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1. Introduction

The Aharonov—Bohm (A-B) model describing the motion of a charged particle
in a magnetic field concentrated at a single point is one of the few systems in
mathematical physics for which the spectral and the scattering properties can be
completely computed. It has been introduced in [3] and the first rigorous treatment
appeared in [26]. A more general class of models involving boundary conditions at
the singularity point has then been developed in [2,13] and further extensions or
refinements appeared since these simultaneous works. Being unable to list all these
subsequent papers, let us simply mention few of them: [28] in which it is proved
that the A-B models can be obtained as limits in a suitable sense of systems with
less singular magnetic fields, [27] in which it is shown that the low energy behavior
of the scattering amplitude for two-dimensional magnetic Schrodinger operators is
similar to the scattering amplitude of the A-B models, and the series [7,8,30] in
which, among other results, high energy estimates are obtained for the scattering
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operator. Concerning the extensions we mention the papers [15] which considers the
A-B operators with an additional uniform magnetic field and [21] which studies the
A-B operators on the hyperbolic plane.

The aim of the present paper is to provide the spectral and the scattering anal-
ysis of the A-B operators on R? for all possible values of the parameters (boundary
conditions). The work is motivated by the recent result of one of the authors ([25])
showing that the A-B wave operators can be rewritten in terms of explicit functions
of the generator of dilations and of the Laplacian. However, the proof of this result
used certain complicated expressions for the scattering operator borrowed from [2]
and we have in the meanwhile found a simpler approach. For those reasons, we
have decided to start again the analysis from scratch using the modern operator-
theoretical machinery. For example, in contrast to [2,13], our computations do not
involve an explicit parametrization of U(2). Simultaneously, we recast this analysis
in the up-to-date theory of self-adjoint extensions ([12]) and derive rigorously the
expressions for the wave operators and the scattering operator from the stationary
approach of scattering theory as presented in [31].

So let us now describe the content of this review paper. In Sec. 2, we intro-
duce the operator H, which corresponds to a Schrédinger operator in R? with a
o-type magnetic field at the origin. The index a corresponds to the total flux of the
magnetic field, and on a natural domain this operator has deficiency indices (2, 2).
The description of this natural domain is recalled and some of its properties are
exhibited.

Section 3 is devoted to the description of all self-adjoint extensions of the oper-
ator H,. More precisely, a boundary triple for the operator H, is constructed in
Proposition 4. It essentially consists in the definition of two linear maps I'1, I's from
the domain D(H}) of the adjoint of H, to C? which have some specific properties
with respect to H,, as recalled at the beginning of this section. Once these maps
are exhibited, all self-adjoint extensions of H, can be labeled by two 2 x 2-matrices
C and D satisfying two simple conditions presented in (7). These self-adjoint exten-
sions are denoted by HSP. The v-field and the Weyl function corresponding to the
boundary triple are then constructed. By taking advantage of some general results
related to the boundary triple’s approach, they allow us to explicitly mention the
spectral properties of HSP in very simple terms. At the end of the section, we add
some comments about the role of the parameters C' and D and discuss some of
their properties.

The short Sec. 4 contains formulae on the Fourier transform and on the dilation
group that are going to be used subsequently. Section 5 is the main section on
scattering theory. It contains the time dependent approach as well as the stationary
approach of the scattering theory for the A-B models. Some calculations involving
Bessel functions or hypergeometric o F}-functions look rather tricky but they are
necessary for a rigorous derivation of the stationary expressions. Fortunately, the
final expressions are much more easily understandable. For example, it is proved in
Proposition 11 that the channel wave operators for the original A-B operator HAP
are equal to very explicit functions of the generator of dilations. These functions are
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continuous on [—o0, oo and take values in the set of complex numbers of modulus 1.
Theorem 12 contains a similar explicit description of the wave operators for the
general operator HSP.

In Sec. 6, we study the scattering operator and in particular its asymptotics at
small and large energies. These properties highly depend on the parameters C' and
D but also on the flux a of the singular magnetic field. All the various possibilities
are explicitly analyzed. The statement looks rather messy, but this simply reflects
the richness of the model.

The parametrization of the self-adjoint extensions of H, with the pair (C, D)
is highly non unique. For convenience, we introduce in the last section a one-to-
one parametrization of all self-adjoint extensions and explicit some of the previous
results in this framework. For further investigations in the structure of the set of
all self-adjoint extensions, this unique parametrization has many advantages.

Finally, let us mention that this paper is essentially self-contained. Furthermore,
despite the rather long and rich history of the Aharonov-Bohm model most of the
our results are new or exhibited in the present form for the first time.

Remark 1. After the completion of this paper, the authors were informed about
the closely related work [10]. In this paper, the differential expression —92 + (m? —
1/4)2=2 on R is considered and a holomorphic family of extensions for R(m) >
—1 is studied. Formulae for the wave operators similar to our formula (14) were

independently obtained by its authors.

Remark 2. In December 2009, a two-day meeting celebrated the 50th anniver-
sary of the Aharonov—Bohm effect, and 25th anniversary since the discovery of the
related geometric, or Berry phase. It was pointed out to us by the referee that
an interesting discussion took place in the physics literature on this occasion. We
refer to the letter [9] for more information on the subject and thank the referee for
drawing our attention to this reference.

2. General Setting

Let H denote the Hilbert space L?(R?) with its scalar product (,-) and its norm
|- |l. For any o € R, we set A,: R?\{0} — R? by

—y z
Aa(z,y) = —a <m, m),
corresponding formally to the magnetic field B = ad (0 is the Dirac delta function),
and consider the operator

Hgy = (—iV — Ao)?,  D(Ha) = CZ(R*\{0}).

