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Mathematical 
modelling applied to biology and 

medicine



modelling noun [U] (MATHEMATICS, 
COMPUTING) 
  
- the activity of using mathematical models 
(simple descriptions of a system or process)  
to make calculations or predict what might happen 
(Cambridge dictionary) 

-the work of making a simple 
description of a system  
or a process that can be  
used to explain it, etc. 
(Oxford dictionary) 



Modelling
✓ Modelling is a scientific approach that allows a model 

elaboration, 
✓ the most known part of modelling is based on 

mathematics, and more particularly, on a part of 
mathematics that deals with variables and parameters 
taking values in the real numbers 

In this lecture, we will only deal with mathematical 
modelling 



✓ we can theorise without modelling, and we can 
model without theorising. However, a model is 
often a precious tool in a theoretical approach, 

✓ in practice: modelling may be useful in the 3 big 
steps of a scientific process: 

1- detect and ask questions, 
2- set up the problem and collect data and 
knowledge, 
3- define actions and study the consequences 

Modelling and theorising



✓ is the specialist of a strategy to 
design and use the models,  

✓ knows how to efficiently model in a 
field in which he or his team has 
some expertise, 

✓ knows a large variety of tools and 
methods, 

✓ is inspired by the biological problem 
to propose a method and not the 
reverse,  

✓ i s i n v o l v e d i n t h e b i o l o g i c a l 
knowledge improvement. In research 
project he would play a central role. 

•

Modeler



✓ is a symbolic representation of 
some aspects of an object, a 
phenomenon from the real world, in 
biology, ecology or medicine in our 
case,  

✓ is not THE answer to a problem, but 
AN answer to the problem, 

✓ is an instrument in the modeler 
toolbox,  

✓ is strongly coupled with experiment 
and observation, 

✓

A model



✓ is often integrated in a general 
framework dealing with the systems 
analysis 

- even if the data are often right, in 
some cases, the model can validate them 
or not, it can be a control instrument, 

- the model cannot be the excuse to 
a priori decisions, it can be used as a 
technical or political decisions 

A model



To be efficient, a model needs to be operative, that is 

✓answering the modelling goals, 
✓be able to interpret in terms of biology, 
✓be able to be translated into simple terms that 
everyone can understand, 

Characteristics of a model



what kind of model should we choose? 

✓ ode models, 
✓logic models  
✓simulations models (random number generators,…) 
✓geometric models (curves, maps, surfaces,…) 
✓data structured models (pde) 
✓object centered models (agent based models, …) 

Choice of the formalism



to elaborate a model, we need 
to take into account: 

✓ the object or the biological 
phenomenon to represent, 
✓the formalism, 
✓the goals (that is how we 
want to use the model) 
✓data and a priori biological 
knowledge ava i lab le or 
reachable by experiment or 
observation 

Elaborating a model



the modeller should 

✓  formulate the problem (that is 
write the model), 
✓ simplify the model to be able to 
study its properties, 
✓ relate it to other representations 
(graph, numerical code,) 
✓interpret the model and confront 
the ob ta ined resu l t s w i th 
biological reality (most of the 
t i m e s e e n t h r o u g h o u t 
experimental data) 

Elaborating a model



In biology and ecology 

✓  enzymology: the Michaelis-
Menten model, 
✓ genetics: the Mendel laws, 
✓ population genetics: Hardy-

Weinberg law 
✓ molecular biology: circadian 

clocks,… 

In medicine 
✓epidemiology models, 
✓cancer development models,… 

Some well known models



One of the simplest examples:  
population growth model

Thomas Robert Malthus (1766-1834)  
British economist



Example of the rabbit population growth in 
Australia



1850, Thomas Austin released 24 rabbits in the 
countryside of Australia. 

1950 rabbit population was estimated to be  
600 millions!

Rabbit population

Time



L(t)’ = b.L(t) - d.L(t)

L(t) = number of rabbits at time t  
b = birth rate  
d = death rate  
L’(t) = rate of changes of population with time  

b>d b<d

a= b-d
L(t)’ = a.L(t)

Rabbits

Times

Rabbits

Time



L(t)’ = 8.L(t) - 3.L(t)

b>d b<d

5= 8-3
L(t)’ = 5.L(t)

Rabbits

Time

Rabbits

Time

L(t) = number of rabbits at time t  
b = birth rate  
d = death rate  
L’(t) = variation of population with time  



How do we study such a problem? 



The secret? 



