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Abstract

The present paper is concerned with the unilateral contact model in linear elastostatics, the
so-called Signorini problem (our results can also be applied to the scalar Signorini problem).
A standard continuous linear finite element approximation is first chosen to approach the two-
dimensional problem. We develop a new error analysis in the H'-norm using estimates on
Poincaré constants with respect to the size of the areas of the noncontact sets. In particular we
do not assume any additional hypothesis on the finiteness of the set of transition points between
contact and noncontact. This approach allows us to establish better error bounds under sole
H™ assumptions on the solution: if 3/2 < 7 < 2 we improve the existing rate by a factor
h(T=3/2) and if 7 = 2 the existing rate (h3/4) is improved by a new rate of hy/[In(h)]. Using
the same finite element spaces as previously we then consider another discrete approximation
of the (nonlinear) contact condition in which the same kind of analysis leads to the same
convergence rates as for the first approximation.
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1 Introduction and notation

Finite element methods are currently used to approximate Signorini’s problem or the equivalent
scalar valued unilateral problem (see, e.g., [14, 17, 18, 29, 30]). Such a problem shows a nonlinear
boundary condition, which roughly speaking requires that (a component of) the solution w is
nonpositive (or equivalently nonnegative) on (a part of) the boundary of the domain €2 (see [25]).
This nonlinearity leads to a weak formulation written as a variational inequality which admits
a unique solution (see [9]) and the regularity of the solution shows limitations whatever is the
regularity of the data (see [21]). A consequence is that only finite element methods of order one
and of order two are of interest.

This paper concerns one of the simplest cases: the two-dimensional problem (which cor-
responds to a nonlinearity holding on a boundary of dimension one) written as a variational
inequality and two approximations using continuous conforming linear finite element methods
and the corresponding a priori error estimates in the H'(€)-norm.

We first consider an approximation in which the discrete convex cone of admissible solutions
is a subset of the continuous convex cone of admissible solutions which corresponds to the most
common approximation. The existing results concerning the problem can be classified following
the regularity assumptions H7(€2) made on the solution u and following additional assumptions,
in particular the hypothesis assuming that there is a finite number of transition points between
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contact and noncontact. As far as we know, the existing results for this problem can be summa-
rized as follows (we denote by h the discretization parameter) in (E1), (E2), (E3) and (FE4):
(E1) If uw € H™(Q) with 1 < 7 < 3/2, an optimal error estimate of order h™~! was obtained in
[2].

(E2) If w € H™(Q2) with 3/2 < 7 < 2, an analysis as the one in [11, 24] (see also [13, 14]) leads
to a convergence rate of order h7/271/4. Adding the assumption on the finiteness of transition
points and using appropriate Sobolev-Morrey inequalities allows to recover optimality of order
T (see [2]).

(E3) The case u € H?() is more complicated and requires some technical refinements. The
initial analysis in [24] (see also [11, 13, 14]) leads to a convergence rate of order h3/4. Adding the
assumption on the finiteness of transition points has led to the following results and improvements:
in [2], the study and the use of the constants C(q) (resp. C(a)) of the embeddings H'/2(0,1) —
L%(0,1) (resp. H*2(0,1) — C%*(0,1)) allows to obtain a rate of order h+/|In(h)]. The additional
use of Gagliardo-Nirenberg inequalities allows to obtain a slightly better rate of order h 3/|In(h)]
in [3]. Finally a different analysis using an additional modified Lagrange interpolation operator
and fine estimates of the solution near the (finite number of) transition points had led to optimality
of order h in [16].

(E4) If u € H(Q2) with 7 > 2 the analysis in [11] shows that convergence of order h is obtained
when 7 = 5/2 (more precisely if the solution lies in H2(f2) and its trace lies in H2(92)). Similar
assumptions are used in [4] to obtain the convergence of order h. Recently, in [23] the use of
Peetre-Tartar Lemma (see [22, 26, 27, 7]) has led to an analysis which requires only H**¢(Q)
regularity (¢ > 0) to obtain a convergence of order h.

We assume in this paper H7(Q) regularity (3/2 < 7 < 2) for u without any additional
assumption (in particular those concerning the finiteness of the set of transition points). In this
case the existing error bound is A7/271/4. We develop a new analysis which consists of classifying
the finite elements on the contact zone into two cases. A first case where the unknown vanishes
near both extremities of the segment and the other case where the dual unknown (the normal
derivative for the scalar Signorini problem and the normal constraint for the unilateral contact
problem) vanishes on an area near a segment extremity. We then study for various fractional
Sobolev spaces the behavior of the constants C'(6) occurring in Poincaré inequalities with respect
to the length 6 of the area where the unknown vanishes. This analysis leads to the following new
results denoted by (N1) and (N2):

(N1) If w € H™(Q2) with 3/2 < 7 < 2 we obtain a convergence rate of order hT/2=1/4+(7=3/2)°
which improves the existing rate of h7/271/4. Note that the convergence rate becomes optimal
when 7 — 3/2, (7 > 3/2) and when 7 — 2, (7 < 2). The regularity where we are the less close to
optimality is when 7 = 7/4 where we obtain a rate of R1/16 whereas optimality is h%/%. So the
maximal distance to optimality is h'/16 (in Section 3, see Figure 2).