Here C2°(Z) denotes the set of smooth functions on E with compact support. The
closure of this operator in H, which is denoted by the same symbol, is symmetric
and has deficiency indices (2,2) ([2,13]). For further investigation we need some
more information on this closure.
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So let us first decompose the Hilbert space H with respect to polar coordinates:
For any m € Z, let ¢,,, be the complex function defined by [0,27) 3 0 +— ¢, (0) :=

im6
. Then, by taking the completeness of the family {¢,}mez in L?(S!) into

€

Vor
account, one has the canonical isomorphism
H= P H, @ [dul, (1)
meEZ

where H, := L?(Ry,rdr) and [¢,,] denotes the one-dimensional space spanned by
¢m. For shortness, we write H,, for H, ® [¢.,], and often consider it as a subspace
of H. Clearly, the Hilbert space H,, is isomorphic to H,., for any m.

In this representation the operator H, is equal to [13, Sec. 2]

P Hom @1, (2)
meZ
with
2 1d (m+a)?
@ T rat e
and with a domain which depends on m + a. It clearly follows from this represen-
tation that replacing a by a 4+ n, n € Z, corresponds to a unitary transformation
of H,. In particular, the case o € Z is equivalent to the magnetic field-free case
a = 0, i.e. the Laplacian and its zero-range perturbations, see [4, Chap. 1.5]. Hence
throughout the paper, we restrict our attention to the values a € (0, 1).
So, for e € (0,1) and m ¢ {0, —1}, the domain D(Hy ) is given by

{(f e Hy NHRZRY) | —f" = v '+ (m+a)’r 2 f € H, ).

loc

Ha,m =

For m € {0, —1}, let HY denote the Hankel function of the first kind and of order
v, and for f,h € leo’i let W (g, h) stand for the Wronskian

W(f,h):= fh' — f'h.
One then has

D(Hom) = {f EH, NHZ(RL) | —f" =771 + (m+ )?r 2 f € H, and

i oV (7, s ) = 0.
where hyim(r) = H‘(TL)Jral(e”/‘lr) and h_;n(r) = H‘(;)_ml(ei%/‘lr). It is known
that the operators Hy ., for m ¢ {0, —1} are self-adjoint on the mentioned domain,
while Hy 0 and H,,—1 have deficiency indices (1,1). This explains the deficiency
indices (2,2) for the operator H,.

The problem of the description of all self-adjoint extensions of the operator H,
can be approached by two methods. On the one hand, there exists the classical
description of von Neumann based on unitary operators between the deficiency
subspaces. On the other hand, there exists the theory of boundary triples which
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has been widely developed for the last twenty years ([12,14]). Since our construction
is based only on the latter approach, we shall recall it briefly in the sequel.

Before stating a simple result on D(He,m) for m € {0,—1} let us set some
conventions. For a complex number z € C\Ry, the branch of the square root
z + /7 is fixed by the condition 3,/z > 0. In other words, for z = re!® with
r > 0 and ¢ € (0,27) one has \/z = /re’?/2. On the other hand, for § € R
we always take the principal branch of the power z — 27 by taking the principal
branch of the argument arg z € (—x, 7). This means that for z = re’¥ with r > 0
and ¢ € (—m,m) we have 27 = 8¢, Let us also recall the asymptotic behavior
of HV (w) as w — 0 in C\R_ and for v ¢ Z:
2v4 2 Vje T

sin(mv)I'(1 — V)w_y + sin(m)T(1 + v) w” + O(w=""). (3)

HO(w) = -

Proposition 3. For any f € D(Ha,m) with m € {0, —1}, the following asymptotic
behavior holds:

[ _,

lim =
r—0-+ ’rlm"'o“

Proof. Let us set v := |m + a| € (0,1), and recall that f € D(H, ) implies
f € C'((0,+0c0)) and that the Hankel function satisfies ( l(,l)(z))’ = H,Elf)l(z) -
%Hl(,l)(z). By taking this and the asymptotics (3) into account, the condition

lim, o4+ [W (haim, f)](r) = 0 implies that

i () = v ()} = 0 @)
and that
T {701+ o)} =0 (5)

Multiplying both terms of (5) by 72” and subtracting it from (4) one obtains that

i () = 0. (6)

On the other hand, considering (5) as a linear differential equation for f: =" f/(r)+
vr~¥ f(r) = b(r), and using the variation of constant one gets for some C' € C:

f(r) = ¢ + i/r 2= 1p(t)dt.

v v
T T 0

Now Eq. (6) implies that C' = 0, and by using I'Hopital’s rule, one finally obtains:
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3. Boundary Conditions and Spectral Theory

In this section, we explicitly construct a boundary triple for the operator H, and
we briefly exhibit some spectral results in that setting. Clearly, our construction
is very closed to the one in [13], but this paper does not contain any reference to
the boundary triple machinery. Our aim is thus to recast the construction in an
up-to-date theory. The following presentation is strictly adapted to our setting, and
as a general rule we omit to write the dependence on « on each of the objects. We
refer to [12,14] for more information on boundary triples.

Let H, be the densely defined closed and symmetric operator in H previously
introduced. The adjoint of H, is denoted by H} and is defined on the domain

D(H}) = {f € HN HLZ(R*\{0}) | Hof € H}.

Let I'1, Ty be two linear maps from D(H) to C2. The triple (C?,I';,'3) is called
a boundary triple for H, if the following two conditions are satisfied:

(1) (f, Hoe) — (Hyf g) = (D1, Tag) — (T2, Ty ) for any f, g € D(H),
(2) the map (I'1,T2): D(H}) — C? & C? is surjective.

It is proved in the references mentioned above that such a boundary triple exists,
and that all self-adjoint extensions of H, can be described in this framework. More
precisely, let C,D € M(C) be 2 x 2 matrices, and let us denote by HSP the
restriction of H} on the domain

D(HEP) = {f € D(H}) | CT1f = DI'sf}.

