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Is developed as a R-K scheme as follows :

◦ ◦ ◦ 0

½

◦ ½

|

Runge-Kutta method

Remark : % = ✗ rt k ;È,aijf (tn + g- h, Xj) isl.gs

Xnt/= ✗ n + h Ép bi f(Entcih, %) with Ê... so

We have S-4

• As usual - x 1- An

h 22 = Kn + h.Eazjfltntcj.hn/Xj)

✗ 2- sen - 1h fltn, ka)

←



• ✗ 3- Ra + hÉasif (tn rejh, ✗ j)

✗ 3 = Ma + 1h (81fr + 12h, Ka + 12h8 (tn, aah)

• ✗ 4. Un + hj¾a4jf(tu + Gh, ✗ j)

= Ku + h f (tn + ½ h, sen. 12h (S (ta + 12h, en + 12h 8 (taxa))))

• Xun-Kar h ?Ébif(tu_cih, ☆ il

* t'= Rn +116h f(tu/Km)

+ 113h f (tu + 1/2 h, X 2)

+ 113h f (tri 112h, ✗ 3)

& % hf (tn. h, ✗ 41

✗ 4



Question : is this scheme of order. atleast 1 ?

at least 2?

• at least 1 : Ée

⅓ ⅓ ⅓ ¼

O O

½

¼

½

◦ ½
0 l

• at least 2

is ft ; ¥+6-3= ① OK

Itisoforderatleastzifi.fb.ci :{and É :(Étai;):{

il ¾, baci = 0. j'+ £. ⅓ + ±. ⅓ + 1. à = ± (ok)

◦ ;) ¾, be ÎÎ aies = ba azi + bz , + baasa + badu, + bad

= ⅓-± + ⅓-± + t-1 = ± (ok)

42 + b4 943

Note : this scheme is in fact of order 1, and is called

RKI (it is the one used in the matlab solver ODE 45



RKI (it is the one used in the matlab solver ODE 45

↗

⅔ ◦
2. (a) 0

⅔

α α

(a) . Develop this scheme :

(b) Find α in over to get over at least 1

Os then possible to get over 2 ?

(a) Issant hÊ,-.

- 2- xp + h ftp.aijfltntcjh/Ij)=anthzf(tntoh,xn)=xnth?f (tn, "n)

Dents = xp + h ET, bifltn + cik, X ;)

= xp + h (α fan + oh Is)+αf(tn +3h,-12))

ants : en + taf (tn, Ij) + hdf (tn + ⅔ h, Iz)

(b) we want Σ bi = 1 ⇒ 4+9=1 ⇒ 24=1 ⇒ ✗ = ½

order at least 2 :

Σ bici- 4×0+4×3-½ ✗ ⅔ ⅓ ≠ ½ it doesn't work

we want zΣ bii-sci = ½ ⇒ 1×0-Ex β-½ ⇒ B- 1

Ê 

= In

8



zΣ bii-sci = ½ ⇒ 1×0-Ex β-½ ⇒ B- 1

Ê aij = ½β
8

½ ½

:

we want E.biz?zaij = ½ ⇒ 1×5

⇒ 1×8-½ ⇒ 8=1

Trapeze methods

j'= 1"- + ½" 1

1/21/2

1

Implicit methods

^. Is the explicit Euler method A-stable ?

2. Is the implicit Euler method A. stable ?

1. 80 answer the question, we need to apply the 



1. 80 answer the question, we need to apply the STANDARD LINEAR TEST

expiation to the explicit Euler method :

• Remember : the explicit Euler methods

✗ nti = 4th (Enm)

to given

M :O,..., N-I

Applied to the (SLT): ✗ 's-Lx , with Lso

✗ Ito) s to given

we set flt. x) = - Lx

Applied to the explicit Euler method: ❤Xa, = xn-h.hn where ↳ o

◦ chat

(1) ⇔ Xp, = ① -hL) x , MEN (SLT) → we need n → to

to given

this is a geometric sequence of the form ¼ : 9.x

So Xu = to. ↑, for every new

here as to-(1-42)" , new

And to satisfy A. stability we need to get an → ◦ for any ↳ ◦ anoochai

is it the case here ?

Here on % if and only if 11-GLK'

G -ICI-ALLI

⇔ -2C-hL Co

⇔ ◦ Chaz ⇔

✗ ': f14 x)

✗ Lto):X

LE

77700

«Ça • LCE



21 xp +, = un - hL un +1

xp -given

"mtn / 1 + hL /= km

1
"41 2, =,

14hL

"n - ( 1

14hL

q

n

"0

O Crop 41

because : 420 , [20

qn → 0
h-9 TU

so Xa n,,, for any hand > ◦ unconditionally !

Conclusion : the implicit Eater method is A. stable



Exercice 6. n' (t) s-100M (t) +25

MCO) = 1
(5)

1. PARTI : Exact solution

a. over of the equation : 1. (highest derivative) here :D

linearity: yes, because it is of the form altju.lt)+ bltjult)-glt)

✗ "+ ✗ 't3× : g (t)

Pader 2



with all): 1 , bit): 100 and glt): 25

autonomous. (it is not explicitely dgendendont)

b. yes it is globally unique because the problem is linear

c. Remember X' + alt) × = f- (t)

(✗ Cto):X

multiply the ODE by est:")"and you get :

EEI

(✗ 4) et !""")', etta"'". f1,

ᵗ (✗ (2) e 14ᵗʰ ' " "j'az.fi est"""' ez, ez

↳

we integrate between to and t :

⇔ xltjek.ae""-✗ (6) etta !!": ,,

÷

⇔ ✗ (f) e % " (s) ds
- # = ...

