condition for all solutions of the linear equation (7) to oscillate is (see for instance Proposition 4
in [3])

BreA™ > el (10)

This inequality is equivalent to showing that the minimum of the characteristic function considered as a
real function is positive.

Noticeably, if instead of equation (1) one uses the modified version (4), then previous results hold with
A=F'(z,)>0and B=—g'(z) > 0.

2.8. Numerical simulations
Throughout this manuscript, we numerically illustrate stability results and the existence of periodic

solutions for different types of functions f, g and h.
Functions f and g will either be of Hill-type (Case 1) or exponential (Case 2), with in Case 1,

_ fo 90
f) = g = 2 (1)
while in Case 2
f(@) = foexp(=fiz) and  g(z) = goexp(—g12), (12)
for x > 0. Functions h will be
[sub-linear| h(z) = ho log(1 + z), (13)
[linear] h(z) = hox, (14)
[super-linear] h(x) = hox?. (15)

All parameters (fo, f1, go, g1, ho) are assumed to be positive, and in Case 1 we additionally assume
f1,91 > 1. Note that those are sample choices only; other possibilities for functions f, g and h can be used
as well.

Parameter values used to perform simulations are given in Table 1. When different values are used they
are explicitly mentioned in the text. Noticeably, even though the same values of parameter hy are used
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Table 1

Parameter values used to perform
simulations. Parameter values are
arbitrary.

Parameter Case 1 Case 2

fo 10 1
f1 3 0.5
go 1 10
g1 4 1

ho 0.1 0.1

to illustrate the 3 cases when h is sub-linear (13), linear (14), and super-linear (15), no conclusion can be
drawn regarding the specific values of hg and the observed dynamics.

Delay equations are solved using the ©@Matlab solver dde23 and ordinary differential equations (interval
maps for instance) are solved using ode45. Estimated periods of oscillations have been obtained by identifying
all periods on a given interval (75% of the resolution interval) for various initial conditions (in order to
minimize computation errors), computing the mean and the standard deviation, and reporting them (see
Fig. 4 for instance). Parameters of connecting functions (for instance on the intervals [—2, —1] and [1, 2]) in
Section 4 have been estimated using ©Matlab fminsearch function. All computations have been performed
with Matlab©R2019b on MacOS.

3. Global asymptotic stability

In this section we deal with criteria for the global asymptotic stability of the unique positive equilibrium
x = z, of Equation (1).

8.1. Delay independent criteria for GAS

Based on the representation (3), we introduce the one-dimensional map ® defined by ® = F~! o g. Since
F is increasing and ¢ is decreasing the map ® is decreasing on R .

Theorem 3.1 (Delay independent GAS). Suppose that the fized point x. of the interval map ® is globally
attracting, that is lim, ., ®"(x) = z., Vx € R4. Then the unique constant solution x(t) = x. to Equation
(1) is globally asymptotically stable, that is lim;_ oo T, (t) = x4, Voo € X,

Proof. The proof of Theorem 3.1 is based on several simple properties of the interval map ®. One of them
is the general invariance property stated below in Claim 3.2. The other one is a more specific invariance
property when an interval is mapped into itself under ®. It is stated below as the squeezing property in
Claim 3.3.

Claim 3.2 (Invariance). Suppose that an interval Jy C Ry is invariant under ®, i.e. ®(Jy) = Jo. Then for
every initial function ¢ € X4 such that p(s) € Jo for all s € [—7,0], the corresponding solution x = x,(t)
to DDE (1) satisfies x(t) € Jo for allt > 0.

Proof. Indeed, denote the invariant interval Jy = [a,b], and let t; > 0 be the first exit point of the
solution = z,(¢) from the interval [a,b]. To clarify the exposition, assume z,(t1) = a, and every right
neighborhood of ¢; contains a point ¢’ such that z(¢') < a. Then, by the Mean Value Theorem, there exists
a sequence of t-values {s;},k € N, such that sp N\, t1, z(sk) < a, #'(sx) < 0 and x(sx, — 7) € Jo, i.e.
a < z(sp —7) < b. On the other hand, in view of (3), and since ®(z(sx — 7)) > a > z(sy) is satisfied, one
has that 2'(sy) = f(x(sk))[g(z (s — 7)) — F(x(sk))] > 0, a contradiction. The other possibility z,(t1) = b
is treated analogously. O
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Claim 3.2 states that the set X, := {¢ € Xy | ¢(s) € Jo, Vs € [—7,0]} is an invariant subset of the
phase space X under the shift operator along the solutions of DDE (1).

Next we introduce Claim 3.3 that states that the invariant subset X j, is eventually mapped into a smaller
invariant subset X 7, under the shift operator along the solutions of Equation (1).

Claim 3.3 (Squeezing). Suppose that an interval Jo C Ry is such that ®(Jy) := J; C Jy, and none of the
endpoints of Jo is a fized point. Then for every initial function ¢ € Xy such that o(s) € Jy, Vs € [—7,0],
there is a t; > 0 such that the corresponding solution x = x,(t) to DDE (1) satisfies x(t) € Jy, Vt > t;.

Proof. As above, let Jy = [a,b] and ®(Jy) = [a1,b1] with a < a3 < by < b. The proof in this case of a more
general invariance property of the map & is very similar to the proof of Claim 3.2. Indeed, it repeats the
above proof in the case when ¢(0) € ®(Jy) = [a1, b1].

Assume next that ¢(0) € ®(Jy) = [a1,b1], say ©(0) < aj. Then, according to (3), z'(t) > 0 for all
t € [0,t1) where z(t) < a;. Then there exists o > t; such that xz(t2) = a1, thus implying z(t2) € ®(Jp).
Assume the latter is not true, and thus x(t) < ay holds for all ¢ > 0. Then the relationship (3) shows that
the solution z(t), t > 0, is increasing and bounded above by ay. Set lim; o, x(t) = a2 < ay. By taking the
limit in (3) as t — oo one gets:

0= flaz)lg(z2) — F(x2)] = ®(az) = az,
a contradiction with the fact that ® has the only fixed point z, > a;. O

The above properties of Claims 3.2 and 3.3 are elementary and proved elsewhere, in particular in our
previous publications [14,16] (in somewhat more general setting). They have been given here with proof for
the sake of completeness of this paper.

We first note that map ® being globally attracting on R ; means that the sequence of intervals ®* (R ) :=
Jk, k > 0, is an imbedded sequence of intervals with the common part being the single fixed point x,:

JoD 1D JaD DD Jepr Dor with  [) k= {x.}.
k>0

Therefore, since one has [mins{¢(s)}, max.{p(s)}] C Ry for every initial function ¢ € Xy, then for the
corresponding solution ., (t) there exists an increasing sequence s, — 0o, of t-values such that z(t) € Ji,
Vt > si, k € N. The conclusion of Theorem, lim;_, oo 2, (t) = 24, now follows. O

Conditions for the global attractivity of the unique fixed point z, of the map ® are well known. The
most general one is the absence of cycles of period two for ®, due to the Sharkovsky’s Cycle Coexistence
Theorem [6,27]. A geometric interpretation of the property can be described by the location of the graph
y = ®(x) with respect to the lines y = x and y = . — x. If the following inequalities are satisfied

< P(z) <zi—x, Ve e[0,zy), and x> d(x)>x,—1x, Vo€ (14 0),

then x = z, is a globally attracting fixed point for map ®.

In the case of monotone nonlinearities f, g, h as in Equation (1) the map ®(z) is monotone decreasing
for x > 0. In this simpler case, the necessary and sufficient condition for the global attractivity of the fixed
point z, becomes lim,,_, ., ®"(0) = z.,.

