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Abstract. We analyze the asymptotic behavior of a nonlinear mathematical model
of cellular proliferation which describes the production of blood cells in the bone
marrow. This model takes the form of a system of two maturity structured partial
differential equations, with a retardation of the maturation variable and a time
delay depending on this maturity. We show that the stability of this system depends
strongly on the behavior of the immature cell population. We obtain conditions for
the global stability and the instability of the trivial solution.

1. Introduction and motivation. This paper is devoted to the analysis of a ma-
turity structured model which involves descriptions of process of blood production
in the bone marrow (hematopoiesis). Cell biologists recognize two main stages in
the process of hematopoietic cells: a resting stage and a proliferating stage (see
Burns and Tannock [9]).

The resting phase, or Gg-phase, is a quiescent stage in the cellular development.
Resting cells mature but they can not divide. They can enter the proliferating
phase, provided that they do not die. The proliferating phase is the active part of
the cellular development. As soon as cells enter the proliferating phase, they are
committed to divide, during mitosis. After division, each cell gives birth to two
daughter cells which enter immediately the resting phase, and complete the cycle.
Proliferating cells can also die without ending the cycle.

The model considered in this paper has been previously studied by Mackey and
Rudnicki in 1994 [23] and in 1999 [24], in the particular case when the proliferating
phase duration is constant. That is, when it is supposed that all cells divide exactly
at the same age. Numerically, Mackey and Rey [21, 22], in 1995, and Crabb et al.
[11, 12], in 1996, obtained similar results as in [23]. The model in [23] has also
been studied by Dyson et al [13] in 1996 and Adimy and Pujo-Menjouet [3, 4]
in 2001 and 2003, but only in the above-mentioned case. These authors showed
that the uniqueness of the entire population depends, for a finite time, only on the
population of small maturity cells.

However, it is believed that, in the most general situation in hematopoiesis,
all cells do not divide at the same age (see Bradford et al. [8]). For example,
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pluripotent stem cells (the less mature cells) divide faster than committed stem
cells (the more mature cells).

Mackey and Rey [20], in 1993, considered a model in which the time required for
a cell to divide is not identical between cells, and, in fact, is distributed according
to a density. However, the authors made only a numerical analysis of their model.
Dyson et al. [14, 15], in 2000, also considered an equation in which all cells do not
divide at the same age. But they considered only one phase (the proliferating one)
which does not take into account the intermediary flux between the two phases.
Bernard et al. [7], in 2001, studied the local stability of a simpler model, dealing
with the behavior of the total cell population. Adimy and Crauste [1], in 2003,
studied a model in which the proliferating phase duration is distributed according
to a density with compact support. The authors proved local and global stability
results.

In [2], Adimy and Crauste developed a mathematical model of hematopoietic
cell population in which the time spent by each cell in the proliferating phase,
before mitosis, depends on its maturity at the point of commitment. More exactly,
a cell entering the proliferating phase with a maturity m is supposed to divide a
time 7 = 7(m) later. This hypothesis can be found, for example, in Mitchison [25]
(1971) and John [18] (1981), and, to our knowledge, it has never been used, except
by Adimy and Pujo-Menjouet in [5], where the authors considered only a linear case.
The model obtained in [2] is a system of nonlinear first order partial differential
equations, with a time delay depending on the maturity and a retardation of the
maturation variable. The basic theory of existence, uniqueness, positivity and local
stability of this model was investigated.

Many cell biologists assert that the behavior of immature cell population is an
important consideration in the description of the behavior of full cell population.
The purpose of the present work is to analyze mathematically this phenomenon
in our model. We show that, under the assumption that cells, in the proliferating
phase, have enough time to divide, that is, 7(m) is large enough, then the uniqueness
of the entire population depends strongly, for a finite time, on the population with
small maturity. This result allows us, for example, to describe the destruction of
the cell population when the population of small maturity cells is affected (see
Corollary 3.4).

In [24], Mackey and Rudnicki provided a criterion for global stability of their
model. However, these authors considered only the case when the mortality rates
and the rate of returning in the proliferating cycle are independent of the maturity
variable. Thus, their criterion can not be applied directly to our situation.

This paper extends some local analysis of Adimy and Crauste [2] to global results.
It proves the connection between the global behavior of our model and the behavior
of immature cells (m = 0).

The paper is organized as follows. In the next section, we present the equations
of our model and we give an integrated formulation of the problem, by using the
semigroup theory. In section 3, we show an uniqueness result which stresses the
dependence of the entire population with small maturity cell population. In Section
4, we focus on the behavior of the immature cell population, which satisfies a system
of delay differential equations. We study the stability of this system by using a
Lyapunov functional. In Section 5, we prove that the global stability of our model
depends on its local stability and on the stability of the immature cell population.
Finally, in Section 6, we give an instability result.
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2. Equations of the model and integrated formulation. Let N(¢,m) and
P(t,m) denote, respectively, the population densities of resting and proliferating
cells, at time ¢t and with a maturity level m.

The maturity is a continuous variable which represents what composes a cell,
such as proteins or other elements one can measure experimentally. It is supposed
to range, in the two phases, from m = 0 to m = 1. Cells with maturity m = 0
are the most primitive stem cells, also called immature cells, whereas cells with
maturity m = 1 are ready to enter the bloodstream, they have reached the end of
their development.

In the two phases, cells mature with a velocity V(m), which is assumed to be
continuously differentiable on [0, 1], positive on (0, 1] and such that V' (0) = 0 and

T for m € (0,1] (2.1)
—— = 400, or m 1. .
o V(s)
Since f;jf Vd(ss 3 with m; < meg, is the time required for a cell with maturity m;

to reach the maturity msq, then Condition (2.1) means that a cell with very small
maturity needs a long time to become mature.
For example, Condition (2.1) is satisfied if

V(m) o~ amP,  with @ >0 and p > 1.

In the resting phase, cells can die at a rate 6 = §(m) and can also be introduced
in the proliferating phase with a rate 8. In the proliferating phase, cells can also
die, by apoptosis (a programmed cell death), at a rate v = y(m). The functions
d and v are supposed to be continuous and nonnegative on [0,1]. The rate 8 of
re-entry in the proliferating phase is supposed to depend on cells maturity and on
the resting population density (see Sachs [26]), that is, 5 = B(m, N(t,m)). The
mapping 3 is supposed to be continuous and positive.