Then, the operator HSP is self-adjoint if and only if the matrices C' and D satisfy
the following conditions:

(i) CD* is self-adjoint, (ii) det(CC™ + DD*) # 0. (7)

Moreover, any self-adjoint extension of H, in H is equal to one of the operator
HCD .

We shall now construct explicitly a boundary triple for the operator H,. For

that purpose, let us consider z € C\R4 and choose k = /2 with S(k) > 0. It is

easily proved that the following two functions f, ¢ and §, _; define an orthonormal
basis in ker(H} — z), namely in polar coordinates:

f20(r,0) = N o HM (kr)po(0),  f.,-1(r,0) = Nz,—lHl(l_)a(kT)GS—l(@),

where N, ,,, is the normalization such that || f. 0| = ||f:,—1]| = 1. In particular, by
making use of the equality

/000 r|HY (kr)|2dr = (7 cos(nv/2)) ™

valid for k € {e'™/4,¢"7/4} one has

Niio=(mcos(ma/2))? and Ni;_1=(mcos(n(1 —a)/2))/? = (nsin(ra/2))'/2.
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Let us also introduce the averaging operator P with respect to the polar angle
acting on any f € ‘H and for almost every r > 0 by
27

[PHI(r) = [ f(r,0)d0

0

Following [13, Sec. 3], we can then define the following four linear functionals on
suitable f:

®o(f) = lim [P (fgo))(r), To(f) = lim 7= ([P(jo)](r) — 1~ ®o(f)),

r—0+

©_1(f)= lim r' = [P(fo-0))(r), C_1()= lim r*7([P(fo-1)](r) — r*7'_1(f)).

—0+ r—0+

For example, by taking the asymptotic behavior (3) into account one obtains

Po(f2,0) = Nz0 aa(?), ®_1(f20) =0,
Wo(fz,0) = Nz ba(2), V_1(fz0) =0, (8)
“1(fz,—1) = Nzom1a1-a(2),  Po(fe,—1) =0,
—1(fz,—1) N. 1 b1— a(z) \I’O(fz,—l) =0,
with
() = otk b (2) = g ©)

sin(mv)I'(1 — v) sin(mv)I'(1 4+ v) F

The main result of this section is:

Proposition 4. The triple (C?,T'1,T's), with T'1,Ty defined on § € D(H?) by

rg::(mf)), sz:=2< ao(f) )
@_1(f) (1= a)¥_(f)

is a boundary triple for H,.

Proof. We use the schema from [11, Lemma 5]. For any f, g € D(H?) let us define
the sesquilinear forms

Bi(f,0) = (f, Hye) — (H,f, 9)

and

Bs(f, g) := (I'1f,T2g) — (T2f, T'1g).
We are going to show that these expressions are well defined and that B; = Bs.

(i) Clearly, By is well defined. For By, let us first recall that D(H}) = D(Ha) +
ker(H} — i) 4+ ker(H} + ). It has already been proved above that the four
maps $o, P_1, Uy and ¥_; are well defined on the elements of ker(H} —i) and
ker(H} + i). We shall now prove that I';f = I'of = 0 for f € D(H,), which
shows that Bs is also well defined on D(H). In view of the decomposition (2)
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it is sufficient to consider functions f of the form f(r,0) = f.(r)dm(0) for
any m € Z and with f,, € D(Ha,m). Obviously, for such a function f with
m ¢ {0, —1} one has [P(f)](r) = 0 for almost every r, and thus I';f = T'sf = 0.
For m € {0,1} the equalities I';f = T'sf = 0 follow directly from Proposition 3.
Now, since I'1f = I'ag = 0 for all f,g € D(H,), the only non trivial contribu-
tions to the sesquilinear form By come from f, g € ker(HY — i) + ker(H* + 7).
On the other hand one also has By (f,g) = 0 for f,g € D(H,). Thus, we are
reduced in proving the equalities

Bl (fz,ma fz/,n) = B2(fz,m7 fz’,n)

for any z,2’ € {—i,i} and m,n € {0,—1}.
Observe first that for z # 2’ and arbitrary m,n one has

Bl (fz,ma fz’,n) - <fz,ma zlfz’,n> - <zfz,ma fz’,n> =0

since 2/ = z. Now, for m # n one has T'if,,, L TIsf.,,, and hence
By(fzm,f2rn) = 0 = Bi(fzm, f2rn). For m = n one easily calculates with
v:=|m — « that

BQ(fz,ma fz’,m) = 2VNz,mNz’,m(au(Z)bu(z/) - bl/(z)al/(zl)) = O’

and then B2(fz,m7 fz’,m) =0= Bl (fz,ma fz/,m)'
We now consider z = 2’ and m # n. One has

Bl (fz,nu fz,n) = <fz,m7 Zfz,n> - <Zfz,m7 fz,n> = 2Z<fz,m7 fz,n> =0

and again I'1f,,, L Tof.,. It then follows that Ba(fsm.fzn) = 0 =

Bl (fz,ma fz,n)~
So it only remains to show that Bi(fz.m,fz,m) = Ba(fz,m,fz,m). For that
purpose, observe first that

Bl (fz,mafz,m) = 2Z<fz,mafz,m> = 2z.
On the other hand, one has

BQ (fz,ma fz,m) - 2i%(<rlfz,m7 F2fz,m) - 21%(2V|Nz,m|2av(z)bv(z))

with v = |m — «|. By inserting (9) into this expression, one obtains (with
k= +/z and S(k) > 0)

_ (V)2 ,—iTv
BQ(fZ,Tn)fz,m) - 47:V|Nz,m|2s < (k ) (& )

sin?(7v)T'(1 — v)['(1 4 v)
sin(mv/2)
in?(7)T(1 — )T (1 +v)

= 4zu|Nz,m|2
s

Finally, by taking the equality

v

'i—uv)rrl+v) =

sin(7wv)
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into account, one obtains

5 sin(mv/2)
sin(mv)mw

sin(mwv/2)

=2
sin(mv)m :

B (f2,m: f2,m) = 42| Nz ml = 4z7 cos(mv/2) ,

which implies Ba(f2,m, f2,m) = 22 = B1(f2m fz,m)-
(iii) The surjectivity of the map (I'1,T'2): D(H}) — C? & C? follows from the
equalities (8). O

Let us now construct the Weyl function corresponding to the above boundary
triple. The presentation is again adapted to our setting, and we refer to [12] for
general definitions.

