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Abstract

Most of the numerical methods dedicated to the contact problem involving two elastic
bodies are based on the master/slave paradigm. It results in important detection difficulties
in the case of self-contact and multi-body contact, where it may be impractical, if not im-
possible, to a priori nominate a master surface and a slave one. In this work we introduce
an unbiased finite element method for the finite element approximation of frictional contact
between two elastic bodies in the small deformation framework. In the proposed method
the two bodies expected to come into contact are treated in the same way (no master and
slave surfaces). The key ingredient is a Nitsche-based formulation of contact conditions, as
in [7]. We carry out the numerical analysis of the method, and prove its well-posedness and
optimal convergence in the H'-norm. Numerical experiments are performed to illustrate the
theoretical results and the performance of the method.

Keywords: Two deformable bodies contact problem, Nitsche’s method, Unbiased /Master-
Slave formulation, Tresca friction, Finite element method.

Introduction

Although being a very rich subject in the past, contact computational mechanics for deformable
bodies in small or large strain is still the subject of intensive research. The most common ap-
proach to treat the problem of two deformable bodies in contact is known as the master/slave
formulation. In this approach one distinguishes between a master surface and a slave one on
which one prescribes the non penetration condition. A breakdown of this formulation and the
contact problem can be found in Laursen’s work [17,[18](see also [19]) and a presentation of
discretization schemes and numerical algorithms for mechanical contact is given in [24]. This
approach is confronted with important difficulties especially in the case of self-contact and multi-
body contact where it is impossible or impractical to a priori nominate a master surface and a
slave one. Automating the detection and the separation between slave and master surfaces in
these cases may generate a lack of robustness since it may create detection problem.
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If the master/slave formulation consists in a natural extension of the contact treatment
between a deformable body and a rigid ground, it has no complete theoretical justification.
Consequently, to avoid these difficulties, we give in this article an unbiased formulation of the
two elastic bodies contact problem in the small strain framework. In this formulation we do
not distinguish between a master surface and a slave one since we impose the non penetration
and the friction conditions on both of them. Unbiased contact and friction formulation have
been considered before in [22] and references therein. In there, the authors present a numerical
study of the method and make as of a penalized formulation of contact and friction. The terms
two-pass and two-half-pass are also used in literature to describe this type of methods.

In the present study, we use Nitsche’s method for contact and friction (see [5}/7]). Nitsche’s
method is a promising method to treat frictionless unilateral contact in small strain assumption.
It is an extension of the method proposed in 1971 by J. Nitsche to treat Dirichlet condition
within the variational formulation without adding Lagrange multipliers [20]. Nitsche’s method
has been widely applied on problems involving linear conditions on the boundary of a domain or
in the interface between sub-domains: see, e.g. [23] for the Dirichlet problem or [1] for domain
decomposition with non matching meshes. More recently, in [12] and [14] it has been adapted
for bilateral (persistent) contact, which still involves linear boundary conditions on the con-
tact zone. A Nitsche-based formulation for the Finite Element discretization of the unilateral
(non-linear) contact problem in linear elasticity was introduced in [5] and generalized in [7] to
encompass symmetric and non-symmetric variants. A simple adaptation to Tresca’s friction of
the Nitsche-based Finite Element Method is proposed in [4].

Conversely to standard penalization techniques (see [6,[16]), the resulting method is consistent.
Moreover, unlike mixed methods (see [13}/15]), no additional unknown (Lagrange multiplier) is
needed. Thus, the adaptation of the method to an unbiased contact description is quite easier.
In fact, since Nitsche’s method uses the contact stress as a multiplier, it is very simple to divide
this contact effort equitably on both of contact surfaces.

This study can be seen as a first step in the construction of a method taking into account contact
between two elastic solids and self-contact in large transformations in the same formalism. The
present formulation, in small deformations, allows us to ensure the consistency, the convergence
and the optimality of the method. In this context, the aim of this paper is to provide an un-
biased description of the contact and Tresca friction conditions and to use Nitsche’s method to
give a variational formulation of the problem. The formulation uses an additional parameter
0 as in [7], allowing us to introduce some interesting variants acting on the symmetry / skew-
symmetry / non-symmetry of the discrete formulation. Moreover, a unified analysis of all these
variants can be performed. We provide, as well, theoretical and numerical verifications of the
proposed method. Some mathematical analysis need to be performed to prove the consistency
of the method, its well-posedness and its optimal convergence.

In section [1] we build an unbiased formulation of the two elastic bodies frictional (Tresca)
contact problem. This formulation will be based on Nitsche’s method. To prove the efficiency of
the method , we carry out some mathematical analysis on it in section [2| In the last section
of this paper, we present the results of several two/three-dimensional numerical tests. The
tests cover a study of convergence in H'-norm of the global relative error and in L?-norm for the
contact pressure error with different values of the generalization parameter 6 and the Nitsche’s
parameter vg. The open source environment GetFEM+—f—D is used to perform the tests.

"http://download.gna.org/getfem /html/homepage/index.html
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Figure 1: Example of definition of i’

1 Setting of the problem

1.1 Formal statement of the two bodies contact problem

We consider two elastic bodies (1) and (2) expected to come into contact. To simplify notations,
a general index (i) is used to represent indifferently the body (1) or (2). Let Q¢ be the domain
in R? occupied by the reference configuration of the body (i), with d = 2 or 3. Small strain
assumption is made, as well as plane strain when d = 2. We suppose that the boundary 92 of
each body consists in threg non-overlapping parts I'%, | FZ]'V and FZC On I’iD (resp Fﬁv) displace-
ments u’ (resp. tractions t*) are given. The body is clamped on I'}, for the sake of simplicity. In
addition each body can be subjected to a volumic force f (such as gravity). We denote by I't,
a portion of the boundary of the body (i) which is a candidate contact surface with an outward
unit normal vector n’. The actual surface on which a body comes into contact with the other
one is not known in advance, but is contained in the portion F% of 9.

Furthermore let us suppose that Fic is smooth. For the contact surfaces, let us assume a suffi-
ciently smooth one to one application (projection for instance) mapping each point of the first
contact surface to a point of the second one:

.1l -T2,

1
Let J! be the Jacobian of the transformation IT' and J? = 7 the Jacobian of TI? = (IT*)~1.

We suppose in the following that J' > 0.
We define on each contact surface a normal vector @i’ (see Figur such that:

7Hi(x)—x if x (x
() = { TG —x 17 10
n'’ if x = IT'(x).



Note that ! = —n2 o IT! and n% = —n! o I12.

The displacements of the bodies, relatively to the fixed spatial frame are represented by
u = (u', u?), where u’ is the displacement field of body ().
The contact problem in linear elasticity consists in finding the displacement field u verifying the

equations (1) and the contact conditions described hereafter:

(1a) dive'(u’) +f =0 in
(1b) ol(u’) = Ale(u’)  in O,
(1c) u'=0 onl%,
(1d) o'(u’)n’ =t onTY,

where o = aéj k)’ 1 < 4,k < d, stands for the stress tensor field and div denotes the divergence

operator of tensor valued functions. The notation e(v) = %(Vv—i—VvT) represents the linearized
strain tensor field and A® is the fourth order symmetric elasticity tensor on €2* having the usual
uniform ellipticity and boundedness property.

