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Summary. The XFEM method for fracture mechanics is revisited. A first improve-
ment is considered using an enlarged fixed enriched subdomain around the crack tip
and a bonding condition for the corresponding degrees of freedom. An efficient nu-
merical integration rule is introduced for the nonsmooth enrichment functions. The
lack of accuracy due to the transition layer between the enrichment area and the
rest of the domain leads to consider a pointwise matching condition at the boundary
of the subdomain. An optimal rate of convergence is then obtained, numerically and
theoretically, even for high degree polynomial approximation.
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1 Introduction

In many industrial situations, it is of great interest to compute the advance of a
crack for a two-dimensional domain (plate, shell) or a three-dimensional body.
In 1999, Moës, Dolbow and Belytschko introduced in [9] a new methodology,
the so-called Xfem method, which allows to make computations in a cracked
domain, the crack growth being described independently of the mesh. This is
an important advantage compared to existing methods where a remeshing step
and an interpolation step are necessary each time an extension of the crack
is computed, which can be sources of instabilities. Our goal is to evaluate the
Xfem method in terms of efficiency and quality of approximation and, as far
as it is possible, to give mathematical justifications to its efficiency. We also
propose some improvements for some limitations of the method.
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2 Model Problem

A linear elastic two-dimensional problem is considered on a cracked domain Ω
(see Fig. 1), with an isotropic homogeneous material. On the boundary of the
non-cracked domain Ω, a Dirichlet condition is applied on ΓD and a Neumann
condition is prescribed on ΓN . The crack is denoted by ΓC such that ΓD, ΓN

and ΓC form a partition of ∂Ω.
The space of admissible displacements is

V = {v ∈ H1(Ω; R2); v = 0 on ΓD},
and the equilibrium problem is written as follows:

find u ∈ V s.t. a(u, v) = l(v) ∀v ∈ V ,

where

a(u, v) =

∫

Ω

σ(u) : ε(v) dx, l(v) =

∫

Ω

f.v dx+

∫

ΓN

g.v dΓ,

and σ(u) = λtr ε(u)I + 2µε(u) is the stress tensor, ε(u) the linearized strain
tensor, λ > 0 and µ > 0 the Lamé coefficients, f and g some given force
densities on Ω and ΓN respectively. A traction free condition on the crack is
assumed.

Ω = cracked domain

∂Ω = ΓN ∪ ΓD ∪ ΓC

Fig. 1. A cracked domain.

The asymptotic displacement at the crack tip for the two opening modes
uI , uII are given in polar coordinates (see Fig. 2) relatively to the crack tip
by
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Fig. 2. Polar coordinates relatively to the crack tip.

where KI and KII are the stress intensity factors (see [8] for instance), and

a = 2 +
2µ

λ+ 2µ
, b = −2

λ+ µ

λ+ 2µ
, c =

λ+ 3µ

λ+ µ
.

The functions uI and uII belong to H3/2−ε(Ω; R2) for any ε > 0 (see [6],
chapter 4).

3 The classical Xfem

Let Xh be a scalar finite element space on a triangular mesh of the uncracked
domain Ω. For instance, Xh will represent a Pk finite element method. Let
also Y h be a P1 finite element space on the same mesh. We will denote by ϕi

the basis functions (shape functions) of Xh and by ψi the ones of Y h. The
classical Xfem method is then characterized by the three following techniques.

• A representation of the discontinuity of the displacement across the crack
with the enrichment

∑

i∈IH

biHϕi,

(in fact
∑

i∈IH

biHψi was proposed in original Xfem), where H(x) is the

step function being equal to +1 on one side of the crack and −1 on the
other side. The set IH corresponds to the basis functions whose support is
completely cut by the crack (see [9]). One remarks that the discontinuity
is not represented on the element containing the crack tip.

• The enrichment with the asymptotic displacement at the crack tip

∑

i∈IF

4
∑

j=1

cijFjψi,

where

F1 =
√
r sin

θ

2
, F2 =

√
r cos

θ

2
, F3 =

√
r sin

θ

2
cos θ, F4 =

√
r cos

θ

2
cos θ,
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and IF is the set of basis functions whose support contains the crack tip
(see [9] and Fig. 3). The singular function F1 represents also the disconti-
nuity on the element containing the crack tip.