Fig. 2 illustrates delay-independent stability of the unique equilibrium z, of Equation (1) based on the
computation of lim, . ®"(0), as parameter hg varies. The approximation of the limit is obtained by
computing ®"(0) for n = 1000. Note that since ® is decreasing on R it is sufficient to compute the limit
of ®™(0).
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Fig. 2. Values of ®"(0) as a function of parameter hg for n = 1000. A. Functions f and g are of Hill type (11). B. Functions f
and g are exponential (12). For each case, h is sub-linear ((13), top), linear ((14), center), or super-linear ((15), bottom). In all
graphs the dotted red line is the steady state value z. (ho) and the vertical black dotted line is the limit for delay-independent local
asymptotic stability (A = B in (8)). In all graphs the steady state is locally asymptotically stable for hg larger than this critical
value (on the right half-plane), and a cycle with period 2 is observed below this value. Parameter values are given in Table 1.

Results highlight that the ranges of hy values for local asymptotic stability and global asymptotic stability
provided by Theorem 3.1 are the same. This result holds if any other parameter is used instead of hg (not
shown). These results also illustrate that, for the same functions f and g, the super-linear case is more
stable than the other cases and the linear case is more stable than the sub-linear case, in the sense that the
range of hy values providing delay-independent stability is larger.

8.2. Delay dependent criteria for GAS

This subsection provides a sufficient condition for the global asymptotic stability of the unique equilibrium
x(t) = z. of Equation (1) in terms of the size of the delay .
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Given a constant initial function ¢g(s) = z¢ € Ry and consider the corresponding solution z (¢, zg), t > 0,
of the following initial value problem

a'(t) = —h(x(t) + f(x(t))g(xo),  2(0) = .. (16)

Let a1 := z(7,zp) be the value of the solution at time ¢ = 7. Define the one-dimensional map ¥ on R by
T = \If(l'o)
The solution to the initial value problem (16) is given by the integral equation

z(t)

/ dx(s)
S F@())g(wo) = h(a(s)

=t t>0.

Therefore, the value 1 = ¥(xg) is defined implicitly by

=T.

1
/ du
fw)g(xo) — h(u)
X x
The following statements describe some basic but elementary properties of the interval map W.
Proposition 3.4. Map ¥ has the following properties:

(i) x. is its only fived point;
(ii) U(x) is strictly decreasing for zg € Ry ;
(iii) There exists a finite limit limg, oo U(x0) = Voo, which is also bounded away from zero Vo, > 0.

Hence, ¥(R4) = (¥, T(0)].

Proof. (i) Indeed, when xy = z, then the solution to (16) is given by z(¢) = z.. The uniqueness follows
from the monotonicity property (7).

(#i) By using the equivalent representation for DDE (1) in the form (4) the initial value problem (16) can
be written as

a'(t) = —h(z(t)) + f(x(t)g(wo) = f(2(1)) [9(x0) — F(x(t))], x(0) = ..

When the initial values are such that z{ > 22 > =z, then g(z{) < g(23), and the latter implies that
the respective solutions z1(t) and 22(t) of the initial value problem (16) satisfy xl(t) < x2(t), Vt € [0, 7]
(see basic related comparison statements for solutions of ordinary differential equations in [30]). Therefore,

1 = U(xd) < 23 = U(2d). When 2} < 3 < x,, a symmetric reasoning applies to show the monotonicity.

(#ii) The value ¥, > 0 is found from solving the initial value problem (16) when gg = limg,— 00 g(zg) >
0. O

Note that due to the monotone decreasing nature of map ¥ it can only have cycles of period two. The
unique fixed point z, is globally attracting on Ry if map ¥ has no cycle of period two [6,27].

Property (7i) of the proposition implies that map ¥ has the negative feedback property with respect to
the fixed point x,:

21 =U(xg) < @y if xo >z and a1 = VU(xg) > s if 2o < T4
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The following theorem provides a delay dependent global asymptotic stability condition for the equilib-
rium z(t) = x.

Theorem 3.5 (Delay dependent GAS). Suppose that the fized point x. of the interval map ¥ is globally
attracting, lim, . " (x) = z., Yo € R4. Then the unique constant solution x(t) = x. of Equation (1) is
globally asymptotically stable, that is imy oo T, (t) = 4, Vo € X4

Proof. The proof of the theorem is based on simple comparison arguments between the solutions of the
original nonlinear DDE (1) and those of the initial value problem (16) (which can be found in e.g. [30]). It
largely follows the same ideas as the proof of an analogous theorem in paper [17] obtained for the similar
equation when h(zx) = pz.

Indeed, suppose first that ¢ € X is such that the corresponding solution x = z,(t) is eventually non-
oscillatory. E.g. x,(t) > x, ¥Vt > T > 0 (the opposite inequality is treated similarly). Then in view of
the negative feedback property (5) and the representation (3) the solution is decreasing for large t with
limy o0 2, (t) = 2.

In case when the solution is eventually slowly oscillating, one can assume that it is just slowly oscillating,
due to its autonomous nature, with t; = 0 < to < t3 < -+ < t < tpgy1 < -+ — 00 and p(s) > .,
Vs € [—7,0) (the opposite case p(s) > z., Vs € [—7,0) is treated analogously). Given arbitrary ¢ € X
with 2o < ¢(s) < z1, Vs € [—7,0], one easily sees, due to the monotonicity of functions f, g and h that the
corresponding solutions x,(t) and x, (¢) satisfy x,(t) > x4, (t), Vt € [t1,t1 4+ 7]. Since x4 (t) is decreasing on
[t1 + 7, t2] this implies that min{z,(t),t € [t1,t2]} > V(x;). Likewise, one can show on the next step that
max{z,(t),t € [t1,t2]} < U?(zy), where U?(-) is the second iteration of the map ¥. By induction one has
that max{|z,(t) — x|, t € [tn, tnt1]} < W™ (21) — z4]. Since ¥"(z1) converges to x, as n — oo this implies
that im0 2, (t) = 4.

In the case when a solution is oscillating but not slowly oscillating, there is an increasing sequence of its
zeros t, such that t1 < ty < t3 < -+ <t < tpy1 < --- — 0o and tgy1 — tp < 7. The reasoning of the
previous paragraph can be repeated for this case on the consecutive intervals, except that there is no part
of the consideration of the solutions on the additional segment [ty 4 T, txt1]. This completes the proof. O

In the case of linear function h(x) = ux, an explicit sufficient condition for the global asymptotic stability
of the equilibrium z, was given in papers [9,15]. Suppose that the Assumption (H1*) is satisfied and the
Lipschitz constant for function g on the interval [m, M] (see (6)) is chosen as Ly := max{|¢'(z)|,z € [m, M]}.
Then the following theorem holds.

Theorem 3.6. (/9,15]). Suppose that h(x) = px and the following inequality is satisfied:

1 — _
Loelonth <1, (17)
I
Then the fized point x. of the interval map ¥ is globally attracting on R,. Hence, the constant solution
x(t) = x. of Equation (1) is globally asymptotically stable on X.

We believe Theorem 3.6 can be extended to the case of nonlinear monotone function h with the constant
w defined as p := max{h'(x),z € [m, M]}. Currently we don’t have a proof of this conjecture.