For any displacement field v’ and for any density of surface forces ’(v!)n’ defined on 9€2; we
adopt the following notation:

vi=vin’ + v and o' (vi)n' = ol (v)d' 4 oi(v'),

where vi (resp oi(v?)) are the tangential components of v¢ (resp a(v')n?).

We define an initial normal gap representing the normal distance between a point x of Fic and
its image on the other body: ¢ = (IT‘(x) — x) - @’

We define, as well, the relative normal displacements [u]l = (u! — u? o II') - Al and [u]? =
(u? —u' o I1?) - 0.

Remark 1.1. Note that: g} oll? = g2 and g2 oIl' = g} ; [u]} oT1? = [u]? and [u]? oII' = [u]}.

In order to obtain an unbiased formulation of the contact problem we prescribe the contact
conditions deduced form the Signorini problem conditions (see [16]) on the two surfaces in a
symmetric way. Thus, the conditions describing contact on I’lc and I% are:

(2a) [l

< On

(2b) ap(ul) < 0 on T'¢,,
(2¢) on(u)([ul, —gn) = 0
(3a) [ul7 < ga
(3b) o2(u?) < 0 on TZ.
(3¢) on(?)([ul} —g7) = 0
Let s' € L3(T'L), s' > 0, [u]{ = u} —uf oII' and [u]? = u? — u} o I1?> = —[u]} o II%.
The Tresca friction condition on I'}, and I'?, reads:

lof(u)]| < &' if [u; =0,
(4) o Tl

o/(u')=—s" Lu]i otherwise,

T

4



where || - || stands for the euclidean norm in R?~1.
Remark 1.2. In the frictionless contact case this condition is simply replaced by ot = 0.

Finally, we need to consider the second Newton law between the two bodies:

/
/

where 7}, is any subset of I'l, and 7% = I1'(7}). Mapping all terms on v/, allows writing:

ol (ul)ds — / o2(u?)ds = 0,
& 7
o;(ul)ds + / o?(u?)ds = 0,

1 2
c Yo

/ or(ul) — Jto2(u? o I)ds = 0,
.

n
1

¢ ¥1o C T
/ or(ul) + Jle?(u? o I1)ds = 0,
g
so we obtain:
(5) ol(u!) = Jlo2(u?oII') =0, Il
or(ul) + Jle?(u? o) = 0 oo
t t ]

Remark 1.3. : A similar condition holds on F%:

n

o2(u?) — J%ol(ul o 11?) = 0,
o?(u?) 4 J2o}l(u! o 11%) = 0.

It is important to mention that, due to second Newton law, we need to fix s' and s? such

1 2 o 1t 1
that: —s' [[u]]i =oi(u') = —Jlo}(u?oIl') = J1527ﬂuﬂt2 ° o= —Jls? [[u]]i .
And [Tl | [[[u]# o IT] |[ul;|
nd so:
(6) st = Jls?

1.2 Variational formulation using Nitsche’s method

In this section, we establish the weak formulation of Problem f using Nitsche’s method
and the unbiased writing of the contact and the friction conditions given in Section

As in [7], we introduce an additional parameter 6. This generalization will allow several variants,
depending on the value of #. The symmetric case is obtained when § = 1. The advantage of
the symmetric formulation is that it derives from a potential of energy (see . These features
are lost when 6 # 1. Nevertheless the variants 0 = —1 and 0 presents some other advantages,
mostly from the numerical viewpoint. In particular, the case § = 0 involves a reduced quan-
tity of terms, which makes it easier to implement and to extend to contact problems involving
non-linear elasticity. Also, for § = —1, the well-posedness of the discrete formulation and the
optimal convergence are preserved irrespectively of the value of the Nitsche parameter .

First, we introduce the Hilbert space

V= {V =whv) e HH QY x H'(Q*4: vi=0onT} and v2=0on FQD}.

S



Let u = (u!,u?) be the solution of the contact problem in its strong form f. We assume
that u is sufficiently regular so that all the following calculations make sense.

The derivation of a Nitsche-based method comes from a reformulation of the contact conditions
(2a)-(2D)-([2d) (see for instance [5] and [7]). This reformulation comes from the augmented La-
grangian formulation of contact problems. The contact conditions . are equivalent
to the equatlon for a given positive function ~*

(7) oy (u') = —vli[([[U]]?; —gn) — 7o (a4,

where the notation [-]; refers to the the positive part of a scalar quantity a € R. Similarly,
in [4], the Tresca friction condition is equivalent to the equation

(3) mmwz—;mm—v%mmw,

where, for any o € RT, the notation [-], refers to the orthogonal projection onto B(0, ) € R4,
the closed ball centered at the origin and of radius «. In what follows some properties of the
positive part and the projection are mentioned. Those properties will be useful in the analysis
of the method.

Since a < [a]+ and afa]y = [a]2 Va € R, we can write that for all a,b € R :

(lal+ — Bls)@—b) = alals +bb]+ - blals — alb+
(9) < [ + b — 2la)4 (o)
= (las — [B1)”.

We note, also, the following classical property for a projection for all x,y € R¢1 :

(10) (y = %)-(¥la = Xa) = I[yla — Xal®.

From the Green formula and equations (1), we get for every v € V:

/ ol(u'): e(vl)dQ+/ a?(u?) : g(v?)dQ :/ £l -v1d§2+/ 2. v2dQ
ot 02 o 02

—i—/ tl‘vldf—i—/ t2‘v2d1“+/ Ul(ul)nl-vldF—F/ a?(u?)n? - v3dr.
I r2, rL

s
We define
a(u,v) = /al(ul):s(vl)d9+/ o2(u2) : e(v3)dQ,
Ol 02
and
Lv) = /fl-vldQJr/ f2-v2dQ+/ tl-vldr+/ t2 . v2dr.
o o ry %

So, there holds:

a(u,v) / J}L(ul)v}LdF/ J?l(u2)v%df/ atl(ul)-v%df/ o?(u?) - vZdl = L(v).
rl I2 rl 2

C C C C



Using condition (5) we can write
1 1
atuv) = [ @b+ s om)obar - 5 [ (2 + Pol(ut o 1)ukr
e It

1 1
—= /Fl (of(ul) — Jle?(u? o IIY)) - vidl — 3 /F2 (02(u?®) — JPo}(u! o T1?)) - vZdT = L(v).
C

So, using the property / JLfATD = f o IT?dT, we have
It Iz,

C

1 1 1
a(u,v) — 2/ ol (uh)vldl — 2/ ol (uh)(v? o IIY)dI — 2/ o2 (u?)v2dr
e I

1 1 1
/ o2 (u?) (vl o II?)dI' — / or(ul) v+ 2/ oi(ul) - (vZoIll)dr
e

2 F% 2 Flc
1 1
—2/ o(u?) v+ 2/ o?(u?) - (v} oI3)dI = L(v).
Iz Iz

C

This leads to:
1 1
a(u,v) — 5 / ot (uh) (v}l + 02 o TIY)dI — 3 / o2 (u?)(v2 + v} o TI*)dD
e Iy

1 1
—/ or(ul) - (vi —vZollh)dI — / o?(u?) - (v — vl oII?)dl' = L(v).

