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Abstract

Neurodegenerative diseases (NDs), such as Alzheimer’s, Parkinson’s, and prion dis-
eases, are characterized by the dynamical spread of toxic proteins through the brain.
In prion diseases, cellular prion protein (PrP®), produced by neurons, misfolds into
a toxic form, known as scrapie prion protein (PrPS¢). PrPS¢ induces neuronal stress
which ultimately leads to cell death. In this paper, we develop mathematical models
for the progression of prion diseases, incorporating a cellular defense mechanism that
introduces a delay term affecting protein translation and a volatility term accounting
for unaccounted biological factors influencing the system. We also extend the model
to capture the spatial spread of toxic proteins over the brain connectome. Our first
objective is to establish the existence and uniqueness of a global positive solution
to the prion disease models. Afterwards, we analyze the asymptotic behavior of the
models by identifying regimes of persistence and extinction of toxic proteins. For
the deterministic delayed systems, we perform a stability analysis for the persistence
and demonstrate that the system undergoes a Hopf bifurcation. We also study the
intensity of fluctuations of the equilibrium state of the stochastic model. Additionally,
we present numerical simulations to illustrate the model dynamics using biologically
relevant parameters.
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1 Introduction

Neurodegenerative diseases (NDs) are serious disorders that gradually damage the
brain and central nervous tissue, causing cognitive decline, behavioral and neurolog-
ical changes, and eventually, death. The most common NDs diseases are Alzheimer’s
disease (AD) (Goedert and Spillantini 2006) and Parkinson’s disease (PD) (Davie
2008), while prion diseases (Geschwind 2015) are comparatively rare. Despite differ-
ences in symptoms, progression, and affected brain regions, many NDs share common
features. A key similarity is the accumulation of toxic proteins spreading through the
brain (Shaheen et al. 2023; Fornari et al. 2019), which are believed to impair neuronal
function or cause cell death (Kiaei 2013). Postmortem examination of brain tissues
of affected individuals confirms the presence of toxic proteins (Akhtar et al. 2021).
For instance, in AD, both the accumulation of Amyloid-beta plaques outside cells and
tau protein tangles inside cells are commonly detected and are believed to drive the
progression of the disease (Jack et al. 2018; Ono et al. 2009; Tolar et al. 2020). In PD,
Alpha-synuclein is thought to be the primary pathogenic protein (Stefanis 2012); and
in prion diseases, it is scrapie protein (Genereux and Wiseman 2015; Prusiner 1989).

Cellular prion protein (PrP€) is naturally produced by neurons. Scrapie prion protein
(PrP5°) is a misfolded version of PrP€ which is protease-resistant and toxic (DebBur-
man et al. 1997). During the spread of prion diseases, PrP5¢ interacts with PrP®
inducing a conformational change in PrP€ turning it into PrPS¢.

This process leads to the accumulation of misfolded prions, resulting in neuronal
dysfunction and cell death (Atkinson et al. 2016; Selkoe 2003). The high concentra-
tions of PrPS¢ in the close vicinity of the cell triggers the Unfolded Protein Response
(UPR), leading to a temporary reduction or complete halt in its protein synthesis,
thereby decreasing the production of healthy proteins (Moreno et al. 2012). This
adaptive response helps to limit the accumulation of PrPS¢ and facilitates the natural
clearance of toxic proteins by diffusion and degradation, ultimately allowing neurons
to resume their normal cellular functions. The UPR activation results in an upregu-
lation of endoplasmic reticulum (ER) kinases, which suppress protein translation to
alleviate stress (Moreno et al. 2012, 2013). However, prolonged or excessive activa-
tion of the UPR can initiate a cascade of events leading to apoptotic cell death (Livezey
et al. 2018).

In recent years, mathematical models have significantly advanced our understand-
ing of neurodegenerative diseases (NDs). From a modeling perspective, three main
approaches have been developed to describe ND dynamics. The first comprises kinetic
growth and fragmentation models, which employ systems of ordinary differential
equations (ODEs) to capture local interactions among protein aggregates of different
sizes (Fornari et al. 2019; Assembly 2002). The second approach, known as network
diffusion or connectome-based models, uses dynamical processes on brain networks
to investigate the global prion-like propagation of misfolded proteins along structural
connectivity pathways (Raj et al. 2012; Tora et al. 2025). The third approach con-
sists of reaction—diffusion-based continuum models formulated as partial differential
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equations (PDEs), which describe the spatiotemporal evolution of toxic proteins in the
brain and their interaction with tissue properties (Weickenmeier et al. 2019; Bertsch
et al. 2017; Miller et al. 2024).

These mathematical frameworks have been applied to study a broad range of neu-
rodegenerative disorders and mechanisms, including Alzheimer’s disease (AD) (Hao
and Friedman 2016; Lindstrom et al. 2021; Bertsch et al. 2023), Parkinson’s disease
(PD) (Desplats et al. 2009), and cellular stress responses such as the unfolded protein
response (UPR) (Adimy et al. 2022; Miller et al. 2024). In particular, connectome-
informed PDE and network models have demonstrated that the spatial spreading of
toxic proteins is strongly influenced by brain connectivity, regional heterogeneity, and
transport mechanisms, providing critical insights into disease progression over time
(Fornari et al. 2019; Shaheen et al. 2023; Tora et al. 2025; Fornari et al. 2020).

In biological systems, both delays and random noise are inherent to various pro-
cesses. The deterministic models can be extended to stochastic models by introducing
an additional source of variability known as system noise. This system noise, which
may represent a continuous stochastic process, is incorporated into the differential
equations to account for random fluctuations in the evolution of the system states
(Saglain et al. 2020). Time delay has been introduced to model the UPR in prion dis-
eases (Adimy et al. 2022; Miller et al. 2024). Literature suggests (Adimy et al. 2022;
Miller et al. 2024; Boregowda and Lindstrom 2025) that the time delay may induce
a Hopf bifurcation in the concentration of toxic proteins, where oscillations can be
turned on or off depending on the parameter regimes.

A major challenge in SDE, ODE, and PDE-based modeling lies in establishing the
existence, uniqueness, and stability of their solutions. In practice, especially in engi-
neering, models are often analyzed numerically under the assumption that a solution
exists within a defined solution space (Chung 2002; Miller et al. 2024). Existence
theory for SDEs and PDEs is well studied in the literature. For instance, in the case
of SDE-based models, see (Mao 2007) and for PDE-based models, see (Pao 2012).
Moreover, in disease modeling, it is important to understand the long-term dynamics
of the solution to predict the behavior of the disease.

In this paper, we present a mathematical model that incorporates various special
case models for the dynamics and spread of prion diseases. We incorporate stochastic-
ity and the UPR mechanism into the model to more accurately capture prion dynamics
in a biologically realistic manner. The spatial spreading of toxic proteins in the brain is
modeled using the brain connectome, leading to a system of DEs or SDEs. This work
begins by establishing the existence of unique, global, positive solutions to the new
models. Furthermore, we derive conditions on nondimensional parameters to predict
the dynamics of our model, such as the persistence and extinction of toxic proteins.
We also show that the presence of a time delay can induce oscillations in the levels
of toxic proteins under certain parameter regimes. Additionally, we demonstrate that
the stochastic solution converges to the positive equilibrium point of the deterministic
solution for small noise. We validate our theoretical findings through numerical sim-
ulations using synthetic data. Finally, we present the spatial spread of toxic proteins
using the human brain connectome.

The structure of the paper is as follows: Section 2 presents the derivation of the
mathematical model and provides biological insights into prion diseases. Section 3
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Fig.1 Schematic illustration of the protein misfolding process

covers the results of this paper. The existence and uniqueness theory for the models is
discussed in subsection 3.1. In subsection 3.2, we derive the conditions governing the
persistence and extinction of toxic proteins. Subsection 3.3 presents the asymptotic
analysis of the mathematical model, including the Hopf bifurcation. We validate the
theoretical findings with numerical simulation results in Section 4, specifically using
simulations with clinical data presented in Section 4.5, followed by a discussion of
the biological implications in Section 5. Finally, Section 6 presents the conclusion and
limitations of the work. Additional supporting definitions and results are included in
the Appendix.

2 Mathematical model of the prion growth

In this section, we focus on understanding the biology of prion diseases and derive a
mathematical model describing prion spread through the brain.

Fig. 1 represents the biological mechanisms in a mathematical framework evolv-
ing over time 7. With process 1, PrPC is produced at a rate < A (depending on
the UPR — see later) resulting in an accumulation of PrPC (dark yellow circles)
with concentration X. In process 2, PrPS¢ (red spiky shapes) with concentration ¥
recruits PrPC at a rate y to misfold into PrPS¢. The concentration of PrPS¢ governs
the UPR stress response (process 3) which, after a biological delay 7;, modifies the
resulting production rate of PrP¢. For simplicity, we model this effect using a mul-

-1
tiplicative factor of form (1 + M) , rather than the more general expression

-1
(1 + (Y(ty—:td))’”) ,m > 0.Both PrP€ and PrP5¢ are subject to clearance at respec-

tive rates « (process 4) and 8 (process 5). Stochasticity, processes 6 and 7, affects both
clearances.

2.1 Single region model overview

We unveil the spatiotemporal dynamics of the UPR using a simplified model. We let
X (t) be the concentration of PrPC at time 7 and Y (t) be the concentration of prpSe
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at time 7. The model captures the misfolding of PrPC into PrPS¢ upon interaction
with PrPS¢. We do not consider higher-order structures, such as dimers, oligomers,
nuclei, or fibrils. This mechanism is commonly known as the heterodimer model. Since
PrPS¢ downregulates the production of PrP€, we model this negative feedback using
a decreasing Hill function (with delay). To account for fluctuations in the clearance
of PrPC and PrPS¢ due to temporal heterogeneities in the brain’s capacity to clear
proteins, we assume there are stochastic fluctuations in the clearance rate of PrPS¢.
For simplicity, we do not model noise on the recruitment or production processes.
Under these assumptions, the model is described by the following system:

A
dX = (m —yXY — OlX) dt 4+ px XdWx (1),
Y.

X(0) =

Y = (yXY — BY)dr + py YdWy (1),

. 2

YO)=Y@®),—ta <t <0,
where A > 0 represents the maximum production rate of PrP; Y. > 0 is a sensitivity
threshold for PrPS¢; y > 0 is the conversion rate of PrPC€ to PrP5¢; o > 0 is the
clearance rate of PrPC; B > 0 is the clearance rate of PrPS¢; the terms px XdWx (1)
and py YdWy(t) with px, py > 0 model fluctuations in PrPC€ and PrP5¢ clearance,
respectively, with stochastic Wiener processes (Saqlain et al. 2020; Ditlevsen and
Samson 2012) Y (t — ty) is the concentration of the toxic protein at a time 7; > 0 in
the past; X is the initial concentration of PrPC; and Y is an initial concentration history
for PrPS¢,

Because PrPS¢ formation relies on the availability of PrPC, UPR activation indi-
rectly slows PrPS¢ propagation by limiting substrate supply. Activation of the UPR
is not instantaneous; cells require time to detect misfolded proteins, initiate signaling
cascades, and adjust their protein synthesis and degradation machinery (Pefia and Har-
ris 2011). To capture this latency, we model protein synthesis at time ¢ as a function of
the system’s state at an earlier time ¢ — ¢4, where #; > 0 represents the total duration
of UPR-associated processes leading to global translation attenuation.