Fig. 3 illustrates the result of Theorem 3.5. The limit of ¥™(z) for € R4 is computed as the average
value of U™ (xz) over several initial conditions = € Ry for n = 1000. The limit of U™ (z) is computed for all
values of 7 such that B > A and 7 < 7* := arccos(—A/B) /v B? — A? (delay-dependent stability, Fig. 3.A).
For both Hill-type (not shown) and exponential functions, the fixed point z, of the interval map ¥ is globally
attractive for 7 € [0,7.), where 7. depends on parameters of the equation and 7. < 7*, and a cycle with
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Fig. 3. Delay-dependent stability. A. Critical values 7" of the delay 7, in (9), as a function of parameter hg; the steady state is
locally asymptotically stable for 7 < 7 (below the curve). B. Values of U™ (z) as a function of parameter 7 for n = 1000 and
ho = 0.1. The dash line is the value of x, ~ 2.47. The straight line is the value of U™ (x) computed for several values of = € [0, 10].
In both cases, functions f and g are exponential (12) and h is linear. Other parameter values are given by Table 1.

period 2 is reached for 7 > 7. (Fig. 3.B). In this example, 7. &~ 13. Similar results hold for the sub-linear
case (not shown). For the super-linear case, the steady state is locally asymptotically stable independently
of the delay, see Fig. 2.

For 7 € (1., 7*), the steady state x, is also globally asymptotically stable (not shown), yet solutions are
oscillating and, as the delay increases, it takes more time to converge towards the steady state. Noticeably,
no other behavior than GAS has been numerically observed.

Additionally, one may note that the inequality (17) is satisfied only for 7 close to zero. Indeed, the
function 7 +— (1 — exp{—u7})f(x.)Ly/p is increasing and equals 1 as soon as the delay reaches the value

_ 1 __r
T=1Ty:= Mlog(l f(a:*)Lq)'

For both Hill-type and exponential functions g, as in (11) and (12), Ly = gog1 (when g is Hill-type, the
Lipschitz constant can be improved but it only slightly impacts the results), therefore using parameter
values as in Fig. 3 one obtains

S 0.35, exponential case (7. ~ 13,7* = 25.6),
0= 0.15, Hill-type case (7. ~ 12,7* = 37.4).

4. Existence of periodic solutions

Due to the negative feedback property (5) in Equation (1), the slowly oscillating solutions play a fun-
damental role in its dynamics. Recall that a solution z(t) is termed as slowly oscillating with respect to
equilibrium z, if the distance between any two zeros 0 < t; < to of z(t) —z, is greater than the delay 7 > 0.

Assuming that all solutions to Equation (1) oscillate, any initial function ¢ € X such that ¢(s) >
x4, Vs € [—7,0], and o(s) # x, results in a solution which is eventually slowly oscillating, i.e. the inequality
to —t1 > 7 between any two zeros is valid for sufficiently large zeros to > t1 > T(p) > 0, for some T > 0.

The main result of this section is the following theorem on the existence of slowly oscillating periodic
solutions of Equation (1). It is proved in the remainder of the section.

Theorem 4.1 (Existence of periodic solutions). Assume condition (H1*) and suppose that the equation lin-
earized about the equilibrium (7) is unstable. Then Equation (1) has a nontrivial periodic solution slowly
oscillating about the equilibrium x,.
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Fig. 4. Periods and amplitudes of slowly oscillating solutions. A. The ratio ‘Estimated periods over 27’ (mean =+ standard deviation,
blue line) as a function of 7 > 7" & 25.6. The black dash line represents the case when the estimated period equals twice the delay,
which is observed asymptotically, while the red decreasing straight line is an exponential fit of the values for 7 > 400 (exponential
parameter equals to 0.0016). B. Amplitudes of oscillating solutions (min and max values, blue line), computed for 7 > 7* ~ 25.6.
The black dash line is the steady state value (z. = 2.5) while red dashed lines are values of the cycle of period 2. Functions f and
g are exponential (12) and h is linear (14), parameter values are given by Table 1.

Using exponential functions f and ¢ in (12) and linear function h in (14), as in Fig. 3, periods and
amplitudes of oscillating solutions when 7 > 7* are illustrated in Fig. 4. Denote pér(7) the approximated
period of oscillations associated to the delay 7. Fig. 4.A highlights that pér(7)/27 is a decreasing function
of 7, in the order of exp(—7). Indeed, for 7 large enough (here 7 > 400), the decreasing red line in Fig. 4.A
is an exponential fit of pér(7)/27 (the exponential parameter equals 0.0016, obtained by minimizing the
weighted least squares), therefore

pér(t) =27 + o (exp(—7)) .

One may note that variations about the average estimated periods are actually very small (coefficient of
variation < 0.02, not shown).

This result holds for Hill functions f and g (11), h linear (14) or sub-linear (13), even though the conver-
gence of per(7)/27 to 1 may be slower in some cases (the exponential parameter A ranges in [0.001,0.002]).

Fig. 4.B illustrates the dependence of amplitudes of oscillating solutions on the delay 7, by showing mini-
mum and maximum values of the oscillations as functions of 7. One observes that amplitudes are increasing
functions of 7 and asymptotically, yet quite rapidly compared to the evolution of periods (Fig. 4.A), reach
the values of the cycle with period 2 (see Section 3.2).

Slowly oscillating solutions are illustrated in Fig. 5, for exponential functions f and g (12) and linear
function h (14) and for two different values of the delay. In both cases, slowly oscillating solutions are shown,
shifted by a value approximately equal to the delay 7. Fach slowly oscillating solution is associated to a
constant initial condition, either larger or lower than the equilibrium. Multiple simulations (not shown)
highlighted the existence of only one slowly oscillating solution. For large values of the delay (Fig. 5.B),
slowly oscillating solutions have a typical square wave shape.

The proof of Theorem 4.1 can be derived by following several different approaches developed in [17,19,23].
Here we adopt the main result from [19] to Equation (1) by outlining the principal steps of the proof needed
for later considerations.

The main distinction between the proof in papers [17,19,23] and our present exposition and needs is that
the positive equilibrium z(t) = z., for Equation (1) must be translated to the zero solution of a modified
DDE. The zero equilibrium in the equations under consideration is a standard assumption in the three
papers. By applying a change of variables by the shift z(t) = x(t) — 2., Equation (1) is transformed to the
following
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Fig. 5. Slowly oscillating periodic solutions for small and large values of the delay. A. 7 = 27*. B. 7 = 157", with 7 =~ 25.6. For
both simulations, two constant initial conditions (one larger than z., the other lower than z,, with =, = 2.5) are used and generate
slowly oscillating solutions shifted by a value 7, approximately. Functions f and g are exponential (12) and h is linear (14), other
parameter values are given in Table 1.

2 () = f@e+2(0)g (s + 2(t = 7)) = h(ws + 2(1)) = (s + 2(1))[9(z + 2(t = 7)) = F(z. + 2(2))], (18)

with F given by F' = h/f. The only equilibrium of the latter is z(¢) = 0, with respect to which the negative
feedback property holds: g(z2)-F(z) < 0, z # 0. The linearized DDE about the respective equilibria z(t) = x.
and z(t) = 0 are naturally the same and given by the linear equation (7), with A = h/(x,) — f/(z.)g(xs)
and B = —f(z.)g' (z4).

4.1. Instability and oscillation

In this subsection we show that the instability of the zero solution in the linearized equation (7) guarantees
the oscillation of all solutions of the nonlinear equation (1). This fact can be derived as a compilation of
known results with an appropriate detailed exposition and corresponding references. It is the first step in
proving Theorem 4.1.

Lemma 4.2 (Oscillation). Suppose that the linearized about the equilibrium equation (7) is unstable, i.e. the
corresponding characteristic equation (8) has a pair of complex conjugate solutions with the positive real
part, \g = ag £ Boi with ag > 0 and 0 < By < 7/7. Then all solutions to Equation (1) oscillate about the
equilibrium x,.

Proof. Suppose the instability condition (9) holds, so the linearized equation (7) is unstable. Thanks to
Lemma 2.4, the characteristic equation (8) has no real root and all solutions of Equation (7) oscillate.