Proliferating cells are committed to undergo mitosis a time 7 after their entrance
in this phase. We assume that 7 depends on the maturity of the cell when it enters
the proliferating phase, that means, if a cell enters the proliferating phase with a
maturity m, then it will divide a time 7 = 7(m) later.

The function 7 is supposed to be positive, continuous on [0, 1], continuously differ-
entiable on (0, 1] and such that

'(m) + ﬁ >0, for m € (0, 1]. (2.2)
One can notice that this condition is always satisfied in a neighborhood of the origin,
because V' (0) = 0, and is satisfied if we assume, for example, that 7 is increasing
(which describes the fact that the less mature cells divide faster than more mature
cells). Under Condition (2.2), if m € (0,1] is given, then the mapping m —
I % —7(m) is continuous and strictly decreasing from (0, m| into [—7(m), +00).
Hence, we can define a function © : (0, 1] — (0,1], by

™ ds

—— =7(0(m)), form € (0,1].
/@(m) V(s)

The quantity ©(m) represents the maturity of a cell at the point of commitment

when this cell divides at a maturity level m. The function © is continuously differ-
entiable and strictly increasing on (0, 1] and satisfies

limo@(m) =0 and 0<O(m)<m, forme(0,1].
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If we consider the characteristic curves x : (—oo, 0] x [0, 1] — [0, 1], solutions of the
ordinary differential equation

{fzfu,m) = Vid(s:m), s<0andme[0.1],
x(0,m) = m,

then, it is easy to check that, for m € [0,1], ©(m) is the unique solution of the
equation

x = x(—=7(x),m). (2.3)
The characteristic curves x(s,m) represent the evolution of the cell maturity to
reach a maturity m at time 0 from a time s < 0. They satisfy x(s,0) = 0 and
x(s,m) € (0,1] for s < 0 and m € (0,1]. Moreover, we can verify that the charac-
teristic curves are given by

x(s,m) = h~(h(m)e®), for s <0and m € [0,1], (2.4)

where the continuous function A : [0,1] — [0, 1] is defined by

[
1
ds
h(m) = exp( V) >, for m € (0, 1],
for m = 0.

Since h is increasing, the two functions s — x(s,m) and m — x(s,m) are also
increasing.

At the end of the proliferating phase, a cell with a maturity m divides into two
daughter cells with maturity g(m). We assume that g : [0,1] — [0, 1] is a continuous
and strictly increasing function, continuously differentiable on [0, 1) and such that
g(m) < m for m € [0,1]. We also assume, for technical reason and without loss of
generality, that

lim ¢'(m) = +oo.

m—1
Then we can set g~t(m) = 1, for m > ¢(1). This means that the function
~1:00,1] — [0,1] is continuously differentiable and satisfies (g~!)(m) = 0, for
m > g(1). We set

A(m) = 0(g~*(m)), for m € [0, 1].

The quantity A(m) is the maturity of a mother cell at the point of commitment,
when the daughter cells have a maturity m at birth. The function A : [0, 1] — [0, 1]
is continuous and continuously differentiable on (0,1]. It satisfies A(0) = 0, A is
strictly increasing on (0, g(1)), with ©(m) < A(m), and A(m) = (1) for m €

[9(1),1].
At time t = 0, the resting and proliferating populations are given by
N(0,m) = 7i(m), (2.5)
and
_ T(©(m))
P(0,m) = T(m) == / T(m, a)da, (2.6)
0

where I'(m, a) is the density of cells with maturity m, at time ¢ = 0, which have
spent a time a in the proliferating phase, or, equivalently, with age a. The functions
7 and I' are supposed to be continuous on their domains.

We define the sets Q := [0, 1] x [0, Tynaz], Where Tynap = maxp,ejo,1) 7(m) > 0,

On = {(m,1) €9; 0<t <r(Am))},
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and
Oe = {(m,t) cQ:0<t< T(@(m))}.

Then, the population densities in the resting and the proliferating phases, N(¢,m)
and P(t,m), satisfy, for m € [0,1] and ¢ > 0, the following equations,

—(8(m) + B(m, N(t,m)) ) N(t,m)

|
=
)
_|_
=
&)
=
3

i

(2.7)
+ 2§(T(A(m)), m)N(t —7(A(m)), (m)) X

and
0

— 7r(7'(@(m))7 m)N(t —7(0(m)), @(m)) X

B(O(m), N (t = r(©(m)),6(m)), if (m.1) ¢ Qe
(2.8)
where the mappings £ : QA — [0,400) and 7 : Qg — [0, +00) are continuous and
¢ satisfies
EG,m)=0 if m>g(1),
because, from the definition of g, a daughter cell can not have a maturity greater
than g(1).

In Equation (2.7), the first term in the right hand side accounts for cellular loss,
through cells death (§) and introduction in the proliferating phase (). The second
term describes the contribution of proliferating cells, one generation time ago. In a
first time, cells can only proceed from cells initially in the proliferating phase (I').
Then, after one generation time, all cells have divided and the contribution can
only comes from resting cells which have been introduced in the proliferating phase
one generation time ago.

The factor 2 always accounts for mitosis. The quantity £(¢,m) is for the rate of
surviving cells.

In Equation (2.8), the first term in the right hand side also accounts for cellular
loss, whereas the second term is for the contribution of the resting phase. The third
term describes the same situation as in Equation (2.7), however, in this case, cells
leave the proliferating phase to the resting one. The quantity 7 (t,m) is also for the
rate of surviving cells.

We can observe two different behaviors of the rates of surviving cells, in the two
phases. In a first time, they depend on time and maturity, and after a certain time,
they only depend on the maturity variable. When the process of production of blood
cells has just begun, the only cells which divide come from the initial proliferating
phase population. But after one cellular cycle, that means when ¢ > 7(A(m))
(respectively, t > 7(O(m))), the amount of cells only comes from resting cells
(respectively, proliferating cells) which have been introduced in the proliferating
phase (respectively, resting phase) one generation time ago. Consequently, we take
into account the duration of the cell cycle, and not the present time.
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Equations (2.7) and (2.8) are derived, after integration, from an age-maturity struc-
tured model, presented in [2]. In fact, the rates & and 7 are explicitly given (see

[5]) by

éttom) = o m exp { = [ (3(csug™ ) + V(=297 0m) s |
and
7(t,m) = a(m) eXp{ — /Ot ('y(x(—s,m)) + V'(x(—s,m)))ds},

with a1 [0,1] — [0, +00) a positive and continuous function, such that «(0) = 1.
In the following, to simplify the notations, we will denote by £ and 7 the quantities

&(m) = &(r(A(m)),m),

and 7(m) = 7 (7(©(m)),m).
One can remark that the solutions of Equation (2.7) do not depend on the solutions
of Equation (2.8), whereas the converse is not true.