(N2) If u € H%(Q) we obtain a quasi-optimal convergence rate of order h+/|In(h)| which improves
the existing rate of h3/4.

We also consider in this paper a second finite element approximation in which the discrete
convex cone of admissible functions is not a subset of the continuous convex cone of admissible
functions. In this case there are less results available as for the first approximation. In particular
the results in (E3) are available (h3/4 error bound) without additional assumption on the contact
set (see [14, 19]). For a slightly different approach (using quadratic finite elements), [3] obtains
under H? regularity an error bound of h3/4 and of h {/]In(h)| with an additional assumption on
the finiteness of the transition points. Note that the results in (£2) without additional assumption
on the contact set could be easily obtained using the techniques in the above references. The use



of an adaption of our technique allows us to recover for this second approximation the results
(N1),(N2) and the result in (E4) of [23].

We next give a comment concerning the finiteness of the set of transition points. From a
practical viewpoint, one may think that the assumption of finiteness on the number of transition
points between contact and noncontact is always satisfied, apart in very specific situations. Even
if this question has not been solved theoretically, some evidences suggest that it could not be
the case. Indeed, when considering on a straight edge a transition from a Dirichlet boundary
condition to a Neumann boundary condition, the asymptotic displacement which appears near
the transition is infinitely oscillating with (for instance) a dependence in sin(In(r)) where r is
the distance to the transition point (see [10]). Thus, paradoxically, in the case of the Dirichlet-
Signorini transition, one can imagine that there is always the presence of contact close to the
transition point, whether the structure is pushed to promote contact or, on the contrary, when
it is pulled in the direction of separation. This counterintuitive example may bring to think that
the real contact area can be complex even in simple situations. Real contact areas of fractal type
cannot a priori be excluded either.

The paper is organized as follows. Section 2 deals with the formulation of the problem, its
associated weak form written as a variational inequality and the most common approximation
using the standard continuous linear finite element method. In section 3, we achieve a new
error analysis for this method to improve the existing results. Section 4 deals again with the
standard continuous linear finite element method but another approximation of the convex set
of admissible displacements is chosen. All the results of section 3 can be generalized to this case.
Two appendices concerning the estimates of Poincaré constants and some interpolation error
estimates in fractional Sobolev spaces terminate the paper.

Next, we specify some notations we shall use. Let a Lipschitz domain £ C R? be given; the
generic point of € is denoted z. The classical Lebesgue space LP(f2) is endowed with the norm

lloiey = ( [ Wt dx)%

We will make a constant use of the standard Sobolev space H™(2), m > 0 (we adopt the
convention H°(Q) = L?(Q2)), provided with the norm

o= 32 1060200y |

0<|a|<m

where a = (a1, ag) is a multi-index in N? and the symbol 0% represents a partial derivative. The
fractionally Sobolev space H7(€2),7 € Ry \ N, is defined by the norm (see [1, 10]):

aoz o 2
[l = {Iwa+ X [ [ CE=Zl doay ) = (ola+ X 0°wka) |

laj=m

|a|=m

where 7 = m + v, m being the integer part of 7 and v € (0, 1).

For the sake of simplicity, not to deal with a non-conformity coming from the approximation
of the domain, we shall only consider here polygonally shaped domains. The boundary 02 is the
union of a finite number of segments I';,0 < j < J. In such a case, the space H7(2) defined
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Figure 1: Elastic body ) in contact.

above coincides not only with the set of restrictions to 2 of all functions of H™(R?) (see [10]) but
also with the Sobolev space defined by Hilbertian interpolation of standard spaces (H™(2))men
and the norms resulting from the different definitions of H™(2) are equivalent (see [28]).

To handle trace functions we introduce, for any 7 € R \N, the Hilbert space H™ (I';) associated
with the norm

(m) 2 %
kuﬂrj=<uwump v f / —— dfdf) = (I, + R ) )

where m is the integer part of 7 and v stands for its decimal part. Finally the trace operator
T : 9 = (Yr;)1<j<s, maps continuously H™ () onto H;-Izl H™Y2(T';) when 7 > 1/2 (see, e.g.,
[20]).

(S

2 Signorini’s problem and its finite element discretization

2.1 Setting of the problem

Let © C R? be a polygonal domain representing the reference configuration of a linearly elastic
body whose boundary 0f2 consists of three nonoverlapping open parts I',, I', and I', with
I, Ul Ul = d0Q. We assume that the measures of I',, and ', in 92 are positive and, in order
to simplify, that I',, is a straight line segment. The body is submitted to a Neumann condition
on T', with a density of loads F € (L?*(T,))?, a Dirichlet condition on I',, (the body is assumed
to be clamped on I',, to simplify) and to volume loads denoted f € (L*(Q2))? in Q. Finally, a
(frictionless) unilateral contact condition between the body and a flat rigid foundation holds on
[, (see Fig. 1). The problem consists in finding the displacement field u : @ — R? satisfying

(2)-(7):

— div o(u ) f in Q, (2)
o(u) = As(u) in €, (3)
o(u ) =F onT, (4)

=0 onl,, (5)

where o(u) represents the stress tensor field, e(u) = (Vu + (Vu)T)/2 denotes the linearized
strain tensor field, n stands for the outward unit normal to €2 on 02, and A is the fourth order



elastic coefficient tensor which satisfies the usual symmetry and ellipticity conditions and whose
components are in L>().
On I',, we decompose the displacement and the stress vector fields in normal and tangential
components as follows:
Uy = w0, U, =1U—UyD,

oy = (o(un)n, o, =o0c(un—o,n.