We use a white noise to model intrinsic, small, continuous fluctuations in the clear-
ance rate of prions rather than rare catastrophic events induced by other types of noise
like Lévy noise (Applebaum 2009). Through dimensional analysis (see Appendix F),
we choose to model py = o+/a and py = o /B for a dimensionless O (1) constant
o > 0. The physical dimensions and definitions are described in Table 1.

The slow clearance rate of the pathogenic PrPS¢ protein relative to the healthy PrP¢
protein is a chief characteristic of prion diseases. By defining 0 < € := g < lasan

asymptotic scale, the appropriate leading order system (see Appendix E) for PrPS¢ is
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Table 1 Model parameters and global notations with descriptions and physical dimensions (M = mass, L
= length, T = time)

Parameter Description Dimension
A Production rate of PrPC M/ (L3 T)

Rate of recruitment of PrPC into the misfolded state through L3 /(MT)

interaction with PrPS¢

Y Concentration of PrPS¢ M/L3
X Concentration of PrPC M/ L3
Yo UPR-triggering concentration of PrpSc M/ L3

Clearance rate of PrPC 1/T
B Clearance rate of PrPS¢ 1/T
tq Time delay T

1
PX PrPC clearance noise intensity 1/T2
1
Py PrPS¢ clearance noise intensity 1/T2
o Dimensionless noise to square root of clearance rate ratio 1
o Dimensionless noise to square root of clearance rate ratio in region i 1
L Edge weight between node j and i 1/L
r Overall fitted constant L/T
yAY
dy = —BY | dt +0/BYdW (1), >0

(14 2522) (Y +) 3)
Y&)=Y@), —t3<t<0.

Formally speaking, (1) equilibrates rapidly (in distribution) and (2) only works with
the average equilibrated X.

To nondimensionalize and rescale equation (3), we apply the transformations ¢t =
7t*and Y(t) = Y U(t*), where overbars denote dimensional scales and asterisks
denote dimensionless variables. By substituting 7 = % and Y = 4, simplifying, and
omitting the asterisks and overbars for convenience, we obtain (see Appendix E)

dU = < v —U) dt +ocUdW (), t>0
(I+nU@ —1)U+9) 4)
U)=¢@), te[-10]
where .
_r = % d t=t¢ 5)
r;_YC, ;_yA’ and T =1p.

Here, U is the dimensionless toxic protein concentration )Y is the characteristic scale of
PrPS¢, 7 is the characteristic time for PrPS¢ to be cleared, n represents the characteristic
scale of PrPS¢ relative to its UPR-triggering concentration Y,.. The clinical values of
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these parameters are listed in Table 8 (see Appendix F). The dimesionless parameter

;= RLO where Ry = % is the average number of PrPS¢ generated from a single

PrPS¢ in a protein population of PrPC. This can be reasoned as follows: é is the
steady state PrPC concentration in the absence of scrapie; % is the average lifespan

of a PrPS¢ protein; thus, with recruitment rate y, 3 X % X y is the average number
of scrapie proteins a single scrapie protein can recruit in its lifetime in a susceptible
prion population. The behavior of the system depends critically on the value of the
dimensionless parameters ¢ and 7.

2.2 Connectome model overview

Assuming that transport occurs only along axonal pathways, we represent the brain
connectivity using the graph Laplacian constructed from the structural connectome
(see, for example, (Fornari et al. 2020; Shaheen et al. 2023)). Such graph-based for-
mulations are considered accurate and computationally efficient approximations of
the corresponding continuous models, particularly in the context of heterodimer-type
prion models (Fornari et al. 2019). To capture axonal transport, we represent the propa-
gation of toxic proteins as a diffusion-like process on the structural brain connectome.
The brain connectome is modeled as a weighted graph G with N nodes and E edges,
where each node corresponds to a distinct region of the brain, and each edge represents
a structural connection between two regions. These pathways provide biologically
realistic routes for the spread of misfolded prion-like proteins. The connectivity of G
is encoded in a weighted adjacency matrix A; ;, where each entry is computed as the
ratio of the mean fiber number n; ; to the fiber length /; ; between regions i and j.
From the weighted adjacency matrix, we compute the weighted degree for each node
i, and the edge weight between node i and j as

n
Lij=A;j with A; ; =ll—’]fori £j,i,j=1,2,...,N,

L]
N
Lij= ) Aij

j=1j#i

Let X;(¢) and Y; (¢) be the concentration of PrPC and PrPS¢, respectively at time ¢ and
region i. We note that the cellular prion protein exists in both membrane-bound and
extracellular forms (Shafiq et al. 2022; Rangel et al. 2013). In this study, we assume
that PrPC is exclusively membrane-bound. This assumption restricts the transport of
PrPC between brain regions. We allow PrPS¢ to be transported between regions. Under
these assumptions, the connectome-based model is described by the following system:

A
dX; = (w —yXiY; — OlXi) dr + px i X;dWx ; (1), ©

X:(0) = X;,
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Table 2 List of modeling approaches for prion disease progression

Model type Scalar model (equation (4)) System model (equation (8))
Deterministic Model M:t=0,0=0 MS: t =0, 0; =0 for
i=1,2,..., N when
N >1
Delay Deterministic DM:7>0,0 =0 DMS: 7 > 0, 0; = 0 for
Model i=1,2,..., N when
N >1
Stochastic Differential SM:t=0,0 >0 SMS: 7 =0, 0; > 0 for
Model i=1,2,..., N when
N > 1
Stochastic Delay SDM: 7 > 0,0 >0 SDMS: t > 0, 0; > 0 for
Differential Model i=1,2,..., N when
N > 1

N
dYy, = |r Z Li;jYj—rLi;Yi +yX;Yi — BYi | dt + py i YidWy ;(2),
J=L1j#i
Yi(1) = Yi(t), t € [-7,0],

fori =1,2,..., N.The terms ,OX,,'X,'dWX,,'(t) and py’,‘Yl’dWY,,'(t) with PX.i> PY,i =
0 model fluctuations in PrP€ and PrPS¢ clearance, respectively with stochastic Wiener
processes at region i, L; ; represents the connectivity weight (edge weight) between
regions j and 7, and r is an overall fitted parameter with the dimension of velocity
(see Appendix F). Further details of the brain network and the associated connectivity
matrix are provided in Section 4.5. Similar to the single region case, we choose to
model px; = o;/a and py; = o;+/B for dimensionless O (1) constants o; > 0,
i=1,...,N.

Using the same arguments as in the scalar model (Section 2.1), we obtain the
nondimensional model for the toxic concentration as below (see Appendix E for the
derivation):

Ui(1)
dmm:[ ’ — Uj0) — w01, U; (1)
(I +nUit —)Ui(1) +¢)
- ®)
+ > w,-,,»Uj(t)}dz + ;Ui (1) dWi (), 1 >0,
=1 j#
Ui(t) = ¢i(1), te€[-7,0]
fori = 1,2,..., N. Here U;(¢) is the dimensionless toxic protein concentration in

region i and w; j = r% represents the dimensionless connectivity weight between
regions j and i.

Equations (4) and (8) describe various biological phenomena. For analytical pur-
poses, we consider specific cases of these equations and establish relevant theoretical
results. In the subsequent sections, we refer to the models using abbreviated names,
which are provided in Table 2.
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Model assumptions

The underlying assumptions of the model are grounded in observed biological phe-
nomena. Some studies construct symmetric connectivity matrices (Shaheen et al. 2023;
Fornari et al. 2020), where symmetry typically arises from methodological choices and
preprocessing steps used to derive matrices from empirical brain data. Non-symmetric
connectivity matrices have also been reported (Skoch et al. 2022). Motivated by these
observations, we develop a mathematical framework for a general connectome matrix
that does not assume symmetry. Based on this framework, we propose the following
assumptions, which form the foundation for deriving conditions on the parameters
governing the dynamics of protein concentration.

Let (2, F, P) be a complete probability space with a filtration {F;};>¢ that is
increasing and right-continuous, while Fo contains all P-null sets. Let W(¢) and
W; (t) be Brownian motions (or Wiener processes) defined on this probability space
fori=1,2,3,..., N.

Assumptions

Al. U;j(0) >0fori =1,2,...,N.
A2. ¢;i(t) > 0,¢; € C([—7,0],Ry) fori =1,2,..., N.
A3. t,¢,n,0; >0,fori =1,2,...,N.

N
A4. The elements of the connectivity matrix are w; j > 0, and w; ; = Y. ;.
j=lj#i
fori,j=1,2,..., N.

3 Results

The key results of this study and their respective contributions are summarized in
Table 3.

3.1 Existence and uniqueness

A primary concern in analyzing the long-term dynamical behavior of the model is
the global existence of solutions. Additionally, for population dynamics models, it
is crucial to ensure that the solutions remain nonnegative. Therefore, in this section,
we establish the existence of global positive solutions for both the scalar and system
stochastic delay differential equations. The existence theory for deterministic and
delayed deterministic models follows directly from the theorems presented below.
The analytical solution to M model is presented in Appendix D.

Theorem 1 For any given initial value U (0) € R, there is a unique positive solution
U (t) to the SM model for t > 0 such that U(t) € Ry forallt > 0 a.s.
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Table 3 Main results and contributions of this paper

Result Contribution

Theorem 1, Corollary 2, and Remark 1 Establish existence of global positive solution of
the M, DM, SM, and SDM

Theorem 3, Corollary 4, and Remark 2 Establish existence of global positive solution of
the MS, DMS, SMS, and SDMS

Theorem 5 Derive the conditions of extinction and
persistence of the toxic protein concentration
in the SM

Theorem 6 Derive the conditions of extinction and weak
persistence of the toxic protein concentration
in the SMS

Theorem 8 Establish the asymptotic behavior of the SDM
around the positive fixed point of DM

Theorem 10 Explore the stability and Hopf bifurcation for
DM

Proof Let ro = —% min { % e } . The function g(t, U) = oU satisfies the global

Lipchitz and growth conditions in Theorem 3.1 (Mao 2007, p.51). However,

U
U)=————-U
D=0 mone+ o

has the singularity at U = % and U = —¢. Clearly, f satisfies the Lipchitz and
growth conditions if rg < U. Therefore, we define the modified function

f@ Uy ifro=<U,

Fa.uy=1". .
f*@,U) ifro> U,

where f*(t, U) is any function such that F (¢, U) satisfies the global Lipchitz and
growth condition. Hence by Theorem 3.1 (Mao 2007, p.51), there is a unique solution
U(t) in M2 ([0, T1; R) to the equation

t

t
U@) = U(0)+/ F(s, U(S))dS+/ g(s, U(s)dW(s), 1€[0,T], (9
0 0

where T is the maximal time for which the solution exists. When 7' < oo, the interval
is [0, T]; when T = oo, itis [0, co). Since U (0) > 0, define the stopping time

T" = TAinf{t e[0, T]1:UQ@) Sro}.
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It follows from equation (9) that
t t
U)y=U@O)+ [ f(s,U(s))ds —i—/ g(s, U(s))dW(s), t€[0,T"]. (10)
0 0

Equation (10) shows the existence of a unique solution to SM model in M2 ([0, T*]; R).
Now, we show that 7* = oo. Furthermore, we will show U (¢) € Ry for ¢ > 0 a.s.
Following the approach in (Jiang et al. 2011, Theorem 2.1), since U(0) € R, set

ko > O sufficiently large for U (0) € [%, ko]. For each integer k > kg, define the

stopping time
1
=inf{t €l0,7.):U@) ¢ <%,k)},

where T, = T¢; A Te,, Te, is the maximal time such that U (¢) is positive in [0, 7., ) and
T,, 18 the maximal time such that U (¢) is not blow-up in [0, 7,,). It is clear that 7% is
increasing and 7y < 7, for each k. Set Too = limy_, o T, therefore 7o < 7, < T* a.s.
If Too = 00 a.s., then T* = 7, = 0o a.s. and U (¢) is global positive solution a.s. for
t > 0. If this statement is false, then there exist constants 77 > 0 and € € (0, 1) such
that

Pt <T1} > €.

