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Go back to the lecture notes

Proposition : criterion on consistency

a one step explicit method is consistent with the Gauchy

problem if and only ¥

∅ (4×0) = flt, ×

Proposition. criterion on stability

If there exists a reel number ↳ ◦ such that for every

tt (to, to + T], for every ×, y ER et for all h CT

11 ∅ (t, ×, h)-∅ (t, y, 4) 11 s LA ×-y/I

then the one step explicit method is stable, and M : ett



Examples : O Is the Euler explicit method convergent to the

solution of the Gauchy problem

/' (t) s flt, ✗ H1), tt [to, Lott]

(x/to)"

- with f lipschitz continuons with respect to the 2ⁿᵈ variable when

te [to, Lott] that is there exist a constant (so such that

for every ×, yet where ✗ :[4. toit] → JCR

and y :(6, litt] → JCR

then 1ft, x)-flt.gl/alk-yl



solution the one step explicit Euler methoois grienby

✗ nt,-xnthfltn.tn) exogiven, n son,N-1

Isit consistent ? From its expression wedeoncefltx.ly:7/t,x,

and ∅/Exo): f11:X) → so the method is consistent

Is it stable? Let's estimate

(014×4)-0149,41 : /flux)-flt.gl/,x,yEJ

≤ L/×-y/(because tis

lipschitz continuous)

so the explicit Euler method is stable

Conclusion : the method is stable and consistent, then it is convergent !

(from the Lax theorem)



② Application

✗ ' (t) = tsin (Xt)) EECOM]

✗ (o) -E :X/to)

① ③ ✗ 'It sttxtl.tt/I,T]

✗ (i) =/ = x (to)

① Eula method gives :

• {anti-xp thx train tant
xp = ½

• IL 1 ="◦ + h ✗ to sin (x0/ = ½ because to-o

- X2 = Xp + h ✗ tp sin/xp/= Ipo, 1×0,1 ✗ sin (E)

E +0,12 = Iz +0,01=1,58

En +1 = Km + h ✗ (f2 + x +11

20=1

xp = xp + 0,1×112+1+11 = 1,3

✗ , = xp + 0,1×11,12+1,3+11=1,651

Lesoil

B)

(to-N

(to-1,11



-20 prove the convergence :

we know that the explicit Euler method is always consistent

and we showed that iff is lipschitz continuions with its 2ⁿᵈ variable,

then it is also stable

Let's check that ftp.tsinx, and fit ↔ t" XA are

lipschitz continuous with respect tox :

① For f. : t ↔ tsinx) . we need to show that there exists

a constant ↳ ◦ such that

for every x, y, 1f,It, x)-f ft, y)/slk-y/



Reminder : if f is continuous on [ai]

f- is dfferentiable on ] a, be

then there exists ce] a, b/such that If ' (y): 17lb) -f19

b- α

theoreme des accroissements finis (mean value theorem)

(f(t, x)-flt, y)/: (tsing-tsin (y)/

= 14./sink)-sintyll

ST. /oh(e)-sin (y)/

From the mean value theron, on the interval ☒ y]: sin is continuons,

and offerrientalle on] x.gl,then there exists a CE] x, y (such

that psinlx)-ciney) = / sinks 1 : Iss (c) 1

But les (c) /SI for every CER, in particular for cefx.gl

thus Isin (x)-sin/9) /≤, that is (sin/x)-sinlyjlslx.gl

Finally. fr every ✗ MEIR, If(tix)-fitis)/≤ T.K.gl

so fis lipschitz contenions MIR, on so the method is stable

Here.

te [OIT)

\ -y

✗ -y



so fis lipschitz contenions MIR, on so the method is stable

Conclusion : in that case, the Euler method is convergent.

③ Is the Euler method convergent for B.

We know it is always consistent.