With the writings, for § € R:

U}L+U%OH1_(01+U20H1 ( 1))+071071L(v1)
02 ol oTI2 = (12 + v}, oH?—W 2(v2)) + 07202(v?)

{vtl —vioIl' = (vj = vioIl' = Oy'o}(v!)) + 67 o (V)
(

1
t
vi —vi oI’ = (v} — v o I = 0720} (v?)) + 070} (v?)

we obtain:
(11)
a(u,v) — 1/ O~'ok (Mol (v)dl — ;/ 07202 (u?)o? (v?)dl — ;/ Oylol(ul) - o}
e e
1
-l / 0ot (w?) - AL~ 5 [ oh(ul)(oh o 011!~ 6yl (vh))ar
Tl

C

1
-2 / ) + o oI — 622D — 5 [ ol(ul) (vl v oTl! ~ Bylal(vh)dr
2 rL

1
—2/ oi(u?) - (vi —vi oII* — 97?07 (v?))dl = L(v).
rg

Let us define:

(12) Py i(w) = [u]l, —7'o,(u) - g, P, () = [u];—~'oi(u),
Péew (v) [v], — 7’%(\”% Ploi(v) = [VIi = 0y'oy(v')



1 1
and Ag(u,v) = a(u,v)— - 0y'ol (uhol (vh)dr — 5 07202 (u?)o? (v?)dr

" 2
r's

. / brlolu)) - ol (vl — & [ 99203 (u?) - o2 (v?)dT
N

2 FQC
1
= a(u,v)—z/F

Now we insert the expressions (7)) of o (u?) and (8)) of &% (u’) in and the variational problem
could be formally written as follows:

1
Oy ot (ul)n - ol (vHndl — 3 / 6~?c*(u?)n - o%(v*)ndrl.
r

1 2
C C

(13)

( Find a sufficiently regular u € V such that for all sufficiently regular v € V,

1 1 1 1 1 1., )

Ag(a,v) + 5 /F . ﬁ[PMl (W] Py gp1 (V)T + 5 /F . ﬁ[PW (W)]4 P2, »(v)dT
1 1., ) 1 e 2

+§ k/l—‘é ?[Ptﬂ/l (u)]'\/lsl . Pt,@’Yl (V)dr + 5 /I:% ?[Pt,’)/? (u)]’)/282 . Ptﬁf\/Q (v)dl" — L(V)

Remark 1.4. In the frictionless contact case the formulation reads:

Find u € V such that Vv € V

1 1.4 1 1 1. o 9
Ag(u,V) + 5 /F}j ¥[Pn,’yl (U)]+Pn7971 (V)dr + 5 /FQC ?[Pn,"ﬂ (U)]+Pn7972 (V)dF = L(V)

1.3 Derivation of the method from a potential
In this section we show, through a formal demonstration, that the method derives from a
potential in the frictional symmetric (6 = 1) case. Let us define the potential:

2
J(u) =€eq+ Z(eil + €b),

=1
with:

1 2 1 S 1 S

co = gatww -3 (5 [ Vi)t [ loi)Pdr) - L
i=1 I'e I'e
1
= 5141(11, U) - L(u)v
. 1 1 .
i _ - S pt 2 .
sn - 4/1;10 ’YZ [Pn,'y’(u)]+dr7
1

. 1/ ) 9 1/ 1 ; ; 2
EZ = — e PZ i u dP - —_— Pl i u) — PZ 7 u isi dF
: s i P (W s 7ZH i (W) = [P ()]st

We compute now the derivative of this potential. We have:

Deq(u)[v] = Ai(u,v) — L(v) (L is linear and Ay is bilinear),



D] = 5 [ SlPL @ D(P, () VdT

- ;/ 7JPZ (W] H (P, _:(w)(D(P}_:(w)[v]dT,

where H is the Heaviside step function. Using the equalities: H (¢(X))[p(X)]+ = [¢(X)]+ and
D(PZ l(u))[ | = PZ Z(v) (since P! i1 linear), we get:

DEL (V] = 5 [ 1P ()P ()T

C

i 1 Lo i
Dei(u)[v] = 2/i ?Pt,vi(u) Py _i(v)dl
c

_5 /l ;(Pi,yi(u) - [Pi,yi(u)]'yisi) ’ (Pi,fyi (V) - D([Pi7 ( )]'yisi)[v])dr
if [P} (w)[| <+'s’,then P} _;(u) — [P} _i(u)]isi =0

if |]P;72(u)\| > v's’, then D([Piﬁi(u)]visiis tangential to B(0,7's") and
D(IP!_u(wlyexe) - (P (w) — [PL_ ()], = 0.
So, in both cases we have:
i 1 L oi i
Dei(u)lv] = 5 / Z_ ﬁ[PW (W)],igi - P} (v)dD
C
so, if we consider the first order optimality condition De(u)[v] = 0Vv € V, we get:

(u,v +Z< / Py i(u )]+Pf;ﬁi(v)dl“+é / i i.[Pf;ﬁi(u)]wvsi -Piﬁi(v)dl‘) =L(v).

C”yl

1.4 Strong-weak formulation equivalence

In this section, we are going to establish the formal equivalence between and —. Since
the construction of is quite elaborated and consists in particular in the splitting of the
contact terms into two parts, this step is necessary to ensure the coherence of the formulation.

Theorem 1.5. Let u = (u',u?) be a sufficiently reqular solution to the problem (.) then u
solves the problem -@ for all 0 € R.

Proof. Let u = (u',u?) be a sufficiently regular solution to the problem . Using the defini-
tions of Ay, Pwii (u) and Pgwi (v), we obtain:

auv)— [  Brtoata)anvhr - 5/ , o) (v)dr - 5/ RAORAGE
_% /rg 972.7?(112) ) af(VQ)dF + ;/rlc ,.;/Ll[[[u]]rlz _ 9711 _ ,Ylai(ul)]_i_(vyll 4 U% oIl — 97107{0(‘,1))(111
+3 QC Il — g2~ o] (6 + vh o I - 63202 (v2))

+% /F%j ,Yll [Mul; —~'oi(u")]ig - (vi = vioII' — by oy (v'))dT

+% /cm ,.)/12[[[u]]t yoi(u 2)]7%2 : (Vt2 —v{oll* - 9720',52(v2))d1“ = L(v).