Thus, there is an integer k; > ko such that
Pl{ty < T} > e forall k > kj.
Define a C2-function V : R, — R, as follows
VU)=U—-1-1logU.

Let k > ko and T1 > O be arbitrary. Applying Itd’s formula, we obtain

dv(U) =( )dU+ —(dU)?

202
= <1 — i) ((4 - U> dr + oUdW(t)) + L(oU)zdr
U (1 +nU)U +¢) 202
= v = ! F1-U+ 0—2]dt
I+nU)(U+¢) A+nU)U +9) 2

+ (1 — %) ocUdW (1)
1 o2

< (— +1+ —) dt + o (U — 1H)dW(r).
n¢ 2

Integrating both sides from O to 7z A 77 and taking expectation, yields

E[VU (e ATi))] = VUO) + K(te AT, (11)
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where K = (% + 1+ %)

Let Qp = {7x < Ty} fork > k. By our assumption, P(€2;) > €. Forevery w € €,
U (1, w) equals either k or %, and therefore V (U (1, w)) is either k — 1 — logk or
% — 1 + logk. Hence

1
E[V(U (tx A T1))] = e min{k — 1 — logk, i 1 + logk}. (12)
From equation (11) and equation (12), we have
1
V(U(0)) + K(tx A T1) > e min{k — 1 — logk, i 1+ logk}. (13)

Letting k — oo, we get
V(U(0)) + KT = oo.

But this contradicts our assumption that 7 is finite. Therefore, we must have 1o, = oo.
Hence, U () does not explode in finite time or become 0 with probability 1, proving
that U(¢) € Ry forallt > 0 a.s. O

Corollary 2 If assumptions Al-A3 hold, then a unique global positive solution U (t)
exists for SDM model.

Proof Let h(t) be a positive continuous function. Letting rg = —%; , f(,U) =
(H—M)% —U,and g(t,U) = oU in Theorem 1, and following similar steps as in
Theorem 1, with the same Lyapunov function V(U) = U — 1 — log U and a slight

. . 2 . .
modification of the constant K = 2 + 07, we conclude that there exists a unique
positive solution to

U
dU = (m — U) dt +ocU dW(2).

for any given U (0) > 0.
Now, consider the case where U(t — 1) = ¢(t — t) with ¢ € C([—7, 0]) and
¢(t) > 0 for ¢t € [—1, 0]. There exists a unique positive solution to

U
v= —U ) dt +oUdW @), in [0, 7],
((1+n¢(t—r))(;+U> ) t+ao (1), in [0, 7]

with initial condition U (0) = ¢ (—7). Once the solution in [0, 7] is known, we apply
the same argument iteratively in [t, 27], [27, 37] and so on. Hence, we conclude the
existence of a unique positive solution forz > O fora given U (t) = ¢ (¢) inC([—7, 0]).

O

Remark 1 The same results for M and DM models would follow from Theorem 1 and
Corollary 2, respectively, when we set ¢ = 0.
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Next, we will prove the global existence and positivity results for the SMS model in
the following theorems. First, we transform the SMS model into a matrix form. Let
U= U, Us,...,Uyx), g:[0,T] x RN — RVN*N ‘and £ : [0, T] x RN — R be
defined as

g, U(1r)) = diag (o1 U1 (1), 02Ua(1), ..., onUN (1)), (14)
F@,U®) = (f1, f2, .5 fn), 5)

where f; : [0, T] x R — R are defined as

N

U;

(@, U1)) = —U; —w; ;U; + w; ;U;. 16

fUW) = s gy~ Ui~ wials ; wiUj (16)

J=1j#

Let W = (Wi, W, ..., WN)T be an N-dimensional Brownian motion, then we have
the matrix form of SMS model as

dU = F(&t, U@))dt + g, U@)dWV(2). (17)

Theorem 3 For any given initial value U(0) € RY, there is a unique positive solution
U(t) to the SMS model for t > 0 and the solution will remain in Rﬁ forallt > 0 a.s.

Proof Consider the matrix form of SMS model

dU = f(t,U@))dr + g, U@)dWV(1). (18)
It is straightforward that g(z, /) defined in equation (14) satisfies the global Lipchitz
and growth conditions of Theorem 3.1 (Mao 2007, p.51). Let rg = —% min{%, ¢} and

if ro < U; then

N

U;
i(U)| = —U‘—w“U~+E w; jUj|,
/i@l (I +nUpec+Uy - o b
J#i

N
<K1Y _|Ujl,
j=1

where K is some constant independent of ¢ and U/. The above equality implies the
growth condition

If WP = AU+ 1 HEUP + -+ | @ U,
<Kx|U* < Ko(1 + [UP),
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where K» is some constant independent of t and U. Similarly, we can show that
[ f(t,U) — f&,V)* < K3lU — V|, if ro < U,V for some constant K3 > 0.
Therefore, we define the modified function

f@, Uu) ifryg <min{U;},

F(t,u) = f*(t’u) 1f}"0 > min{Ui}v

where f*(¢,U) is any function such that F (¢, ) satisfies the global Lipchitz and
growth condition. Hence by Theorem 3.1 (Mao, 2007, p. 51), there is unique solution
U(t) in M? ([O, T, RN) to equation

t t
Uty =U() —i—/ F(s,U(s))ds —}—/ g(s,U(s)dW(s), tel0,T], (19)
0 0

where T is the maximal time for which the solution exists. When 7' < oo, the interval
is [0, T']; when T = o0, it is [0, 00). Since U;(0) > O fori = 1,2,3, ..., N, define
the stopping time

T* =T Ainf {t e[0,T]:U;(t) <rg forsomei}.
It follows from equation (19) that
t t
U) =U) +/ f(s,U(s))ds +/ g(s,U(s))dW(s), te[0,T*]. (20)
0 0

Equation (20) shows the existence of a unique solution to SM'S model in M2([0, T*]:
RYM). Now, we show that T* = oco. Furthermore, U;(f) € R, as. fort > 0,i =
1,2,3,..., N.

Since U;(0) € Ry, set kg > O sufficiently large such that U;(0) € [%, ko], for
i=1,2,..., N.For each integer k > ko, define the stopping time.

1
T = inf {t €[0,7.) : Ui(¢) ¢ <;k> forsomei},

where 1T, = T,; A Te,, T¢, 1s the maximal time such that U;(¢) is positive in [0, 7¢,)
for all i and 7., is the maximal time such that U, (f) does not blow-up in [0, ,,) for
all i. Set To0o = limy_ oo Tk, therefore 700 < 7. < T* as. If 7o = 00 a.s., then
T* =1, =o0cas.and U;(t) € RT a.s. fort > 0. To complete the proof, it is required
to show that 7o, = 00 a.s. If this statement is false, then there exist constant 77 > 0
and € € (0, 1) such that

P{teo < T1} > €.

Thus there is an integer k1 > kg such that

Pl{ty <T1} > ¢, forallk > k. (21)

@ Springer



Theory and simulations of delayed stochastic Page 15 of 55 75

Now, define V : RY — Ry as follows:

N
V(UL,....Uy) =) (Ui —1—1logUy).

i=1

Let k > ko and 77 > O be arbitrary. Applying 1t6’s formula to V', we get

N
Z <1 - i) dU; + L(dU,-)2
— Ui 20U}

dv

N 1 U N
= 1—— : — Ui —wi Ui+ Y wUj|dt
L]( Ui> A +nUnW;+¢) ; e

J#i
+E < __)Ul i M/l()+_[ |

i=1 !
N

Ui
= — Ui —wi Ui + wi,;jUj | dt
; (I+nUnW;+¢) 1 ,-:;,-#i Y

N N
—1 1
+ tltwi—— > wUj]d
=\ (L +U)U; +¢) YU A

N N 2
o
+Z(Ui — Do dW; (1) + § T’dt.
i=1 i=1

By noting (see Appendix B.2)

N N N U; 1
_ wU+ w; U:O and ! S_s
iz:; o ; 1':12;751' o 1+ Ui +£) ne

and ignoring negative terms in the bound, we get
N 1 02 N
NEDY (E + 14w + 7!) dr +3 01 (U; = DAWi0).  (22)
i=1

i=1

Integrating both sides of equation (22) from 0 to 7z A 77 and taking expectation, we
obtain

E[VWUi(te AT, ..., Un(te A T1))] = E[(V(U1(0), ..., Un(O)] + KE[tx A T1],
= VU(0),...,Un(0) + KT, (23)
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N 2
where K = ) <n% + 14w+ %’) From the same argument as in Theorem 1
i=1

we conclude that 7* = 75, = 00 a.s. O

Corollary 4 If assumptions A1-A4 hold, then a unique global positive solution U;(t)
fori=1,2,..., N exists for SDMS model.

Proof We conclude the statement of this corollary with the same arguments as in
Corollary 2. O

Remark 2 The same results for MS and DMS models would follow from Theorem 3
and Corollary 4, respectively, when we set ; = 0 for all 7.

3.2 Extinction and persistence

In this section, we derive the conditions on the dimensionless parameter ¢ and the
volatility parameters o or o;,i = 1,2, ..., N that govern the extinction and persis-
tence of toxic protein concentrations in the brain. Specifically, we analyze how these
parameters influence the system’s stability and determine the thresholds beyond which
toxic concentrations either die out over time or persist in the long run.

Theorem 5 Assume Assumptions AI-A3 hold. Let U € M?([0, 00); RY) be the solu-
tion to the SM model. Then,

(1)If2 (% — 1) < &2, then U* = 0 is almost surely exponentially stable.

(2)If2 (% — 1) > o2, then there exists 8§ > 0 such that

1 t
liminf—/ U(s)ds =6, a.s.
0

t—oo

That is, U persists a.s.

Proof Proof for Part (1):
Consider the SM model

U(t)
A +nU@)U@) +1¢)

dU(t) = ( - U(t)) dt +cU@)dW(2).

Applying Itd’s formula to the function V (¢, U) = log (U), we get

1 02>
V = —1——)dt +o0dW(). 24)
((1+nU(t))(U(t)+§) 2
. 1 1 .
Since ETRIUE=3) < 7 forall U > 0, it follows
1 o2
dv < E —1- > dt + odW(2). (25)
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Integrating equation (25) from O to ¢, we get

2

log (U(t)) — log (U(0)) < (% —1- %) t+oW(t).

LetC=—(L=1-%)>0. Then,

log (U(t)) —log(U(0)) < —Ct+oW(1).