Next, we assume that all solutions of the linear equation (7) oscillate, that is (10) holds true, and show
that all solutions of our nonlinear DDE (1) oscillate about the equilibrium z.. We rely on the proofs in [3]
(Theorem 4.1 and Theorem 5.1)), obtained in the case when h is linear, and on the modified equation (1)
given by (4).

We suppose by contradiction that Equation (4) has a non-oscillatory solution. Similarly to [3] (The-
orem 5.1), one can show that this solution tends to z. when t goes to infinity. Then, similarly to [3]
(Theorem 4.1), one can obtain that inequality

y'(6) + (1 —e)[Ay(t) + By(t —7)] <0,

for ¢ large enough, must have a positive solution, where ¢ € (0,1), A = F'(z.) and B = —¢/(z.). Thanks to
work by Gyori and Ladas [11], one concludes that necessarily Btexp(A71) < e~ !, which is a contradiction
(see (10)). O
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Note that another way to establish the validity of Lemma 4.2 is to use the result from [4] which states
that all solutions to a DDE system oscillate if the corresponding characteristic equation has no real solutions
(see [4], Section 3, Theorem 1, p. 17). Though the DDEs in both papers, [3,4], are somewhat different, the
characteristic equation in the scalar case is the same. The result of [4] also requires that functions h, f and
g in Equation (1) are continuously differentiable with their derivatives being Holder continuous.

4.2. Slow oscillation, return mapping, invariant sets

Under the assumption that all solutions to Equation (1) oscillate (Lemma 4.2), the set of “positive” (with
respect to x.) initial functions defined by {p € X4 | p(s) — z. > 0, Vs € [—7,0]} generates solutions that
are slowly oscillating. Likewise does the set of “negative” initial functions defined by {¢ € X | p(s) — 2. <
0, Vs € [-7,0]}.

Following the exposition in Ivanov and Lani-Wayda [17], we introduce the following shifted cone of initial
functions in X,

K:={peXy |3, €[-7,0], ¢ =z, on [—7,t.] and ¢ > z, on (t.,0]}, (19)
and we define
K* := K\{z.}.

Formally K is a shifted cone {z. + K} where K is a proper cone in X defined by £ = {¢ € X | 3. €
[-7,0], ¢ =0on [—7,t.] and ¢ > 0 on (¢, 0]}.

Suppose that ¢ € K with ¢(0) > ., then ¢ € K*, and let x,(t) be the corresponding solution to
Equation (1). Then the following statements hold:

Lemma 4.3 (Slow oscillation). Suppose all the solutions to Equation (1) are oscillating. Then for arbitrary
¢ € K* and its corresponding solution x,(t), t > 0, there exists an infinite increasing sequence {ty} /* oo,
k € N, such that

(i) for k € N, z,(ty) = x« with ty41 —tp > 7, and all zeros ty, of x(t) — x, are simple;
(it) x,(t) < x4, YVt € (tan—1,tar), and x,(t) > x4, YVt € (tog, togs1), for all k € N;

Proof. (i) Indeed, let ¢(s) € K* be given. In case t, = 0, ¢ = z., the corresponding solution is the
equilibrium z,(t) = x,. In case t, < 0 the corresponding solution x(t) is given on the interval [0,t, + 7]
by the following initial value problem

2'(t) = —h(@(t)) + F(2()g(a.), 2(0) = p(0) > ..

The solution to the latter exists, is unique, and satisfying x(t) > ., Vt € [0,t. + 7]. Since also ¢(s) > .,
Vs € (t«,0], one has 2'(t.) < 0, thus 2,(t) < 0 for all ¢ in some right neighborhood of [t. + 7,t. + 7 + J),
0 > 0. Thus the solution z() is decreasing for all ¢ > t. + 7 as long as x(t) > x.. Since all solutions to DDE
(1) oscillate there exists a first value ¢; > ¢, + 7 such that z(¢1) = .. Since z(t; — 7) > x. Equation (1)
shows that:

a'(tr) = —h(z.) + f(z)g(x(ts — 7)) <O.

Therefore the first zero t1 of x(t) — x, is simple. Since z(s) > z, for all s € [t; — 7,¢1) and 2/(¢1) < 0,
Equation (1) implies that z,(t) < x, Vt € (t1,t1 +7]. Indeed, z,(t) < x, for t € (t1,t, +61) for some 6; > 0.
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Assuming that there is a first time s; € (¢1,t1 + 7] such that z(s1) = z, and z(t) < z,, for all ¢t € (¢1,s1),
one infers that z’(s1) > 0. On the other hand Equation (1) shows that

2’ (s1) = f(xs) [=F(24) + g(2(s51 — 7))] <0,

since z(s; — 7) > x, and g in strictly decreasing. This contradiction proves the claim.

(1) Considering now t; +7 as new initial time point ¢ and the corresponding solution segment x,(t; +7+s),
s € [-7,0], as a new initial function 1 (s), s € [—7,0], one is in a symmetric case to that treated in part (%)
above, with the observation that —i € K,. Therefore, there exists the first value to > t; + 7 such that the
corresponding solution z(t) = x,(t) has the following properties:

z(te) = x4, 2'(t2) >0, z(t) < x4, Vt € [t1 + T, 12),
and
x(t) > xe, V€ (to,ta+ 7).

The segment z,(t2 + 7+ s), s € [—7,0], of the solution x is an element of K,, and thus one is under the
assumptions of the initial considerations in part (7). By using the induction argument the existence of the
sequence of zeros of z(t) — ., as stated in Lemma follows. O

Introduce now a mapping F on the shifted cone K as follows,
Vo e K*, F(p) =1 :=x,(ta+7+5), s € [-1,0].

By continuity, one defines F () = x4, z. € K.

It is straightforward to conclude that any fixed point ¢q of mapping F, i.e. F(¢p) = @o, generates a
periodic solution z,(t) of Equation (1) with period 7' = ta2(po) > 27. The trivial fixed point ¢y = z.
generates the constant solution x(t) = z, (steady state) to Equation (1). To get a nontrivial periodic
solution one must obtain a nontrivial fixed point ¢ # =, of mapping F. In the following part, we show the
existence of a fixed point of mapping F by relying on Kaplan-Yorke approach developed in papers [18,19].

4.3. Periodicity via the Kaplan-Yorke phase plane method

The existence of slowly oscillating periodic solutions can be derived by using a method of the phase plane
developed by Kaplan and Yorke [18,19]. In this subsection we outline how the main result in [19] can be
adopted to yield the existence of slowly oscillating periodic solutions of Equation (1).

4.3.1. Kaplan-Yorke result
We recall here the main result from [19]. Consider the scalar delay differential equation

'(t)=—-H(z(t),z(t—71)), 7>0, (20)

with the continuously differentiable function H satisfying (i) H(0,0) =0, (i) (0H/dy) > 0 for all (z,y) €
R2, (iii) H(0,y) > —B for some B > 0, and (iv) there exists M > 0 such that 0 < (0H/dx) < M for all
(z,y) € R2

Associated with Equation (20) is its linearization about the equilibrium z(t) = 0,

y'(t) + ary(t) + agy(t — 7) = 0. (21)
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The principal result of [19] is the following theorem.

Theorem 4.4. Let H : R2 — R satisfy (i)-(iv). Suppose further that the linear equation (21) is unstable.
Then there is a periodic C}-annulus in R? which is C} globally asymptotically stable for DDE (20).

The so-called C''-annulus of Theorem 4.4 is generated by a special subset of all slowly oscillating solutions
of DDE (20), which can also be defined by the set K in (19) with z, = 0 (or, equivalently, the cone ).

