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4. the RUNGE-KUTTA methods
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Definition. the general structure of an explicit s. stages Runge-Kutta

method is given by the following system :

(RK)

/• = ✗ nth aijf (tn + g- h, À;) i : lis

s

bifttntcih, Xi)

with n :O,..., Nt , to given and we assume that ÉT.... 

Remarks : 1. si number of time steps between to an trp, defined by Entcih

where cielo"] for ist,...'s

2. there are s weights, denoted by bi, ist,... is where,:&;:/

3. oij : intermediate weights to ajut the intermediate estimates

Usually we represent the Runge-Kutta method with the following BUTCHER table :

i. ,

✗ nt, = ✗ nth ,



b, bz bz.... bs, bs

:
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221

9, 92.
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as-1,1 95.112. _.

as,, 95,2 .. . 95,5-1

example : Give the R-K-method for the following Butcher tables :

½ 0 ③ °
1 O O

② ½

0 /

½ ½



①

l

O

5=1

bi :'

C, =

the R-K system is then :

↘ = ✗ n'ʰËÏ?⅔ is /

✗ nt, = ✗ nth §, bifltntcih, Xi)

= xp + h. b, f (En + c, h, X,)

Ati : Xt h. f- (tn, x) Euler

②

½ ½ 0

I

5=2 ✗ , s ½

½ = ont hÉÉ""ay. fltatgh, X;)

✗ nt, = Y + h,?, bifltntcih, Xi)
b,

:

ï

s

921

SI ½ : 4th 92, fltntc.hr, XD

= ✗ "+ Ef (tn, 4)

✗ nt, = Ynth (◦ + f- (t, + Eh, ✗ nt E f(tn, xn))and

tu = Xt k f (tnt ! h, xntffltn.sn)) Mid point



③ ¾

½ ½

1oz
↗

b,

ET 1

921
5=2 ✗ , sa

✗ 2s xnth.az/fltntc,h, X,)

= Xt h. f (tn, xn)

and ✗ nt, = xn + h (b, fltntc, h, X,) + bz fltntgh, ½))

Xena : tn t h (f f (tn, tn) t {fltnth, xn thfltn, xn))

Trapeze method

how can we guess the over of convergence ga R-K method

just by looking at its coefficients : bi,... 3s, aimes, aij...?

Question :



Proposition : Consider a RK method (explicit)

1- . this scheme is consistent garder atleast 1 with the Gauchy problem

if and only if E. bi

2. this scheme is consistent power atleast 2 with the Gauchy problem

if and only if Ébis =, &'biffaij :{

Proposition All the explicit RK methods of stable assmnasf.is

continuous and globally lipschitz contenions with toits vanille ✗ m

the interval [to, Lott].



Remark : ODE solvers in MATLAB : ODE 23

ODE 45

I Stiff problems and implicit schemes
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✗ ': flt, X)

20 see if a problem is stiff m not we new to observe the variations of f:

and the variations off depend on its Lipschitz constant value

If(Ex)-flt, y)) s (Ky) for all to (to, loti], ✗ DE JCR

1f16, × -f149 



1f16, × -f149 /≤ L = max 1%714×71
⇔

✗ -y

4.
slope :

X
y

20 investigate the resistance ofa method to a stiff problem, we need

to test the method with the simplest problem when can manage

the stiffness.

this test is called the STANDARD LINEAR TEST (SLT)

we test any explicit a implicit method with this test :

t) s (x (t) , te lo, T] , ↳ o

( ✗ Lo) s Xo

Zhe solution of this problem is known : Xt): ✗ oé" ↳ ° ◦

↳ 70

and the longer Lis, the stiffer the problem is !! (asymptotically)

Définition. we slay that a method is A- stable ifan only'y

this method applied to the (IT) gives α solution ½-such

that legions ◦ REGARDLESS the value of ↳ o and the time

step h !!

we also say that this method is unconditionally stable

flt, x)-f

✗ -y

4)
flky)

fltix)

(SLT)

Remark : example : Euler implicit method



✗ nt, = Xt hf (tn

to = ✗ Ito)

✗ nt, sxnthf/tn ,

✗ os ×/6)

✗ nt) 150, i. _, N-/

implicit

explicit
½



Proposition : good news : the implicit Euler methodisA-stable

what about the Runge-Kutta implicit methods?

BUTCHER TABLE : "

:

-
\

b, b, b} .... bg

ç

911 112 93 - - 915

921 922 923 " - 925

l

as, - . _ - . 9s,

and the scheme is given by :

(RK :D

Xi : * t h,:& aijfltntg.hr, *) i. 1.., s

✗ nt, = xnthfbifltntci.hn, X)

150,..., N - l ✗ o given

Example : If implicit Euler method.

stability, consistency, convergence of order p : work also with the same

criteria for the implicit methods

✗ nt, = ✗ nth ∅ (tn, ✗ n, xnt,, h)

↑ how to solve this problem ?

NOI :



→ solve a fixed point problem

→ use numerical methods for the

fixed point pollens :

for example NEWTON-RAPHSON method

Xp, = g (Xai)