We need to prove that f2 is lipschitz continuous with respect to its 2ⁿᵈ variable :

For every ✗ andy in IR (and also for every te [1, T]):

I fact, x)-fact, y/1 = 114*1 -(t'+ '+ 1) 1=14-t'+ ✗ -4+1-11

=/✗ -y 1=1×1 ×-Y/ ≤ LIX-Y/ with 1=1

Conclusion : ① fa is Lipschitz continuons ⇒ B scheme is stable

② B. scheme is consistent

B. scheme is convergent



Let's go back to the lecture:

we've seen that if f is lipschitz continuous with respect toits 2ⁿᵈ variable

then the one step explicit rules method is convergent.

But we do not know if it converges to the exact solution Je the

Candy problem" rapidly" a not.

One criterion to specify this, is called" convergence of order p"

Definition : order of consistency

Aone step explicit method is consistent of now with the Gauchy

problem it there exists a K so such that

N Σ/tn (h)) s k. L'
ns)



proposition Jfa one step explicit method is stable and git is

consistent of doer p with the Candy problem

then max Ixltn).nl/sM.K.hP (that is if ho

✗ (tn)-Xp → ◦ les fast as

hP

/Insu /

we say then that the method is convergent of order p.

Proposition : For any function fog class GP (its p differentiable, and this

continuous), the one step explicit method is consistent Jouer p

with the Gauchy problem if:

over 1 • ∅ (t, ×, o) = f- (Kx)

roue • £4/4×0):{Dfltx)-{18,714) + 7kt, 4. ff141)

: ♂"

op., ∅ (4×0) =p DP" 7H, x)

i

over p



%! 014×0) ≠ ⅓, D'f14 ×

with D'714 ×): D (D"' flt, x))

and

explanation on how to compute DI (4)

714×14) "tree diagram"

I

flult), vit)) where alt) et and vit)-Xt,

fut ✗ ' (t): flt, x)

14") E. ✗ 4) > ✗ 'H = flt, x)

Ét /

← et Gult1)

Dflkx) = 1. % fltx) + flt, x). felt»

= ♀, Elt,x) + f14 ☑ ¾ f144

ult)-t

"
n' (f) sffts ①

Ust and V :X



Exercise i compute D'f. flt, x)

D'f :D (Dt) =D (% flax) + flt,☑ ¾ f4," )

= D (¾ t.lt. D + D (71f, x) ¾ flt, x))

= D (off Lt. x)) + D (flt, x)). f14 x) + flt,x). ☐ (% f4, x)

F
Z

③

①
% fltix)



ff4 N)

Ét"

% fltix)

8×(8,74×1)

% :X): f14 x)

D fffltix) = 1. % ! % f14 x)) + f (Kx). %. ff716, ×)

È

② D (flt, x)) f4, ☒ = (jffltix) + fltx.EE/tx) • % flt, x)

= % f4, ×). % tix) + flt, x). (£ flt, x))

③ flt, x). D¾ flt, x)) but D flex):..
,♀, flt, x)

0%6×7) & f)

/% " ' (t): f4,4Éts'

" " & ¾#x) + f144 ♀? f144Djfltix

flt, x). D (% f4, x)): flt, x). (%, flt. x) + flt x), ¾ flt, *

= - It, ×)-%, flt, x) t f- " (Ex) j?, flt, X)

Conclusion :

D'flt, x) = jfflt, x) +

+

8% fltix) + flt, x). 0%, f4, ×)

714×7 ¾ ?t X + % flt, x). £ flt, x) t.lt, × ( 4.x,}

flt, x)-0%, lll, × + f44, ×).:& ?

Schaing theorem : d'◦ tox Eot if f is continuously differentiable (here f is 62 sook,

D'flkx) §, fltix) +2 flt, x)ftp.tlt.x) +8, f4,7. % flt, x) + flt, x) ff11. x)) +744×1%7

%)

#



Application. we know that for the me step explicit ruler method

∅/txt): fltx)

so ∅ Lt, ×, o)-flt, y → consistency f. over at least I



so ∅ Lt, ×, o)-flt, y → consistency f. over at least I

• for the order 2 : do we have

%/ (4×0) = ED flt,☑ ½ (f. flt.x) + fltixygflt, x)?