As already mentioned, all self-adjoint extensions of H, can be characterized by
the 2 x 2-matrices C' and D satisfying two simple conditions, and these extensions
are denoted by HSP. In the special case (C, D) = (1,0), the operator H!? is equal to
the original Aharonov-Bohm operator HAZ. Recall that this operator corresponds
to the Friedrichs extension of H, and that its spectrum is equal to R . This operator
is going to play a special role in the sequel.

Let us consider £ = (&,£-1) € C? and 2z € C\R... It is proved in [12] that there
exists a unique § € ker(H} — z) with T'1f = £. This solution is explicitly given by
the formula: § := v(2)§ with

_ o -1
W(Z)f B Nz,Oaa(Z) fZ’O * Nz,—lal—a(z) fZ,*l

The Weyl function M (z) is then defined by the relation M (z) := I'27y(2). In view
of the previous calculations one has

M(z) =2 (a ba(2)/aa(z) 0 )

0 (1 —a)bi—a(2)/a1—a(z)

(k*)? 0

F(a)267i7r(lfoz)

pre (klfoz)2

In particular, one observes that for z € C\Ry one has M (0) := lim,_.o M (z) = 0.
In terms of the Weyl function and of the v-field v the Krein resolvent formula
has the simple form:
(HSP =2)7 = (HZP = 2)7' = —1(2)(DM(2) = C) "' Dy(2)*
—(2)D*(M(2)D* = C*) ()" (10)
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for z € p(HAB)Np(HSP). The following result is also derived within this formalism,
see [5] for (i), [14, Theorem 5] and the matrix reformulation [16, Theorem 3| for
(ii). In the statement, the equality M (0) = 0 has already been taken into account.

Lemma 5. (i) The value z € R_ is an eigenvalue of HSP if and only if
det(DM(z) — C) =0, and in that case one has

ker(HSP — 2) = y(2) ker(DM (z) — C).

(ii) The number of negative eigenvalues of HSP coincides with the number of
negative eigenvalues of the matriz CD*.

We stress that the number of eigenvalues does not depend on « € (0, 1), but
only on the choice of C' and D.

Let us now add some comments about the role of the parameters C' and D and
discuss some of their properties. Two pairs of matrices (C, D) and (C', D’) satisfy-
ing (7) define the same boundary condition (i.e. the same self-adjoint extension) if
and only if there exists some invertible matrix L € M3(C) such that C’ = LC' and
D’ = LD ([23, Proposition 3]). In particular, if (C, D) satisfies (7) and if det(D) # 0,
then the pair (D~1C, 1) defines the same boundary condition (and D~1C is self-
adjoint). Hence there is an arbitrariness in the choice of these parameters. This can
avoided in several ways.

First, one can establish a bijection between all boundary conditions and the set
U(2) of the unitary 2 x 2-matrices U by setting

C=C) = %(1-(1) and D =D(U) = L(1+1), (11)

see a detailed discussion in [17]. We shall comment more on this in the last section.

Another possibility is as follows (cf. [24] for details): There is a bijection

between the set of all boundary conditions and the set of triples (£, I, L), where

L € {{0},C,C?}, I: £ — C? is an identification map (identification of £ as a linear

subspace of C?) and L is a self-adjoint operator in £. For example, given such a
triple (£, I, L) the corresponding boundary condition is obtained by setting

C=C(L,I,L):=L®l and D=D(L,I,L):=130

with respect to the decomposition C2 = [I£] @ [IL]*. On the other hand, for a pair
(C, D) satisfying (7), one can set £ := C? with d := 2 — dim[ker(D)], I: £ — C? is
the identification map of £ with ker(D)* and L := (DI)~'C1I. In this framework,
one can check by a direct calculation that for any K € Ms(C) such that DK — C
is invertible, one has

(DK —C)™'D = I(PKI — L)"'P, (12)

where P: C? — L is the adjoint of I, i.e. the composition of the orthogonal projec-
tion onto IL together with the identification of 1L with L.
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Let us finally note that the conditions (7) imply some specific properties related
to commutativity and adjointness. We shall need in particular:

Lemma 6. Let (C, D) satisfies (7) and K € M3(C) with SK > 0. Then

(i) The matrices DK — C and DK* — C are invertible,
(ii) The equality [(DK — C)~'1D]* = (DK* — C)~'D holds.

Proof. (i) By contraposition, let us assume that det(DK — C) = 0. Passing to
the adjoint, one also has det(K*D* — C*) = 0, i.e. there exists f € C? such
that K*D* f = C* f. By taking the scalar product with D* f, one obtains that
(D*f, KD*f) = (f,CD* f). The right-hand side is real due to (i) in (7). But
since K > 0, the equality is possible if and only if D*f = 0. It then follows
that C*f = K*D*f = 0, which contradicts (ii) in (7). The invertibility of
DK* — C' can be proved similarly.

(ii) If det(D) # 0, then the matrix A := D~1C is self-adjoint and it follows that

(DK —C)'DI* =[(K — A)™'|* = (K* — A)~' = (DK* - C)"'D.