Before we study the asymptotic behavior of the solutions of Problem (2.5)-(2.8),
we establish an integrated formulation of this problem. We first extend N by setting

N(t,m)=mn(m), fort € [~Tmasz,0] and m € [0,1]. (2.9)

One can remark that this extension does not influence the system.
We also define two mappings, F : [0, +00) x [0,1] x R — R and
G:[0,+0) x [0,1] x R — R, by

2§(t,m)F(X( - t,g_l(m)),T(A(m)) — t), if (m,t) € Qa,
26(m)B(A(m), z)z, if (m,t) ¢ Qa,

F(t,m,x)= (2.10)

and
7T(t7m)F(X( —t,m), 7(0(m)) t), if (m, 1) € Qe,
7(m)B(6(m), z)z, if (m,t) ¢ Qeo.

We denote by C]0, 1] the space of continuous functions on [0, 1], endowed with the
supremum norm ||.||, defined by

G(t,m,z) = (2.11)

[v]| = sup [v(m)], for v € C[0,1],
me[0,1]

and we consider the unbounded closed linear operator A : D(A) C C[0,1] — C]0, 1]
defined by

D(A):{u € C[0,1] ;u differentiable on (0,1],u" € C(0, 1], lin%) V(z)u'(z) = 0}
and

_f —((x) + V(z)u(z) — V(z)u (), if z € (0,1],
Au(z) = { —(5(0) + V'(0))u(0), if 2 = 0.

Proposition 2.1. The operator A is the infinitesimal generator of the strongly
continuous semigroup (T'(t))i>o defined on C[0,1] by

(Tt))(z) = K(t, 2)(x(—t,z)), fory € Cl0,1], t >0 and z € [0,1],
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where
}(@,x)::exp{——Jét(6(X(—s,xn-+lﬂ(x(—sgﬂ))ds}.

Proof. The proof is similar to the proof of Proposition 2.4 in [13]. O

We look for integrated solutions of Problem (2.5)-(2.8), which are continuous func-
tions on ¢ with values in X = C0, 1]. In the beginning, we consider the inhomoge-
neous Cauchy problem

(0 = oz

where f € L], .(0,+00; X).
The following variation of constants formula gives an integrated version of Equation
(2.12) (see [16], page 436),

u(t) =T(t)v +/0 T(t—s)f(s)ds, t>0.

Since the expression of the semigroup (T'(t)):>0 is given explicitly by Proposition
2.1, we have, for t > 0 and m € [0, 1],

u(t)(m) = K(t,m)v(x(—t,m)) + /0 K(t—s,m)f(s) (X(—(t — s),m))ds.

Consequently, if we denote by C'(£2) the space of continuous functions on €2, endowed
with the norm

|T||q:= sup |Y(m,a)|, forY eC(Q),
(m,a)eN

then the integrated formulation of Problem (2.5)-(2.8) is given, for i € C[0,1] and
I' e C(Q2), by

N(t,m) = K(t,m)i(x(—t,m)) — /OK(t —5,m)N (s,x(=(t — 5),m)) x

B(x(=(t = 5),m), N (s, x(~(t = 5),m)) ) ds + / Kt — 5,m)x

F(5,0(=(t = 8),m), N (s = 7(AK(~ (¢ = 8),m))), AQ(~ (¢ = 5),m)) ) ds,
(2.13)
and

P(t,m) = H(t,m)T (x(~t,m)) /Ht—smN@X(u—g m)) x

ﬁ(X(—(t—S),m),N(s,x( (t—s),m ds—/Ht—sm

G (s, x(=(t = 8),m), N (5 = (O(x(~(t = 5),m))), O((~(t =~ ), m))) ) ds,
(2.14)
for t > 0 and m € [0, 1], where F and G are given by (2.10) and (2.11), T is given
by (2.6) and, for ¢ > 0 and m € [0, 1],

(tm) = e {= [ (2(csm) + V' (x(som) s .
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We can easily prove (see [2]), under the assumptions that the function = — B(m, x)
is uniformly bounded and the function x — x5(m, z) is locally Lipschitz continuous
for all m € [0, 1], that Problem (2.13)-(2.14) has a unique continuous global solution
(NBL PEDY for initial conditions (z,T') € C[0,1] x C(£).

3. A uniqueness result. In this section, we establish more than uniqueness. In-
deed, we show a result which stresses, for a finite time, the dependence of the entire
population with the small maturity cell population. It has been shown for the first
time by Dyson et al. [13], for a model with a constant delay. We will see that this
result is important in order to obtain the asymptotic behavior of the solutions of
(2.13)-(2.14).

We first assume that

A(m) <m, for all m € (0, 1]. (3.1)
This condition is equivalent to

A COR N
T(A(m)) > /m Vi) for m € (0, 1]. (3.2)
This equivalence is immediate when one notices that, from (2.3),
A(m) = x( = (A(m)), g~ (m)) = b~ (h(g™" (m))e TAI™)).

-1
Since the quantity f ngl (m) Vd(ss ) represents the time required for a cell with maturity

m, at birth, to reach the maturity of its mother at the cytokinesis point (the point of
division), Condition (3.2) means that, in the proliferating phase, cells have enough
time to reach the maturity of their mother.

Condition (3.1) implies in particular that

O(1) == A(g(1)) < g(1).
From now on, and throughout this section, we assume that the function x — S(m, z)
is uniformly bounded, the function x +— x3(m, x) is locally Lipschitz continuous for
all m € [0, 1], and that Condition (3.1) holds.
For b € (0,1] and ¢ € C[0, 1], we define ||.||» as follows

4]l == sup ] [ (m)].

me(0,b

We first show the following proposition.