Dividing by ¢ and taking the limit as ¢t — oo yields

log (U (¢ Wt log (U (0
lim sup M < —C + lim sup W) + lim sup M.
1—00 t t—>00 t—00 t
By the Strong Law of Large Numbers for Brownian motion, lim;_, oo WT(') = 0 as.
Thus log (U
o t
lim supM <—-C <0 as.
t—00 t
Proof for part (2): |
Since m > % - ;75 U for all U > 0 (see Appendix B.2), then from

equation (24) we get

1 14n o?
dv > (E — 2 U-1- 7) dt + odW(1). (26)

Integrating equation (26) from O to ¢, we get

1 0?2 1+n¢ (!
log (U(t)) > log (U(0)) + <Z e 7) t— 2 / U(s)ds +oW(t). (27)
0
Let
1 o?
log(UO) +oWm +(F=1-%)1 4 2
a:tl_i)lgo ; :E_l_T a.s.

and b = 1;74 . By Lemma 11 (see Appendix B.1),

1 t
lim inf—/ Us)ds = 2 >0, as.
t—o0o t Jy b

Therefore, the concentration U (¢) persists a.s. O

Theorem 6 Let U;(¢) € Mz([O, 00): RT), i =1,2,..., N bethe solution to the SMS
model.
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N
(1) Assume Assumptions Al-A4 hold. If% -1 > % > (wii + %O‘iz), then there
i=1

exists § > 0 such that

1 (Y
lim inf —/ <Z U; (s)) ds >8>0, a.s.
t—o0 f 0 0

(2) Assume Assumptions Al-A4 hold. If(% — l) < 2”;\’,”, then U} = 0 is almost surely

exponentially stable, where o, = min{o1, 02, ..., 0N}

Proof Proof for part (1):
Consider the SMS model

Ui(t) R
du;(1) = —Ui(t) — i iU i,jUj(0)|d
v [(1+nUi<t>)(Ui(r)+;> v ”’U(t)+j=;j#i“’”(]’(”}t

(28)
+o; Ui (1)dW; (1),

fori=1,2,...,N
Let V : RY — R be defined as
N
VU@®) =) log(U;(1),
i=1

where U(t) = (U1 (t), Ua(t), ..., Un(2)). Applying Ito’s formula to V, we get

al 2 N
1 o
:Zj[wnw(um l—wi+ Z quj z}dedeim.

Jj=1 ];ét i=1
(29)

Note that for U; > 0,i =1,2,3,..., N, we have

N N
1 149 1 1 of
- — U,'_ < — d i‘—‘_O.
T S Uaanwiro S 2. ) wiig z

Using above inequalities in equation (29), yields

Y[y ey Tas Seawo. 6o
_i=l C §2 , 2

i=1
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Theory and simulations of delayed stochastic
1+ a'.2
nCU(s)—l—w,l —2’>ds

Integrating equation (30) from O to ¢, we get

Zlog Ui (1) = Z (log(U; (0)) + 0; W; (1)) + Z / ({
) +2'7§ /t U;(s)ds.
0

i=1 i=1
1
0g(Ui (0)) + i Wi (1)) + Z (C —l—owi—

N
= Z ( i
i=1 i=1

Since (via Jensen’s inequality)

N
N log <Z U,‘)
i=1

log(U;),

||M2

g

)

it follows that,
1 1 N Giz
log lzlvl > —IZI<log<U,<0)>+a,W,<r>>+ e lel - tewi) ]t GD
L [1 & ,
_ N;z /0 ;Ul (s)ds.
Let
N o2
ﬁ Y- (log(U; (0)) + o; Wi (1)) + (* —l-x> <7’ +wi,i)>l
a= lim = s
t—00 3

N 2

1 1 o
=,,1,i§ L i
¢ Ni_1<2 +wu)

By Lemma 11 (see Appendix B.1)

lim inf — /ZU(I)>—>0 a.s.

t—00

_ ¢
and b = N

Therefore, the concentration of the proteins persists at least in one region a.s

Proof for part (2):
To prove the extinction condition, we choose the Lyapunov function as

N
V(U(1)) = log (Z Ui (t)) )

i=1
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Applying Itd’s formula to V, we obtain (see Appendix C)

1 Y 1/ 1 N ’
av = E;dm +3 (—ﬁ) z;dU,-
1= 1=

N N

1

i=1 JFi i=1

N
Z 2Utdr,

N
where S = ) U;. Since (see Appendix B.2),
i=1

N N
1 2 2
EZ: —w; ;Ui + E w,-,jUj = 0and HII\IIH < 2S2 E U .

j=1j#

Using these inequalities in the equation (32), we get

o
<
I /\

N 2
Z <——1)dt+ ZG,UdW(t) m'“dt

2

(E —1- 2N>dt+Zo,dW (1).

—

IA

Integrating equation (33) from O to ¢, we get

2

N N
log (Z Ui(t)> <log (Z Ui(O)) + (% —1- 2"}‘(}“) t+ Zol Wi (1)
i=1 i=1

Dividing by ¢ and taking the limit as t — o0, yields

N N
log (Z Ui (t)) log (Z Ui (0)>
lim sup ——— < limsuyp ——M@M8M8M8M8 ™ —
t—00 t =00 !
1 ol (t)
+ __1_ Tmin ohmsu d

@ Springer
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Wi ()

By the Strong Law of Large Numbers for Brownian motion, lim;—, o =5~ = 0 a.s.
Thus
N
log U;(t) 2
. i=1 1 Omin
limsuyp ——mMmMMM™<|-—-1——=] <0, as.
t— 00 t s 2N
This implies,
log (U; (¢ 1 2
limsule())f ——I—Um—‘“ <0, a.s.
t—00 t I 2N
fori =1,2,..., N. O

Remark 3 1f ¢ < 1 1 > in Theorem 5, we conclude that the solution U (¢) of the SM
o

model persists in the long term. Similarly, if { < 1

N
I+4 > (wi,i+%ci2)
i=1

conclude that at least one component U, (¢) of the solution persists in the long term.

in Theorem 6, we

Remark4 1t ¢ > l+1”2 and ¢ > 12 in Theorem 5 and Theorem 6, respectively,
T 1+ -Juin

we conclude that the extinction equiligria in SM and SMS models are a.s. exponen-
tially stable. Biologically speaking, the dimensionless parameter ¢ is defined as the
reciprocal of the average number of PrPS¢ produced from single PrPS¢ in an initial
protein population of PrPC. This means that the clearance of PrPS¢ proteins dominates
their production, causing PrPS¢ concentrations to decrease exponentially over time and
eventually vanish. In other words, the system naturally suppresses the accumulation
of misfolded proteins when ¢ is sufficiently large.

If ¢ < 1, DM model has a positive equilibrium point given by

_ —U 40 + VA +Em? —4nG — 1)
2n '

U+

(35)

However, for the SM model, U™ is no longer an equilibrium, and the stochastic
solutions do not converge to U ™. Instead, we analyze the asymptotic behavior of the
stochastic solutions in the vicinity of U ™.

3.3 Asymptotic analysis

Lemma7 LetU € MZ([O, 00); RT) be a solution to SM model. If o < V2, then

li IIE/tUZ( yds < 2
1m sup — s)as —_—.
P 0 “nQ2-o0?)

—>0o0

Proof Let V : RT — R be the positive function defined as V(U) = U 2 Then

dV =2UdU + (dU)?
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U2
—o ¥ _U?dr+ oUW () + 02U
(e Ve roviave+o
2
<Zdr + (02 - 2) U2di + oUW (7). (36)
n

Integrating equation (36) from O to # and then taking expectation on both sides, we get
! 2
0<EV(@®) <EV(0) + (02 — 2) E/ Ulds + =t
0 n
t
+ a]E/ U2dW(s).
0
Since 02 —2 < 0 and E fj U2dW (s) = 0 (Mao 2007, p.22), we have

( 2 g 2
2—0)1@ Uds < EV(0) + 1.
0 n

Then,

[ 2
lim sup — / Ulds < ————.
i—oo 1 Jo 2—a?)n
O

Theorem 8 Ler U € M2([0, 00); RT) be the solution to SM model. Ift < 1and
o< ﬁ then

o2

lim sup — IE/ U - U+)2dt<K—
2—-02)’

t—00

where U™ is the positive fixed point of the M model for some 0 < K < oo.

Proof Let V : R — R* be the positive function defined as V(U) = (U — U1)2.
Then

dV =2(U — UNAU + (dU)?
U

_ _ =+
=20 -V e

- U]dt +2Uo(U — UM)AW (1) 4+ o 2Udr.
(37)

Let f(U) = —U. Since f(UT) =0,

- (1+77U)(Z+U)
fWU) = fU) = fWH
U Ut N
I +nU)(¢ +U) (I+nUHEC+UT)
_ (U —-UT)—qUUTU —-U")
A+ n)E U +nUHE +UT)

- (U —-U"),
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thus

e S =UN—qUUtw U
JOU -V =0 omcrna e ron YU

1 _ U2
E<(1+nU>(1+nU+)(c+U+> 1>(U v

Since —1=0, for U > 0, we have

1
(I+9UH(+UT)

1
((1 Fa) A +nUDC+UY) 1) =k

where 0 < K| < oo. Therefore,
dV < —2K\(U = UN?dt + 20U U — UTAW () + 0 2U?ds. (38)

Integrating equation (38) from O to # and then taking expectations to both side, yields

t t
0<EV(@) <EV(©)—2K\E | (U—-U")ds + 20E/ UU — UMW (s)
0 0

t
+ aEf U?ds.
0

Since K| > 0 and Efot UU — UT)dW(s) = 0 (Mao 2007, p.22), we have

o2 1 o,
lim sup — ]E/ (U —-UT)ds < —— lim sup —E/ U~ds.
2K 0

t—00 1 t—oo I

Lemma 7 implies the following inequality

lim sup E/ U — U+) ds <K

—0o0

(2 0?)’

where K = KL O
1

Remark 5 This theorem demonstrates that the stochastic solution will fluctuate around
the value U™, with the intensity of these fluctuations being related to the parameter
o . If the stochastic perturbation diminishes to zero, the solution of the SM model will
approach the equilibrium solution of the M model, meaning that the impact of the
random fluctuations becomes negligible, and the system behaves deterministically.
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3.3.1 Hopf bifurcation

In this section, we derive the conditions on parameters ¢, 1, and T, where the stability
of the protein concentration changes and oscillatory behavior is observed. Consider
the DM model

dU
— = f(U,Uy), 39
it S( ) (39)
where, U; = U(t — 1) and f(U,U;) = W — U. In steady state, we

have U, = U. A straightforward calculation then gives a positive fixed point U™, as
defined in equation (35), which exists when { < 1. If ¢ > 1, U = 0 is the only
nonnegative fixed point. To analyze the behavior of solutions near the positive fixed
point, we introduce the perturbation V = U — U™, where V represents a small
deviation from U™. Then equation (39) transformed to

dUu
T fV+UT, Ve +U). (40)

Linearizing equation (40) using Taylor series around (U™, U™)

af 9f

U,u,)~ fUut,u* U-U" U, —U".
FWU, U ~ f( )+ 5 e R T PN (L )
Therefore, we get
dv
— =BV +CV;, 41)
dt
_Jf _ ¢ _
where B = U U+,Uu+) T (U (E+U)? 1and
C = af o U™y
U U+,ut) T AU HEUTH)”
Let V = e* for A € C. Then equation (41) becomes
A =B+ Ce 7. (42)

Since a necessary condition for Hopf bifurcation is the existence of purely imaginary
eigenvalues, we set A = iw in the characteristic equation (42) to get

iow = B+ C(cos (wt) — i sin (wT)), 43)

where w € Randi = +/—1.
The real and imaginary parts of equation (43) are given by

B = —C cos (w7), (44)
w = —C sin (wt). 45)

Simplifying equations (44)—(45), we find

w=+VC2— B2 and % — tan (7). (46)
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If C? > B2, there exists a pair of complex conjugate eigenvalues {4+/C2 — B2i} for
some 7* such that 3 = tan (wt™).