Using Green’s formula we can write
a(u,v) =-— / divel(ul) - vidQ — / dive?(u?) - v2dQ
Qt Q2
—i—/ o' (u')n’ ‘vldl“—&—/ o?(u®)n? - vAdr.
o0t o002

If we take v = (v!,0) with v! =0 on 9Q!, we obtain:

/ dive!(u')-vidQ = / fl.vldQ v,
Ql Ql
which yields ([1a]) for i=1. In the same way we establish for i=2.
To establish (|2 . . . and (5 ., we consider a dlsplacement ﬁeld v that vanishes on the boundary
except on the contact surfaces where v = (v!,v?). Then (13)) and . ) gives
(14)
/ ol (ul)vldl + / oi(ul) - vidr —i—/ o2 (u?)v2dl +/ o?(u?) - vidr
ry ri Iz Iz

C C C

1 1 1
5 [, ortorheleiar = 5 [ oalutiatehar - g [ ortalal)- ol (vhar
2 1'\10 2 1'\20 2 Flc
1 1 1
—5 [, 0ot oReAr + 5 [ Sl = o =5k 0+ o o T — 63l (v))r
1_‘C’ FC
1 1
+3 [, 232 - 62— o) (0 + b o I — 62202 (v))ar
C
1 1
+5 [, Srlull = 2od @) - (vf = vEoTr! =6l (vi))ar
C
1 1
+§ /1“2 ﬁ[[[u]]f — ’yQUf(uZ)]A/gsz . (Vt2 — th olIl? — 9’}/20'?(V2))dr = 0.
C

We need to discuss two cases: 6 # 0 and 6§ = 0.

Case 1 0 # 0:
In (14)), let us consider v = (v!,v?) such that:

(15) vi=0and o}(v!)=0, ol(vl) #0 onT} and
vZ=0and o?(v})n? =0 onT%,
S0,
g/ <[[[u}],11 — gl —ylol (M) + ol (u 1))0711(v1)df =0 Vv satisfying (15)).
e
Then:

1
op(ut) = —;[[[U]]i — g =7 o ()],
which implies . Arguing in the same way we obtain and the friction conditions .

Remark 1.6. [t is easy to show that v satisfying can be built by considering s(x) the
curvilinear coordinate system on the boundary I'c and d(z) the signed distance to I'c:. Then, for
g a given vector field of R?, u(x) = B~1(s(x))g(s(x))d(x) satisfies u(x) =0 and o(u)n =g on
Lo, with By = Agjngn;, A being the elasticity tensor.

10



To obtain the second Newton law, we use Nitsche’s writing of (2) and in with:
and o; = 0 and v2 = —v} o IT%:

/ ol (ut)ldr — / a2 vl oTI2dl =0 Vol.
T'e rg

Then:
/ lon(u') = J'ol(u? o ITYjupdl =0 Vo
Fl

For vy, = vy = 0 and v{ = v{ o II? and using (4) in ,we have similary
/ lof(u!) + J'of(uPoIM)] - vidl =0  Wvy,
Te
and we have (f]).

Case 2 0 =0:
Let us take v = vZ = 0 and v2 = —v} o I12, v} = —v2 o IT!, then reads:

[ oh) = S o I utar =0 v,
Tl
Let us take,now v. = v2 = 0 and v? = v} o I1?, v} = vZ o IT!, then reads:
/ [0'151(111)4—,]10-%(1120]'[1)] V%dF:O Vth,
e

and we have .
Let v2 =0 on FZC. Taking v} = 0, we get:

Vt:()

1
I (oAt [ =gy o (04 5 2T =TT 20 (2o Jod = 0 Ve,
l_‘C

Then:
) = =5 [T~ g~ b+ Sl - 6 — (o L |

Since J! > 0, o} (u!) < 0 and so we obtain The second Newton law () yields:

(16) b)) = =3 [ l0ulh — o) = oha)l + (5 ([l — 9}) — oAl

We discuss both cases:
Ifol(ul)=0:

1,1 J!

i(ﬁ + ?)[HUH}L — gpl+ = 0 then [u]}, < g;.

Ifol(ul) <0:

1 1 1 101 ‘]1 1 1 1,1
?([[u]]n - gn) - Un(“ ) >0 or ?(([[u]]n - gn) - Jn(u )) >0 or both .
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1 J!
1. If we suppose first that: —l(ﬂu]]; —g})—ol(u') > 0and —Q(HU}]}L —gh)—ol(u') >0, the
Y Y

equation holds :

ol(ul) = —[(= + ><Mn gh)—20L(uh)]  then  [u]l =g}

1 J!
2. If now there only holds T([[u]],ll — gy —ol(u) > 0 and —2([[u]]711 — g —olul) =0, we
Y Y

n n
can write :
11y L 1 4 1 1
mh!) =~ (lalh )+ b))
1
So oy (u') = —;([[U]]i—gi)-
Then, since o, (u') < 0: [u]l > g.. But in this case,
J L S A
7Q(Mn 9gn) = op(u’) >0,

1

J
and this contradicts the assumption ?([[u]]}t —gh) —ok(u') = 0. So, this case is absurd.

Jl
In a similar way we get contradiction for the case —2([[u]]il — gy =o'y >o0.
Y

To conclude, we establish that: if ol(ul) =0, [u]} < gl and if o} (u!) < 0, [u]} = g.; and
this is equivalent to ) and .

We suppose, now, that v = 0 and v2 = 0. We get:
Jl
/F et + H[uﬂt Aol gl oI = 7Pef(u? o T e | vldl = 0 v,
C

Then, using the property: Vv > 0, [x],s = 'y[g]s, it yields:
Y

oi(u) + 5 [H‘;ﬂt —ol(uh)] - Jl[[[“ﬂ% o1 —o}(u?otl)| =0,

st 2 ’72 52
We use the Newton law and the condition @ to obtain:

2

(17) oi(ul) + 2[[[17%—a’%(ul)Ll—F;[Jl[[:]Q]tl—a%(ul)] ~0.

uj;
1. If ||[[7§ _at( || < s* and HJlMt —olul)| < sk

[}
2
and so: ||o}(ul)| < st

(= + ?) = 0; so [u]f = 0. In this case we obtain: o}(u') = {atl(ul)} ,

12



2 IfH”““ ol(uh)] > 5" and HJllEﬂi-— ol > 5!

[ul; (4l 1 [uli 1(q,1
1 Lt —o 1 J 5t — o (u
(18) olu) + 5 ) + 55— )
153 — oy (uh)]] [J1 55 — o (uh)]|
The equation shows that o (u!) and [u]} are collinear.
7 1
Wi o)
u - ull )
12— oty B - o)
So: or
1 1
ool | EE o)
[l 1y J1[[u]]%_ 1l
15 —op ()| o (uh)]]
( [u]]t o-l(ul)
of(ul) = - 1m = %[[[U]]t Yloi(uh)],,,
t u
and we obtain, from : and this is equivalent to .
or
L o} (u') = 0 which is impossible in (¥).
1
. If now Hm — o} (u')] < s' and HJlH:Et —oi(ul)] > s
[u]} 1l
1, [u]} st JHE —af(u!)
a%(ul)—&-?(%—atl(ul))—i-g 1[[31]1 v =0.
Y BRC T

