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Chapter 1

The reaction-diffusion systems
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In a biological context, they have been introduced

by ALAN TURING (1952) to study morphogenesis

(start of the forms) where forms seem to appoint out of "nothing"

clock and wavefront(ex: somitogenesis)

Turing showed that these types of form appearances occur

in "very simple" systems like chemical mixes submitted to

diffusion and reaction

These forms or structures are called Zaring patterns and

they have been used mice the 1970's in a large number of

biomaths works!
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MATHEMATICAL BIOLOGY

the mathematical ' is a little bit abstract but

we'll see it as a simplified model allowing to understand

_

the basic organisation (on self-organisation) of a complex system.

For this purpose, we will-use what we call reaction-diffusion

systems.

Question: what are reaction diffusion systems? {

Turing

• single equation: diffusion only

reaction diffusion

system of 2 equation
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3 Travelling/waves.

fronts

1. Diffusion

Ehe "classical" equation of diffusive phenomena is:

814 D = d. Duct,x) : heat equation introduced by Fourier

u: quantity that diffuses

t: time (t≥o)

✗ : space ✗ er, r: domain Cra=r, IR? R)

♀: partial derivative with respect to time

D: diffusion operator LAPLACIAN

in 1g: Ault, ×):&0×2 Ult, x)

Ault,×) = salt, ×) tog} ME, x)

d. i do diffusion coefficient

in 2D✗ :(¥

what is diffusion? it is a phenomenon for which "-the flux is

popotional to the gradient"

D

so diffusion "flattens" the "bump"a fast a d and the gradient are large.

Remark: if do we call the phenomenon: concentration

high gradient

⇒ strong flux is
M c 7 1)
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heat equation: 8- atty:& Duct, ×)

in# foult,x)-d. Ulta)

1 conditions

For the problem to be complete, it is necessary to specify what

are: no_the initial condition : Uco, Her cult:X))

- the boundary conditions for 1g: r:[or] ,

On

b & Cso

m
there exist 2 very well known

boundary conditions.

DIRICHLET homogeneous conditions:i

u 140) = ult, b) :O

r

him ultix) so

+ → to

2 NEUMANN homogeneous condition's

♀ alex) = 8m14)-◦

↳

tumult, ×)

t Etta

L

= K.fm/t,x)dx^

c

L 0

L

L

oult,x)dx =L. H ⇒ H:{. fullindx

summary: to summarize, we have now the full problem:

¥ ulti x): d. Dutt, x)

+ u 10, ✗ ) = F  given initial condition

+ DIRICHLET ult, o) salt, ×) so } boundary conditions

OR

NEUMANN fault, o) ♀ ult, 1) so

How do we solve such a problem?

we need for that a mathematical tool: eigenfunctions CEO Nations Promes)

Eigenfunctions2

the eigenfunctions of the diffusion operator D (with boundary

conditions)

is a "shot" that is a function depending

only on the space variable ×, we denote it Was such that

^ W es 2 times differentiable (W) w")

② W, W' and w" are defined on 616]

w satisfies the boundary conditions: who: we)=o Giricality

"w/(o): W' (L):O (NEUMAN)

w cannot equalto ◦ everywhere

(W#0) (not identically equal too)

A wa) = AWK), DEIR
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(when applying diffusion nor you do not modify the shape,

you just shrink or enlarge it. raw nah man

7 is called: the eigenvalue associated to w.

exercise: what are the eigenfunctions of D with Dirichlet conditions?

we look for functions satisfying:. w, Wiw" exist on [9/2]

w#00

• WCO): w/4=0

• Aw 1×7=7 Wix), 76112

that is W' 'Lx): FWA)

second order equation:

we look for solutions of the form: e" , see.

W" (X) = AWK) ⇔ Vet: t ex

WAI sek

W' (x) = ye't

W' '4) she"

⇔ * yet:O

⇔

Keloid]

22=7

CASE 1 if 7>0

then there are 2 possible ri ri. A re-A

then all the solutions or are a combination of e"" and ex that is:

Einar)

w Cx) = get ✗ + geux

with the DIRICHLET CONDITIONS NEED: • Who) = 0 GE t get:O

⇐ 9+9=0

⇔

thus: w/x) = c, (et"-ex) (ii. A

12:-A)

2=-4

730

• W(4=0 ⇔ ale" ! e'd) so

4, =-12

⇔ alert_é"')-o

- 19=0
R

ents e- it

⇒ WIX)to Heal]

Wto!

↳ eh:&, ⇔@ "4:'

⑤ ell = l

⇔ r, L:O

bso

7=0 D WA1=0

730 ⇒ does not injly the existence of an

eigenfunction

CASE 2 1=0 then w" (x):O , × e Cal], ↳ 0

that is W'Cx):c,

and WA) = 9×+8

to estimate sands we use the Dirichlet conditions:

Who)=W(C) so Who) so =) 4-0+9=0

⑤ 2=0

then wa) = ax W/C) so ⇒ also with ↳ o

⇒ 9=0 ⇒ way:O (w! 0)

iM#E for an eigenfunction

i. im

2:-if

identically equalto

CASE 3 ACO E- As -171=22171 ⇒ r=±iM

4- ✗ tip
me,:&.:p ⇒ W(x): # (Gaspx)tgsin(px))

here 2=0 andp.FI then

W Cx) s gas/✗ A) + {sinka)

with the Dirichlet conditions:

Who) so then c, coslojtqs.no):O

⇔ 9.1 +0=0

⇔ 9=0

we have W G) = {sin (✗ A)

W/4=0 ⇔ {sin (L.A)

→ ↗ either Eso ⇒ W:O IMPOSSIBLE

↳ sin (L.A):O L-A skit

KEE

since L> ◦

Also } ⇒ KEIN" ke/1,33..}

IT SO

then: A1: 11 ⇒ 171=192

⇒ -7:(4112
ako

⇔ as -LET I Kow"

sing: AWK) -AWK)

210 EDNA): DEWA)

 Dhwa)) -7@WW)

{sin (L.A)

and wa)↓: g. sin (KY)

without any loss of generality we take 6=1

then, there exist an infinite number of eigenfunctions

Wak) = sin (KI) , KEIN" and te:-(E) 2

L

Nhk)

✗

K-1 W, 4) = sin (E)

1

. .
%

W, (x)

k=2 Wix): sin (E)

.