The secret? 

 Equilibria! 



What is an equilibrium ? 

it is a steady state:   
it does not vary with time! 

a<0



Equilibrium: a point that does not vary in time! 

L(t)’ = a.L(t)

Equilibria? Denote them L* 

variation is null with time:

L*’= 0 so a.L*=0 and if a 0 then L*=0≠

One single equilibrium: L*=0 !

Example with rabbits



A*=0 unstable

Rabbits

Time

Rabbits

Time

Two images to illustrate this:  a marble and love

a>0, A’(t)>0, A increasing a<0, A’(t)<0, L decreasing

A*=0 stable

a>0

a<0A(t)’ = a.A(t)



x’=a.x=f(x)

f(x)

x

x*=equilibrium
x*’=0=ax* so x*=0

f(x)

x



More generally 



x’=a.x
f(x)

x



x’=f(x)
f(x)

x



x’=f(x)
f(x)

x

x*=equilibria
x*’=0=f(x*)

f(x*)=0
4 equilibria !



Problem with the Malthus model



L(t)’ = b.L(t) - d.L(t)

L(t) = number of rabbits at time t  
b = birth rate  
d = death rate  
L’(t) = rate of changes of population with time  

b>d b<d

a= b-d
L(t)’ = a.L(t)

Rabbits

Times

Rabbits

Time



A too simple model… 

Pierre François Verhulst (1804-1849)  
Belgian mathematician



L(t)’ = a.L(t) Malthus

Verhulst suggests that a is not a constant! 

Growth (or decay) 
would depend on the  L population itself 
1-maximal growth rate r for small populations 
L, 
2-null growth rate when the population is too 
large  (reaching a value K called the carrying 
capacity) 

We would then change  a to a(L) … a>0

rabbits

time

L(t) = number of rabbits at time t  
b = birth rate  
d = death rate  
L’(t) = rate of changes of population with time  



How should we choose a(L)?

K
L

a(L)

r

?
?



How should we choose a(L)? 
One solution: the simplest curve: the 

straight line !

K
L

a(L)
r



L(t)’ = a.L(t)

a(L) = -rL/K +r
    =  r(1-L/K) 

L(t)’ = r(1-L/K).L(t)

r: maximal growth rate 
K: carrying capacity

Malthus

Verhulst



rabbits

a>0

Malthus 
exponential curve

time

rabbits
K

Verhulst 
logistic curve

Difference between the two models

time



Even if more realistic,  
Verhulst model is still  

not appropriate… 





time

rabbits

Even if initial population is close to 0, 
repopulating the species is not a 

problem… 

K



this seemed a big issue… 



Suppose that 2 wild tigers remain in 
the world,  

one male and one female… 
one in India, the other one in China 





2013



Repopulating the species is almost 
impossible… 

Verhulst model is not exact in this 
case 



How should we solve it ? 



Warder Clyde Allee (1885-1955)  
American zoologist et ecologist 



Allee effect 



L(t)’ = a.L(t)

L(t)’ = r(1-L/K).L(t)

Malthus

Verhulst

Allee effect

Allee L(t)’ = r(1-L/K).L(t).(M-L)



L’effet Allee 

Verhulst 

ALLEE (espèce sauvée) 

ALLEE (espèce condamnée) 

M



Interpretation 

time

Rabbits Verhulst



Interpretation 

Allee



Everything may not be totally lost for 
tigers ? 

2016





More complex models 



Prey predator models 



A model with data 
 



Snow shoe hares versus Lynxes



Snow shoe hares versus Lynxes



L(t)’ = -L(t)(a-b.H(t)) 
H(t)’ =  H(t)(c - d.L(t))

L(t) = Lynxes 
H(t) = Hares  



Lotka-Volterra (1925 - 1926) 
 

Alfred Lotka 
(american) 
1880-1949

Vito Volterra 
(italian) 

1860-1940

L(t)’ = -L(t)(a-b.H(t)) 
H(t)’ =  H(t)(c - d.L(t))





Models  
of species invasion 



Red squirrels versus grey squirrels 





Even more complex models  
Reaction diffusion models







These reaction diffusion models 
describe  

many biological phenomena



Alan Turing (1912-1954)  
British mathematician





















Even evolution theory



Adaptative dynamics





Charles Robert Darwin (1809-1882)  
British Naturalist



Darwin’s notebooks





And so many other models



Edward Norton Lorenz (1917-2008)  
American meteorologist