From the Lemma 4 of (Calis et al. 2022), the function F(A(t),t) = A— B — Ce™
satisfies the transversality condition i.e., %jf*)) > 0. By applying Lemma 5 and
Remark 3 from (Calis et al. 2022) to equation (42), we arrive at the following remark.

Remark 6 1f ¢ < 1 and C? > B2, then there exists a Hopf bifurcation point * such
that the solution of DM model is stable if t € [0, t™) and shows the oscillatory
behavior at T > 7* where

/CZ_BZ
% = min {r eRT: —5 = tan (v C2? — th)}.

If ¢ < 1 and C% < B?, then the fixed point U™ is asymptotically stable for all z > 0.
Indeed, when t = 0, the characteristic root A = C 4+ B < 0 (see proof of Lemma 9).
As Tt varies, the sum of the orders of the zeros of equation (42) in the open right
half-plane can change only if a zero appears on or crosses the imaginary axis (Ruan
and Wei 2003).

In the following Lemma, we derive the condition on the dimensionless parameters to
conclude the sign of C> — B2.

— Uty _ ¢
Lemma9 Let C = EETiRa T and B = (TR I iaa,
then C* < B2, andif% < <1, then C* > B~

~1LIf0<¢ <L

Proof Since U™ is a positive equilibrium point of equation (39), f(U', UT) =0, it
follows that
A+nUNH@E+UN) =1.

Hence,

_U+n e

= >
1+nUT + Ut

Since C2 — B2 = (C + B)(C — B), it is sufficient to determine the signs of C — B

and C + B to ascertain the sign of C> — B2,

and B =

Let
-U'y z
C—-B= — +1
1+nU+ ¢4+ UT
—Utnp—1+1
_ n—1+1 ¢ 41
14+nUt c+UT
__ 1 g
149Ut 4+ UT
=1-n¢.
And,
_U+
C+B= U S

l+npU+ ¢4U*
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_ =U™y +1-1
149Ut 4 Ut
—UTy 1

- _ 0.
Ly U+ ¢+ UT

Since C + B < 0, it follows that C> — B is positive if C — B < 0, and nonpositive if
C—B>0.AsC— B >0when | < ¢, we conclude that C% > B2for% <¢ <l

Similarly, C* < B for 0 < ¢ < 1. u]
Based on Lemma 9 and Remark 6, we state the following Hopf bifurcation theorem.

Theorem 10 If% < ¢ < 1, then there exists a Hopf bifurcation point t* such that
solution of DM model is stable if T € [0, T*) and shows the oscillatory behavior at
T > * where

C2 - B2
7* = min {r eRT: ——— =tan(v/C? — th)}.

B
If0<¢ < % and ¢ < 1, then the fixed point U™ is asymptotically stable for T > 0.

Remark 7 Biologically, the Hopf bifurcation with respect to time delay can be inter-
preted as follows. Excess accumulation of PrPS¢ around neurons triggers ER stress and
activation of the UPR. This response temporarily shuts down global protein translation,
reducing both PrPC synthesis and PrPS¢ production. Once PrPS¢ decays sufficiently,
the neuron restores its normal mechanisms and resumes protein production, leading to
new PrPC being converted by the remaining PrPS¢. This on—off mechanism of UPR can
lead neurons to exhibit oscillatory behavior in PrP€ synthesis and PrPS¢ production.

4 Numerical simulations

To confirm the analytical results presented above, we numerically simulate the solu-
tions of equations (4) and (8) using Milstein’s finite difference scheme (Mil’shtein
1979). For simplicity, we begin with arbitrary initial data and parameters that satisfy
the conditions for persistence, extinction, and bifurcation. Our numerical results are
consistent with the theoretical predictions presented in the previous section. Finally,
we simulate the spread of toxic protein across the brain using a biologically informed
network, and the resulting time series of U for different parameter sets are summarized
in Table 4.

4.1 Parameter variation
In the previous section, we theoretically established the influence of model parameters

on toxic protein behavior. To further examine this, we performed a sensitivity analysis
by systematically varying key parameters t, ¢, and 7, as shown in Fig. 2. The analysis
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Table4 Overview of numerical results and their theoretical implications

Numerical result Interpretation

Fig. 2 Tllustrates the sensitivity of the model to key parameters.

Fig. 3 and Fig. 4 Numerical results validate Theorem 5; the chosen parameters satisfy the
conditions for extinction and persistence.

Fig. 5a and Fig. 5b Numerical simulations validate Theorem 10; the selected parameters
satisfy the hypotheses for a Hopf bifurcation.

Fig. 6 and Fig. 7 Ilustrate the effect of stochastic perturbations on the deterministic solution.

Fig. 8 and Fig. 9 Numerical results validate Theorem 5 for the connectome model. For

visualization, three arbitrarily chosen brain regions are considered,
connected through an arbitrary connectome matrix.

Fig. 11 and Fig. 12 Tllustrate the spatiotemporal spread of toxic protein across the brain using
clinical parameters and a real connectome matrix.

shows that the main behaviors—extinction, persistence, and oscillations—are preserved
across a range of biologically relevant values. In particular, oscillatory dynamics con-
sistently appear for sufficiently large delays and remain stable under moderate changes
in ¢ and 5. This indicates that the observed dynamics are not dependent on a single
parameter choice, highlighting the robustness and empirical relevance of the model
predictions. The detailed sensitivity analysis is provided in Section 4.5.1.

4.2 Extinction and persistence for the scalar model

By Theorem 5, we established that the toxic protein concentration persists a.s. in the
long term if

¢ < ﬁ (47)

whereas it goes extinct a.s. if
! 48
¢ > @ (48)

We consider a set of parameters that satisfy equations (47)—(48) and conduct numeri-
cal simulations to validate the theoretical predictions outlined in the previous section.
In Fig. 3, we select parameters that satisfy the persistence condition given by equa-
tion (47). The numerical simulations show that the concentration of the toxic protein
remains sustained over time, aligning with the theoretical expectation that persis-
tence occurs when these conditions are met. Since equation (47) is independent of 7,
we choose n = 2,5, 10 arbitrarily. In Fig. 4, we investigate the extinction scenario
by selecting parameter values that satisfy the extinction condition given in equation
(48). The numerical results illustrate that, under these conditions, the toxic protein
concentration gradually declines over time and eventually vanishes. This observation
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Fig. 2 Toxic protein dynamics for different parameters o, ¢,  and 7. This figure illustrates the robustness
of the model dynamics and how the protein concentration evolves under varying stochastic and biological
conditions

confirms the theoretical prediction that extinction occurs when ¢ and o satisfy equa-
tion (48). Overall, our numerical findings provide strong empirical support for the
theoretical results derived in the previous section. By demonstrating both the per-
sistence and extinction dynamics through computational experiments, we establish a
comprehensive understanding of the conditions governing the long-term behavior of
the system.

4.3 Hopf bifurcation

We present time series plots of the dependent variable U for various values of the
time delay 7, which induce oscillatory behavior in the delayed deterministic model,
as predicted by Theorem 10. Fig. 5a depicts the case where the parameters are set
to ¢ = 0.21 and n = 10, which satisfy the bifurcation criterion L <z <1as
detailed in Theorem 10. The initial condition is set as U (0) = 0.5, with the history
function defined by ¢(¢) = 0.5 for ¢ € [—t, 0]. The positive imaginary part of the
eigenvalue is found to be w = 0.4327, and the critical delay value is calculated from
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Fig.5 Numerical solution of equation (4) with o = 0: (a) For ¢ = 0.21 and n = 10, the system undergoes
a Hopf bifurcation at T ~ 5.5064, leading to oscillatory behavior. (b) For ¢ = 0.09 and n = 10, the Hopf
bifurcation condition is not satisfied, resulting in no periodic evolution

equation (46) as ™ = 5.5064. As shown in Fig. 5a, for t > t*, the system exhibits
sustained oscillatory behavior, whereas for 7 < 7* the oscillations decay over time.

In Fig. 5b, we consider a different parameter set with ¢ = 0.09 and n = 10, which
does not satisfy the Hopf bifurcation criterion. As predicted by the theoretical analysis
in Theorem 10, Fig. 5b demonstrates the absence of periodic behavior for the selected
time delays t = 5, 10, and 15, consistent with the lack of sustained oscillations in this
case.

4.3.1 Effect of stochasticity

In Theorem 8, we established that the root mean squared value of U — U™ remains
bounded under the conditions { < 1 and o < V2. Specifically, this boundedness
exhibits a direct proportionality to o, implying that as o decreases, the fluctuations
around the equilibrium point U™ also diminish. We present numerical simulations of
the SM model to validate these theoretical findings, as illustrated in Fig. 6. The results
demonstrate that for higher values of o, the deviation from U™ is more pronounced,
whereas for smaller values of o, the fluctuations are significantly reduced. These
computational results confirm that the stochastic perturbations governed by o play a
critical role in determining the stability and long-term behavior of the system.

In Theorem 10, we analyzed the Hopf bifurcation for the deterministic model.
While the introduction of stochasticity may alter the bifurcation condition, a detailed
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Fig.6 Numerical solution of equation (4)—Asymptotic behavior of the stochastic solution around the equi-
librium point UT. As the stochastic perturbation decreases, fluctuations around the equilibrium point also
decrease (right to left)

analysis of this effect is left for future work. Nevertheless, in Theorem 8, we establish
that, in the absence of time delay, the mean-square deviation of the stochastic solution
from the fixed point U™ decreases as the noise intensity o decreases. This suggests
that the Hopf bifurcation results obtained for the deterministic model may remain valid
under small stochastic perturbations. In Fig. 7, we examine three sets of parameter
values, ¢ and 1, which result in Hopf bifurcation points at t* = 8.2, t* = 21.57, and
¥ = 6.01, presented from top to bottom, respectively. The Hopf bifurcation points
are determined using equation (46) for the deterministic case when o = 0. When
introducing small stochastic perturbations, specifically o = 0.01 and o = 0.05,
the stochastic solutions exhibit behavior similar to the deterministic solution. In this
regime, the Hopf bifurcation characteristics remain consistent with the results stated
in Remark 6. However, as the stochastic perturbation ¢ increases further, the solution
progressively deviates from the deterministic trajectory. This deviation becomes more
pronounced, affecting the stability and periodic nature of the bifurcation. The influence
of larger stochastic perturbations on the system dynamics is illustrated in Fig. 7, where
the increasing randomness disrupts the regular periodic oscillations observed in the
deterministic case.