The unilateral contact condition on I, is expressed by the following complementary condition:
uy <0, oy <0, uyo, =0, (6)

where a vanishing gap between the elastic solid and the rigid foundation has been chosen in the
reference configuration.
The frictionless condition on I', reads as:

o, =0. (7)

Remark 1 This problem is the vector valued version of the scalar Signorini problem which (writ-
ten in its simplest form) consists of finding the field u : Q — R satisfying:

—Au+4u=fin Q, ugo,%gO,ua—u:O on O0S).
on on

All the results proved in this paper, in particular the error estimates in Theorem 1 and Theorem

2, can be straightforwardly extended to the scalar Signorini problem.

Let us introduce the following Hilbert space:
V={veH(Q)*:v=00nT,}.

The set of admissible displacements satisfying the noninterpenetration conditions on the contact
zone is:
K={veV:iv,=vn<0 onl,}.

Let be given the following forms for any « and v in V:

a(u,v) = /QAz—:(u) :e(v) dS,

l(v):/gf.deJr/F Fudr,

which represent the virtual work of the elastic forces and of the external loads respectively. From
the previous assumptions it follows that a(-,-) is a bilinear symmetric V-elliptic and continuous
form on V x V and [ is a linear continuous form on V.

The weak formulation of Problem (2)—(7) (written as an inequality), introduced in [9] (see
also, e.g., [12, 14, 17]) is:

Find u € K satisfying:
{ (8)

a(u,v —u) > (v —u), YvekK.

Problem (8) admits a unique solution according to Stampacchia’s Theorem.



2.2 The standard finite element approximation

Let V* C V be a family of finite dimensional vector spaces indexed by h coming from a regular
family 7" (see [5]) of triangulations of the domain . The notation h represents the largest
diameter among all elements T' € T" which are supposed closed. We choose standard continuous
and piecewise affine functions, i.e.:

vh = {vh € (C@)*: 0" e A(T),¥T € T"v" =0 on PD} . 9)

The discrete set of admissible displacements satisfying the noninterpenetration conditions on the
contact zone is given by

Kh:{vaVh: <0 onI‘C}.

vy
8) is

The discrete variational inequality issued from (

Find u" € K" satisfying:
a(ul, o —ul) > 1(v" —ul), Vol € K"

According to Stampacchia’s Theorem, problem (10) admits also a unique solution.

3 Error analysis

The forthcoming theorem gives a priori error estimates and it is divided into two parts. A first
part where the regularity of u is assumed to lie strictly between H3/2(Q) and H?(Q) and a
second part in which the H?(Q)-regularity is considered separately. Afterwards, we denote by C
a positive generic constant which does neither depend on the mesh size h nor on the solution wu.

Theorem 1 Let u and u® be the solutions to Problems (8) and (10) respectively.
Assume that u € (H™(Q))? with 3/2 < 7 < 2. Then, there exists a constant C > 0 independent
of h and u such that
lu — a0 < OH™ 3 jullg. (11)

Assume that u € (H*(Q))2. Then, there exists a constant C' > 0 independent of h and u such

that
lu — w10 < Chy/[In(h)]||ul|2,0- (12)

The curve of the new rate in Theorem 1 (as a function of the Sobolev exponent 7), which is
compared to the existing one and to the optimal one is depicted in Figure 2.

Remark 2 Unlike some other problems governed by variational inequalities, the location of the
nonlinearity in Signorini’s problem is in the boundary conditions. When using the standard
approach issued from Falk’s Lemma [8], the inequalities in the boundary conditions require the
handling of dual Sobolev norms (i.e., when u € H?(Q) the estimate of |Juy — (Z"u) [[1/2,5,r,, where
H.Hl/g’*I‘c stands for the dual norm of ”-”1/2,1“0 and where I denotes the Lagrange interpolation

operator mapping into V). As already mentioned in the early analysis of [24], better bounds than
h3/* were not available. In [15] counterezamples were given which confirm that better bounds could
not be obtained when estimating ||u, — (Ihu)NHl/g,*’pC. As a consequence other techniques must
be developed.
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Figure 2: Convergence rates: the existing ones, the ones obtained in this paper and the optimal
ones

Remark 3 Actually, we are not able to extend successfully the results of the theorem to the three-
dimensional case since the estimates of the Poincaré constants (in Lemma 2) are different and do
not lead to improved convergence rates. This question remains nevertheless under investigation.
In the same way, the extension of the technique to improve the existing results obtained when
using quadratic finite element methods could be interesting.

Proof. The use of Falk’s Lemma (see [8] for the early idea and e.g., [24, 17, 14] for the adaption
to contact problems) leads to the following bound:

h : h h
Ju=wio<C inf <Hu—v o+ [ onle"—uy dr>

e

where C' is a positive constant which only depends on the continuity and the ellipticity constants
of a(.,.). The usual choice for v" (which we also adopt in this study) is v" = Z"u where Z" is
the Lagrange interpolation operator mapping onto V*. Of course Z'u € K" and ||u — T"ul|; o <
Ch™ Y|u||rq for any 1 <7 < 2.