⇔ ✗ It) s
éditais) " (* + je %"" "fladz)

u' + 100ns 25Here. we have

Ulo) 51

we multiply * by est loods : éot

we get (alt) éot)'= 25e"

we integrate between ◦ etti and we get ult) et" _reco = 1525e'"Ids

W

25. [e/005ff

100

- ¼. f10011]
Finally, ult) s é'* (1 + Le'% ;]

= ¾ é'• t-¼ ¼/3e""-1)

" ↳h+i044) s l↳utia ¼ (3e"* +1) s
-

{tatoo

5



{tatoo





Parte :

a. Explicit Enter method :

Un +, = Un + h f (tn, nn)

no = 1

⇒ Unt, =

no =/

un th C- 100 un + 25)

⇔ {un"= Un (1- 100h) + 254

40=1

b. Unt, = Un (1- 100h) + 25h

C. We have : fi ✗ - ✗ (1- 100h) + 25h

we need to find f (x) = α

✗ (1- 100h) + 25h = α

⇔ ✗ (1- 100k)-α +25h = ⊖

⇔ - 100h α =- 25h

⇔ α-¼

we note un-un-¼ ⇔ un = Un + ¼

Unt, = Une 1-¼

= un (1-1004)+254 ¼

- En + 1) (1-1004)+254-¼

= Un - 100h Un ✗ ¼ -254 ✗ 25h ¼

= Un (1-1004)

so (Vn) nem is a geometric sequence

Un = Vo (1-1004)"

= ¾ (1-1004)"

Un = ¾ (1-1002)" + ¼

d. h = ⅓ then un = ¾ (1- 19, 4- ¼

= ¾ (3) "+ ¼

and va = ¾

/un + a
n → tro



e. Un

f. un

I

if

so the problem isn't A-stable

11-100h 4 1

(=3 -1 (1-100h < 1

⇔ - 2 L-100h (O

⇔ ◦ (room (2

⇔ h < ⅓

notre ¼

Parts : with the implicit Euler method

a. Remember : Implicit Euler method :

✗ me = Xu + h fltreriXn.tn)

Here, applied to our problem :

Une, = Un + hf (tuer, Un + 1)

Uo = 1

Untr = Un + h (-100 Une, +25)

Uo = 1

Un +1 = Un - 100h Un +1 + 25h

40=1

Une = 11100h (Un + 25h)

Uo = 1

⇔

⇔

⇔

b) Une, = ^1 + 100h (Un + 254)

such

c) As before, we're looking for an α 'as /(a) =L,

with f :X → 11+1004 (✗ +25h)

1+1004 (✗ + 25h) = α

(11004-1) α + 1+1004

Cs (-100h1+1004) α = -254

1+1004

1

25h
O

⇔ α-¼

Then we use an auxilary sequence : Un-Un-α



auxilary sequence : Un-Un-α

So Vntr = Unt, - α = Un +1 -¼

- ^1+1004 (Un + 254) -¼

^

1+1004

= Un ✗ ^

= Vu ✗ ^

(Vn + ¼ +25h)-¼

1

1+1004 + 4+4004" 1+1004 - ¼

25h

1+1004" ¼ (11004-1) + 254
1+1004

= Vu × 1
1+1004" ¼ (-11%044)+254

1+1004

= Un ✗ 1

1+1004

= Un × 1

1+1004

(Vu/new is a geometric sequence.

1

(room)"

= ¾ (11100h)"

+ 0

Unen

So

Un = Vo

Vo -Vo - α

= ¾

So : Un = Un + *

= ¾ (11100h)"
+ 1

4

1

021+100441 , which means that :

for every 430, Un ↔, ¼

This confirme that the implicit Euler method is A- stable.

The question f is useless.

Exercise sheet 2

☐ 1. Let us pore that a R-K method is nous

if and only if Ébi si





Remember : the R-K scheme :

/i = xnthfiaijflttg.hr,:X;) is ; s

✗ nti : xn t h [bif (Gtcih, X;)
is,

☑ Un,xnh)

an explicit method is of over at least one if and only if ∅(t, ×, o): f4. x)

heu, Èr bit Itto, X:): flt, x) with Xi : ✗ to. [...:X

∅ 4×0) = ¾, bifle, x): f4. x) ⇔ flt, x).:& 

Moi 54th ∅/tn, xn, e)



∅ 4×0) = ¾, bifle, x): f4. x) ⇔ flt, x).:& bi = flt, x)

- ⇔ Ebi i

is,"

10

independent of i

2. . for onder at least 2 we need to pore that f1(t, ×,o):{Dfs !(8,7+7%7)

=

hint : we can find that

0fr04, ×, 0): (E bis)?!" "
is,

s

t (Éts Éa ;-)
j's)

♀ f4, x). flt, x)

E

2ff + !
2

f. ff7