4.4 Extinction and persistence for the connectome model
For simplicity, we begin our numerical experiments by considering a small synthetic

system of 3 regions Ry, Ry and Rz with parameters chosen to illustrate Theorem 6.
Then, SMS model in equation (8) simplifies to
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3
—Ui(t) — o i Ui+ Y wi,jUj}dHaU,-dW,-(t),
j=1j#i

Ui (1)
(A +nU; () € +U; (1))

du; (1) = [
(49)
fori=1,2,3. We take w € R3*3 as

0.40.20.2
w=10.1030.5
0.30.10.7

In Section 4.5, we then simulate the model dynamics using a biologically informed
connectome matrix derived from clinical data.
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Fig.8 Numerical solution of equation (49) showing toxic protein persistence. Parameters ¢, o1, 02, and 03
satisfy the condition in equation (50)

In Theorem 6, we established that the concentration of the toxic protein persists in
at least one region in the long term if

1

¢ < ; (50)

N
1+ 43 (wii + 307)

i=1
whereas the toxic protein concentration becomes extinct in the brain a.s. if

1

‘> 51)

- -
Tmin

To support the theoretical results stated in Theorem 6, we select parameter values
satisfying equations (50)—(51) and perform numerical simulations. We consider the
initial toxic concentrations as U1(0) = 0.1, U2(0) = 0.3, and U3(0) = 0.5, and assign
noise intensities o1, 07, and 03 to regions R, R, and R3, respectively. In Fig. 8, we
select parameters that satisfy the persistence condition given in equation (50). The
numerical results show that the toxic protein concentration remains sustained over time
whenever the parameters satisfy this condition. Fig. 9 presents the extinction scenario,
where parameter values are chosen to satisfy the condition stated in equation (51).
The simulation results demonstrate that, under these conditions, the concentration
of toxic protein steadily decreases over time and ultimately vanishes almost surely.
These numerical results are consistent with the theoretical predictions presented in
Theorem 6. Numerical results suggest that delay induces Hopf bifurcations in the
SDMS model (see Appendix G). However, due to the system’s complexity and strong
nonlinearity, a detailed Hopf bifurcation analysis is deferred to future work.

4.5 Numerical simulation with biological data

To simulate the spatial spread of prion pathology in the brain, we constructed a con-
nectivity matrix following the approach of (Fornari et al. 2020), using the Budapest
Reference Connectome v3.0 (Szalkai et al. 2015) with minimum edge confidence 1%.
The graph G derived from the Budapest Reference Connectome v3.0 project consists of
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Fig.9 Numerical solution of equation (49) showing toxic protein extinction. Parameters ¢, o1, 07, and 03
satisfy the condition in equation (51)

N = 1015nodes and E = 37,477 weighted edges, with the mean fiber number ranging
from 1 < n;; < 154.8 and the mean fiber length from 10.25 mm < /;; < 139.74 mm.
This graph is subsequently mapped onto a reduced graph with N = 83 nodes and
E = 1130 edges. Further details of node indices and their corresponding regions can
be found in (Fornari et al. 2020) and its supplementary material. The edge weight
between nodes i and j is defined as the ratio of the mean fiber number n;; to the
fiber length /;;. The network consisting of 83 nodes and its weighted adjacency matrix
are shown in Fig. 10. To capture the progression of toxic proteins across the whole
brain network, we compute the concentration of toxic protein U;(¢) at each node
i =1,2,..., N as a function of time using equation (8). Following the approach
of (Fornari et al. 2020; Shaheen et al. 2023), for visualization and further analysis,
each node is assigned to a major anatomical region of the brain, including the tempo-
ral, parietal, frontal, basal ganglia, occipital, limbic, and brain stem regions. We then
evaluate the regional mean concentration of toxic protein by averaging over all nodes
belonging to each region. The averaging is defined as

1 .
M;(1) = x_j.eZX: Ui(t), j=1,2,...,17,
ted;

where X; denotes the set of nodes contained in region j, and x; is the cardinality of
X;.

We explain the estimation of other biological parameters in Appendix F, and they
are listed in Table 5.

Now we examine the spreading behavior of toxic proteins across the entire brain
network by seeding an initial concentration of 1.3 x 107> gcm™ at the brain stem, as
shown in Fig. 11. This choice of both the initial concentration and the seeding location
is explained in Appendix F. Accordingly, in our numerical simulations, the node cor-
responding to the brain stem was initialized with a concentration of 1.3 x 107> gcm™3,
while the remaining nodes in the network were initialized with zero concentration.
Fig. 11 illustrates that the toxic concentration first accumulates in the seeding region
and then spreads to adjacent nodes via network-mediated transport along structural
connections. One can also choose a region of interest as the initial seeding position
and study the dynamics of prions in the brain. The trajectories across the nodes do
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@ Frontal @® Limbic Temporal @ Brain Stem

@ PFarietal @ Occipital @ Basal Ganglia 0

Fig. 10 Left: Three-dimensional view of the brain with its seven associated regions. Right: Weighted
adjacency matrix with 83 nodes, obtained from the Budapest Reference Connectome v3.0. The color scale
ranges from low weights (blue) to high weights (red), indicating strong connections between nodes

Table 5 Loose estimates of parameter values

Parameter Value Reference
o 5x 1073 7! (Miller et al. 2024)
B 3x 1077571 (Miller et al. 2024)
% 2cem’ g~ st (Miller et al. 2024)
A 5% 1071 gem=3 57! (Miller et al. 2024)
14 8 x 10%s (Miller et al. 2024)
r?z}X{Li,j} 1 x 102cm™! (Szalkai et al. 2015)
Ye 3x 1074 gcrn*3 Estimated
r 6 x 1078 cms™! Estimated
pyisi=12,...,N 3x 10745 1/2 Estimated

not intersect, indicating that the toxicity at each node evolves mostly independently
without changing its ordering (see Fig. 11 (left)). Once the toxic load reaches a critical
threshold, the disease process activates: the affected nodes begin producing additional
toxic seeds, which then spread to neighboring nodes connected to them. This leads
to secondary infections and cascading spread across the network. Because the brain
network exhibits small-world characteristics (Fornari et al. 2020), such connectivity
naturally accelerates the spread of toxicity, causing most nodes to become infected
within a short time. Introducing stochasticity into the system accounts for the inher-
ent variability and uncertainty in biological processes, such as protein misfolding
and clearance mechanisms. With noise, the trajectories of misfolded protein concen-
tration at each node exhibit fluctuations around their deterministic trends, reflecting
the inherent randomness in inter-neuronal propagation and other stochastic biological
processes. These fluctuations can lead to variability in the timing and magnitude of
regional toxic load, which may explain why some brain regions show early onset of
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Fig. 11 Spreading behavior of toxic protein over the entire brain connectome without noise (py ; =
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0s™ 2 fori = 1,2, ..., 83). Left: Toxic protein concentration at each node (83 nodes). Right: Average toxic
concentration for seven macro regions. Parameters are given in Table 5
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Fig.12 Spreading behavior of toxic protein across the brain connectome with stochastic fluctuations (oy ; =

1
3x1074s7 2 fori = 1,2, ..., 83). Left: Toxic protein concentration at each node (83 nodes). Right: Average
toxic concentration for seven macro regions. Parameters are given in Table 5

pathology while others are delayed, even under similar connectivity. In Fig. 12, the tra-
jectories no longer evolve smoothly but show small deviations that remain bounded,
indicating that the overall disease spread pattern is robust but subject to stochastic
modulation. Biologically, this suggests that while network structure drives the general
spread of toxicity, intrinsic fluctuations can influence the precise spatiotemporal pat-
tern of pathology, potentially accounting for patient-to-patient variability in disease
progression.

4.5.1 Sensitivity analysis
The model parameters play a critical role in determining the long-term dynamics of
the system. We therefore consider the clinically relevant parameters o, 8, v, Y, 14,

py, and A to perform a sensitivity analysis of the connectome-based model. These
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Table 6 Values of M at various

parameter changes Parameter Mg em™?

Baseline 9.20 x 10~/

a < Lla 8.68 x 10~7(—5.6%)
o < 0.9« 9.72 x 1077 (+5.7%)
B < 118 8.71 x 1077 (=5.3%)
B < 0.98 9.64 x 10~ (4.8%)
y < L1y 9.62 x 1077 (4.6%)
y < 0.9y 8.58 x 10~7(—6.7%)
A<« 114 9.59 x 1077 (4.3%)
A <094 8.72 x 107(—5.2%)
1g < 1.1ty 9.20 x 1077 (0.0%)
1g < 0.9ty 9.20 x 1077 (0.0%)
p < Llp 9.22 x 1077 (0.3%)
p < 0.9p 9.16 x 10~7(—0.4%)
Yo < 1.1Y, 9.26 x 1077(0.7%)
Y. < 0.9Y, 9.05 x 1077 (—1.6%)
r< L1r 9.20 x 1077 (0.0%)
r < 0.9r 9.20 x 1077 (0.0%)

parameters influence toxic protein production, clearance, aggregation, stochastic vari-
ability, and delayed cellular responses, which are key mechanisms underlying prion
disease progression. For the sensitivity analysis, we define the metric

M =E[Y(D)].

where
83

Y(T) = %ZY,-(T), Y(T)=YUT), i=1,2,...,83.

i=1

Here, Y (T) represents the mean concentration of toxic protein across all brain regions
at time T. We choose T = 33 days p.i., as experimental studies have reported that
animals begin to exhibit observable clinical symptoms approximately 33 days p.i.
(Beekes et al. 1996). Biologically, this metric quantifies the average toxic protein
burden across all brain regions at a clinically relevant time point. It provides a global
measure of disease severity by capturing the cumulative effect of protein misfolding,
spread, and accumulation throughout the brain network.

For the baseline configuration, we adopt the parameter values listed in Table 5. Each
parameter is then perturbed individually by +10%, while all remaining parameters are
held fixed at their baseline values. The corresponding sensitivity analysis results are
reported in Table 6. We observed that the parameters «, 8, y, and A had a substantial
impact on the model dynamics, whereas the remaining parameters had comparatively
minor effects.
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5 Biological implications

The theoretical and computational analyses illustrate the intricate dynamics govern-
ing prion protein behavior under the influence of the dimensionless parameters ¢ and
n within our deterministic, stochastic, and delayed modeling frameworks. Notably,
when ¢ > 1, all models consistently predict the extinction of toxic misfolded protein.
The parameter ¢ represents the reciprocal of the average number of PrPS¢ produced
from a single PrPS¢ in an initial protein population of PrPC. This implies that when the
clearance rate is sufficiently high relative to production, the system achieves effective
elimination of toxic protein species, which results in the extinction of toxic proteins
in the long term. Conversely, when { < 1, deterministic models predict either con-
vergence to a positive equilibrium or oscillatory behavior around the equilibrium due
to the time lag in the UPR. This indicates that the production of toxic misfolded pro-
tein exceeds its clearance, resulting in its sustained presence in the brain. Meanwhile,
stochastic models account for biological fluctuations, capturing the inherent random-
ness in protein dynamics. In these models, even when the production rate of toxic
misfolded proteins exceeds the clearance rate ({ < 1), stochastic effects may still
lead to their eventual extinction.