To prove the theorem it remains then to estimate the term

/ oy (T"u), dr,
T

C

for u € (H™(Q))?, 3/2 < 7 < 2. From the trace theorem we deduce that u, € H™~'/2(T'.) (hence
u,, is continuous) and o, € H™"3/2(T ). Let T € T" with TNT, # §. In the forthcoming proof

we will estimate
/ oy (Z"u),, dr,
TNl
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Figure 3: The alternative: first and second cases

and we will denote by h. the length of the segment "N T",.

Let 0 < @ < 1 be fixed (the optimal choice of § will be done later) and let T € T" be an
element with T'NT, # (. We will consider the following alternative which is an important point
of our analysis:

First case: for any of the two vertices of T NI, there exists a point where u, vanishes at a
distance less than he0 to a vertex of T NT.

Second case: the normal stress o, vanishes on a segment of length he0 including one of the
two vertices.

Note that any of the straight line segments 7'NI", satisfy (at least) one of both previous cases
because of the complementarity condition o, u, = 0 satisfied on I',. The alternative is depicted
in Figure 3.

First case. Let us denote by aj,as the two vertices of T NT . There exist &,& € TNT, such
that u, (&1) = uy (§2) = 0 and |a; — &| < heb, i = 1,2 (where he = |ag — a1|). Then

h h
/ on @)y i < llowloror, [T Jozor,
Tnr,,

A

< Aoy llozar, ke’ max (Juy (1), |uy (az)]) - (13)

Moreover, for i = 1,2

[ ad. (1)

(3

luy (ai)] = fuy (@) —uy (&)] =
where u/, denotes the derivative along the line (a1, az). Suppose now that 7 € (3/2,2) (the case

7 = 2 is handled next). We set ¢ =1/(2 —7) (so q € (2,+00)) and one obtains thanks to Holder
inequality

&i
[ e < by e, (15)

Now, we can use the continuous embedding of H™~3/2(T NT) into LI(T NT,) (see, e.g., [1]). In
order to obtain a continuity constant independent of the element size, we use the reference element



I = (0,1) and we denote i, (&) = u, (n(Z)) where 7 : I—-Tn I', is an affine transformation.
We obtain

e gy = RY 91 N oty = 027N | ay < CRZNE s o 1 (16)

It remains to bound [|@’ || _, /o, From the definition of the norms and the affine transformation,
we get

Hﬂ;v||7—3/2j < ||a;\;”oj + |ﬂ;v|7—3/2j
= ho'3||u, llo,rnr,, + hZ‘Q\u;!T_s/Q,Ter
< Ch'3||u, l7—3/2, A1, - (17)
From (16) and (17), we deduce
Hu;\;HLfI(TﬂFC) < Ch§/2_7||ugv\|7—3/2,mrc- (18)

Combining estimates (13), (14), (15), (18) and Young’s inequality, we obtain the estimate
/ oy (TMu)y AU < Cheb Yoy llorar, 1)y l-—s/270r,,
TNr,,

< Chet™! <H0-N||72'—3/27T0FC + ||UNH3—1/27T“Fc> ' (19)

The case 7 = 2 has to be handled separately since H/2(T'NT,) ¢ L®(T'NT,). Using for any
q € (1,+00) the continuous embedding of H'/2(T' NT,) into LY(T NT,) (see, e.g., [1]) and the
same approach as in (15)—(19), we get for any ¢ € (1, 4o00):

_1
[ o@u dr < c@ns™ (lowlarer, + lu B, ) (20)
TﬂFC

Second case. Otherwise, by the complementarity condition, o, vanishes on an interval of length
hef included in T'N T, and having one of the two vertices of T'NT", as an extremity. We make
the following estimate

/ o (Th), Al — / o (T"0), — ) dT
Trr, AU,

IN

loy llo.zer 1T ) = wy llo,ror,. (21)

Suppose now that 7 € (3/2,2) (the case 7 = 2 is handled next). On the one hand, by passing on
the reference element and applying (40) in Lemma 2 we obtain

loylorar, =BGy llo; < Ch20T 26|,y 01 = ChT 2207 Ploy|rsppmar, - (22)
On the other hand, Lemma 3 gives the following estimate:

”(IhU)N — Uy ”QTOFC < hg_1/2‘uN’T—l/2,TﬂFC‘ (23)

Thanks to (21), (22) and (23), we get
/ UN(Ihu)N ar < ChgT_29T_2|O-N|T—3/2,TﬂFC|uN|T—1/2,TﬂFC
T,
< on20 2 (lowlPogpoer, + lunlPsjpzar, ) (20

9



When 7 = 2, we achieve the same calculations as in (21)—(24) by using (41) in Lemma 2. We get
| o@uy v < cnws) (loularer, + luslorer, ). (25)
TNT,

Globally. When 7 € (3/2,2), the optimal choice of the value of 6 to make a compromise between
the estimates of the first and second cases (19) and (24) is = h?"~3. This leads to