Proposition 3.1. Let iy, i, € C[0,1] and I'1, Ty € C(Q). If there exists 0 < b < 1
such that

i (m) = Tip(m) and T (m,a) = Ta(m, a), (33)
form €10,b] and a € [0, Trmas], then,
NPyt m) = NP2t m), fort >0 and m € [0, g(b)]. (3.4)

Proof. We suppose that there exists b € (0, 1) such that (3.3) holds. Let T > 0 be
given, and let ¢t € (0,7] and m € [0, g(b)] be fixed. Since h is increasing, it follows
from (2.4) that x(—¢t,m) < m < g(b) < b. Then

EI(X(_t7 m)) = ﬁ2(X(_t7 m))
Let s € [0,¢]. Since g~! is increasing, then

X(= 5,97 (x(=(t—5),m))) <g " (x(—(t —s),m)) < g~ '(m) <b.
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Moreover, if 0 < s < 7(A(x(—(t — s),m))), then
T(AX(=(t = 5),m))) — 5 € [0, Timaa).
Thus, we have

Iy (= 5,97 (x(=(t = 5),m))), 7 (AG(=(t = 5),m))) = 5)
= (x( = 5,97 (x(=(t = 8).m))), T (AG(—(t = 5),m)) = s).

Since the solutions N¥1:.I't (¢, m) and N¥212 (¢, m) of Equation (2.13) are continuous
and satisfy

NI (0, m) = NF22(0,m), for m € [0, 0],
then, by using the locally Lipshitz continuous property of the function z — x8(m, x),
we can write

|NFolL(t m) — NF2T2(t m))

< I?L/O NP (5, x (= (8 = 5),m)) — NP22 (s, x (= (t = 5),m))|ds

+2KLE| /0 [NFEE (s — T(A((=(t = 5),m)), A(x(=(t = 5),m)))
—NF2b2 (s — 7(A(x(=(t = 5),m))), A(x(=(t = 5),m)))|ds,

t
< KL/ HNﬁl’Fl(s, - ERE (5, Mlgwyds
0

+2KLE| /0 NPTt (s — T(A(x(=(t = 5),m))), )
—NFb2 (s — 7(A(X(=(t = 5),m))), )llgw) ds,

for T > 0 small enough, where L is a Lipschitz constant of the function z —
zB(m,z) and K is defined by
K(s,m) <K, forsel0,T]and m € [0,1].

The extension given by (2.9) allows to give sense to the integral terms in the above
inequality.

Let 6 € [~Timaz, 0] be given. If t + 6 < 0, then NP1 (¢ 460, m) = NF2L2(t + 60, m).
Ift+6 >0, then

. t+6 _ o
NPTy (4 0,m) — NP2 (t+ 6, m)| < KL/ [INFUTt (s, ) = NP2 T2 (s, ) || g0y ds
0

- . t+6 .
2R L[E / INFTs (5 — r(A(e(~ (¢ + 6 — 5),m)), )

NP2 2 (s — r(A(x(=(t+ 0 — 5),m))), )l g0y D5,

t
< KL(1+2|€|) / sup  [[NFUTi(s40,.) — NF22(s +0, )| 4 ds.
0 56[—7’,%@@,0]
It follows that
sup ||Nﬁ1’F1(t—|—9,.) —NﬁZ’FQ(t—l—H,.)Hg(b)
0€[—Tmax,0]

t
=< KL(1+2|IE||)/ sup  [[NFrT (s +6,.) — NF2 2 (s + 0, )| o) ds.
0 e

—Tmazx aO]
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By using the Gronwall’s Inequality, we obtain

sup [INFRT(E 4 6,.) — NP2 (46, o) = 0.
06[_7-771,0,.@70]

In particular,
NPTt ) — NPTz (g, Mgw) =0, for ¢t € (0,T].

By steps, this result holds for all T' > 0, therefore (3.4) is satisfied and the proof is
complete. O

Now, let 0 < b < g(1) be fixed and consider the sequence (b,,)nen defined by

A~Y(by,), ifb, €[0,0(1)),
bo = B and bn+1 = (35)
9(1)7 if b, € [@(1);9(1)}-

The sequence (by,)nen represents the transmission of the maturity between two
successive generations, n and n + 1. The following result is immediate.

Lemma 3.2. If 0 < b < O(1) := A(g(1)), then there exists N € N such that
by < O(1) < byt <g(1).

We give now a first result, which emphasizes the strong link between the process
of production of cells and the population of stem cells. A similar result has been
proved by Adimy and Pujo-Menjouet [5] in the linear case.

Theorem 3.3. Let 1y, 11, € C[0,1] and T'1,Ts € C(Q). If there exists 0 < b < 1
such that (3.3) holds, then, there exists t > 0 such that

NPT (t,m) = NP2 (2, m),
for m € [0,9(1)] and t > ¢, where t can be chosen to be

. [rte)
=l [h(g(b))

and N € N is given by Lemma 3.2, for b= g(b). Furthermore,
NPTt m) = NF=P2(t,m),
form € [g(1),1] and t > T+ Tynae — In (R(g(1))) = (N + 3)Tmaz — In (A(g(b))).

+ (N + 2)Tmaz, (3.6)

Proof. Let b = g(b). Since g is increasing, then b < g(1). Proposition 3.1 implies
that

NFETL(t m) = NF2T2(t m), for t >0 and m € [0, b].
Let us reconsider the sequence (b,)nen, given by (3.5), and let us consider the

sequence (t, )nen defined by
h(b
( n+1)] + Tmaz)

h(bn)

tny1 =tn +1In (37)

to = 0.
Then,
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The sequence (b, )nen is increasing. Then, the sequence (¢, )nen is also increasing.
We are going to prove, by induction, the following result

(Hy) : NFCTy(t m) = NP2 T2t m), for t > t, and m € [0,b,).