To derive the existence of slowly oscillating periodic solutions to Equation (20), Kaplan and Yorke [18,19]
developed an approach based on a phase space analysis, which can be viewed as an extension to the case of
scalar DDEs of the classical Poincaré-Bendixon method for two-dimensional autonomous ODEs systems in
the plane. Given a slowly oscillating solution x(t), ¢ > 0, of Equation (20) with a “special” initial function
¢ € K, its trajectory (z(t),2(t)), t > 0, is considered in R?. The standard notions for trajectories such as
“spiraling in” and “spiralling out” (one trajectory being outside the other) and several others are introduced
and studied in details in [18,19].

For Equation (20), Kaplan and Yorke showed in [18,19] that the instability of the zero solution of the
linearized equation (21) yields that the corresponding small slowly oscillating solutions are spiralling out
about the equilibrium (0, 0). They all have a single limit cycle, a simple closed Jordan curve in R?, which
first component x;(t) is a slowly oscillating periodic solution of (20). Likewise, similar “special” and large
slowly oscillating initial conditions lead to the slowly oscillating solutions which are “spiralling in from
infinity” to a finite limiting cycle, a simple Jordan curve, which first component x*(t) is a slowly oscillating
periodic solution. The solutions z;(t) and xz*(t) are respectively the smallest and largest ones among all
possible slowly oscillating periodic solutions for Equation (20). The respective curves (x(t),z(t)), t > 0,
in R? form the lower and upper boundaries of the annulus which attracts all the trajectories starting in
a special subset of initial functions, called C} in the papers. The special subset C} consists of the initial
functions ¢ € C([—7,0],R), for which there is a value s. = s.(p) € (—7,0) such that ¢(s) is increasing on
(—, s«) and decreasing on (s, 0), and there is at most one zero z; of ¢(s) on the initial interval [—7, 0].

The introduction and exposition of necessary basics, notions and definitions, and details of proof are
extensive and can all be found in the two papers [18,19]. For the complete proof and other additional details
we refer the reader to these papers. Hereafter, we provide a summary outlining how the nontrivial fixed
point ¢y € K of the nonlinear mapping F on the shifted cone K can be obtained from the theory developed
in these papers.

4.3.2. Translation to zero equilibrium

First, we show that our original equation (1) can be modified to fit the Kaplan-Yorke assumptions in
Subsection 4.3.1.

We shall outline them here by first adapting our nonlinear equation (1) to the standard form used in
Kaplan and Yorke papers [18,19]. It uses a simple translation of the unique equilibrium z(t) = . > 0
of Equation (1) to the unique zero equilibrium z(¢) = 0 of an equivalent DDE by using a substitution
z(t) = z(t) — z.. Indeed, with the latter change of the dependent variable, Equation (1) becomes

7 (t) = fl@. + 2(1)g(s + 2(t = 7)) = h(zs + 2(1),
= f(e + 2(0)g(xs + 2(E = 7)) = hl@a + 2())/ f (24 + 2(1))],
= P(2(1) [Q(2(t — 7)) — R(2(1))], (22)

—~ o~

where the new nonlinearities P(z) := f(x.+2), Q(2) := g(z«+ 2) and R(2) := h(z. + 2)/ f (2. + 2) have the
same monotonicity properties as the respective original functions f, g and h. Equation (22) has the unique
equilibrium z(¢) = 0 with respect to which the negative feedback condition is satisfied.
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Tt is straightforward to verify that the right hand side nonlinearity in Equation (22) h(z. + ) — f(z« +
x)g(zs +y) := H(z,y) is such that it satisfies the Kaplan-Yorke assumptions (i)-(iv) that are stated in
Theorem 4.4.

Indeed, one little issue for the function H associated with Equation (22) is that it is only defined on the
subset [—x,,00)? of the plane R2. This is not consequential in any significant way as the entire dynamics
of the original equation (1) is restricted to the closed interval [m, M| (see (6) and Proposition 2.2). This
implies that the nonlinearities f, g and h can be changed arbitrarily outside the interval [m, M] without
affecting the solutions and their dynamics as those coming from Equation (22). In particular, functions
f, g and h can be extended as asymptotically constant and strictly monotone of class C* to the negative
semiaxis R_ = {& € R | x < 0} with the respective derivatives satisfying f'(z) < 0, ¢'(z) < 0, h/(z) > 0,
for all x € R_ and lim,, o h(z) = ho < 0, lim,—,_ f(z) = fo > f(0), lim,—,_oo g(x) = go > ¢(0).
Such extensions can be made in a way that the new functions are arbitrarily smooth on R provided the
original functions f, g and h are of the given smoothness (we only need C'-smoothness). Now the validity
of conditions (%)-(iv) in Theorem 4.4 easily follows for Equation (22).

Note that for the shifted equation (22), the natural phase space is the same as for the Kaplan-York
DDE (20), namely X = C([—7,0],R). However, due to Proposition 2.2 and the above shift of variable by
r = z + x,, the actual phase space can be narrowed to

XM= Lo e X|p(s) € [m — x4, M — ], Vs€[-T,0]}.
The shifted cone K defined by (19) translates into the actual cone K defined above (see subsection 4.2).

4.8.3. Existence of a fixed point of mapping F

In this subsection we provide a connection to, and an interpretation of, the results of paper [19] to the
case of Equation (1).

The subset C! of the initial functions from X is introduced in [19] as consisting of such initial functions
© which have at most one zero on the initial time segment [—7,0]. In addition, there is no local minimum of
|p(s)| for s € [—,0]. If ¢ does have a zero sg in (—,0) then the function ¢(s) changes sign there. The exact
definition of the set C is given in [19], page 297. It is shown then that the corresponding solutions y,(¢) of
Equation (20) are such that, as elements of X they belong to C} for all ¢t > 0, i.e. y,(t + s),s € [—7,0], is
in CL, Vt > 0 (thus the latter set is forward invariant for all ¢ > 0; see Proposition 2.1 on page 297, [19]).

As already mentioned the principal approach of [19] uses the trajectories (z(t), Z(¢)) of slowly oscillating
solutions of DDE (20) generated by initial functions from the set C} and their comparison analysis. Let
the linear DDE (21) be unstable, and let A = o + if8 be its leading pair of eigenvalues such that o > 0
and 0 < § < w/7 (see the detailed analysis of the characteristic equation and its eigenvalues in e.g. [3,17]).
Then, for sufficiently small constant 19 > 0 the initial functions of the form

¥(s) = Yoexp{a(r + s)sin(r + s)}, se€[-7,0], (23)

belong to the set C} together with the entire forward slowly oscillating solution vy, (¢), V¢ > 0 (considered as
elements of X). Moreover, the corresponding solution y,, is such that the trajectory (v, (t), gy (t)) is spiraling
outward around the equilibrium (0,0) as ¢ — oo (see Definition 3.4 on page 309 and proof of theorem 3.5
on page 310 in Kaplan and Yorke [19]).

For the shifted cone K and the corresponding map JF, this means that the initial function (23) generates a
sequence of forward iterations v, = F™ (1) which is increasing and bounded away from ¢ = 0 (in C°-norm)
and from the above by M — z,, thus ¢, = F*(¢) € Ko ﬂXT’M, Vn € N. Therefore the limiting function
¥y = lim F" (1)) exists, and is a nontrivial fixed point of the map F, generating a slowly oscillating periodic
solution x = xy, (t) of Equation (1).
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5. Examples of non-unique slowly oscillating periodic solutions

The essence of the Kaplan-Yorke method in general, and its particular application in our case to derive
the existence of slowly oscillating periodic solutions to Equation (1), does not provide any information
on either their stability or their uniqueness. These are important questions, however, representing strong
interest from the theoretical and applied points of view.