If D = 0, then the equality is trivially satisfied. Finally, if det(D) = 0 but
D # 0 one has £ := C. Furthermore, let us define I: C — C2 by IL := ker(D)~*
and let P: C?> — C be its adjoint map. Then, by the above construction there
exists £ € R such that (DK — C)"'D = I(PKI — ¢)~'P. It is also easily
observed that PK is just the multiplication by some k € C with Sk > 0, and
hence (DK —C)™'D = I(k—¢)~1P. Similarly one has (DK*—C)™'D = I(k—
£)~1P. Taking the adjoint of the first expression leads directly to the expected
equality. O

4. Fourier Transform and the Dilation Group

Before starting with the scattering theory, we recall some properties of the Fourier
transform and of the dilation group in relation with the decomposition (1). Let F
be the usual Fourier transform, explicitly given on any f € H and y € R? by
[Ffl(y) = il.i.m. f(z)e” “Vdx
2 R2

where l.i.m. denotes the convergence in the mean. Its inverse is denoted by F*.
Since the Fourier transform maps the subspace H,, of H onto itself, we naturally
set F: Hy — H, by the relation F(fénm) = Fu(f)odm for any f € H,. More
explicitly, the application F,, is the unitary map from H, to H, given on any
f € H, and almost every k € Ry by

F(&) == [Fmfl(k) = (=)™ Lim. : T Jjn) () f(r)dr,

where J),,,| denotes the Bessel function of the first kind and of order |m/|. The inverse
Fourier transform F, is given by the same formula, with (—i)'m‘ replaced by il™l.
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Now, let us recall that the unitary dilation group {U;},er is defined on any
f € H and x € R? by

[U-fl(z) = e7f(e").

Its self-adjoint generator A is formally given by £(X - (—=iV) + (—iV) - X), where
X is the position operator and —iV is its conjugate operator. All these operators
are essentially self-adjoint on the Schwartz space on R?.

An important property of the operator A is that it leaves each subspace H,,
invariant. For simplicity, we shall keep the same notation for the restriction of A to
each subspace H,,. So, for any m € Z, let ¢,,, be an essentially bounded function on
R. Assume furthermore that the family {¢y,}mez is bounded. Then the operator
»(A): H — H defined on H,, by ¢m(A) is a bounded operator in H.

Let us finally recall a general formula about the Mellin transform.

Lemma 7. Let ¢ be an essentially bounded function on R such that its inverse
Fourier transform is a distribution on R. Then, for any f € C2°(R?\{0}) one has

[p(A)(r,60) = (2m)~ /2 /OC P(—In(s/r))f(s,0)

0 T
where the right-hand side has to be understood in the sense of distributions.

Proof. The proof is a simple application for n = 2 of the general formulae devel-
oped in [18, p. 439]. Let us however mention that the convention of this reference
on the minus sign for the operator A in its spectral representation has not been
adopted. O

As already mentioned p(A) leaves H,, invariant. More precisely, if f = f¢,, for
some f € C°(Ry), then p(A)f = [p(A)f]pm with

[p(A)f1(r) = (2m) 712 /OOO p(—In(s/r)) (), (13)

r

where the right-hand side has again to be understood in the sense of distributions.

5. Scattering Theory

In this section, we briefly recall the main definitions of the scattering theory, and
then give explicit formulae for the wave operators. The scattering operator will be
studied in the following section.

Let Hy, Hy be two self-adjoint operators in H, and assume that the operator
H, is purely absolutely continuous. Then the (time dependent) wave operators are
defined by the strong limits

Qi (Hy, Hy) := s-lim eitHze=itH
t—too

whenever these limits exist. In this case, these operators are isometries, and they
are said complete if their ranges are equal to the absolutely continuous subspace
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Hac(Hs2) of ‘H with respect to Hs. In such a situation, the (time dependent)
scattering operator for the system (Hs, Hy) is defined by the product

S(H27H1) = Qi(HQ,Hl)Q,(HQ,Hl)

and is a unitary operator in H. Furthermore, it commutes with the operator Hy,
and thus is unitarily equivalent to a family of unitary operators in the spectral
representation of Hi.

We shall now prove that the wave operators exist for our model and that they
are complete. For that purpose, let us denote by Hy := —A the Laplace operator
on R2.

Lemma 8. For any self-adjoint extension HSP, the wave operators Q4 (HSP, Hy)
exist and are complete.

Proof. On the one hand, the existence and the completeness of the operators
Q4 (HZB, Hp) has been proved in [26]. On another hand, the existence and the
completeness of the operator Qi (HSP, HZP) is well known since the difference
of the resolvents is a finite rank operator, see for example [19, Sec. X.4.4]. The
statement of the lemma follows then by taking the chain rule [31, Theorem 2.1.7]
and [31, Theorem 2.3.3] on completeness into account. O

The derivation of the explicit formulae for the wave operators is based on the
stationary approach, as presented in [31, Secs. 2.7 and 5.2]. For simplicity, we shall
consider only QP := Q_(HSP, Hy). For that purpose, let A € Ry and £ > 0. We
first study the expression

~((Ho = A+ i), (HEP = A+ i) ')

and its limit as € — 0+ for suitable f,g € H specified later on. By taking Krein
resolvent formula into account, one can consider separately the two expressions:

%((HO N ie) TN, (HAB — A+ i) lg)
and
_§<(H0 N tie) ",y (A — i) (DM (N — ie) — C) " Dy(\ + ig)*g).

The first term will lead to the wave operator for the original Aharonov—Bohm
system, as shown below. So let us now concentrate on the second expression.
For simplicity, we set z = \ + ie and observe that

~=((Ho = 2)'f.1(2)(DM(2) = ©) ' D(=)"g)

= —Z((DM(E) - O) DI (2)' (Ho — 2) . g).
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Then, for every r € Ry and 6 € [0,27) one has

—%[V(z)[(DM(E) — C)"'DI*y(2)*(Ho — 2)~'f](r,0)
e [ HP (V) o0(0) )T IR <£o(z7f)>
= —— A (DM (z) — C) " D|*A(2)*

T (Hl(l)a(\/gr)¢1(9) Gl @) ) FAG) §-1(2,1)

with
- an(z)7t 0
A(z)—< 0 01 o(2) 1)

and

(H (VZ ¢0»(H0—Z) 1f)
H(1 VZ)b_1,(Ho — 2)7 1)

- |
( (F(Hy —2) ' H (VZ) 0. ) )
(o

(F(Ho — 1H<1 (VE)oo1, )

(Fo(Ho — 2) lH(l)(\/E')’fomJ,
1(Ho — ) H{D (VE), F-1)w,

( (X2 - 2) 'R HP (VE), folr, )

(X2 = 2) ' F Y (VE), fa)k.

where (-, )r, denotes the scalar product in L*(Ry,rdr).