6 Conclusion

In this paper, we introduced the UPR and stochasticity into heterodimer models of prion
diseases, used an asymptotic scaling argument to simplify the governing dynamics, and
investigated both scalar and connectome-based models. Given that biological models
are highly sensitive to parameters in the long term, this study is primarily dedicated to
establishing the global existence of a positive solution and deriving conditions on the
parameters that govern the dynamics of the toxic protein concentration. Additionally,
we investigated the oscillatory behavior of the deterministic model by considering
time delay as the Hopf bifurcation parameter.

In this paper, we modeled intrinsic, small, and continuous fluctuations in the system
using a Wiener process. While this choice provides a tractable framework for capturing
stochastic effects, future work will focus on developing the mathematical theory under
alternative noise structures, such as Lévy noise, which may better represent heavy-
tailed or jump-driven dynamics. Additionally, we analyzed the asymptotic behavior
of solutions to equation (4) in the neighborhood of the positive fixed point U™T. Due
to the increased complexity of equation (8), a comprehensive stability analysis and
Hopf bifurcation study for this system are deferred to future investigations.

Appendix A: Notations

In Table 7, we list all the notations used in the paper.
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Table 7 Notations and
Definitions

Notation Definition

a.s. Almost Surely

avb Maximum of a and b

anb Minimum of @ and b

RN N-dimensional Euclidean space

Rﬁ (xeRV :x; >0, 1<i <N}

|x] Euclidean norm of vector x

X<y Vector x is element-wise smaller than or
equal to vector y

o< X Real number ry is less than or equal to each
element of vector x

E Expected value

C(A; B) Space of continuous functions mapping A

LP([a, b]; RN)

MP([a, b]; RN)

(Q,F, P)

U(t)

W)

Wi(t)

into B

RN -valued Fr-adapted processes
{f ()} a<i<p such that {7 | F ()P di < oo
a.s.

Processes { f(1)}4<;<p in LP such that
E[21f 0P di < oo

Probability space with filtration {7 };>0,

increasing and right-continuous, with F
containing all P-null sets

RV -valued stochastic process
Ut) = Uy (1), ..., Uy (1)) with index
t e R+

One-dimensional Brownian motion on
(2, F,P)

N-dimensional Brownian motion
W) = (Wi (1), ..., Wy(1)) on
(Q,F,P)

Appendix B: Supporting definitions and results

Definition 1 (Almost Sure Exponential Stability)(Mao 2007, p.199)
The solution U (¢) of an N-dimensional stochastic differential equation is said to be

almost surely exponentially stable at /(t) = 0 if

lim sup
—0o0

for all U(1y) = Uy € RY.

1
;log |U(t; ty, Uy)| < 0, a.s. (B1)
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We employ the strong law of large numbers for Brownian motion W (¢) in most of our
analyses. This law states that

lim w© =0, as. )

t—oo t

whichimplies that, almost surely, the time-averaged Brownian motion vanishes asymp-
totically as t — oo.

B.11to’s formula
Let U be an N-dimensional diffusion process on ¢ > 0 with the stochastic differential
dU(r) = f(r,U@))dt + g(t, U@)dW(1),

where f € £1([0, 00); RV) and g € £2([0, 00); RV*N),

Denote by C'? ([0, 00) x R"; R) the family of functions defined on [0, c0) x RY such
that they are once continuously differentiable in # and twice continuously differentiable
inx.Let Ve CH2([0, 00) x RY; R). Then V (7, U(1)) is again an Itd process with
the stochastic differential given by

_av v 1 7%V
v, Um) = [at(t,le(t)) o GUODFO + Etrace(g(t) W(L U(t))g(t))} dr

ad Ut dw(t
+ o (CUOROIVO), s

where U(t) = (U1 (t), Us(2), ..., Uy@)T andW(t) = (Wi (1), Wa(t), ..., Wy ().
Let us now formally introduce a multiplication

dedr =0, dW;dtr =0, dW;dW; =d¢, dW;dW; =0 ifi # j.
Moreover, the Itd formula can be written as (Mao 2007, p.36)

92V

a—uz(t, U))dU.

dV(t,U(1)) = %(I,U(t))dt + %(r,l/(r))du + %dLIT

The following lemma and its proof can be found in (Balogh and Oraby 2025).

Lemma 11 Consider a function U € C ([0, 0o) x 2, (0, 00)). Let a(t) be a sequence

such that

lim @:

t—oo f

a>0, a.s.

and let b be a positive constant such that

t

log(U(t)) > a(t) — b/ U(s)ds, forallt >0, a.s.
0
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Then

, da.s.

1 t
lim inf —/ U(s)ds >
0

t—o0 t

SR

B.2 Inequalities

N
LetUj(r) > O0fort >0and w; ; = ). wjifori =1,2,3,..., N.Then

Jj=1j#
1.
1 +2ng“ < 1 - l
¢ ¢ (IT+nUp)Ui +¢) — ¢
2.
N N N
— Zwi,,’Uj + Z Z w; jU; =0.
i=1 i=1 j=1,j#i
3. N
2
Oin 1 2772
v = 252 20 U

Proof Inequality 1:
Since U; > 0,i = 1,2,3,..., N, itis straightforward that

< % .To
show the other inequality, consider

1
(I+nU)(Ui+¢)

HUy =~ - 25y, 1
¢ ¢ (I+nU)(E +Uy)
Cc(L+qUDE +U) — Ui (1 +n0) (L + U (& + Uy — ¢2
B ¢2(1+ U + Ui
_Ul_z _ 77§Ui2 _ 77U,'3 _ 772Ui2§2 _ 772Ui3C
B c2(1+ U + Up) '

Notice that every term in the numerator is non-positive, implying H(U;) < 0. This
observation leads to

1_1+r)§ - 1

: 2 T A+ qU)U +¢)

Equality 2: Note that,

N
Wi = E wji-

j=Lj#i
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We have,
N N N N N
_Zwi’iUiZ_Z Z ;i Uiz—z Z w;, jU;j.
i=1 i=1 \j=1,j#i i=1 j=1,j#i
Then,
—Zw,,U—i—Z Z wi jUj=— Z Z wi U, +Z Z w; jU; =0.
i=1 j=1,j#i i=1 j=1,j#i i=1 j=1,j#i

Inequality 3: It is clear that

mmz 1_2522 2U2

From the Cauchy—Schwarz inequality, we have

2

N N
(Z U,~> <N) U
i=1 i=1

N
Note that S = > U;, hence we have

i=1

mm min 2772
2N —2522 i —252ZGU

Appendix C: Calculation in theorem 6
LetV : Rf — R be defined as

V(U) =log(S)

N
where U = (U, Up, ..., Uy)T and S = 3 Ui (1).
i=1
Itd’s formula is given by

v 92V
dV = —dU dUT dU
o+ 5 ( ) =53 AU).
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We have

vV (11 1
au \S'S T Ss)’

dU = AU,,dUs, ...,dUuy)T,

1 1 _ 1

2 2 2

R S

2 2 2

82V Soro0
92U

_ 1 1 _ 1

S2 S2 S2

Using the above results in [td’s formula, we get

2

1 & 1/ 1 al
av==S"du, + = [ —— du;
sy (o) (Seo)

Substituting dU; into dV. The first term becomes

- 1 1 Yooy
Y dUi=<) U —l—wii+ Y w ;- |dt
S; l s§ Y| AU+ ) ; Ui

N
1
+ E ;GiUi dW;(1).
We have

N 2 N . N v, N 2
;dui =[>u m—l—wi,ﬁzwida di+ Y o Up dwi() | .

i=1 A i=1
By using the following Itd rules
dtdt =0, dW;dr =0, dW;dW; =dt, dw;dw; =0 fori # j.

We get,
2

N N
(Z dUl-> =Y ofU}dr.
i=1 i=l1

Combining all the terms, the final expression for dV is

1Y 1 N U;
v ==Y U —l—wii+ Y o i—L|dr
s§ L A+nUNWU+0) g U

@ Springer



75  Page 44 of 55 G. Boregowda et al.

e 1

2772

+§ E O'iUidWi—ﬁ E o; Ui dz.
i=1 i=1

Appendix D: Analytical solution to deterministic model

Here, we derive the formula to find the toxic protein concentration at a given time
using the scalar deterministic model

au U ( 1 1)
T \Ad+nU)U +0) ‘
Solving above first order differential equation we obtain
CilnU+Con|U—-UY+C3n(U—-U")=t+K, (D3)

for U # 0and U # U™. Here K is an arbitrary integration constant and

gt - A0+ VA +n8)? —dn — 1)
- o :
g — —(LHn0) =V + 08 —dn — 1)
= 277 bl
¢
Cr=—7"—,
T woHw)
c, - A+nUHUT+9)
ur{u+t-u-)
(I+nUHU +¢)
Cz =
U-(Ut-U")

Define F : RT — Rt by F(U)=C InU+CoIn|U —UF|+C3In(U — U™). For
agiven0 < U(0) < Ut orUT < U(0), one can compute toxic protein concentration
U (t) at any time ¢ using any suitable numerical scheme for the transcendental equation
F(U)=1t+K,where K = C;In (U(0))+CoIn|U(0)—UT|+C3In(U0) — U").

Appendix E: Derivation of the model
To nondimensionalize equations (1)—(2), we use the transformations
t=1t*, X@)=XX*'¢"), Y@) =YY@,

where the overbars indicate characteristic scales, and the variables with an asterisk are

dimensionless. After using 7 = % X = g Y = Ar, simplifying and omitting the
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overbars and asterisks, we get

A
i AV vy — %x | dr + pyxdwy (o)
Y- B B praaixan,

dY = (XY — Y)dr + py YdWy (1),

dX =

with initial conditions X (0) = X and Y (t) = Y (t), t € [—1,0]. Where

n=—, T=1B, px =0+, and py = a/B.

=~

Estimation of px and py are discussed in Appendix F. Upon considering biologically
relevant parameter values, € = g serves as an asymptotic scale, while Ry = ‘2—” =
O(1) and n = O(1). These quantities appear to be O (1) in clinical data (see Table 8).
Consequently, we obtain

1 Ry o
dXf = - —————— — RoX°®Y® — X® ) dr + —X8dWx (1), E4
S(IHIY%_I) 0 ) +¢E x (1) (E4)
dY? = (XY —Y®)dr + o YEdWy (1). (ES)

Note that Y¢(r — 1) = Y (t — t) for r € [0, 7] is a nonnegative continuous function.
Following the literature (Liu et al. 2020) for the time interval [0, 7], Y¢ converges to
Y, that is for some p > 0,

IimE [ sup [Y2@) —Y(@)|P ] =0,
=0 \ref0,7]
where Y is the solution of the corresponding averaged equation

dY =b(t,Y)dt + o YdWy (1), t € [0, T].
Here b(t,y) = y [p(X — Du'Y(@dX) = y (Eus(X) —1), ¢t € [0,7] and p"
denotes the invariant measure for the transition semigroup of the following frozen

equation

Ro

0= (i

— (Roy(t) + l)X(s)) ds + o X(5)dWx(s), s € [0, 7],

with X (0) = X. Therefore, model for toxic protein dynamic is

—_ RO _ _ — %
dy =Y ((1 TV — )R (D) + 1) 1) dt +oYdWy(t), Y(t — 1) = Y((]t5)6,)
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fort € [0, 7]. Since E 1.y (X) = (1+nY(z—r])?)O(RoY(t)+1) (Nafidi et al. 2019). Shifting
equations (E4)—(ES) from the interval [0, t]to [t, 27], together with the corresponding
initial conditions, and then following the approach in Liu et al. (2020) for the time
interval [, 27], we obtain the model for toxic protein dynamics (equation (E6)) on
the time interval [0, 27]. Similarly, by employing a ladder argument, equation (E6)
can be derived for any time interval [0, T] withO < 7 < T.