In this subsection we construct an example of Equation (1) which possesses at least two slowly oscillat-
ing periodic solutions. In addition, the two solutions can be made locally asymptotically stable with the
asymptotic phase. The initial explicit construction uses the well known approaches in such DDEs by using
nonlinearities which are close to piecewise constant functions (see e.g. the review paper [14] and further
references therein for additional related details). By using perturbation arguments, the explicit example of
Equation (1) can be modified to a certain degree of generality where all the smoothness and the monotonic-
ity conditions on functions f, g and h are satisfied. The examples can also be generalized to the case when
the existence of any number of distinct periodic solutions is achieved.

The results in [19] provide the existence of a largest and a smallest slowly oscillating periodic solutions,
denoted x%(t) and x;(t) respectively, such that their respective trajectories (x*(t), *(¢t)) and (z;(t), &;(¢))
in the R2-plane form the upper and lower boundaries of the so-called globally asymptotically stable annulus
(see the definitions and basics in [18,19]). When the two solutions " and z; coincide the DDE (1) has the
unique slowly oscillating periodic solution which is asymptotically stable with the asymptotic phase. The
proof of the uniqueness or the stability of periodic solutions remains difficult and elusive issues, in general.
However, it is also a natural expectation that the cases with two or more solutions can be typically present
in DDEs of type (1).

We assume throughout this section that the initial equation (1) is translated to the zero equilibrium, and
thus is given in the form (20).

5.1. Stable periodic solutions with large amplitude

We start with a simplified form of Equation (1) when the function h is linear (h(z) = pz, u > 0), the
function f is a constant (f(z) = fo > 0), and the nonlinearity g is “close” to a particular piece-wise constant
function. In addition, for the sake of simplicity, we shall assume that the decay coefficient u and the delay 7
are fixed and normalized, 4 = 1, 7 = 1, and the function Q(z) is odd. Thus, we are considering the following
simpler DDE of the form (1),

Z(t) = —z(t) + Q(2(t — 1)), (24)
where Q(z) is a continuous function on R, a hybrid of a piecewise constant and monotone type defined as
follows:

A, ifz< -1
—A, ifz>1

where A > 0 is a positive constant (sufficiently large, to be specified later) and Qo(z) is a continuous
decreasing function on (—1,1) with Qo(—1) = A4, Qo(1) = —A4, and Qo(—2) = —Q(z), z € (-1,1). It is
straightforward that the nonlinearity @ is odd (symmetric) for all z € R, satisfying the negative feedback
condition z - Q(z) < 0, for all z # 0.

Such a selection of the parameters and functions is justified by several considerations. The arbitrary
general delay 7 > 0 can always be normalized to the unit one 7 = 1 by time rescaling 7 - ¢ := s. The value
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i = 1 makes the one-dimensional map ® from Subsection 3.1 to be exactly the nonlinearity Q(z) in the
right hand side of Equation (24). The oddness of function Q(z) allows to apply the reasoning by analogy
by using the symmetry argument for the negative quantities that were considered and established for the
same (symmetric) positive values (thus, simplifying certain considerations).

Consider the two symmetric sets of initial functions for Equation (24), defined as follows:

Ki = {peX|1<p(s) <A, Vse[-1,00},
(26)
Ky = {peX| —1>¢(s)>-A, Vse[-1,0]}.

For arbitrary ¢ € Kj‘ the corresponding solution z,(t), t > 0, can be constructed explicitly. Due to the
piecewise constant nature of Q(z) for |z| > 1, it is given explicitly by z(t) = —A + (A + ¢(0)) exp{—t} on
the time interval ¢ € [0, 1]. Since this is a decreasing solution for ¢ > 0 as long as z(t) > 1, there exists time
t = 09 > 0 such that z(0p) = 1 and 2(¢) € [1,00) for all t € [—1, gg]. Therefore, one can assume, without
loss of generality, that ¢(0) =1 := ¢(0p). Then, the solution z(t), t € [0,1], is given by

A(t) = A+ (A+1)exp{—t}, te]0,1]. (27)

Set 21 := 2(1) = —A + (A + 1)e~! and choose A > 0 large enough so that z(1) < —1. There exist unique
t-values 0 < 0g < 01 < 02 < 1 such that the exponential solution z(¢) has the properties, z(cg) = 2(0) =
1,2(01) = 0 and z(o2) = —1. These values are easily found from (27) as

=In M =In E and — =In A
01 = A , 02 = A_1 02 — 01 = A-1)"

The solution z(t), t € [1,1+ 3], can be explicitly constructed by solving the following initial value problem:

Z(t) = —2(t) + Q(t = 1)) := —z(t) +a(t), z(1) =2, (28)

where 1(t) = z(¢) is given by the exponential formula (27). We would like to estimate the solution z(t) of
(28) from above on the interval [1,1 4 03] by using the explicit form (27) and the precise knowledge of its
range over interval [0, 03] and of zero o;. We use the following simple comparison argument for solutions of
two initial value problems

' (t) = —u(t) +ai(t),u(to) =up and w'(t) = —w(t) + az(t), w(te) = wo.

If the functions a1, as and the initial conditions ug, wq are such that the inequalities aq (¢) < as(t), ug < wo,
t € [to, t1], are satisfied then the corresponding solutions u(t) and w(t) also satisfy the inequality u(t) < w(t),
Yt € [to,t1]. On each of the two subintervals [1,1 4 o1] and [1 + 01, 1 + 03] the solution of the above initial
value problem (28) can be estimated from above by comparing the known nonautonomous term a(t) with
the values 0 and A, respectively. Therefore, one has the following estimates. On the interval [1,1 + o],

A A

Z9 :Z(1+01)SZIA——|—1:A——{—1

[—A+ (14 A)e ] =23

On the interval [1 + o1, 1 + 02], by using the above value of 23,

A—-1 A—-1 1 1
wi=lto)sA+=A+zn] == <1+ H(“z)*z} o

It is straightforward to see that if m, < —1 then z(¢) < —1 for all t € [1,1 4 o2]. The condition m, < —1 is
satisfied if A is chosen large enough such that
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e

A? (1—1> >3A+2,

which is true for all sufficiently large A, A > Ag =~ 3.37.

Since the solution z satisfies the inequality —A < z,(t) < —1, Vt € [02,02 + 1], one can define this
segment of the solution as an element v of the space X by 9(s) = z,(s+1+402), s € [—1,0]. In view of this,
the solution for ¢t > 1 4 o2 has the exponential form z(t) = A+ (— A+ ¢(1 + 02)) exp{t — (1 + 02)}. By the

symmetry argument, there exists o3 > 1+ o9 such that z(o3) = —1. Also, the continuation of the solution
z(t) over the interval [o3,203] is the symmetric image of the solution constructed above on the interval
[0,035], i.e. z(o5 +t) = —z(t), V& € [0,03]. Therefore, based on the above details, we have the following
result:

Proposition 5.1. Assume A > Ag =~ 3.37. For arbitrary initial function ¢ € Kj{ and the corresponding
solution z = z,(t) there is a sequence of t-values 0 < 09 < 01 < 02 <02+ 1< 03 <04 <05<05+1<0g
such that the following properties hold:

a. z(o9) =1, z(01) =0, z(02) = —1 and z(t) is an exponential function of form (27) on the interval [og, 02];

b. On the interval [o2, 03], 05 > 09 + 1, the solution satisfies —A < z(t) < —1;

c. z(o3) =—1, 2(04) =0, z(05) =1 and z(t) is an exponential function z(t) = A — (1+ A)exp{t — o3} on
the interval [o3, o5];

d. On the interval [05,06], 06 > 05 + 1, the solution satisfies A > z(t) > 1;

e. For every ¢ from the interior of K, i.e. 1 < ¢(s) < A Vs € [—7,0], the solution z, is periodic with
period T = o¢ — 0¢. It is also asymptotically stable with the asymptotic phase: a small perturbation ¢ of
o, [ — || <e <1, results in a solution zy(t),t > 0, which is eventually periodic and a phase shift of
the periodic solution z,(t).