First, (Hp) is true, from Proposition 3.1.
Let suppose that (H,,) is true for n € N. Let ¢t > ¢,11 and m € [0,b,41]. Then,
from (3.7),

tn+1 2 tn + Tmazx Z Tmax-

Since Equation (2.13) is autonomous, its solutions can be reformulated, for ¢ > ¢, 1,
as follows

Nﬁivr\i (tam) = K(t - tn — Trmax) m)NﬁiIi (tn + Tmava( - (t - tn - Tmaa:)am))

_/tt K(t—s,m)Nﬁi’Fi(&X(—(t_3)7m)>x

nt+Tmaz

5(x(= (0= 5)m) N (s (= (0= 5).m)) ) s
+2/tt K(t—s,m)g(x(—(t—s),m))x

n+Tmaz

6<A(><(—(t = 8),m)), NFT (i = 7 (A= (t = 5),m))), AQd(~(t - s>,m>>)) x

N (s — T (Ax(=(t = 8),m))), A(x(~(t — 5), m)))ds,
for i = 1,2. Remark that, from (2.4),
X( —(t—tn — Tmam)’m) =ht (h(m)e_(t_t"_”"w)),
and from (3.7),

—(t—=tn—T : _ —(t—=tn+1
o= (t—tn—Tmaa)  — e~ (t=tnin)

Then, we deduce that
X( — (t—tn — Tmaz), m) <h ! (h(m) fo(bn) ),S pt (h(bn_H) h(bn) ) =by,.
Hence, (H,,) implies

Nﬁhrl (tn+Tma:E7 X(_(t_tn_Tmaw)a m)) = Nﬁ%rrz (tn“‘Tmaza X(_(t_tn_Tmax)7 m)) J
Furthermore, for ¢, + Tmaee < s < t, we have

s = T(AX(=(t = 5),m))) = (tn + Tmaz) — T(A(X(=(t = 5),m)) > tn,

and
A(X(—(t — S),m)) < A(m) < A(bp+1) = bn.
Consequently,
N T (s = T(AX(=(t = 8),m)), Alx(=(t — s), m)))
= NP2 (s — (A (~ (¢ — ), m), Alx(~ (¢ = 5),m))).
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Then, we obtain that
t
|NFoLi(t m) — NF2L2 (¢ m)| < / K(t—s,m)x

tn+Tmax

% |8 (x(=(t = 8),m), NI (5, (=t = 8), m)) ) NTT2 (5, x(~ (¢ = 5),m))

_B(X(_(t - 8)7m)7Nﬁ27F2 (87X(_(t - s)7m)))Nﬁ2I2 (S’X(_(t - 3)7 m)) dS,

and, by using the Gronwall’s inequality, we deduce that (H,y1) is true. Conse-
quently, (H,,) is true for n € N.

In particular, (H,) holds for n = N + 2, where N is given by Lemma 3.2, with
b= g(b). Since by 41 € [O(1),g(1)], then by 4o = g(1). We deduce that

NFCTy(t m) = NF2Y2 (¢ m)  for m € [0,g(1)] and t > 7, (3.8)

where t = ty4o is given by (3.6).
Finally, take m € [g(1),1] and ¢t > ¢ + Tya.. We can write, for i = 1,2,

NHL (t,m) = K(t -t Tmamm)Nﬁi,Fi (E"_ Tmax X(_<t —t- Tm‘m)’m))

_/t K(t—s,m)NFl (8,x(—(t—s)am))x

t+Tmax

5(x(= (0= 5)m) NP (s, (= (0= 5).m)) s

+2/t K(tfs,m)g<x(f(tfs),m)>x

t+Tmax

ﬂ(A(X((t — 8),m)), NPT (5 = (A (= (= 5),m)), A(x(—(t s>,m>>)) x

N (s = T (AGU=(t = 8),m))), AQd(=(t = 5),m)) ) ds.
Let t + Tiae < s < t. Then,
5= (A= (t — $),m))) 2 T+ Tmas) — 7 (A~ (¢ — ),m) > T
Consequently, if x(—(t — s),m) < g(1), then,
Alx(=(t = s),m)) < Ag(1)) < g(1),
and (3.8) implies that
N (5 = 7 (AG=(t = 5),m)), Ald(=(t = 5),m)) )
= NL2 (5 — 7 (A(c(= (¢ = ), m))), Al (t = 5),m)).
On the other hand, if X( —(t— s),m) > g(1), then, from the definition of £, we
have E(X( —(t—s), m)) = 0. Furthermore, by remarking that In(h(m)) < 0, for all
m € (0, 1], then we deduce, for m € [g(1),1] and ¢ > t + Tynas — In(h(g(1))), that
X(— (t =T~ Tmaa)sm) = h! (h(m)e—ﬁ—f—wm),

H(h(m)h(g(1))),
“Hh(g(1)) = 9(1).

INIA
S
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Hence,

NFEwl (E-I—TmamX(_(t_E_Tmaw)’ m)) = NPtz (E—H-mw’x(_(t_

t—Timaz)s m))
Using once again the Gronwall’s inequality, we conclude that
NFETy(t m) = NF2T2(t m), for m € [g(1),1] and t > T + Tynae — In(h(g(1))).

This completes the proof. O

Corollary 3.4. Let i € C[0,1] and T € C(Q). If there exists 0 < b < 1 such that
f(m)=0 and T(m,a)=0, form€[0,b] anda € [0, Tmaz),
then,
NEE(t,m) =0, form€[0,1] and t > (N + 3)Tjas — In (h(g(b))),
where N € N is given by Lemma 3.2, for b= g(b).

This result stresses the dependence of the production of cells with the population
of stem cells. In particular, if the stem cells population is defective in the initial
stage, then the entire population is doomed to extinction in a finite time. This
situation describes what usually happens with the aplastic anemia, a disease which
yields to injury or destruction of pluripotential stem cells.

In the next corollary, we show that the proliferating population depends also
strongly on the stem cells population.

Corollary 3.5. Let fi;, iy, € C[0,1] and I'1,T'y € C(Q). If there exists 0 < b < 1
such that (3.8) holds, then

PPl m) = PP2l2(tm),  form €1]0,1] and t > (N + 3)Tiae — In (R(g(b))),
where N € N is given by Lemma 3.2, for b= g(b).

Proof. The proof is immediate by using Theorem 3.3, Equation (2.14) and a method
of steps. O

4. Behavior of the immature cell population. In this section, we investigate
the behavior of the immature cell population, that means, the population of cells
with maturity m = 0.