1(31) . 1
Projecting on o E 1§” and laying a = Hatl(ul)H b= oy (w) - [u];

o} 1 Vot ()
|b—a| < s and \le;% —al > st
we get: and
(b+a)+est =0; where e = sign(lez—; —a) ==+l
b—a=2b+s'and |b—a| < s!
Let € = 4+1; s0, a = —b—s' and we obtain: < and
b‘ﬂ% —a= (Jw2 +1)b+ st and le— —a > sl
—st<b<0
So: and which is absurd.
17!
(J =+ 1)b6>0
b—a=2b—s'and |b—a| < s!
Let e = —1; s0a = —b+s' and we obtain: ¢ and
lejT; —a= (Jlfvy—; +1)b— s! and lez—; —a< —s!,
0<b< st
so: and , which is absurd.
(J'Z +1)b <0

13



4. If ||[[;1—]1]t1 — ot (ub)]| > s' and HJl[[};—}Q]t1 —o}(uh)] < st
_ poitu) Tul

We argue in the same way laying a = ||of(ul)] ; i
Vo)

Thus, we establish the friction condition (4 for i=1. In the same way, when supposing v! = 0,

we get —— and for i=2. O

1.5 Discretization of the variational formulation

Let 7, a family of triangulations of the domain ' supposed regular and conformal to the
subdivisions of the boundaries into I'}y, Iy, and I'i,. We introduce

V), = (VL x V2), with Vi = {v;'L € €°(V) : Viyp € (Pu(T)LVT € Tf, vl = 0 on riD},

the family of finite dimensional vector spaces indexed by h and coming from 7}
We consider in what follows that 4’ is a positive piecewise constant function on the contact
interface I'y, which satisfies

V‘lKimFiC = 70hKi7
for every K* € T;' that has a non-empty intersection of dimension d — 1 with I't, and where 7o
is a positive given constant. Note that the value of 4* on element intersections has no influence.

This allows to define a discrete counterpart of . Let us introduce for this purpose, with the
same notation, the discrete linear operators:

Pi(w) = [unln — g5 — 7o (up), P, i(uy) = [up]i —v'oi(u),
(19) Pl (vi) = [l — 070 (vi), Pl (va) = [Vali — 07 ai(v}).
Then the unbiased formulation of the two bodies contact in the discrete setting reads:
(20)
Find u;, € Vj, such that, Vv € V,

1 R )
Aot [ 5P LAl b [ 5P (I )

C

L[ 1, . AR 2
+2/Flc7 Py oy (Vi) - [Py (un)]yr0dl + 2/r20v 29,2 (Va) - [PF 2 (up)]y22dl = L(vy)

\

2 Mathematical analysis of the method

A major difference between Nitsche’s method and classical penalty methods is the property of
consistency demonstrated in Using the same arguments as in [5] we prove the well-posedness
and the optimal convergence of when the mesh size h vanishes.

14



2.1 Consistency

Like Nitsche’s method for unilateral contact problems [5], our Nitsche-based formulation is
consistent:

Lemma 2.1. Suppose that the solution u of —(@/ lies in (H%+”(Ql))d X (H%+”(QQ))d with
v > 0, then u s also solution of :

(21)
1 1
ﬁpéﬂ'yl (Vh)[Pé,'yl (u)]+dr + 5 /F2 ?Pi@ﬁﬂ (Vh)[Ps,'yz (U)]erl_‘
C

Proof. Let u be a solution of . and set v;, € Vj. Since u’ € (H2+”(Ql)) , we have
ol (u') € (H"(T', )) and P, and P, are well-defined and belong to L3(T%).

n

With equations (/1] . and integration by parts, it holds:

a(u, vy)— /F o (u)uj,dl— /F o2 (u?)v},dl - /F o} (u')-vjdl - / 7 () vidl = L(va).
C C C

I's

We use now () to write:
1
oh ) ok + o o TOAE = 5 [ o2(u)(uh, + ol o T7)ar
F2

1 1
-5 /rl Utl(ul) . (V}lt — Vi21t o Hl)dF -3 /1*2 0'?(112) . (V%t _ Vilzt o H2)dF = L(vp).
¢ C

With the writings: For any 6 € R,

Vhn F Vi © I = (v, + 07, 0TI = 0710 (V) + 071 0y (v,)
Vi + U 0 112 = (Vi + vy, 0 T2 = 07073 (V7)) + 07072 (V)
Vin = Vi o I = (Vi — v?n oIl' —0y'oy (vi)) + 0710% (V)
Vi, = Vi o 2 = (Vi — vj o P — 09207 (vih)) + 070 (v}),
the writing of the contact conditions and the notations , we obtain . O

2.2 Well-posedness

To prove well-posedness of our formulation, we first need the following classical discrete trace
inequality.

Lemma 2.2. There exists C' > 0, independent of the parameter vg and of the mesh size h, such
that:

.1
(22) ”'on't( )Horz "‘”712 l( )Horz <C'70||Vh”1 Qi
for all vfl € V};.

Proof. The inequality is obtained using a scaling argument as in [4] Lemma 3.2 . O
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We then show in Theorem [2.3|that the problem is well-posed using an argument in ( [3])
for M-type and pseudo-monotone operators. In the proof of the well-posedness, two cases are

discused: 8 =1 and 6 # 1.

Theorem 2.3. Suppose that vo > 0 is sufficiently small or 6 = —1, then Problem (@) admits
one unique solution uy, in Vi,. When 8 = —1 we do not need the assumption of smallness of vg.

Proof. Using the Riesz representation theorem, we define a (non-linear) operator
B :V, — V,, by means of the formula:

1 1
(Bup, vi)1 = Ag(un, va) + 5 /1“1 ﬁpﬁ,ayl (Vi) [Py 1 (ap)] 4 dT

C

LY 2 L[ 1., X
+ 2 /FQC —P, , 2(Vh)[Pn772 (uh)]+dr + 5 /Flc ;Ptﬁ’)’l (Vh) . [Pt,fyl (uh)]'ylsldr

1 1, ,
+ Q/FQ 2 Pt 02 2(Vh) - [Pt,'yQ(uh)]'y2s2dF7

for all up, vy, € Vy, and where (.,.); stands for the scalar product in V.
Note that Problem is well-posed if and only if By, is a one-to-one operator. Let v, wp, € V.
Using the expression P (.) = PJ(.) + (1 — 0)on(.) (and same for Pg,y) we have:
(BVh — BWh,Vh — Wh)l = a(vh — Wph,Vp — Wh>

12 ) 2
+Z( S o (v = wiinl? 1

+% /l ¥P7’LLW (Vh - Wh)([P'rZ;,,'yi(vh)]-i- — [Pn’y (Wh)]+)dr

-l—(l ; 0) /ZC ;viai(vz - WZ)([P;;M (Vi)]+ — [Péﬂi (Wh)]Jr)dF

b [ Pl = Wi ([P ()i [P (i) )T

Aok
2 L v
=+ 2 ; ?7 Ut(vh - Wh)'([Ptp/i (Vh)]'yisi - [Pt;yi (Wh)]'yis")d]:‘)
c

We use Cauchy-Schwarz inequality and the proprieties @D and to get:

0 1 .
(Bvy — Bwyp, v, — wp)1 > a(vy — Wy, v — wp) + Z ( - §‘|’}/220'(V;L - W}L)anIiC
=1