[ on @ dr < orr
N

C

which establishes (11). When 7 = 2 we choose ¢ = 2 and § = h? in (20) and (25). So we obtain

| ov@, i< crwamll
I

C

from which estimate (12) follows. [ |

4 An extension of the technique to another discrete contact con-
dition

Let us again choose the P finite element space V" defined in (9) and consider now the discrete
contact condition incorporated in the closed convex cone K”:

Kh = vaVh,/ o dl < 0,vT € T"
TNr,,
_ {vhevh,vg(@)go,wy§1},

where the ; are the midpoints of the I contact segments (i.e., the segments T'N T, of positive
measure). Such a contact condition is classical when using hybrid methods involving Lagrange
multipliers (see, e.g., [14, 19, 3]). Note that K ¢ K. The discrete variational inequality becomes:

Find u" € K* satisfying:
(26)

a(ulb, v —ulb) > (" —uh), Vol e KP,

According to Stampacchia’s Theorem, Problem (26) admits a unique solution.

The specificity in the analysis of this problem comes from the fact that K" is not a subset of
K. As far as we know the existing results are the following: if u € H™(Q) with 3/2 < 7 < 2, the
analysis in [14, 19] leads to a convergence rate of order h7/2~1/4 (the existing results are of the
same order than for the first approach using K" previously improved in this paper). In particular
an error bound of h%/* is obtained when 7 = 2 (see [14, 19]). Note also that a standard analysis
gives a convergence of order h when supposing that u € H> 2(Q).

The forthcoming theorem gives improved a priori error estimates and it is divided into three
parts. A first part where the regularity of u is assumed to lie between H3/2(Q) and H?(Q), a
second part in which the H?({2)-regularity is considered separately and a third result dealing with
H?%¢(Q) regularity with € > 0. As previously we denote by C' a positive generic constant which
does neither depend on the mesh size h nor on the solution u.

10



Theorem 2 Let u and u be the solutions to Problems (8) and (26) respectively.
Assume that u € (H™(Q))? with 3/2 < 7 < 2. Then, there exists a constant C > 0 independent
of h and u such that
_ 25
lu = uhlli .0 < CRT =272 |lul| 0. (27)

Assume that u € (H2(Q))2. Then, there exists a constant C > 0 independent of h and u such

that
Ju —ul|1,0 < Chy/[In(R)|||ul|2,q- (28)

Assume that u € (H**¢(Q))? for some ¢ > 0. Then, there exists a constant C > 0 independent
of h and u such that o
lu — w10 < Chllull21e.0- (29)

Remark 4 Contrary to the previous approzimation in (10) where the loss of optimality comes
from the Lagrange interpolation operator which does not satisfy appropriate estimates in Sobolev
norms with negative exponents, the loss of optimality in the case of approximation (26) comes
from the L?-projection operator on piecewise constant functions which does not approzimate in a
convenient way the functions that are more than H' reqular.

Proof. The forthcoming analysis uses the same basic idea as in Theorem 1 but the technical
details are quite different. The use of Falk’s Lemma in the case K" ¢ K gives (see, e.g., [3]):

inf [ flu— o2+ / oy (o — ), dT
vheKh ’ r

C

lu—uhlfq < C

+ Inf /F ) oy (v—ul), dl“] . (30)

As previously we can choosgh = T where Z" is the Lagrange interpolation operator mapping
onto V" since Z"u € K" ¢ K". The first infimum in (30) therefore satisfies the error bounds (27)
and (28) in the Theorem 2 according to Theorem 1. The first infimum in (30) satisfies also the
bound of order h in (29) when H?*¢ regularity is assumed: this follows from the same analysis
as in Theorem 1 by using estimate (42), (see also [23]).

In the second infimum in (30), we choose v = 0. To prove the theorem it remains then to

estimate the term
— / oyuhl dr.
r

C

We next consider the space X" of the piecewise constant functions on the meshes of TN r.

Xxh = {Xh € L*(To) i ¥ € Ry(T'NT,), VT € Th} ,

ﬁFC

and the classical L?(T'.)—projection operator 7" : L2(I',) — X" defined for any ¢ € L?(T'.) by

/(cp—ﬂhgp)xh d =0, vx"e x".
r

c

We still denote by h. the length of the segment T'N1T",. The operator 7" satisfies the following
estimates for any 0 <r <1 and any ¢ € H"(I',,) (the proof is the same as the one in Lemma 3):

le = 7*¢llorr, < Chelelrrar, and le —7"¢llor, < Ch" |glrr,.- (31)

11



When considering the dual norm H.Hl/z*l‘c of ”.”1/27FC we deduce for any 0 < r < 1 and any
o€ H" (Fc):

/ (¢ — 7o) dT
I

le = 7"@llor, ¢ = 7"¢llor
lle — 7Th90||1/2,*,1“C = sup < = <
¢€H1/2(rc) ‘|¢||1/2,FC ¢€H1/2(rc) ||71)H1/2,FC
< CH Y2 gl (32)

We have, since 7"

—/F O'N@dr < —/F (O’N—ﬂ'hO'N)@dP

C C

o, is a nonpositive piecewise constant function on I':