Let i € C[0,1] and T € C(Q2) be fixed. Let us consider the continuous solutions
NEL(t,m) and P*L(t,m) of Problem (2.13)-(2.14). We set z(t) = N#!(¢,0) and
y(t) = PPL(¢,0), for all t > 0. Then, by taking m = 0 in (2.13) and (2.14), one
can see that (z(t),y(t)) is solution of the system

t
o) = e ri0) = [ 50, a(s))a(s)ds
0
t
2/ e_p(t_s)g(S,O)F(Oﬂ" _ s)d& fort € [077“},
0

, (4.1)
+ 2/ e P=9)¢(s,0)0(0, 7 — s)ds
0

+2£(0) /t e P9 3(0, 2(s — r))x(s — r)ds, for r <t,
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and

y(t) = e~T(0) + /0 =11=5) (0, 2(5))(s)ds

/t e 1)1 (5,0)0(0, 7 — s)ds, for t € [0, ],
o (4.2)
- / e ") (s5,0)0(0, 7 — 5)ds
0
+7(0) /t e =9 3(0, 2(s — 7))z (s — r)ds, for r < t,
where p :=6(0) + V'(0), n := ~v(0) + V’(0) and r := 7(0) > 0.
Let us recall that £(0) = &(r,0), 7(0) = 7(r,0) and
T(0)= [ T(0,a)da.
0= [ T0.0)da
Then, we easily deduce that System (4.1)-(4.2) is equivalent to the system
d
=0 = —(p+B0,2())a(®
2¢6(t,0)0(0,r — t), for0<t<r, (4.3)
2£(0)3(0,z(t —r))z(t —r), forr <t,
z(0) = 7(0),
dy
Wy = ) + 0, 20))
3 { 7(t,0)(0,7 —t), for0<t<r, (4.4)
7(0)5(0,z(t —r))z(t —r), forr <t,
y(0) = T(0).

Of course, at t = r, the derivatives in (4.3) and (4.4) represent the right-hand side
and the left-hand side derivatives.
First, consider the system, for ¢t € [0, 7],

Dy = (ot B0, 8(1))6(t) + 26 (¢, OO0, 7 — 1),
jj} (4.5)
Wiy = —nue) + B0.0()0() — (1. OLO.r 1),
with ( ) ( )
o(0) = 1(0),
{w@ ~ T0) (4.6)

It is obvious that, under the assumptions that the function x — (3(0,z) is bounded
and the function x — x5(0,x) is locally Lipschitz continuous, Problem (4.5)-(4.6)
has a unique solution (¢(t),%(t)), for ¢ € [0,7]. Remark that ¢(t) is explicitly
given, for ¢t € [0, 7], by

Y(t) = e /O - 1'(0,a)da + /O e 1t =5)3(0, ¢(s))P(s)ds. (4.7)

Moreover, if 7i(0) > 0 and I'(0,-) > 0, then ¢(¢) and 9 (t) are nonnegative.
Hence, for ¢ > r, Problem (4.3)-(4.4) reduces to the delay differential system

E0) = (o + 60, 2(0)2(0) + O30, 26 ~ et —7), (48
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%(t) = —ny(t) + B0, z(t)=(t) — 7(0)B(0, x(t — r))x(t — 1), (4.9)

with, for ¢ € [0, 7],
z(t) = o(t),
4.10
I, (+.10)
As y(t), for t € [0,r], y(t) is explicitly given, for ¢ > r, by

t
y(t) = / e =9 3(0, z(s))x(s)ds. (4.11)
t—r

Proposition 4.1. Assume that the function x — B(0,x) is bounded and the func-
tion x — x£(0,2) is locally Lipshitz continuous. Let i € C[0,1] and T' € C(Q)
be given. Then, Problem (4.8)-(4.10) has a unique solution (z?(t),y"(t)), de-
fined for t > 0, where (¢(t),1/}(t)) is the unique solution of (4.5)-(4.6). Moreover,
(m¢(t), y”’(t)) has a continuous derivative at t = r if and only if

I'(0,0) = (0, 72(0))7(0). (4.12)
Furthermore, if 1(0) > 0 and T'(0,-) > 0, then x®(t) and y¥(t) are nonnegative.

Proof. Existence, uniqueness and regularity of solutions of Problem (4.8)-(4.10)
come from Hale and Verduyn Lunel [17]. The positivity of #%(¢) is easily obtained by
steps. Moreover, by using (4.11), we deduce immediately the positivity of 4% (t). O

In the sequel, we will consider, for a biological reason, only nonnegative solutions
of Problem (4.8)-(4.9).

Lemma 4.2. Iflim;_ o 2%(t) = C exists, then lim;_ o y¥ (t) ewists and is equal

to

La—emys0,0)0, if >0,

n
r3(0,C)C, ifn=0.
Proof. We assume that limy . o, 2?(t) = C. By using (4.11), we obtain that
Y (t) = / e~ 3(0, 2% (t — 5))x?(t — s)ds, for t > r.
0

Then, we easily conclude that

lim y¥(t) = (/ e"sds) B8(0,C)C.
t——+o0 0
This ends the proof. O

Lemma 4.2 implies that, in order to study the stability of the solutions of Problem
(4.8)-(4.9), we only need to concentrate on the stability of the solutions of the delay
differential equation (4.8).

In [19], Mackey has proposed that the function (0, -) is a Hill function, defined
by

0,2) = _" 4.13)
ﬂ(?x)*ﬁoen_’_ajna (
where By and 6 are two positive constants and n > 1. This function is used to
describe, from a reasonable biological point of view, the fact that the rate of re-
entry in the proliferating compartment is a decreasing function of the total number
of resting cells.
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We recall that the function x +— 5(0, z) is supposed to be continuous and positive.
From now on, we also suppose that = — ((0,z) is decreasing on [0,400) and
satisfies

mll»rfoo B8(0,z) = 0. (4.14)

These assumptions have been done, for the first time, by Mackey [19] in 1978 and
have been used by Mackey and Rudnicki [23] in 1994.

Before studying the stability of Problem (4.8)-(4.9), we recall a non-trivial property
of the solutions of (4.8). The result in Proposition 4.3 has been proved for a similar
equation by Mackey and Rudnicki [23], in 1994.

Proposition 4.3. Assume that p > 0. Then, every solution of Equation (4.8) is
bounded.

One can notice that, if p = 0, then Equation (4.8) may have unbounded solutions.
A counter example is given in the next proposition.

Proposition 4.4. Assume that p = 0 and that there exists T > 0 such that the
function x — x3(0,z) is decreasing on [T,+00). Let i € C[0,1] and T' € C(Q) be
such that (4.12) holds, (0) > T and

2¢(t,0)I(0,r — t) > I'(0,0), fort e |0,r]. (4.15)
Then, the solution of Equation (4.8) is unbounded.

Proof. Let consider the solution z(t) of the problem
a'(t) = 26(0)8(0,2(t —r))z(t —7) = B(0,2(t))x(t), fort>r,
z(t) = o), for 0 <t <.