T AT (LI L) P UM% 1] PR S (s SORAS) WV OIS, I

1= 9\ i i T i
[l Z(UD (i)l = [Py (W)l ) llori, 172 o (Vi = Wih)llo,r,

| 9‘ 1 . . 1 .
_T”/yZ : ([P;,'yl (Vh)]wisi - [P;'yi (Wh)]visi) , é||7Z20§(V;z - W;L)

16



If 6 = 1, we use the coercivity of a(-,-) and the property to get:

1 . . .
Sl (v, — wio'2

(]
N —

(BVh — BWh,Vh — Wh)l 2 a(vh — Wph,Vp — Wh) —
=1

[\

> a(Vi — Wh, Vi — Wh) = Y
i=1

1 .
5 (I = WilZ o+ I 2 oivh — wi) 2 )
> Cl|lvi — wall}

when g is sufficiently small.
We suppose now that 6 £ 1 ; let 8 > 0. Applying Young inequality yields:

2
0 1. o
(Bvy, — Bwp, vy, — wp)1 > a(vy, — Wi, vi, — wp) + Z < - QH’y”oﬂ(vﬁL — W}L)nZHinC
i=1

Loi-%ipi i L -3 (i

+%||’Y 2([P '(Vh)]+—[Pn,a,i(wh)]+)|’g,pic+§||’}’ ([P (v )]w‘si—[Pm(Wh)]yisi)Hg,ric
0 i 7 HB 7 % wi

S Bl 1B o)y, — E P b v — Wi

1- L ; 016 i% iy i

O B (il — P () I s — !uw i)~ Wiy )
2
|1-0|8 5 Qi i |[2
=a(vi—wivi—wi) + 30 (=3 (04 ) (2o v~ w2

43
1, -0 .
3 (1 _Ii= |) (\WA_E ([wa(vh)h - [Pﬁ,yi(wh)]Jr) Hg,ri

i=

+

_l’_
L1 . .
v v~ wh) 2 )

c 20 c
T (P vt = [P (W)t 2 ) )
. 10 .
Choosing g = 5 and 7 sufficiently small we get:
2
1+92 , ,
(Bvy, —Bwp, v, — wp)1 > a(vy, — wp, v — —> (H’Y” n(Vh Z)Haric
=1
1 .
+ |2 ai(vi, - wma%).

(Bvi, = Bwy, vi — wp)1 > C|lv —w]|]

Note that, when § = —1 we do not need the assumption of smallness of .

Let us show, now, that B is hemicontinuous. Since V" is a vector space, it is sufficient to show
that:

e: [0,1] —R
t — (B(Vh — twh),wh)l

17



is a continuous real function for all vy, w;, € V. Let t,s € [0, 1] , we compute:
() = 9(s)] = |(Bvi — twi) = B(vi = swh), wi)1|
2
1 1 1A i i
- ‘A@((s —t)wp, W)+ (5 =P (wh) ([P (vi = twi)l . — [PLi(vi — swy)] 4 )dT
i=1 re v
1/ 1, . .
+ 5 /pz ?P;ﬁ'yi (Wh)([Pz»yi (Vh — tWh)],yisi — [P:.yi (Vh — SWh)],yisi)dF)‘
C
2
< s — t|Ag(wh,wa) + 3 (5 [ SilPuoy (wh)|‘[PW(vh —twi)ls — [P (vh — swh)}+‘df‘
=1 e}
5 [ eI (P (v i) = [P (v = swi) o
C

2 )

We use the bounds |[a]+ — [b]4| < |a — b| for all a,b € R and ||[a].iyi — [b],i
a,b € R%! to deduce that:

< |la—b|| for all

1, 4 .
[ 2o VP g ol [[Pis v =t = [P = s far
C

[ P ol P (v = ) = [P = 5w
C

1 7
< /F il P

1 . i 3
T M —
't

dr’

Péwi (v, —twp) — Pvivi (v, — swh)‘df‘

1 . . 1 . .
<ls=t( [ S 1PL o 1Pl + [ P (i) [P (wi) T

i
C FC

It results that:

2
o) = 2] < ls—tl(Aawnwn) + 30 ([ 1P (I ()l
=1

N
1 i ;
T /Fic ﬁHPt,(M (wi) I[Py, (Wh)||dF)>.

Which means that ¢ is Lipschitz, so that B is hemicontinuous. We finally apply the Corollary
15 (p.126) of [3] to conclude that B is a one to one operator. O

2.3 A priori error analysis

Our Nitsche-based method converges in a optimal way as the mesh parameter h vanishes.
This is proved in the Theorem [2.5] where we provide an estimate of the displacement error in
H'-norm and of the contact error in L?(I';,)-norm. We establish, first, the following abstract
error estimate.

Theorem 2.4. Suppose that u is a solution to and belongs to (H%+”(Ql))d X (H%‘H’(QQ))d
with v > 0.

18



1. We suppose o sufficiently small. The solution uy, to the discrete problem @) satisfies
the following error estimate:
(23)

2 1 . , 1 : ,
> (0 =il g + 5117 (o) + P ) [y + 5107 (o) + P (un)]d) )

i=1

_1 .
inf (ZHu VB gl E = R g+ g R Vi 2 ),

vh €Vy,

where C > 0 is a constant independent of h, u and p.
2. If 0 = —1, for all v9 > 0, the solution uy to the problem (@ satisfies the estimate
with C' > 0 a constant independent of h and u, but eventually dependent of 7g.

Proof. Let v, € Vy,, using the coercivity and the continuity of the form a(-,-) as well as Young’s
inequality, we obtain:

a) v —ulfg  <a(u—upu-—u)

=a(u—up,u—vy) +alu—u, vy, —uy)
2
< CZ [u’ — uj |y gillu* = vill1 o +a(u—up, vy —up)
i=1

Z [’ — wj, I3 + Z [u” = v [17 o
+a(u,vh —up) — a(uh,vh — h).

Therefore, we get:

o2 2
*ZHU _uh”l o = % ZHUZ—%H?,W +a(u, vy, —up) — a(up, vy — up).
=1

Since u solves ([I}5) and uy, solves (20), using the Lemma [2.1] yields:

2 2 2
a A , 0?2 . . 0 S R o
D LA P EE:HUZ—V%H%,m*‘E:(—i / Yo (w, — u)n' - o' (v — uj)nidl
=1 =1 =1 C

2 +% /1 04 Pi 07 (Vi =) - ([Pi,'yi(uh)}visi - {Pi,w‘ (u)]'yisi)dr
+;/F ,i Pn 07 (v — uh)([P,,i7,yi (up)]4 — [P;‘LMV (u)]+)d1‘)_

Let 81 > 0. The first integral term in is bounded, using Cauchy-Schwarz and Young’s
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inequalities, as follows:
(25)

—= / ~v'o'(uj, —u')n' - o' (v}, — up,)n'dl’

l\D\Qb

= 2/_ Yol (vh —uy)n’ - o'(vh — u) )n'dl —
c
0 o
< 5lvettv v, —uj)n l”o{‘l +*H’Y”U( —u)n’|ory, H’Y o' (vj, —w)n'[lo ri,

16?1 1 1
< PR a vl — g + 5 (04 5 I S (v — i

/ yio( u')n’ - o'(vi — uj)n'dl’

For the second integral term in , we can write:

/2 1 P; oy ( uh) ([P;,yi (Uh)],yisi — [Piﬁi(u)]visi)dl“

5 v
= [ LR ) (P — [P ) ar
1“1017
[P (P ()l — P ()] )ar
+ /F (=00 (vi, — up) - ([P (wn)]yisi — [P} (w)] g0 ).