We shall now calculate separately the limit as € — 0 of the different terms. We
recall the convention that for z € C\Ry on choose k = /z with $(z) > 0. For
A € Ry one sets lim._,o4 VA +ic =: k with kK € R. We first observe that for

€ (0,1) one has

273
y(Ap) = 1 v(Atig) = ——————k "
av(A+) oy @ (A +ie) sin(mv)I'(1 —V)H
but
a,(A_) = lim a,(A—1 )——ﬂ/{”
VAT Dot o= sin(m)T'(1 — v)

Similarly, one observes that
M(Ay) == lim M(\xig)
e—0+

(1 — a)2eTime 20
S —

: 4«
= sin(ma)
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Note that M (Ay) = M (A_)*. Finally, the most elaborated limit is calculated in the
next lemma.

Lemma 9. Form € Z,v € (0,1) and f € C*(Ry) one has

lim e((X? = 2) F HO (VE), Dry = ie ™2 (=) f ().

Proof. Let us start by recalling that for w € C satisfying —7 < arg(w) < 7 one
has [1, Eq. (9.6.4)]:

2
HV(w) = —e ™/2K,(—iw),
1T

where K, is the modified Bessel function of the second kind and of order v. Then,
for r € Ry it follows that (by using [29, Sec. 13.45] for the last equality)

[Fon Y (VE))(r)

= 0 i [l B ()

. 2 . =
= (—g)lml Ze—im/2 1.1.m./ P (rp) Ko (—ivZp)dp
17 Ry

(s

—\ —2—|m| -\ —2
1 —
=c> (-lﬁ) 2 Fy <|m|2+ Y41, |m|2 ST Im|+1; — (—zﬁ) )
-

-\ |m 2 —iTV 1 : \/E
= (=i)ml Ze /274—21.1.m./]R pJim| (p) K (—27p>dp
+

where o F} is the Gauss hypergeometric function [1, Chap. 15] and ¢ is given by

F<M+1)F<M+l)
|m\36—i7ru/2 2 2
i T(jml+ 1) '

c:=(—1i)

Now, observe that (—i@)_%‘m' = —(—i)_‘m|(@)—2—|m‘ and —(—ig)—Q = é
Thus, one has obtained

=\ —2—Im| 2
1 —
[FrnHD (VE)(r) = dr_2 <g> LBy <|m|2+ Ay Im| — v Ll 1 %)

with

r(Mii3+1>F<@iiﬂ+1)
d = _ze—iﬂu/Q 2 2 )

iT T(lm|+1)
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By taking into account [1, Equality (15.3.3)] one can isolate from the 5 Fj-function
a factor which is singular when the variable goes to 1:

2

m|+ v m| — v r
2F1<| | +1,| |2 +1;|m|+1;?)

2

1 |m|+v |m|—v r?

- _,F . .=
1—7‘2z—121< 3 g simiAlig

z m|+v |m|—v r?
— 2F1<| [+v |ml '|m|+1;—).
ré —z z

2 72 7
Altogether, one has thus obtained:

e[(X? = o) F HV (VE)](r)

sz
(r2—2)(r2 — z) r?

= —d

Now, observe that

€ B €
(r2 —2)(r2 —z) (12 = X +ie)(r2 — X —ig)
= S\ ;)2 T 7o (r? — \)

which converges to md(r? — \) in the sense of distributions on R as € goes to 0.
Furthermore, the map

_ 2
R+9’I"—>2F1 <7|m|+y |m| V'|m|+1;—r )EC

2 72 7 A —ig

is locally uniformly convergent as ¢ — 0 to a continuous function which is equal
for r = k = VA to I'(Jm| + 1)[1“(‘””% + 1)1“(‘”1'% +1)]71. By considering trivial
extensions on R, it follows that

Jim (X = ) FHD (VE) e,

- _ —\—2—|m| _ 2
= —dr lim r&s(vﬁ—/\)i(ﬁ) 2Fl(‘m|+1/7 Im| 2 m] + 15 %)f(?")dr

e—0+ R, 7"2

_odr
= QHH( 1)

=™ (=)™ £ (k). O
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By adding these different results and by taking Lemma 6 into account, one has
thus proved:

Lemma 10. For any f of the form ) ; fm®m with f, = 0 except for a finite
number of m for which f,, € C=°(Ry) and for any g € C°(R2\{0}), one has

lim. —%<(H0 — A+ ig) 7,y (A — i) (DM (X — ig) — C) " Dy (A + ie)*g)

H((,tl) K+ g
:_§<<Hmf Eo>xﬂmeMu+wwnlDA@>*
1—a\f)P—1
(k

ieiﬂa/Qf‘O )
X _ieiﬂ'(lfoz)/2fll(ﬁ) 8-

Before stating the main result on Q%P let us first present the explicit form of
the stationary wave operator Q4B Note that for this operator the equality between
the time dependent approach and the stationary approach is known [2,13,26], and
that a preliminary version of the following result has been given in [25]. So, let
us observe that since the operator HAP leaves each subspace H,, invariant [26], it
gives rise to a sequence of channel operators H, &4% acting on H,,. The Laplacian
Hy admitting a similar decomposition, the stationary wave operators ﬁﬁB can be
defined in each channel, i.e. separately for each m € Z. Let us immediately observe
that the angular part does not play any role for defining such operators. Therefore,
we shall omit it as long as it does not lead to any confusion, and consider the
channel wave operators Qfm from H, to H,.