First, one can notice that, if lim;_, . x(¢) exists and is equal to C, then C' = 0.
By contradiction, if we suppose that C' > 0, then we obtain that

Jim_a'(1) = (2€(0) ~ 1)8(0,C)C > 0,

because Condition (4.15) implies that 2£(0) > 1. This contradicts the fact that x(t)
converges. Then C' = 0.

Secondly, let 7 € C[0,1] and T" € C(Q) be such that (4.12) and (4.15) hold, and
7(0) > Z. The solution ¢(t) of the problem

{ ¢/(t) 2€(t7 O)F(O7 r— t) - ﬁ(()? ¢(t))¢(t)7 for t > T
¢(0) 7(0),

satisfies
¢'(0) = 2£(0,0)T(0,7) —T'(0,0) > 0.

Consequently, there exists € € (0, 7] such that ¢'(t) > 0, for ¢t € [0, ¢).
Hence, ¢(0) < ¢(€). Then,

d)/(ﬁ) > F(Oa ) - B(Oa ¢(6))¢(6)a
> 3(0,712(0))r(0) — B(0, ¢(€)) p(e),
> 0.
By steps, we conclude that ¢'(t) > 0, for t € [0,r].
By the same way, we obtain that

a'(r) > B(0,6(0))$(0) — B(0, $(r))p(r) = 0.
By using the same reasoning, we show that 2’(t) > 0, for ¢ > r. Hence, z is
unbounded and the proof is complete. O
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Remark 4.5. Even if the trivial solution of (4.8) is unstable, the trivial solution
of (4.9) may be stable. For example, if lim; . o, %(t) = 400, then, by using (4.11)
and (4.14), we easily obtain that lim;_, . y¥(¢) = 0.

The assumption on the function z — x3(0, x), in Proposition 4.4, holds, for exam-
ple, if § is given by (4.13) with n > 1. In this case, the function z — z8(0,z) is
decreasing for © > T = 60/(n — 1)/,

We determine, in the next theorem, the global stability area of the trivial solution
of Equation (4.8).

Theorem 4.6. The trivial solution of Equation (4.8) is globally stable if and only
if

(2€(0) = 1)5(0,0) < p.
Proof. First, we assume that (2£(0) — 1)3(0,0) < p. We are going to show the
global stability by using a Lyapunov functional.
We denote by Ct the subset of C[0,7] containing nonnegative functions. We set

f(x) = =5(0,2)
and
F(zx) = / f(s)ds, for z > 0.
0
We define the mapping J : CT — R by

J(6) = Fo(r) +€0) [ Po(o))do,  for 6 € CF.

0

Then
T6) = W) 1(6() + EO)(F2(610r)) — F(6(0)).
Since 2 (1) = —po(r) — F(6(r)) + 26(0) £ (4(0)), then
T(@) = —pB0,6(r)2(r) — F2(6(r)

+EO)(F2(6()) + 2£(D(M)F(#(0)) — 2(6(0)) )
= —(p+B(0,6(r))) B0, 6()¢* (1) + 28(0) f2(6(r))

~€0)(F(60)) = 76(0)))
Hence, J(9) < - (P—(QE(O)—l)ﬂ(Oa ¢(7")))ﬂ(07 (1)) $?(r). Since (2£(0)—1)53(0,0) <

p and the function z — 3(0, z) is decreasing and positive on R™, then the function
M) = (p = (28(0) = 1)8(0,) ) (0, u)u?

is nonnegative on R™ and A(u) = 0 if and only if v = 0. Consequently, every
solution of Equation (4.8) with ¢ € C'* tends to zero as t tends to +oo.
Now, if we assume that p < (2£(0) — 1)5(0,0), then, immediately,

Hence, by using Bellman and Cooke ([6], Theorem 13.8), we obtain that the trivial
solution of (4.8) is unstable. O
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Remark that, by using Lemma 4.2, if (2£(0) — 1)3(0,0) < p, then the trivial
solution of (4.9) is also globally stable.

We are going to use the results of Theorem 4.6 in the next sections to obtain
global stability and instability for the solutions of Problem (2.13)-(2.14).

5. Global stability for the maturity structured model. In this section, we
establish a result of global stability for Problem (2.13)-(2.14) which stresses the
influence of immature cells on the total population. First, we recall some definitions.

Definition 5.1. The trivial solution of Problem (2.13)-(2.14) is locally stable if,
for all € > 0, there exist v > 0 and T > 0 such that, if 7 € C[0,1] and " € C(£2)
satisfy
7l <v and Tfa <v,

then

INFE(@t, )| <e and |PPY(t )| <e, fort>T. (5.1)
The trivial solution of Problem (2.13)-(2.14) is globally stable if, for all £ > 0, there
exists T > 0 such that (5.1) holds.

Throughout this section, we assume that the function x — g(m, z) is uniformly
bounded and that the function x — x8(m, x) is locally Lipschitz continuous for all
m € [0,1]. In the next theorem, we show our main result, which makes the link
between the global stability of the trivial solution of Problem (2.13)-(2.14) and the
stability of the immature cell population.

Theorem 5.2. Assume that Condition (3.1) holds. Let us suppose that the trivial
solution of Problem (2.13)-(2.14) is locally stable. Then this solution is globally
stable on the set

shszﬂmmecmuxcm):hmzwfmmz mlﬁmmmzo}

t—-+oo t—-+o0
Proof. We first show that, if the trivial solution of Equation (2.13) is locally stable,
then it is globally stable on the set

QN:ﬁmmecmuxcm): mlwmﬁm:o}

t—+o0

Let us suppose that the trivial solution of (2.13) is locally stable. Then, for all
neC[0,1],T € C(N) and € > 0, there exist ¥ > 0 and T > 0, such that, if

[zl <v and |[Tla <w,

then,

INPU(t,m)| <&, fort>T and m € [0,1]. (5.2)
Let ¢ > 0 be given and let (5, T) € Qy. Then lim;_ ., N*I'(#,0) = 0, so there
exists tg > 0 such that

INF(¢,0)] < g, for t > t,.

