
April 9, 2024 Numerical methods to solve

ODES (ORDINARY DIFFERENTIAL EQUATIONS)

Reminder : we are going to present some methods to

solve ODES of the forme

✗ 's flt, x) × : ICRN → IRN (Nain

general)

f : IR ✗ IRN, IRN (N :/ en general)

f- satisfies the Cauchy-Lipschitz theorem (to get existence

& Uniqueness of the solutions)

usually : ACR, but because f the numerical simulation

we are going to take te [to, toit] where + is finite

and to ER



Numerical simulations g- oses : explicit methods
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the ti is 0,..., N points are supposed to approach the ✗ (ti) (the

exact solutions of the ODE ✗ ' (t: flt, Xt)) tt (to, Loti]

✗ Ito): to given

we note his ti-ti., > 0 hi
-

... ti-l ti tit).. _

we note also h : max his

[s),... 1N

Remarks : ① here, we are going to assume that

h = h, she =... = hm so for simplicity,

② link between T, handN

to

tu

tottt, tat}

e

T-N-h

R h = £

ho, NEIN, TSO



1. Explicit Euler method

Method': we consider the ODE ✗ ' (t)-flt, ✗ (t)), te [to, Lott]

[✗ (6) %

we consider new such that tn ∈ (4, Loti]

so ✗ ' (En) = fltn, ✗ (tn))

we want to approach xn, knowing the approximate value ✗ n

for this the most natural urges to consider :

✗ ' (En) ≈ ✗ (tati)-✗ (tn) ✗ nt,-✗ ~ = ✗ na,-xn

Enti-tn Enti-tn

N = 0,.../ N-I

h

then the approximate value Xnt, of ✗ Anti)

is given by: ✗ na-xn = fltn, xn)

a

which gives: Xnt, = Xt k f/tn, tn) 1"" Qin, N-I

to given

Euler explicit

method

with 1 step



method 2 ✗ ' (t) = f It, Xt)

✗ 4e): to given

te [to, tott]

consider n ∈ 10,..., N-I}

idea
❤

i'

consider Jt, ✗ ' (s) ds =  " "Ils, Xls)) ds

tn tt

which gives : ✗ (tnt,)-✗ (tn) = /" "Ils, xls)) ds

tn

the idea is to estimate the integral %!



the idea is to estimate the integral %!" lls, ✗ 4) ds with

the rectangle method :

✗

t
t

,

flint,/✗ Anti))

CfCf

têtu, in tnt,

f- (tn, ×/tn)

left rectangle

1f"" f11, ✗ (s)/ds ≈ h. fltn, Ntm)

by approximating this gives :

✗ nt,-✗ n : k f/tn, *,

✗ nt, = ✗ ~ thfltn, a) , n = a- -µ-1

to given

→ explicit Euler method

½

right rectangle

14h" fls, ✗ (s) ds ≈ h. fitna, ✗ (tra))

⇔

✗ nt,-½ : h. f/tnt,, ✗ nti)

⇔/hit, = Xp thfl tnt,, xp,)

✗ ◦ given

→ implicit Euler method



2. One step explicit methods : a generalization

Definition one step explicit method

Aone step explicit method approaching the solution of the Canchy problem

✗ ' (t) s flt, Xlt)) , t' [toptott] (tn : Lott)

✗ Ito): Xo

isa numerical scheme written as follows:

✗ nt, = ✗ nt h ∅ (tn, xn,h) in :o)...,N-I

☒ (6) :X given

where ∅ depends on the chosen method.

Example : for Euler : flan, xn, a) = fltaxn)

Question : How do we know if these methods are efficient m not ?
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3. Consistency, stability and convergence

a. Consistency consistency en



Consistency

t
totNto tn tnt)

✗ (tn)

✗ n-i

✗ (nti)

Definition

we call the consistency error, and denote it by In

the reel number defined by:

Ent, (h) = ✗ Anti)-✗ nt,

= ✗ (tra)- ✗ (En)-hp (tn, ×(tn), h) , n :O,...,ni

↗ attention. we assume for the consistency en

that the parions point is the

exact value !

in other inds :

✗ (Ent.) = ✗ (tn) + kf1 tn, ✗ (tn), 4) + Tnt, 1h) in so,-yn-t

✗ nt/

Ex



Definition : consistent method

we say that a one step explicit scheme

✗ nos * thfltn.xn.hn)

is consistent with the Gauchy problem (It): flt, xiii)

* to) to

N

if and only if him [(Inca)/⇒

hoo n'1

T : N-L

N : É
Noto



b. stability ,
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Definition : stability

We say that a one step explicit method

✗ nti : ✗ nt hop (tn, xn, 4) inso, Nl

La given

is stable if there exists a reel number Mso such that

given E,,..., EN a perturbation of this scheme noter

Inti = Int h. ∅ (tn, yn, 4) + Ent,

↗
same ∅

with yo : Xo important

N

max llyn-✗ nlls M Σ (En)
osnsN ns,

then



c. convergence

Definition : we say that an explicit me step method is

convergent to the exact solution of the Gauchy problem

is lim maxi/✗ (tn)-xn//l-o

hoo InsN

theorem : LAX theorem

If a one step explicit method is stable and consistent

then it is convergent

Proof: Consider the explicit method

tnt,: Xt h. ∅(tn, tn,h)

L xo given

since the method is STABLE then, for any y, gien and for 4,.., En ER



since the method is STABLE then, for any y, gien and for 4,.., En ER

Unt, = Un + ∅ (tryyn, G) + Enti , there exists My ◦ such that

{Yo ="

we have max llyn-✗ all SM Σ/En)

en particular, this formula works if yn : x/tn)

that is ✗ (tnt,:X/tn) +4 (tn, Ntn), h) + En"

en that case, Ent, = Tnt, (consist nay encor)

and mie the method is consistent ,Ê 141 no, no

Combining the 2 results : 

lui max 11×14)-✗ n//≤ Mahi ÉÉ) → ◦

↑ → o

N

InSN ni

470
EN → + a) " "t" EN → tn)

conclusion : the method is convergent