To avoid notational ambiguity in the subsequent analysis, we set

1
Y=U, ¢=—. and dWy()=dW().

Consequently, the governing equation (E6) can be rewritten as

U= ( v — U) dt + cU dW (1),
(I+nU@ =)W +9)

Ut —1)=¢@),

(ET)

fort > 0.
Similarly, for the connectome model (6)—(7), we apply the transformation

t=1t", X;t)=XX ("), Yi(t)=YY t*), i=1,2,3,...,N,

where the overbars denote characteristic scales and the variables with an asterisk are

dimensionless. Using

1 — B -

f=—, X=2, Y =Aj,
B Y
and simplifying and omitting the overbars and asterisks, we obtain
Ay
dx 7 AV xe¥ = A% | di + 0w Xed W (1)
i 1+77Yl'(t—1') /32 i ,3 i X, i\ X,i
N
V= > oY — oY+ XY = Y | dt + oy, Y dWy (1),

J=L#i

fori =1,2,3,..., N, where

=~

L. .
n=—, T =tif, px;i=0iNa, py;=0iy/B,andw; j = r%,

fori,j=1,2,3,..., N. We take ¢ = g as an asymptotic scale, while Ry = ‘2—/’; =
O(1), w;;; = O(1), and n = O(1). These quantities are observed to be of order one
in clinical data (see Table 8). Consequently, the system reduces to

”—;dewx,,-(m,

1 Ro
dX; = (— — RoX7Yf — Xf) dr +
[

e \ 1+ nYf(t—1)
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N
dvf = Y i Y] — Y + X[YF =Y | de oY dWy i ().
j=1,j#i

Using same arguments as discussed in the scalar case, we obtain a reduced model that
captures the dynamics of the toxic protein in the connectome:

N
Ui
dU; = ~Ui—wii Ui+ Y U |de
R N A e (R S B

(EB)
+o; Ui dW; (), Uit — 1) = ¢ (1),

fori =1,2,...,Nandt > 0.

Appendix F: Parameter values

Parameters py, py, etc.

We focus upon clearance where Geometric Brownian Motion can be used as a
simple model to account for fluctuations in clearance rate (Ditlevsen and Samson
2012), i.e., the protein concentration P evolves with time ¢ according to

dP = —vPdt + ¢ PAW,

where v is a clearance rate, ¢ is a volatility, and W is a Brownian motion. We propose
there is an intrinsic relationship

s =V,

for an unknown function V. By dimensional analysis, the units of ¢ are T~!/? and the
units of v are T~! (T is time) and thus it is also true that

o =v(v),

where w = % is dimensionless and V = ,/vv. Since the left is dimensionless (thus
invariant under changes of units) and the right, v, depends on a dimensional variable,
we conclude that v(v) and @ are constants by a Buckingham Pi argument (see Bluman
and Kumei (1989)).

Having ¢ = @ /v, we sought experimental data that directly measure the clearance
of proteins in the brain. In MclIntee et al. (2016), the authors measured the clearance of
ApB monomers and oligomers in the brains of mice. Both A and prions have similar
spreading and templating mechansisms in pathological forms (Wang et al. 2025), and
there is overlap in their clearance mechanisms, such as lysosomal degradation, the
ubiquitin-proteasome-system, and phagocytosis (Ullah and Lee 2023; Goold et al.
2015; Aguzzi et al. 2017). Based on their similarities, we used the Af clearance data
as a proxy to establish the clearance-volatility relationship.
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We separately fit for v and ¢ using the brain clearance data of A monomers and
ApB oligomers (McIntee et al. 2016) separately. We used the maximum likelihood
estimators (Nkemnole and Abass 2019) to find values v and ¢, the Fisher information
(Yuan et al. 2014) to estimate uncertainties, and applied the delta method (Ver Hoef
2012) to estimate @ = % with a standard error. For monomers, we found o =

0.55 £ 0.30 and for oligomers we found 0.42 + 0.22 (where the £ denote standard
error). The two estimates agree well and we averaged them to estimate @ = 0.54+0.2
using quadrature for the errors.

Regarding our best estimates for clinically relevant parameters, we adopt px =
w./a and py = w/B with @ = 0.5 (with the same relationship applying in all
brain regions). For a more general theory, however, we assume that there is an O (1)
constant o describing the ratio of volatility to the square root of clearance (and likewise
with the o; for each brain region 7).

Parameter Y,

We note that, in the terminal stage of scrapie, the concentration of toxic protein is
approximately 100 pg per gram of brain tissue (Beekes et al. 1996). Since the density
of brain tissue is approximately 1 gcm™3 (Barber et al. 1970), this corresponds to a
volumetric concentration of about 1 x 10~* gecm™3. Assuming that the terminal-stage
concentration represents the steady state level of toxicity (Y ), we therefore set

Yoo ® 1 X 1074gcm*3.

We estimate the parameter Y, with

dYOO: yAY gy _0
dt N+ 50 Yty 7

Yoo
_rA
B(yYoota)

This implies that

Y, = ~3x 1074 gem™3, (F9)

Parameter r.
We estimate the parameter » by fitting the deterministic network-based model

A
dXi = <W — '}/XlYl — OlXi) dt, (FIO)
N
dYi = r Y LijYj—rLiiYi+y XY — BY; | dt, (F11)
j=lj#i

fori =1,2,3...83. Additional details regarding node indices and their corresponding
regions are provided in (Fornari et al. 2020) and its supplementary material. We further
assume that the state variables X; and Y; represent the average concentrations within
eachregion i, and that all regions have equal volume. Under these assumptions, volume
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corrections are not required when modeling protein transport between regions. To fit
the parameter r, we used the experimental results reported in (Beekes et al. 1996).
In this experiment, hamsters were infected orally by feeding each animal 10 mg of
homogenized brain tissue obtained from a hamster in the terminal stage of scrapie.
Brain samples (approximately 1 g of tissue) were collected from the hamsters at the
following days post-infection (p.i.): 77, 86, 91, 95, 100, 105, 109, 114, 119, 123,
127, and 133. The authors reported that toxic protein was first detected in the brain
at 100 days p.i., and was subsequently observed at all later time points. The mean
concentration of toxic protein at 100 days p.i. and 133 days p.i. was reported to be
approximately 1.58 x 1077 gecm™3 and 1 x 107> g cm™3, respectively.

The study in (Beekes et al. 1998) investigated the sequential appearance of toxic
protein in the brains of orally infected hamsters and reported that the first target
region is the dorsal motor nucleus of the vagus nerve, which is part of the brain
stem. Accordingly, we choose the brain stem as the initial seeding region. The initial
concentration in the brain stem is determined from

Y; =1.58 x 107" gem™3,

where ¥; denotes the experimentally measured toxic protein concentration in brain
region i, and the summation represents the mean concentration over the brain. At 100
days p.i., we assume that ¥; = 0 for all nodes that do not belong to the brain stem (the
brain stem being node 83). This implies

- 0, ifi=1,2,...,82,
Yi= _5 -3 AP
1 x 1072gem™, ifi = 83.

We choose initial conditions Y;(0) = fi fori =1,2,...,83and X; = g for
i=1,2,...,83, corresponding to the steady state in the absence of toxic protein. We

83 n n
fit the r so that g5 > ¥;(T) = 107> gem™ at T = 33 days (133 days -100 days).
i=1

We choose r = 5 x 1073 ¢m day‘l, as this value allows the mean toxic concentration

to reach 1 x 1075 gem™> at 33 days, as shown in Fig. 13. However, accounting for
approximation errors in the extracted experimental data, we introduce a tolerance win-
dow of 33 days (+5%) and 1 x 1073 gcm_3 (£5%) for the mean toxic concentration.
We find the approximate range for r to enter the window is 7 = 2 x 1073 cm day !
to7 = 1 cm day~!. We acknowledge that the estimation of r relies on non-human
data, which constitutes a limitation of the present study and will be addressed in future
work.
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Fig. 13 Model-based estimation of the parameter r using experimental prion concentration data (Beekes
et al. 1996, 1998). The curves show the predicted average toxic prion concentration for several values of
r. The rectangular box denotes the tolerance window of 33 days (£5%) and 1 x 1075 gcm_3 (£5%) for
the mean toxic concentration

Table 8 Estimated values for

clinical model Parameter Value
&= g 6 x 1073
A

Ry = 2% 5

_ap
{=1ay 0.2

_ A
= BY: 0.6
T=14p 2% 1072
oj,i=12,...,N 05
max{w; ;} 2 x 10!

Appendix G: Oscillatory behavior in connectome model

Due to the complexity of the system and the extensive computational effort required, a
detailed Hopf bifurcation analysis for the system is deferred to future work. However,
our numerical simulations indicate the emergence of oscillatory behavior in the system
for certain values of the time delay parameter. This observation suggests the possibility
of a delay-induced transition to periodic dynamics, which is an important phenomenon
in the study of time-delayed differential equations.

To explore this effect, we consider a simplified model with three brain regions,
denoted by R, Ry, and R3, each initially assigned a toxic concentration: U (0) = 0.1,
U>(0) = 0.3, and U3(0) = 0.5. The noise intensity is assumed to be the same in
all regions, i.e., 01 = 02 = 03 = o. The interactions between these regions are
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Fig. 14 Numerical solution of equation (49) showing existence of Hopf bifurcation in the connectome
model

represented by an arbitrary connectome matrix

-6 2 3
wo=|4 -8 1
2 6 —4

To investigate the impact of time delay on system dynamics, we numerically solve
equation (49) using Milstein’s method and analyze the resulting time series. Fig. 14
presents the time evolution of toxic concentration in the three regions for different
values of the time delay parameter t. Our findings reveal that for small time delays,
oscillations in the system are damped out. However, as the time delay increases beyond
a critical threshold, sustained periodic oscillations emerge, indicating a transition to a
stable limit cycle.

When the biological processing time required to activate the UPR is increased from
0 to 77 days, with py; = 0 s1,i=1,2...,8,8=3x10%s a0 =17x
1073 s~!, and all other parameters remaining the same as in Table 5, the toxic protein
concentration exhibits oscillatory behavior in 83 brain regions, as illustrated in Fig. 15.
In contrast, for the clinical parameter values listed in Table 5, using the biological
connectome and varying the time delay, oscillatory behavior was not observed, as
shown in Fig. 16.
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Fig. 15 The average toxic protein concentration in the brain connectome exhibits oscillations at a time

1
delay of 77 days for, py ; =0s~2,i =1,2,...,83, 8 =3x 108 s Lande = 1.7 x 1073 s~L. All
other parameters are listed in Table 5
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Fig. 16 The average toxic protein concentration in the brain connectome shows no oscillations for large

time delays. All other parameters are listed in Table 5
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A systematic investigation of the uncertainty in these parameters using Hopf bifur-
cation analysis for the connectome model is left for future work. These simulations
suggest a start—stop mechanism of the UPR under long biological processing times,
which may drive neurons into an oscillatory stress state depending on their local envi-
ronment.
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