Let ¢ € C[0,1] and T € C(2) be given. Since the solutions of Equation (2.13) are
continuous, then there exists § > 0 such that, if

[¢(m) —=m(0)] <6 and  |T(m,a) —T(0,a) <9,
for m € [0,1] and a € [0, Tyqy), then
NS (tm) = NF(,0)] < 2,
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for ¢t € [to, to + Tmaz) and m € [0,1].
Now, since @ and T" are continuous, then there exists b € (0,1) such that

[Z(m) —@(0)] < and |I'(m,a)—T(0,a)| < 0,
for m € [0,b] and a € [0, Taz). We define the following functions,

B i(m), if m € [0,0],
fiy(m) = { %@), if m e [b,1],

and
F(m,.), lfm S [O7b]7
Ly(m,.) = { r,.), ifmelb1].

Then, for m € [0,1] and a € [0, Timaz], We get
[ty (m) —m(0)| <6 and |Tp(m,a) —T(0,a)] < 4.
Consequently,
[N T (1 m) — NPT (,0)] < 2.
for ¢ € [to, to + Tmaz] and m € [0,1]. Tt follows that
INFoTe(t.m)| < v, for t € [t, to + Tmaz] and m € [0, 1].

Since N¥vTv(t,m) is a solution of Equation (2.13) and since this equation is au-
tonomous for ¢ large enough, then N#»:I (¢, m) becomes an initial condition of (2.13)
on [to,to + Tmaz) X [0,1]. We deduce, from (5.2), that there exists T > to + Tmaz
such that

INFo e (£, m)| < e, for t > T and m € [0, 1].
From Theorem 3.3, there exists ¢ > 0 such that
NFelr(t,m) = NPT (t,m),  for t >+ Tiae — In (h(g(1))) and m € [0,1].

Hence, |[NFY(t, )] < e, for t > max {if + Tmaz — In (R(g(1))) }. Then, the
trivial solution of Equation (2.13) is globally stable.
By the same way and using Corollary 3.5, we show that, if 7 and I" are such that
lim P™T(t,0) =0,
t——+oo
then, the trivial solution of Equation (2.14) is globally stable. This completes the
proof. O

Remark 5.3. One has to notice that the result in Theorem 5.2 allows us to obtain
the global exponential stability of the trivial solution of Problem (2.13)-(2.14) on
the set Qgg, when this solution is locally exponentially stable. The proof, in this
case, is identical to the previous one.

The behavior of the immature cell population has been studied in Section 4. The
local stability of System (2.13)-(2.14) has been studied by Adimy and Crauste [2].
The author proved that, under the assumptions that the function  — S(m,z) is
uniformly bounded and the function z +— x8(m, z) is locally Lipschitz continuous
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for all m € [0, 1], then the trivial solution of (2.13)-(2.14) is locally exponentially
stable if

(1 + 2sup(m7t)€QA £(t7 m)) SUPmelo0,1] (ﬁ(m7 0))
(5.3)

< min { inf,, 0,1 (J(m) + V’(m)) yinfy,ci0,1) (fy(m) + V’(m)) }

The proof is based on an induction reasoning.
Then, we can deduce the following corollary, which deals with the global stability
of the system.

Corollary 5.4. Assume that Condition (3.1) and Inequality (5.8) hold. Then the
trivial solution of System (2.13)-(2.14) is globally exponentially stable.

Proof. From Inequality (5.3), we obtain the local exponential stability of the trivial
solution of (2.13)-(2.14).
From the definition of p, we get inf,,c(o 1 (6(m) + V’(m)) < p. Moreover,

€0)< sup &(t,m) and  5(0,0) < sup S(m,0).

(m,t)eQa me[0,1]

Hence, we obtain (2£(0) — 1)3(0,0) < p. Then, Theorem 4.6 yields to the global
stability of the trivial solution of (4.8)-(4.9)
By using Theorem 5.2 and Remark 5.3, we conclude. O

As an example, let us suppose that § > 0 and v > 0 are constant, V and g are
linear functions of the maturity m, given, for m € [0, 1], by

1
V(m) =m, and g(m) = ;m, with k > 1,

and the function 3 is a Hill function (see Mackey [19]), defined by
0" (m)
B(m,z) = 50(m)m,
with £y and 6 two continuous and positive functions on [0,1], and n > 1. The
parameter n is the sensitivity (see Chang et al. [10]) of 8 with changes in the
population. One can remark that, in this case, the function V satisfies Condition
(2.1).
Furthermore, we assume that the function 7 is given, for m € [0, 1], by
7(m) = In(m + «), with a > 1.

In this case, 7 is increasing. Therefore, Condition (2.2) is satisfied. We obtain that

1
A(m)zi(\/4ﬁm+a2—a>, for m € [0,1/x],
and A(m) = A(1/k), for m € [1/k,1]. Moreover, the characteristic curves are given
by
x(s,m) = me®, for s <0 and m € [0, 1].
By remarking that A(m) < m for m € (0,1] if and only if @ > &, then we obtain
that the trivial solution of (2.13)-(2.14) is globally exponentially stable if

(14+2k) sup Bo(m) < min{d,~} and a> K.
mel0,1]
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In the next section, we conclude our asymptotic study by giving a result of
instability, based on the results of Section 4.

6. Instability. The trivial solution of (2.13) is unstable if it is not stable, this
means, if there exists € > 0 such that, for all v > 0, there exists (i, I') € C[0, 1] x
C(€2) which satisfies
[zl <» and |Tlo <v,

and

INPE ()] > e, for ¢ > 0.
In the next theorem, we show that the instability of the immature cell population
leads to the instability of the entire population.

Theorem 6.1. Assume that

p < (2€(0) - 1)5(0,0). (6.1)
Then, the trivial solution of Problem (2.13) is unstable.

Proof. From Theorem 4.6 and (6.1), we obtain that the trivial solution of Equation
(4.8) is unstable. That is there exist ¢ > 0, @ € C[0,1] and T € C(2) such that
NFL(#,0) does not tend to zero when ¢ goes to infinity. Then, there exist ¢ > 0
and (tp)nen, with ¢, — 400, such that

NEE(t,,0) >¢, forn €N,

Let us suppose, by contradiction, that the trivial solution of (2.13) is stable. Then,
in particular, there exist v > 0 and T > 0 such that, if

7l <v and Tfa <v,
then
|NFL ()| <e, fort>T.
Consequently,
INFT(t,,0)| <&, for n €N such that t, > T.

Since we can choose 1z and I" as small as necessary, this yields a contradiction. We
deduce the instability of the trivial solution of (2.13). O

One can remark that, even if the trivial solution of (2.13) is unstable, the trivial
solution of (2.14) may be stable.
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