= —/ (o — WhUN)(@— uy ) dl’ —/ (o — o )u, dl.  (33)
FC FC
The first term in (33) is bounded in a optimal way by using (32), the trace theorem and Young’s
inequality:

h “h h “h
- [ o =)@ —u) dr < oy =7t s, W = e,
C
< OhT_1|O-N|T—3/2,FCHuh_uHI,Q
1 __
2(r—1 2 2
< cni" )\UN’T—g/z,FC + 5”“ —uh|{ o

To prove the theorem it remains now to bound the second term in (33). We estimate this term
on any element T'N1T":

—/ (o — 7oy )uy dl = / (0 — 7o) (7 uy —uy) dT. (34)
TNr, TNr,

For any contact element 7N T, we consider the (closed) set of contact points located on the
segment "N T :
Cr={zeTNT,u,(x)=0}.

Let max(d(x,y) : x,y € Cr) stand for the diameter of Cr where d(x,y) is the distance between
z and y. Let 0 < 6 < 1 be fixed (the optimal choice of § will be done later) and let T € T" be
an element such that 7NT, # 0. We next consider the following alternative (which differs from
the alternative leading to the result in Theorem 1) which is also depicted in Figure 4.

First case: the diameter of Ct is smaller than hef.

Second case: the diameter of Cr is larger than h.6.

e For 3/2 <7 <2

First case. In this case the contact zone can be included into a segment S of length h.0
which means that o, vanishes outside this segment. So

/ (o — o )(7uy —uy) dl = / oy (muy —uy) dl
TN, AT,

IN

h
lon lzrrnrg)lluy = 7wy ll Lo rar,)

IN

oy ”Ll(TﬂFc)hép”u;\; llo,rr,,

= HUN|’L1(S)hi/2HU$V|!0,Ter,
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w2 Torg

T T *
&N

First case: the diameter of Cr is lower than h.6.

_hl A,

NI

Second case: the diameter of C'r is greater than h.0.

Figure 4: The alternative: first and second cases

where we use (50). The estimate of || ||;1(s) is handled exactly as [[u, ||11(q, ¢, in (15)
and we obtain

loyllzis) < Che*0™ oy l—s/270r,.

Combining both previous estimates yields

/T - (UN - 7-‘-ho'z\f)(ﬂ-huz\f - UN) dl’ < Ch@eT_luo'NHT—?:/ZTﬂFC HUZVHO,TQFC’ (35)
Ale

Second case. In this case there exist two contact points ¢; and cg such that |c; —ca| > hef
and we have

which allows us to use estimate (40) together with Remark 7.

/T oy = o)y —u) dT < oy =t logor, iy = 7y oo,
nl'e

IN

Chy ™ 2|0y |r—sa,z0r,, ¢y llo,7er,,
< ChZ 20" |oy|r—sja,rr, |ty lr—s2. 700, (36)

where we use (31) and the same estimate as in (22) to bound ||« [lo,7nr,, -

Globally. In (35) and (36) we choose § = h?"~3 which yields

/F (0 — 7oy )(ahuy — uy) dT < CHE=57H4 |2,

C

and gives the result in (27).

For 7 = 2, the same method leads to the following estimates.

First case. The same approach as in (35) is chosen by using for any ¢ > 1 the continuous
embedding of H'/2(T' N I',) into LY(T'NT,). So, for any ¢ > 1, we get

_1
/T r (UN - 7"'ho'z\r)(ﬂ'h“ﬂ\r - UN) dl’ < C(q)heel 5 HUNH1/2,TOFC HUINHQTOFC’ (37)
Al'e

13



Second case. Achieving the same calculations as in (36) and using (41), we get
(o — 7oy ) (@ uy —uy) dU < ChZIn(1/0)|o |1 /2w, [y 12700, - (38)
Tnr “ “
Globally. In (37), (38) we choose ¢ = 2 and § = h?. So we obtain

/F (0 — oy )(wuy — uy) dT < CH2 In(L/h)|[ullZ.0

C

which gives the result in (28).

For 7 = 24 ¢ (¢ > 0 can be supposed arbitrarily small), the situation is simpler. Either
there is no contact point on T'N T, and the term (34) vanishes or there exists a contact
point and the same calculations as in (36) (or (38)) using (42) lead to the bound

/T - (ON - 7I-hO-N)(WhuN - uN) dl’ < Ohg+2€|aN|1/2+€,TﬂFC |U;V|1/2+€,Tﬂl"c- (39)
n

As a consequence

/F (0 — 7o) (7 uy —uy) dT < OB ||ul2, .

C

which leads to the result in (29). [ |

Appendix A: Estimate for some Poincaré constants

The use of Poincaré inequalities is a key tool to obtain the estimates of the “second cases” in
24), (25), (36), (38) and (39). In these estimates o or ', are supposed to vanish on a area of
length at least h.f. So we need to estimate precisely the constant C' as a function of the length of
the vanishing area. Note that there is a close link between the determination of these constants
and Bessel’s theory of capacity (see, e.g., [31]). We do not use the tools of this theory and all the
proofs concerning Poincaré constants are made independently using scaling arguments to render
the paper self contained.