Using the bound and applying two times Cauchy-Schwarz and Young’s inequalities, we
obtain for S > 0 and 83 > 0:
(26)

/z‘ ,;Piﬂwi (Vi —up) - ([Pi,ryi(uh,)]fyisi — [Pi i(u)]yisi)df‘

L, | 52
oty Lm0 L -,
- i%(o_i(ui)+l[Pi (wp)]. ) 2 n |1—9| (o_i(ui)+7[Pi (up)]i > 2
v ¢ i eyt ARyt 0,T%, 2033 ¢ i b R 0,T%,

|1 0153 ; ;
5 | lQUi(Vﬁz*U%)Hapic-

In a similar way, we can upper bound the third integral term of .
Noting that:
1
P Wl 1
P v = Wl R < 2 E = Vi) 2+ 2l e — vl

and using estimates and in , we obtain:

(27)

@)
N |
§Zuu2—uhum_2 Zuu Vil g
2
1 519 EE 1
(P ot vl + i iR,
ot 2 O o ity o 1P a2, + I + Ll )
25 26 t "}’z tyi \Bh ) lyst 0,I%, Y n y n,y* h) 1+ 0,I't,

1 |1 —0|p iz _if. i i\ i
+(Tﬁ1+9+ 5 3)(||7 QU(Vh_uh)n”ariC))-
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We use now the estimate to get:

R o LR , .
(29) "o (vi, — w05 < o IV, — w2 o SO (Ivh =Wl g + [lug, — 'l o)
For a fixed # € R we choose 2 and B3 large enough that:
|1 — 0| 1

14—+ <-
252 233 2

Choosing g small enough in and putting the estimate in , we establish the first state-
ment of the theorem.
We consider now the case § = —1 in which becomes:

2

o 7
3 I~ wil o < 52 Zuu ~vilZg

Y
1 051 L S 1 )

=y ((— § Bl — i+ Bl I
o 1 ! 1 1 1

+(-1+ ﬁ + 3 =) ([Iv*? (a3 (u’) + ?[P;,yi(uh)]wisi)H(Q)’Fic + 172 (o, (') + ?[Pﬁb;yi(uh)]+)”aric)
1 I S

g~ 1+ 8 (e (vh —whnl ) ).
Let be given n > 0. Set 81 = 277, By =141 w B3 =1+ n. And so we arrive at:

2

« (2
52““ —uhHmz = 94 ZHU —VhHmz

1 +’l’] 1 . X
D w2,

s
Il
_

1 Lo 1
—Q(I"WWQ (o (u) + ;[Pz,vxuh)]yisauo,% +In (b)) + P )

2072 o (v, — w2 1, )
Set n = ﬁ, where C' is the constant in to conclude the proof of the theorem. O
Yo

Theorem 2.5. Suppose that u = (u', u?) is a solution to problem and belongs to (H%‘H’ (Q1))4x
; 1

(H%+”(Q2))d with 0 < v < 3 ifk=1and 0 <v <1 ifk =2 (Fkisthe degree of the finite

element method). If 0 = —1 or vy is sufficiently small, the solution uy to the problem (@)

satisfies the following estimate:
(30)
2

Z(Hu"—umﬁ,w 517 (00 + (P () Iy + 5107 () + P (un)]d) B )

=1

< chWZHuwF

=1

41,00
where C is a constant independent of u and h.
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Proof. To establish we need to bound the right terms in estimate . We choose vi = Z!u
where 7; stands for the Lagrange interpolation operator mapping onto Vj. The estimation of
the Lagrange interpolation error in the H'-norm on a domain is classical (see, e.g., [§], [2] and [9])

(31) [0’ — Tiul ||y g < Ch2H|[uf s

E—FV,Q'L
1 1
for—§<1/§/<:—§.
Let F in FiC be an edge of triangle K € TZ, we have:

1 . . 1 . 1 .
7" 2 (u = T lo,p < Ch2 ™| li4,p < Ch2 [0 |[140,5

A summation on all the edges E , with the trace theorem yields:

1 o iy [
(32) " 2 (0 = L) lory, < Chg w1y ry, < Ch2 (W34,

From Appendix A of [7] (see also [11]), we get the following estimate:

1 [
(33) "o (u’ = Ziu')n'llor, < Chz|[u’|s

2

By inserting , and onto we get . O

41,00

3 Numerical experiments

In this section, we test the Nitsche’s unbiased method for two/three-dimensional contact
between two elastic bodies Q' and Q2. The first body is a disk/sphere and the second is a rect-
angle/rectangular cuboid. This situation is not strictly a Hertz type contact problem because
02 is bounded.

The tests are performed with P; and P» Lagrange finite elements. The finite element library Get-
fem++ is used. The discrete contact problem is solved by using a generalized Newton method.
Further details on generalized Newton’s method applied to contact problems can be found for
instance in [21] and the references therein.

The accuracy of the method is discussed for the different cases with respect to the finite element
used, the mesh size, and the value of the parameters 8 and 9. We perform experiences with
a frictionless contact to compare the results of the formulation with other formulations using
Nitsche’s method (given mainly in [10] and [7]). Moreover, we present the convergence curves
for a frictional contact in figures [10] and

The numerical tests in two dimensions (resp. three dimensions) are performed on a domain
Q =]—-0.5,0.5 (resp. Q =] —0.5,0.5[%) containing the two bodies Q! and 92 . The first body is
a disk of radius 0.25 and center (0,0) (resp. a sphere of radius 0.25 and center (0,0,0)), and the
second is rectangle | —0.5,0.5[x] —0.5, —0.25[ (resp. 22 =]—0.5,0.5[2x]—0.5,0.25]). The contact
surface I'}, is the lower semicircle and T'% is the top surface of Q% (i.e. It = {x € 0025 < 0}
and I'Z, = {x € 9% zy = —0.25} (resp. '}, = {x € 90 ;25 < 0} and I'Z, = {x € Q%23 =
—0.25})). A Dirichlet condition is prescribed on the bottom of the rectangle (resp. cuboid).
Since no Dirichlet condition is applied on Q' the problem is only semi-coercive. To overcome the
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non-definiteness coming from the free rigid motions, the horizontal displacement is prescribed
to be zero on the two points of coordinates (0,0) and (0,0.1) (resp. (0,0,0) and (0,0,0.1)) which
blocks the horizontal translation and the rigid rotation. The projector IT! is defined from Flo
to F% in the vertical direction. All remaining parts of the boundaries are considered traction
free. For simplicity, we consider a dimensionless configuration with Lamé coefficients A = 1 and
1 =1 and a volume density of vertical force f, = —0.25.