Note that the derived periodic solution by Proposition 5.1 is piecewise exponential of the form z(t) =
a+bexp{—t} everywhere on the periodic interval [0, 7] except two “small intervals” [og+1, 02+ 1] and [o3+
1,05 +1] (and their periodic forward repetition). The periodic solution is “more than” locally asymptotically
stable: any initial function ¢ € Kj‘ results in the same periodic solution (up to the phase shift).

In what follows we construct a second, smaller slowly oscillating periodic solution of equation (24).

5.2. Periodic solutions with small amplitudes

The next step is the construction of the second slowly oscillating periodic solution with amplitudes
ranging within the smaller interval [—a,a] C [—1, 1], where the positive number a < 1 is fixed. Indeed, the
range of any slowly oscillating periodic solution is within the interval [—a,a] provided that [—a,a] is an
invariant interval for the map Qo(z), and thanks to the invariance property Claim 3.2. The procedure is
straightforward, with multiple options for the function Qy(z) in the selection of @Q(z) given by Formula (25)
above. We mention the following two options.

Option 1. Function Qo(z) can be chosen linear (affine) on intervals [—1, —a) and (a, 1], and piecewise linear
on the interval [—a, a] defined by

a, if zé€[-a,-9),
Qo(z) =< —(a/d)z, if ze€[-4,4], (29)
—a, if ze€(4aq,

where 0 < § < §p with §p being sufficiently small. It can be shown that Equation (24) possesses a stable
slowly oscillating periodic solution which is close in uniform metric to the piecewise smooth solution of
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Equation (24) with dp = 0. Those are standard procedures described in details in several publications; see
e.g. the review paper [14] and further references therein. From the shape of the periodic solutions described
in [14], which is piecewise exponential except small time intervals, it is seen that their range is within the
interval (—a,a).

Option 2. Function Qo(z) can be chosen linear on intervals [—1, —a) and (a, 1], and on the interval [—a, a] to
be an arbitrary monotone and smooth function such that the corresponding linearized equation (7) about
the zero solution is unstable. Then, due to the classical result by Hadeler and Tomiuk [12] the equation (24)
has a slowly oscillating periodic solution with amplitudes ranging within the interval [—a,al], due to the
invariance property Claim 3.2 and the fact that the map ®(z) = ®y(z) in this case. One of many possible
choices for Qo(z),z € [—a,a] can be e.g. Qo(z) = —atanh(az),a > 1/a. Due to the latter amplitude
restriction, this is a second solution, different from the one constructed in Subsection 5.1.

Existence of two distinct slowly oscillating periodic solutions for Equation (24) is illustrated in Fig. 6
with Option 1 (Fig. 6.A) and Option 2 (Fig. 6.B). In this latter case, function @ is defined as in (25), with

A — arctan(aa) A — arctan(aa)

A -1,—
— +A+ —1 - cc(=L-a)
Qo(z) = { —arctan(az), z € [~a,a], (30)
A— A—
arctan(aa)z a4 arctam(oza)7 e (al),
a—1 a—1

with a > 0, large enough so the zero equilibrium of Equation (7) is unstable. Indeed, the zero equilibrium
of (7) is unstable if and only if (see Proposition 2.3)

Q'(0)<—-1  and arccos(1/Q’(0)) < /Q'(0)2 — 1,

which hold if |Q’(0)] is large enough. Here, from (30), Q'(0) = —a.
5.8. Adjustment to strictly monotone nonlinearities

One can argue that in the construction above, by using the piecewise constant nonlinearities to construct
stable periodic solutions, one does not exactly fit the basic assumptions of the strict monotonicity on
functions f, g and h in the original Equation (1). This is, however, a minor issue which can be easily fixed,
as we show in this subsection.

In Subsection 5.1, redefine the nonlinearity Q(z) on the set (—oo,—1] N [1,00) as follows. Choose any
fixed A; > A and define Q(z) for z € (—o0,1] as any monotone decreasing function such that Q'(z) < 0,
Vz € (—o0,1], Q(—o0) = Ay, and Q(—1) = A. For z € [1,00) set Q(z) = —Q(—=z). Retain the same Qo(z)
for z € (—1,1) as in Subsection 5.2.

Consider next the two sets of initial functions K} and K (see (26)). Then, by direct comparison of
solutions associated with initial functions in the sets Kj;l and K, with those considered in Subsection 5.1,
the following statement can be established.

Proposition 5.2. Let A > Ay > 0 be chosen as in Proposition 5.1 and A1 > A be arbitrary but fized.

Then for every initial function ¢ € Kjl the corresponding solution z = z,(t) has a sequence of t-values,
0 <ty <ty <ty <ty such that the following holds:

z(to) =1, =z(t1) =0, z(t2)=-1, and =z,(t) < -1, Vt € [ta, ta +1].
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Fig. 6. Two distinct slowly oscillating periodic solutions of Equation (24) and the associated decreasing function Q. A. Left: Function
Q is piecewise linear, with Qo given by (29), Q = £A for z < —1 and z > 1, and linear in between. Right: One solution originates
from the constant initial condition z = 10 and ranges in [—A, A] (dashed lines) while the second solution originates from the
constant initial condition z = 0.5 and ranges in [—a, a] (dash-dotted line). Parameter values are: A = 12, a = 0.9, § = 0.3. B.
Left: Function Q is constant for z < —1 and z > 1 and equals A, and Qg is given by (30). Right: One solution originates from
the constant initial condition z = 10 and ranges in [—A, A] (dashed lines) while the second solution originates from the constant
initial condition z = 0.1 and ranges in [—a, a] (dash-dotted line). Parameter values are: A = 12, a = 0.9, a = 10.

Since the solution z satisfies the inequality z,(t) < —1, Vt € [ta,t2 + 1], one can define this segment of
the solution as an element 1) of the space X by ¥(s) = z,(s+1+t2), s € [-1,0]. Proposition 5.2 then shows
that ¢ € K, .

Likewise, due to the symmetry considerations, one has the following statement:

Proposition 5.3. Let A > Ay > 0 be chosen as in Proposition 5.1 and Ay > A be arbitrary but fixed. For every
initial function ¢ € K the corresponding solution z = zy (t) has a sequence of t-values, 0 < 59 < 81 < S
such that the following holds:

z(s0) =—1, 2(s1) =0, z(s2)=1, and xyu(t) >1, Vt € [s2,52+1].
By combining Propositions 5.2 and 5.3 one has the following statement.

Proposition 5.4. Assume A is such that the assumptions of Proposition 5.1 are satisfied. For arbitrary initial
function ¢ € KL and the corresponding solution z = z,(t) there is a sequence of t-values 0 < ty < t; <
o <to+ 1<ty <ty <ts <ts+1<tg such that the following properties hold:

a. z(to) =1, 2(t1) =0, z(t2) = —1 and z(t) is decreasing on the interval [to,t2];
b. On the interval [ta,ts] the solution satisfies z(t) < —1;
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c. z(tz) = =1, z(ts) =0, z(t5) = 1 and z2(t) is increasing on the interval [t3,t5);
d. On the interval [ts,te] the solution satisfies z(t) > 1;

Proposition 5.4 allows one to define a nonlinear mapping of the set KL into itself by
o(s) = zo(te +5), s € [-1,0].

This map is compact and maps the bounded convex set KXI into itself. Therefore, by Schauder Theorem,
it has a fixed point g, which corresponds to the periodic solution z,,(t), t > 0, of Equation (24).