• The approximation of the geometry of the crack by two level sets of func-
tions ξh, ζh defined on a scalar fem (classically Y h) allowing to define:
H(x) = sign(ξh(x)), r =

√

ξ2h + ζ2
h, and θ = arctan ξh

ζh

(see [14]).

Consequently, the finite element space approximating the displacement on the
cracked domain is defined as follows:

Vh =







vh =
∑

i

aiϕi +
∑

i∈IH

biHϕi +
∑

i∈IF

4
∑

j=1

cijFjψi : ai, bi, cij ∈ R
2







(1)

Fig. 3. Classical enrichment strategy and subdivision of the mesh for the purpose
of numerical integration.

4 Representation of the discontinuity

As described in the previous section, the discontinuity of the displacement
across the crack is taken into account in Xfem by the mean of an enrichment
of the classical finite element space (defined on the uncracked domain) with
a term of the form
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∑

i∈IH

biHϕi,

where H is the step function, possibly defined via a function whose zero level
set represents the geometry of the crack. It seems that this technique is the
most optimal in Xfem. In [2] and [3], it is proven that the displacement is
optimally approximated on each side of the crack. In our opinion, it is also
one of the most original traits of Xfem. This technique can be extended to
more complicated situations, for instance a situation where three zones instead
of two are present, as it is illustrated in Fig. 4. This is already implemented
and available in the Getfem library [11].

.

2

3

1
crack

.

Fig. 4. A more complicated situation with three zones.

This technique can also be extended to take into account more compli-
cated boundary conditions (for instance contact and friction condition, already
treated in [5]). An important aspect to have an optimal approximation of the
discontinuous part of the displacement is to use the same basis function in
the enrichment as in the approximation of the displacement itself. Even when
these basis functions does not represent a partition of unity (as it is the case
for Hermite elements for instance). The fact that the Lagrange basis functions
form a partition of unity is not the key point in that part of the enrichment.

5 Asymptotic displacement at the crack tip

In order to make a better approximation of the asymptotic displacement (and
also the discontinuity) near the crack tip, a second enrichment of the form

∑

i∈IF

4
∑

j=1

cijFjψi,

is considered, where IF is the set of basis function whose support contains the
crack tip. Using this strategy, the convergence curve on Fig. 5 were obtained
using the first opening mode uI as the exact solution.

Some similar results can be found in [12]. The observed rate of convergence
is limited to one half, even for high order methods like P2 and P3. In the
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following, we analyze this lack of accuracy and give some improvements for
two-dimensional problems in order to recover a better convergence rate.
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Fig. 5. Convergence curves for the classical Xfem and the first opening mode.

5.1 Adapted cubature formula for the asymptotic displacement

τ :

(

x1

x2

)

→
(

x1x2

x2

)

New integration points: ξ = τ(ξ), new weights: η = ηdet(∇τ).

Fig. 6. The construction of adapted cubature formulas.

One of the difficulties which may degrade the quality of approximation is
the fact that the gradients of the functions Fi, i = 1..4, are singular at the
crack tip and the elementary integrals are not well approximated by classi-
cal cubature formulas. A remarkable aspect is that the singular part of the
elementary integrals disappear when the computation is done in polar coordi-
nates. Thus, we proposed in [7] the use of a simple adapted cubature formula
on the sub-triangles having the crack tip as a vertex (see Fig. 3).

This adapted cubature formula is obtained from a classical Gauss formula
on a square and using the transformation presented on Fig. 6. A convergence
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test on the computation of an elementary matrix is presented on Fig. 7. Prac-
tically, with this method, 25 integration points were enough for the more
accurate tests we done.

Fig. 7. Relative error on the computation of an elementary matrix with a refined or-
der 3 Gauss method, a refined order 10 Gauss method and the almost polar method.

5.2 Fixed enriched area

Fig. 8. Fixed enriched area method.

The second, and most important aspect which limits the convergence rate
is the fact that the area enriched with the asymptotic displacement decreases
with the mesh parameter h. A natural idea (independently proposed in [1]) is
to have an enriched area independent of the mesh parameter. For instance, as
it is presented on Fig. 8, all the nodes which are closer than a certain distance
R (independant of h) will be enriched.
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This gives the following enriched finite element space:

Vh
R

=







vh =
∑

i

aiϕi +
∑

i∈IH

biHϕi +
∑

i∈IF (R)

4
∑

j=1

cijFjψi : ai, bi, cij ∈ R
2







,

where IF (R) is the set of finite element nodes contained in the disk of radius
R centered on the crack-tip. The convergence curves corresponding to this
method are presented on Fig. 9. The convergence rates are close to be optimal.
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Fig. 9. Convergence curves of Xfem with a fixed enriched area.
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Fig. 10. Condition number of the linear system for Xfem with a fixed enriched area.