The following notation will be useful: T := {z € C| |z| = 1} and

1 .
——7a Im>0
o 1
o = §7r(|m| —|m+al) =

ST ifm<0
Proposition 11. For each m € Z, one has
07, = 0%, = oii(4),

with o € C([—o0,+00],T) given explicitly by

1 . 1 .
r <§(|m| +1+ zx)) r <§(|m +al+1- zx))

1 . 1 .
r <§(|m| +1- zx)) r <§(|m +al+1+ zx))

ok (1) = T

(14)

and satisfying o (£00) = 1 and @ (Foo) = eF290m
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Proof. As already mentioned, the first equality in proved in [26]. Furthermore it
is also proved there that for any f € H, and r € R one has

[QﬁBm 1(r) =™ Lim. A Ky T ol (7)€ T [ Fr f1 (1) dE.

In particular, if f € CS°(Ry), this expression can be rewritten as

N &S]
slim ey‘é;’n/o K jmtal (KT) [/0 st|(3/£)f(s)ds} dr

N —o0

o) N
= slim e / sf(s) [/ mJ|m(3/i)Jm+a|(nr)d/i] ds
0 0

N—oo
s} Nr
— sli Fidp, il s %
= sdim ¢ /0 ° 1(s) VO /ﬁJm|(T/1)J|m+a(m)dm] :
N A 5 ds
e /0 " [/0 K |m| (rm> J|m+a(/£)d/£} f(s) o (15)

where the last term has to be understood in the sense of distributions on R. The
distribution between square brackets has been computed in [20, Proposition 2] but
we shall not use here its explicit form.

Now, by comparing (15) with (13), one observes that the channel wave operator
Qf”m is equal on a dense set in H, to ¢ (A) for a function ¢ whose inverse
Fourier transform is the distribution which satisfies for y € R:

G (y) = V2meTome v { /0 h HJ|m(ey/£)Jm+a|(/1)d/1].

The Fourier transform of this distribution can be computed. Explicitly one has
(in the sense of distributions):

pal) = e [

e~y o—y l/ njlm(eyﬁ)Jm+a|(ﬁ)dK] dy
R R

= e$i5g"/ ’ﬁ(l_m)_ljleroz\(’ﬁ)dK/ S(1+m)_1‘]‘m|(3)ds
R, Ry

which is the product of two Mellin transforms. The explicit form of these transforms
are presented in [22, Eq. (10.1)] and a straightforward computation leads directly to
the expression (14). The second equality of the statement follows then by a density
argument.

The additional properties of goi can easily be obtained by taking into account
the equality T'(2) = T'(z) valid for any z € C as well as the asymptotic development
of the function I" as presented in [1, Eq. (6.1.39)]. O

Since the wave operators QﬁB admit a decomposition into channel wave
operators, so does the scattering operator. The channel scattering operator
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SpB = (4B )* Q48 acting from H, to H,, is simply given by

SAB = of (A)p, (A) = 0.

Now, let us set Hin¢ := Ho ® H_1 which is clearly isomorphic to H, ® C2, and
consider the decomposition H = Hin¢ © Hilnt. It follows from the considerations of
Sec. 2 that for any pair (C, D) the operator QP is reduced by this decomposition
and that §€D|Hﬁ” = QP =2, . Since the form of 24 has been exposed
above, we shall concentrate only of the restriction of QP to Hin¢. For that purpose,
let us define a matrix valued function which is closely related to the scattering

operator. For k € R, we set

(1 - Oz)e’i’”"/2

50 kY 0
SEP (k) :=2isin(ra) ‘
0 1"(04)6*1”(1*&)/2 ()
ol—a
—iTQ -1
r1- (:fe 20 0
D _ + 2_#0 D
. r(a)261—17r(1—a) 2(1-a) sin(ma)

4 —«

F(l _ O;)ae—iﬂa/2 o 0
16
F(a)e—iﬂ(l—a)/Q ( )

0 B S G Rl S))

21711

Theorem 12. For any pair (C, D) satisfying (7), the restriction of the wave oper-
ator QP to Hin satisfies the equality

Q?Dmi.u:ﬁ?f’m:(@5(“” 0 )+(¢°<A’ 0 )ﬁsf’(ﬁo),
0 8071(A)

(17)

where @, € C([—00,4+0],C) for m € {0,—1}. Ezplicitly, for every x € R, o ()
s given by

1
) r <§(|m| +1 +ix)) X
—_eTimlml/2gmz/2 L'l =(1+|m+a|—ix)
27 1 .
r §(|m| +1—1ixz)

T (%(1 “m+al —z’x))

and satisfies @ (—00) =0 and @y, (+00) = 1.
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Proof. (a) The stationary representation QP is defined by the formula (31, Defi-

nition 2.7.2]:

QP g) = [ lim S((Ho— A+ ie) " f, (HSP — X+ ic) " g)dA
for any f of the forth i:?ez fm®m with f,, = 0 except for a finite number of
m for which f,, € C®(Ry) and g € C°(R?\{0}). By taking Krein resolvent
formula into account, we can first consider the expression

/ lim = ((Hy— A+ ie) "1, (HAB — X + i)~ Lg)dA
0

e—0+ T

which converges to [2,13,26]:

/0 <Z et Jm+a|<m~>fm<m>¢m,g> i ds.

meZ

This expression was the starting point for the formulae derived in
Proposition 11. This leads to the first term in the right-hand side of (17).
The second term to analyze is

—/OO lim E((Ho — A +ie) Hy(A —ie) (DM (X —ig) — CY *Dy(\ +ie)*g)dA.
0

e—0+1

(18)

By using Lemma 10 and by performing some simple calculations, one obtains
that (18) is equal to

1 T
~i*H (1)

/oo ) 2 §§D(m)<f0(ﬁ)>,g K dk.
0 §i1*°‘H1(1_)a(n-)¢f1 J=1(k)

Now, it will be proved below that the operator T, defined for m € {0, -1}
on F*[C2°(Ry)] by

[T f](r) = %i\m+a| /Ooo HY, (k1) F f) () (19)

satisfies the equality T}, = @¢m(A) with @, given in the above statement.
The stationary expression is then obtained by observing that F *§§D (K)F =
SOD(/Hy), where SEP(k) is the operator of multiplication by the func-
tion S“OC;‘D (). Finally, the equality between the time dependent wave opera-
tor and the stationary wave operator is a consequence of Lemma 8 and of
(31, Theorem 5.2.4].