For vw € H”(0,1) and 0 < v < 1 we denote by

1/2

)2
|u|u,(0,1) = (/ / ‘1_,_2,/ o, dr dy> s

the classical semi-norm and we recall that (see (1)):

1/2
lullv o) = (Il o) + el o)) -

Let us first recall the Peetre-Tartar Lemma which is a standard tool to establish Poincaré
inequalities (see, e.g., [22, 26, 27, 7]).

Lemma 1 (Peetre-Tartar) Let X,Y,Z be three Banach spaces. Let A € L(X,Y) be injective
and let T € L(X,Z) be compact. If there exists a constant ¢ > 0 such that Vz € X, c||lz||x <
|Az|ly + || Tx||z then there exists a > 0 such that, for all x € X :

allz)lx < [[Azfly.
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The following result concerns the estimate of the Poincaré constant on the interval I=1(0,1)

for the functions in H¥(I), 0 < v < 1 with respect to the length of the interval on which the
mean of the function vanishes.

Lemma 2 Let 0 <v <1, 1=(0,1),0<8 <1 andac H(I), satisfying foe (z)dx = 0. There
exist constants C = C(v) > 0 independent of & and 0 such that

e If0<v <1/2 then

lally; < CO"2lal,, (40)
o Ifv=1/2 then
[ally,; < CIn(1/6)lal,, ;- (41)
o If1/2 <v <1 then
[allg 7 < Clal,, r- (42)

Remark 5 [t is easy to show that estimate (42) does not hold when v = 1/2. Consider a
nonnegative function @ € HY2(I) which is not in L(I) (e.g., @(z) = |In(x)|* with 0 < o <
1/2) and suppose without loss of generality that H{LH1/2,f = 1. Define the truncated functions
(tUn)n, = min(a,n). Therefore ||an||Loo(i) =n and ||an||1/2j < ||ﬂ||1/2,f = 1. Let 0, = Uy/n, then
||f)n||L°<>(f) =1 and ||z7n||1/271~ < 1/n. Set finally w, = 1—0,; W, vanishes on a small interval and
Hwn”m(f) 2 ”1”L2(f) - H"N)n”m(f) > 1—1/n whereas ‘wnll/zj < Hwnul/g,f = Hﬁnul/Q,f <1/n.

Proof. Let us consider the following closed sub-space of H"(I):
B 0
Vy = {v e HY(I) / B(z)dz = o} .
0

One can apply the Peetre-Tartar Lemma for X = Vp, Y = Lz(f X j:), Z = L2(1:), A:u— Au
such that Ad(z,y) = (i(x) — a(y))/|z — y|"/**" and T is the compact embedding operator from
X into Z. The operator A is injective since A% = 0 implies that @ is a.e. a constant and the only
constant of Vp is 0. Consequently, there exists a constant v > 0 such that

lallg 7 < ~lal,; Vi€ V. (43)

In the following, we denote by -y the best constant satisfying this inequality in (43).~ The proof
of the estimate of 7y as a function of § consists in a scaling argument. Let u € H"(I); consider
now the interval I = (0,1/6). Denoting

u(z) = u(fx),
for any = € (0,1/0), we have u € H”(I), and an elementary calculation leads to

lullo.r =071l z,  lulvr =60"""2al, ;. (44)

Denoting by ¢ = fol u(x)dr =671 foe @(x)dx the mean value of % on [0, 0], observing that t—c € Vjp,
one obtains thanks to (43) and (44):

lu— cllor = 07" 2(la— cllo 7 < 072yl 7 = 07" Yol ulu.1,
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and consequently

lullo.r < llello,r + [lu = ello,r < 07 2(c] + 67 vpul, 1. (45)
Suppose now that u satisfies foe u(x)dr = 0, one obtains (since ul; € Vj):

le| < lully 7 < olul, 7 < volulur- (46)
From (45) and (46), we deduce
lullo.r < Y6072 +07")ul,, 1.
The latter bound allows to obtain the following estimate for @ € V2
lllg 7 = 6" ullor < ~6(1+0">"")ul,r = yo(1+ 6"l ;.

With this method, we obtain an estimate of the evolution of the Poincaré constant when the
length of the zone on which the mean of @ vanishes varies from 6 to 6?:

Yor < yo(1+ 677112, (47)

By induction from (47), the Poincaré constant for a zone of length 2" on which the mean of
vanishes is
n—1 )
Y S (L 072 (1 R (1 g2 <o T 62 0TD) )
i=0

2n+1

Now, we fix 6y € (0,1) (e.g., p = 1/2). If 0 € (0,6p), there exists n € N such that 63" < 6 < 62"
(hence 2™ < In(6)/1n(6p)), so Yozr < 76 < Ygan+1- The three cases of the lemma are handled as
0

follows by using (48):
o If v = 1/2 this gives

< ypnin < 27y <2 1% jn(g) =90 __1n(1/0) = In(1
Yo < ’793 +1 < Y00 = 111(90) n(@) ln(l/eo) n( /9) 0(790700) n( /9)

which proves (41).
e If 1/2 < v < 1, one has (using the estimate In(1 + x) < z for = > 0):

n i n . oi
In(y6) < In(ygn1) < In(y,) + Y (1 + 65 G2y < Tn(yg,) + Y (95 Y 2)) < C(yo,,00,v),
=0 =0

with C(vg,,00,v) independent of n (since 0 < 6 -z 1), which implies that 7y is bounded by

a constant independent of § and leads to estimate (42).