- l

Remark: k is associated to the frequency of the shop of Wa.

that is if his large ↑

if his small #

)

Exercise: what are the eigenfunctions of D with the Neumann conditions?

we look for function w such that

• W, w', w" exist on Lok], ↳ ◦

• W #0 on [011]

• W' (o)-W' (C) so

• AWK): AWG) /HEIR

⑤ W' ' (X) = Aw/x)

Let ✗ EGL] W' '4) = Awk)
^

we look first for solutions of the form ex with red

that is riel" s t ex , for all ✗ Elo, ☐

⇔ 42 =)

CASE I if 1>0 there are 2 solutions 2,: F and 42:-F (1) =-92)

then was = g e"✗ tee"

with the Neumann conditions: ☑ ' (x) = gs, e"" tenzek"

W'10) -0 ⇒ 94+612=0

⇔ 97, -27=0

⇐ (4- E)
11=0 ↗ 41*0 because ✗ so

1- A> 0

⇔ 9=9

then Wix) = 9 (e"✗ te'")

W' (L) so =) 97, e" tgfrpe.tl:O

⇒ 9h, (et's e- "2) = ◦ 99=0 ⇒ W

↘ e' 'ls é'll

⇔ e"': eaIt

⇔@742=1

%

:O IMPOSSIBLE

⇒ 3% not POSSIBLE
w

so, the case Aso does not accept eigenfunctions

CASEZI Aso W " (x) so

⇒ W'1×1=9

⇒ W 1×1=9×+2

→ who) swly so ⇒ 9=0

so W CX) =L without any loss of generality we take E- I

so w/x)" is one eigenfunction

CASE 31 720 W " (x) = 7 wk)

r? 7 = - 171=22171 ⇒ r, = if) and 12=5 =-im

to w Cx) = gas/× A) te sin (✗ A)

W' (x) =-c,. A. sin (x Fal) t s. A. as (A)

if ✗ so w' (o) = -c, Alisin G) tea. wolo) so ⇒

8 % T

then

and W' LL) = -9 A sink A) so ↘ since A) so =, LAI = KIT, KEE
To

2=0

W (x): gas (✗ A)
9=0 WE 0 NOT POSSIBLE

since Lso

Also/⇒ k:L;D If

IT 30

then

K

☒ . ¥ ⇒ 171=1%5 ⇒ -7=1412

⇒ 2- -(E) 2 / Kent

to Wha):{as 1k¥) kent

and te = - (E) 2

we can take 6=1 Week): cos (ky)

to summarize: eigenfunctions of ☐ with NEUMANN:

are {Wo G) =/ , 40

Wk(x) = as (KI), Kent, te: -(E) 2

"4) = ↳ (ʰ  1 the:-(E) 2 with Ken ← no *!!we can write:

NWklx)

i
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solving the heat equation

If the initial condition relax) is an eigenfunction of A, wer

ksowolxj.l­k:1 

Wilx): cos/EX

k:C Wax)sws(21)

B

3
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% ult, x) = d. Ault, ×)

no, ×) = Walx) XEEK]

+ Boundary conditions (Dirichlet as Neumann)

630 , XE [OIL]

Remark: since no,x) is an eigenfunction, the solution

ultix) will evolve nitime without changing its shape that is:

he look for solutions of the form Ult, ×) = ✗ It). Week)

(that is called method of separation of variables).

Let's replace it in €):

% (alt) Wak)) = d. A (✗ 4) Wh (N)

⇔ Wha). ♀ a A) = d. ✗ (t). A wax)

E)

⇔ Wh/Lx). ✗ ' (t) = d. 7h ✗ 4) Wha)

→ Dark) -twerk)

⇐ ✗ ' (6) = dta ✗ 4)

✗ (t) ≤ k.ed.tk-t ↔,⇔ do Ak so

Zhen ult, x) = ked tht wax)
* *)

Ulo, ×) = WKU) = KWh G)

# AS6=0

⇒ Kol

*

Ult, x) s ed-tht Wak)

Remark: eigenfunctions and eigenvalues:

for any-dimension (10,2930, _.) with all the standard boundary conditions

we could show that there exist an infinite number of eigenfunction denoted

(Wo), W, 1 Wz, V31---"

- associated with eigenvalues (A) , di, Az,.... _always so

And we start to tag them starting with the greatest one.

07,703,7,> 727,}.. _.

And k GN RN' is associated to the frequency of the eigenfunction.

7

2 the solution of the heat equation when alo, x) = week)

is Ultix) = ed.tt week)

IF NEUMANN: and if kg then u(Gx) → e. 1,1
6++0

if u k> ◦
/ "

DIRICHLET
UH, x) = ed¥}t we 4) → 6

↳ to

⑤ If initial condition relax) is a mix of 2 eigenfunctions

UCOIN) = Xp, Wh, G) + Xk, Why)

Zhen, thanks to the superposition principle

U Lt, x) = xp, ed tht wa, 4) take " hit way)

Remark: this can be generalized to the sum of my linear combination of eigenfunctions

si Ae:-(ʰI} if heiresses (frequency)and

ed-tht will decrease faster!

+ #

1 °O

ult, x)

my

w