Some improvements of Xfem for cracked domains 9

Unfortunately, as given on Fig. 10, the condition number of the linear
system increases very rapidly when the mesh parameter decreases.

This is probably due to the fact that the basis functions of the enrichment
are linearly dependent on an element (see [7]) and also to the fact that the
functions Fi, i = 1..4 are somewhat flat far for the crack tip, and thus well
approximated by the classical Fem.

6 Improvements for two-dimensional problems

In order to fix this difficulty, we present three techniques for two-dimensional
problems:

• The dof gathering technique.
• Enrichment with the use of a cut-off function.
• Nonconforming method with a bonding condition.

All these methods are cheaper than Xfem with a fixed enriched area because
the number of dof for the enrichment is very small. However, these techniques
cannot be easily extended to three-dimensional problems.

6.1 The dof gathering technique

The dof gathering technique corresponds to prescribe the constraint

cij = ckj for all i, k ∈ IF (R),

in the fixed enriched area method. This is equivalent to introducing
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Fig. 11. Convergence curves for the dof gathering method.
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TR =
∑

i∈IF (R)

ψi,

and to considering the enrichment

4
∑

j=1

cjFjTR.

This reduces the number of enrichment dofs to only eight (four for each of the
two components, see [7]). The convergence curves of this method are presented
on Fig. 11.

One can see that half an order of convergence rate is lost. After analysis,
this problem is due to the transition layer between the enriched area and the
rest of the domain. However, the condition number of the linear system is
greatly improved by this method (see Fig. 12).
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Fig. 12. Condition number of the linear system for the dof gathering method.

6.2 Enrichment with a cut-off function

Actually, the function TR =
∑

i∈IF (R)

ψi is a cut-off function which depends on

the mesh parameter h and which is not regular. Instead of this function, the
idea is to use a regular (C1 or C2) cut-off function γ which satisfies







γ(r) = 1 if r ≤ r0,

0 < γ(r) < 1 if r0 < r < R,

γ(r) = 0 if R ≤ r.
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where 0 < r0 < R. The enrichment is then defined by

4
∑

j=1

cjFjγ.

The enrichment of a finite element space by the mean of a cut-off function
was already presented in [13]. The complete numerical analysis of this method
in the framework of Xfem is presented in [2] and [3]. The optimal convergence
rate is obtained.

Fig. 13. Convergence curves for the cut-off method.

Fig. 14. Condition number of the linear system for the cut-off method.
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This is illustrated on Fig. 13, where the enrichment with a cut-off function
is compared to Xfem with a fixed enriched area. The optimal slope is close
to be obtained. The fact that Xfem with a fixed enriched area gives a better
approximation can be interpreted by the fact that the approximation is per-
turbated by the stiff part of the cut-off function in the present method. But,
as presented on Fig. 14, the condition number is also greatly improved and
the number of additional dofs is still only eight.

6.3 Enrichment with a bonding condition

Another technique, also presented in [7], is to simply enrich the finite element
space by

4
∑

j=1

cjFj .

but only on the elements contained in the enriched area. A pointwise bonding
condition is then applied on the interface ΓI between the enriched area and
the rest of the domain on each finite element node (see Fig. 15).

Fig. 15. Bonding condition method.

Numerically, this is the method the simplest to implement and one can see
on Fig. 16 that this is also the most efficient. Fig. 17 represents a computation
on a coarse mesh for the two opening modes with this technique and a P3

method. The accuracy of the Von Mises stress is remarkable. In particular,
the transition between the enriched area and the rest of the domain is not
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visible.
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Fig. 16. Convergence curves for the enrichment with a bonding condition.

Fig. 17. P3 XFEM solutions for the mode I and mode II problems with a pointwise
bonding condition and a coarse mesh (contour levels of Von Mises stress).

Concluding remarks

In section 6 we propose three new techniques to improve Xfem method for
two-dimensional domains. The extension of this work to three-dimensional
problems is an open question, since the singularities are difficult to take into
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account. Nevertheless the extension to plates and shells is more straightfor-
ward and is a work in progress.
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