e If 0 < v < 1/2, we need to achieve a more precise analysis than in the first two cases. As
previously mentioned we have 0 < 6 < 6 < 1 and there exists n € N such that 08”“ <0 <63 or

equivalently 6§ = 98‘2n with 1 < a < 2. Consequently, setting 0= 900‘/ 2 we have 6, < 0 < 93/ 21
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_2n+1

(hence v5 < vg,) and # =6~ . One has (using again the estimate In(1 + z) <z for x > 0):

ln(’}/e) :ln(7§2n+1) < 1H ’}/9 +Zln 1+9 (V 1/2))
< In(yp) +Z< 2(u 1/2) )+ In (1+02 ‘(1/2— 1/))>

—(2n+t1_1)(p— "o —y 2t
In(yy) + @ V) 137 (727)
=0

In(~g,) + (1/2 —v)In(1/6) + En: <93/4_V/2>2i

=0

IN

IN

Hence
Yo < 0(79079077/)9”_1/27

where C(vg,,00,v) is a positive constant depending only on 7g,,0y and v. That concludes the
proof. |

Remark 6 The space H”(I) is compactly included into CO(I) for v >1/2 so that the Poincaré
inequality is valid for functions vanishing at a single point of I (this is a direct consequence of
the Peetre-Tartar Lemma, see [23]).

Remark 7 It is easy to check that the constants C(6) obtained in the Lemma 2 (i.e., C(0) =
COr=Y2if0<v<1/2, CH) =Cln(1/6) ifv =1/2 and C(8) = C if 1/2 < v < 1) are still valid
independently on the location of the set (of length 6) where the average of @ vanishes. Suppose
that fa+9 (x)dr =0 with0 < a<a+6 <1 and set I; = (0,a/(1 —0)) and Iy = (a/(1 —6),1).
Denoting by |I,| (resp. |Iz|) the length of I, (resp. I), passing on the reference element and
according to the Lemma 2 we have:

lallg ; = llalz, +llallg ;,
2 - 2
< (coInll,y,) +(CO)k!l,,)
< (C0)?al ;.

Appendix B. Some interpolation error estimates in fractional or-
der Hilbert spaces

In this appendix we denote by Z” the Lagrange interpolation operator of degree one in one dimen-
sion (note that we still choose the notation Z" in section 3 to denote the Lagrange interpolation
operator of degree one in the two dimension space). If v € (0,1) and I stands for an interval, we

set 12
)2
ul140,1 = <// ]a: — ’1+2V dxdy .

According to (1), the previous expression equals |u'[, ;. The following lemma deals with error
estimates for u — Z"u when wu lies in fractional order Hilbert spaces (the case of standard Hilbert
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spaces is well known, see, e.g., [5]). Note that the same kind of interpolation error estimate can
be found for instance in [6]. The proof of the result we need is given here for the self-consistency
of the paper.

Lemma 3 (local estimate) Let I = (a,b) with [b—a| = h > 0 and 0 < v < 1. Then for
u € H'(I), we have
lu — T ullo.; < W' |uliyu,

lu = T"ull1,r < B”[ulsn 1.
Proof. One obtains, by an elementary calculation (since (u — Z"u)(a) = 0):
lu = T"ullo,r < hll(u —T"u) llo.r = hllu’ —/|jo,r

where v/ = (u(b) — u(a))/(b — a) denotes the mean value of v’ on I. Let v € H(I) and denote
by v its mean value on . For any x € I, we get

v(ix) -7 = h7t /Iv(x) —v(y)dy

_ ) — v 14+2v
= h I/Lﬁ)\w—y\ 2 dy. (49)
I |z —yl

Note that when « € I and v = 1 we have
v(x)—v = h_l/v(x) —o(y)dy = h_l// V' (t) dtdy.
I IJy
Hence
[o(x) — ] < h2[|v/||o.s- (50)

Using Cauchy-Schwarz inequality in estimate (49) we deduce

/I(v(x)—@)2d:17 = h_z/ (/I%| y|#dy)2dx
h™ /(/ |1+2V dy/|x |1+2”dy>d
// \x—y\”?” dd

= h¥ly,

IN

IN

Changing v with u yields the result. The same calculation on |ju — Z"ul|1 ; leads to the second
bound. -

Lemma 4 (global estimate) Let I" be a mesh of a one dimensional domain T'. Then the
following estimate holds for v € H'T*(I'), 0 < v < 1:

Ju— T ullor < A" |ul14ur,
lu — T"ull1r < B |ul14or,

where h is the size of the largest element of I".

18



Proof. By the previous lemma, one has

h h
lu—TMul§r = D llu—T"ul§; < Y0 Rl < PP |uliy, e
Ielh Ielh

The same calculation on |lu — Z"ul|1 r leads to the second result. [ |

5

Conclusion

In this paper we present a new technique in order to improve the existing convergence rates for
the two-dimensional Signorini problem approximated by the linear finite element method. The
extension of this technique to other nonlinear problems, in particular free boundary problems, or
to other approximation methods or to three dimensional problems could be considered.
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