But ∅ 1k, ×, 4) = flt, ×, independant of h

thus f2414 ×, 4) = fut/tix) = 0

Andin general ◦ ≠ ½ (⅔ f14 x) +714×78, f144

except if flt, ☒ is a constant ⇒ but this is not a general case

Besides if flt, x) s le (constant)

solving ✗ " 4) = k is OBVIOUS ⇒ no numerical scheme needed.



Exercice 2 • ① Mid point scheme

t

X

fltnthe, ✗ (tnt !)

Ex

En tnt)

Anth

/ tt (to, Lott]

e

Start with the Candy problem ✗ ' (t): flt, ×

✗ (to):X gien

tnt'

/ ✗ 'lads,/"" Ils. xls) ds

tn tn

"

→

Counder n :O,..., N.'

integrate between nandntl :

✗ (tra)-× (tn) =

with the mid-point rectangle J,n!"' fls, ✗ (s)as ≈ h. f (tnt &, ×/tnt E))

✗ nt, -½ = h f- (tnt &, ✗ (tnt §))

-? how to estimate ✗ 14th)

which gives :

Cf

tn ith
w

✗ (tnt !)-✗ (tn) + §. fltn.HN

Guler Method betiveen tn ½

andtnth

thus ↳ +, = xnthfltnt.li, xntffltn.sn)) Mid point method

n :O, __., N-l

fltnixlt.nl)

Xo given



We note Ct, ×, n) = f (Et ½, x + Ef (Hx))

consistency of order at least 1 :

∅ (t, +, O) = f(t, x) ok

stability :

for every x, y ∈ IR and every teto, tot T]

104, ×, h)-∅ (f. y, h)/=/f4 + ½, x + ½ flt, x))-ff+12, y + ½ f4, y)))

1st ½ f4, ×)-y-Eflt, y)/

=L/x-y + ½ (f (t.sc)-fct, y))/

≤ Ux-y 1 + ½ 174, x)-Act, g) D

L Ax-y/+ ½ 1×-91)

+ (4) /×-y/



⇒ stable with constant = Lt

L² ½

conclusion : the mio. point method is consistent of order atleast 1

and stable

so it is convergent of over at least 1.

Question : is it convergent of over at least 2 ?

Let us compute : % ¢14, ×, h)

then f10 (t, ×,o) = ? ½ ff144 + fltix) ♀ flt, x))?



f10 (t, ×,o) = ? ½ ff144 + fltix) ♀ flt, x))?

Here ∅ (t, ×, h) = 7/Et E, ✗ + Et (4×1)

= f(u ch), v14)) with : uch) s tt ? ⇒ uto): t

% t % f- Vih): ✗ t [flt, x) ⇒ v10):X

[= 141h)
dh

100%414×4) = E. ◦ ? flach), Wh)) + ½ f16, ×).,? fluth), Mh))

and for h : o then ulo) et , v10):X

% ¢1440):{% f11, ×) + ! flkx). % f16, x):{1%4×3 tflt.xff.HN)

110) ↑ vlog ½ Dflt,x) Ok

% 4h) • {fltix)



② Trapeze Method :

(tain : x (tu. 1)

+

En

tn tn tt

⇔ x(tain 1- n (tn) ≈ ½ (f (tu in Cta 1) + flturhixctu.it)

h

Area = (small base + large base). height

Sltninety

f
2

tu.. = tu + hwe have :

We approximate :
tu.'

tu

n'C) ds = ff (sinc)/ds

tu

tu +1

we approximate n (tuto) by explicit Euler method.

We obtain nu. 1- m" + Effet ninultfltuthinnthfltni.mn)))

Consistency :& (tim ; e) = ½ (fftix/ + f (tix)) = f (tix) OK ✓