5.4. Numerical detection of multiple periodic solutions

In this subsection we numerically illustrate the existence of multiple slowly oscillating periodic solutions,
for certain decreasing, smooth functions ). The theoretical results on the existence of multiple periodic
solutions from previous Subsections 5.1, 5.2, and 5.3 cannot be applied to these examples.

Existence of two distinct slowly oscillating periodic solutions for Equation (24) in the case of a strictly
monotone, decreasing and smooth function @ is illustrated in Fig. 7.A. Function @ is defined as

—arctan(az), z € [-1,1],
Q(Z) = Qratio(z)7 z € (727 71) and z € (132)7 (31)
—2 — farctan(|z] —2), z < —-2and z > 2,

where o and (8 are positive constant, « large enough so the zero equilibrium of Equation (7) is unstable,
and @Qrqtio is a rational function, given by

q1)z| + 2
. zZ) = — T,
Qratw( ) qug +Q4|Z| +Q5
with parameters ¢;, i = 1,...,5 such that @ is C' and decreasing on R. Parameter values used in Fig. 7.A

are
a=6, B=10, q ~3.54, g~ —T7.29, q3~0.26 q4~—3.35 g5~ 5.76.

Noticeably, the zero equilibrium is locally asymptotically stable if arccos(—1/a) > Va2 — 1, that is a < 2.26,
approximately. For small values of a, solutions of Equation (24) associated with an initial condition close
to zero are asymptotically stable and converge towards the zero equilibrium (not shown).

Similarly, when the zero equilibrium is unstable (a > 2.26), for small values of 8 no large amplitude
slowly oscillating periodic solution is observed: whatever the initial condition, only one slowly oscillating
solution is observed, with small amplitudes.

Note that when they exist the two slowly oscillating periodic solutions are also symmetric, due to the
symmetry in the nonlinearity @(z) which is odd by construction. This results in the periodic solutions z p ()
being odd as well, xp(—t) = —zp(t), for all t € R (when normalized zp(0) = 0).

Fig. 7.B highlights that it is actually not required for function @ in (24) to be symmetric to obtain two
distinct slowly oscillating periodic solutions. Here function @ is defined as

2 — By arctan(z + 2), 2 < =2,
Q(z) = ¢ 1 —exp(az), z € [-1,1], (32)
(1 — exp(a) — €) — By arctan(z — 2), z>2,
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Fig. 7. Distinct slowly oscillating periodic solutions of Equation (24) and associated decreasing, C* function Q. A. Function Q (left)
is symmetric on R, given by (31). On the right, one solution originates from the constant initial condition z = 10 and ranges in
[—B, B] (upper and lower dashed lines) while the second solution originates from the constant initial condition z = 1 and ranges in
[—1,1] (dash-dotted lines). Parameter values are: @« = 6 and 8 = 10. B. Function @ (left) is non-symmetric, given by (32). On the
right, both large (initial condition z = —6) and small (initial condition z = 0.5) slowly oscillating periodic solutions are observed
(right) as solutions of Equation (24). Parameter values are o = 2.4, f; =9, 82 = 5.8 and € = 5.

with C'-smooth connections on [—2,—1] and [1,2], and € > 0 (see Fig. 7.B left), such that Q is decreasing
on R. Parameter values are

a=24, B =9, By=58 =5

The C! connections are provided by ratio functions (az + b)/(cz? + dz + e), with
0.56z 4+ 1.26

0.122 + z + 1.68’

Qz) = 562454
01422 4 0.792 — 0.63’

for z € [-2, 1],

for z € [1,2].

Contrary to symmetric cases, one may observe that the large slowly oscillating periodic solution does not
range in [— max(f1, B2), max (31, 82)], and it is indeed not symmetric about zero.

In conclusion to this part we would like to note that we have done numerous other simulations for various
symmetric and non-symmetric nonlinearities @ in Equation (24). The choices included the bounded functions
tanh(Bz), A — exp{—alz|} and unbounded ones In(u|z|),/clz| and their mixed combinations (defined on
appropriate subintervals of R). Though numerically somewhat different the corresponding qualitative results
are similar to those in the two examples described in this subsection.
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6. Conclusion and discussion

In this paper we have studied, both analytically and numerically, a class of essentially nonlinear delay
differential equations given by (1), where functions f, g and h are monotone. The equation is an extension
of the megakaryopoiesis model proposed in [3]. It also incorporates several other well-known models from
biological applications and other areas of science.

We have derived two principal results about the global dynamics of Equation (1): sufficient conditions
for the global asymptotic stability (GAS) of the unique positive equilibrium (both delay-independent and
delay-dependent ones), and conditions for the existence of slowly oscillating periodic solutions. The stability
and periodicity conditions are complementary to each other: the periodic solutions always exists when the
equilibrium is linearly unstable; for the GAS the equilibrium must be necessarily locally asymptotically
stable. No other qualitative dynamics are observed numerically. This corresponds to observed phenomena
in applied models where the dynamics of the systems’ states either converge to the steady state or regular
periodic oscillations about the equilibrium state are observed.

We have also shown the possibility of existence of several (stable) periodic solutions which can coexists
with a (locally) stable equilibrium. This is an interesting mathematical phenomenon which may exhibit
itself in particular applied models. However, at the moment it is a challenging task to identify a concrete
model from applications where such dual phenomena can coexist. Specific functions should be employed, as
illustrated in Section 5, yet standard models do not involve such functions. For instance, in the numerical
simulation of the Mackey-Glass first model [22] and the analogous Wazewska-Lasota model [31], we have
observed only either the global asymptotic stability of the positive equilibrium, or the existence of a unique
asymptotically stable slowly oscillating periodic solution.

Numerical simulations performed to illustrate the theoretical results obtained in this work showed only
two behaviors: either convergence towards the unique equilibrium or existence of (multiple) slowly oscillating
periodic solutions, as mentioned above. Results were independent of the choice of functions as soon as
they satisfied the theoretical assumptions. We performed additional simulations for non-symmetric non-
decreasing functions @ in (25) that highlighted more complex behaviors. Function @ was similar to the
one in (32), except C'' connections on the intervals [—2, —1] and [1,2] were third degree polynomials that
were not necessarily decreasing. For « fixed, increasing values of § could impact the larger slowly oscillating
solution by doubling its period, several times, leading for some values of 8 to aperiodic oscillating solutions.
For g large enough, the stable periodic solution was observed again. Proving the existence of aperiodic
solutions is however a very challenging task, that was beyond the scope of this paper.

The problem of existence of periodic solutions for Equation (1), addressed and solved in Section 4.1, could
have been approached along several different avenues. One alternative is to use the classical and standard
by now Ejective Fixed Point Theory [8,13]. This approach was successfully applied in [17] to the partial
case of Equation (1) when h(z) = pz, p > 0. The extension to the more general case of DDE (1) is not
straightforward and requires additional background knowledge and developments. Another way is to use
the Morse decomposition of the global attractor in the phase space of DDE (1) by extending the classical
result by Mallet-Paret [23] to the case of our equation (1). One of the invariant components of the global
attractor, the first Morse set S1, always contains a slowly oscillating periodic solution whenever the linearized
equation about the zero equilibrium is unstable. The latter paper deals, however, with a simpler form of
delay differential equation, though the possibility of the extension of the Morse decomposition results to
other equations including (1) is mentioned. Another related issue is, that in paper [23] the functions involved
in the equations must be of C*-class (this is largely a technical restriction).

Finally we would like to note that Equation (1), in view of the representation (3), can be reduced to a
two-term form (4):

Y (t) =Gyt — 7)) = F(y(t)),
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where function F is increasing and function G is decreasing on R_. The analysis of the latter can be done
along the lines analogous to the considerations in the current paper, however, this will require different
reasonings and exposition details in most places. This can be a worthy topic for a separate study.
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