The expression of the exact solution being unknown, the convergence is studied with respect
to a reference solution computed with a P, element on a very fine mesh for § = —1. (see Figures

and .

0.3r
0.14
o02F
0.12
01fF
ol F10.1
-0aF L J0.08
>
0.2F
- 10.06
-03fF
0.04
0.4
05k 0.02
-0 6 1 1 1 1 1 1 ]
0.8 0.6 0.4 .0.2 0 0.2 0.4 0.6

Figure 2: 2D Numerical reference solution with contour plot of Von Mises stress. h = 1/400,~y =
1/100 and P, elements.
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y

Figure 3: Cross-section of 3D numerical reference solution with contour plot of Von Mises stress.
h =1/50,79 = 1/100 and P, elements.

3.1 Convergence in the two dimensional frictionless case

We perform a numerical convergence study on the three methods 8 =1, § =0 and § = —1 for
a fixed parameter yg = ﬁ (chosen small in order to have the convergence for the three cases)
and friction coefficients s1 = s2 = 0. In each case we plot the relative error in percentage in the
H'-norm of the displacement in the two bodies and the error of the L? norm of the Nitsche’s

contact condition on FIC and I%. The error of the Nitsche’s contact condition is equal to:

L1 . . .
% (ol ) + K P () ) o,

1 . i
I3 o, (a )l

, where u/ 7 is the reference solution on €2".

On figures [4] [f] and [6] the curves of relative error in percentage for Lagrange P; finite elements
are plotted. The convergence rate in a H'-norm is about 1 for the three values of § which is in
this case optimal, according to Theorem On figures [7] [§ and [9] the same experiments are
reported for Lagrange P, finite elements. The convergence rate for the three cases is about 1.5
which correspond to optimality as well.
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Figure 4: Convergence curves in 2D for the method § = 1, with v9 = 1/100 and P; finite
elements for the relative H!-norm of the error (a) and the relative L?(I'¢)-norm of the error (b).
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Figure 5: Convergence curves in 2D for the method 6 = 0, with 79 = 1/100 and P; finite
elements for the relative H!-norm of the error (a) and the relative L?(I'¢)-norm of the error (b).
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Figure 6: Convergence curves in 2D for the method 8 = —1, with 79 = 1/100 and P; finite
elements for the relative H-norm of the error (a) and the relative L?(I'¢)-norm of the error (b).
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Figure 7: Convergence curves in 2D for the method 6 = 1, with v9 = 1/100 and P» finite
elements for the relative H'-norm of the error (a) and the relative L?(I'¢)-norm of the error (b).
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Figure 8: Convergence curves in 2D for the method § = 0, with v9 = 1/100 and P» finite
elements for the relative H!-norm of the error (a) and the relative L?(I'¢)-norm of the error (b).
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Figure 9: Convergence curves in 2D for the method § = —1, with 79 = 1/100 and P» finite
elements for the relative H'-norm of the error (a) and the relative L?(I'¢)-norm of the error (b).
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3.2 Convergence in 2D frictional contact case

We establish, as well, the convergence curves for a frictional contact (Tresca friction) with a
friction coefficient s1 = 0.1 with the method 8 = —1, for a Nitsche’s parameter vy = ﬁ. The
frictional contact curves are presented for P, and P, Lagrange elements in figures and
Similar curves are obtained with other values of #. The optimal convergence is obtained, as well
in the frictional case with a convergence rate close to the frictionless case.

100% ‘ . T
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5 .g 100%
o ©
2 10%}p T
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r 1. 38
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“““““ -
19 19
001 .001

Figure 10: Convergence curves in 2D frictional case for the method § = —1, with 79 = 1/100
with P; finite elements for the relative H!'-norm of the error (a) for the L?(I'¢)-norm of the
error(b).
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Figure 11: Convergence curves in 2D frictional case for the method § = —1, with 79 = 1/100
with P, finite elements for the relative H!'-norm of the error (a) for the L?(T'¢)-norm of the
error(b).

3.3 Convergence in the three dimensional case

The three-dimensional tests are similar to the two-dimensional ones. The error curves with
0 = —1 and P; Lagrange elements are presented in Fig. Very similar conclusions can be
drawn compared with the two-dimensional case.
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Figure 12: Convergence curves in 3D for the method 6 = —1, with 79 = 1/100 for the relative
H'-norm of the error with Py finite elements (a) and P» finite elements(b) .

As expected the optimal convergence is obtained in H'! and L?(I'c)-norm for all methods in
good accordance with Theorem [2.5]

3.4 Comparison with other methods

To better compare the proposed method with other methods we present in the following the
convergence curves of our test case with the convergence curves of the biased Nitsche’s formu-
lation and the augmented Lagrangian method ( [7},15]).

The curves are exactly the same for P elements and very similar for P> ones and the convergence
rate of the unbiased Nitsche’s method is equal to other formulations’ rate. We note that, for
different values of 6 the convergence is obtained for Nitsche’s method (biased and unbiased) and

the augmented Lagrangian method generally with a close number of iterations of the Newton
algorithm.

1009 — 1009 "
-©-norm for augmented L agrangian method (slope=1.0862) -©-norm for augmented L agrangian method (slope=0.97527)-!
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(a) (b)
Figure 13: Comparison of convergence curves in 2D frictionless case for the method 8 = —1,
with 7o = 1/100 and P; finite elements for the relative H'-norm of the error on Q! (a) and on

Q2 (b) for different formulations of contact.
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Figure 14: Comparison of convergence curves in 2D frictionless case for the method 0 = —1,

with 79 = 1/100 and P finite elements for the relative H'-norm of the error on Q! (a) and on
02 (b) for different formulations of contact.

3.5 Influence of the parameter v,

The influence of 7o on the H'-norm of the error for P, elements is plotted in Figure in the
frictionless case and on Figure [L6| with a friction coefficient s' = 0.1. It is remarkable that the
error curves for the smallest value of vy are rather the same for the three values of 6.

The variant # = 1 is the most influenced by the value of 7. It converges only for vy very small
(< 107Y). The method for § = 0 gives a much large window of choice of g though it has to
remain small to keep a good solution. In agreement with the theoretical result of Theorem [2.5

the influence of vy on the method # = —1 is limited.
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Figure 15: Influence of vy on the H'-norm error for different values of § in the 2D frictionless
case and with P, finite elements on Q' (a) and on Q2 (b).
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Figure 16: Influence of vy on the H'-norm error for different values of # in the 2D frictional case
and with P, finite elements on Q' (a) and on Q2 (b).

A strategy to guarantee an optimal convergence is of course to consider a sufficiently small
~o. However, the price to pay is an ill-conditioned discrete problem. The study presented in [21]
shows that Newton’s method has important difficulties to converge when 7y is very small because
the nonlinear discrete system becomes very stiff in this case.

The accuracy of the method was discussed for the different cases with respect to the finite
element used, the mesh size, the value of the parameters 6 and g and the friction coefficient in
the two and three dimension cases. The theoretical results are, generally, confirmed by numerical
tests, especially the optimal convergence and the influence of the parameter ~g.
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