Spectral and Scattering Theory for the Aharonov—-Bohm Operators 73

(¢) By comparing (19) with (13), one observes that the operator T, is equal on a
dense set in H, to @, (A) for a function ¢,, whose inverse Fourier transform is
the distribution which satisfies for y € R:

~ 1 el
Bunly) = V2me ey / wH

‘m+a|(ey/€)J‘m|(/€)d/€.
Ry

As before, the Fourier transform of this distribution can be computed. Explicitly
one has (in the sense of distributions):

1 A
Om(z) = 5@’“% / e ""VeY [/ IiHl(;)+a(6yli)Jm|(l€)dl$‘| dy
R Ry
= —e_“sm/ H(1+lz)_1J‘m|(/€)d/€/ 3(1_”3)_1H‘(nll)+a|(s)ds

1
I'|( = 1472
. y (2(|m| + —|—zac)>

R (§<|m| f1o m)

2w

T (%(1+|m+o¢| —m))r (%(1— m + af —m)).

The last equality is obtained by taking into account the relation between the
Hankel function Hl(,l) and the Bessel function K, of the second kind as well
as the Mellin transform of the functions J, and the function K, as presented
in [22, Egs. (10.1) and (11.1)].

The additional properties of ,, can easily be obtained by using the asymp-
totic development of the function I' as presented in [1, Eq. (6.1.39)]. O

6. Scattering Operator

In this section, we concentrate on the scattering operator and on its asymptotic
values for large and small energies.

Proposition 13. The restriction of the scattering operator S(HSP, Hy) to Hing is
explicitly given by

—iT 0 _
S(HEP, Hy)|p,, = SCP(VHo)  with  SSP (k) := ( . ) + 557 ().
(&

Proof. Let us first recall that the scattering operator can be obtained from Q%P
by the formula [6, Proposition (4.2)]:
St—h_‘_m eitHoe—itHQE‘D _ S(HSD,HO)

We stress that the completeness has been taken into account for this equality. Now,
let us set U(t) := e~ #M(H0)/2 where In(Hy) is the self-adjoint operator obtained
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by functional calculus. By the intertwining property of the wave operators and by
the invariance principle, one also has

s-lim U(—t)Q9PU(t) = S(HEP, Hy).

t——+o0

On the other hand, the operator In(Hy)/2 is the generator of translations in the
spectrum of A, i.e. U(—t)p(A)U(t) = ¢(A +1t) for any ¢: R — C. Since {U(t) }+er
is also reduced by the decomposition (1), it follows that

s-lim U(_t) [Q€D|Hint] U(t)

t——+o0
@y (A) 0 Po(A) 0 ~c
( O A))+( W )sﬁm

@:1(

:<«aa<0+oo> 0 ) +<¢o<+oo> 0 >§5D( ST

¢4 (400) 0 P_1(+00)

= s-lim U(—t)

t——+oo

The initial statement is then obtained by taking the asymptotic values mentioned
in Proposition 11 and Theorem 12 into account. O

Even if the unitarity of the scattering operator follows from the general theory
we give below a direct verification in order to better understand its structure. In
the next statement, we only give the value of the scattering matrix at energy 0 and
energy equal to +oo. However, more explicit expressions for S¢P (k) are exhibited
in the proof.

Proposition 14. The map
R, 3k — SSP (k) € My(C) (20)

is continuous, takes values in the set U(2) and has explicit asymptotic values for
k =0 and k = +00. More explicitly, depending on C, D or « one has:

(i) If D =0, then SP(k) = (" 2.),
iTa 0

(i) If det(D) # 0, then SSP(+o00) = (“, ,ira)s

(iii) If dim[ker(D)] = 1 and a = 1/2, then SSP(+00) = (2P —1)(; ), where P

is the orthogonal projection onto ker(D)*,

(iv) If ker(D) = («0:) or if dimfker(D)] = 1,a < 1/2 and ker(D) # (((C)), then
R

SgD(+OO) = (e 0 *'iﬂa)a

(v) If ker(D) = ((g) or if dim[ker(D)] = 1,a > 1/2 and ker(D) # (%), then
O

SgD(‘i‘OO) = (eo i-;ra).

€
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Furthermore,

(a) If C =0, then SSP(0) = (elga e_(i)m),

(b) If det(C) # 0, then SSP(0) = ()" %),

(c) If dim[ker(C)] = 1 and a = 1/2, then SSP(0) = (1 — 2H)(é _Oi), where 11 is
the orthogonal projection on ker(C)=*.

(d) If ker(C) = (2) or if dim[ker(C)] = 1,a > 1/2 and ker(C) # (), then
SP0) = ()" ),

(e) If ker(C) = («0:) or if dim[ker(C)] = 1,a < 1/2 and ker(C) # (((C)), then

i 0

SgD(O) = (60 e”a)'

Proof. Let us fix k > 0 and set S := SSP(k). For shortness, we also set L :=
5=———C and

2sin(ma)

F(Ol) 11—«
0 it Y

—ima/2 0
P = ‘ ) , J= L0 .
0 e-im(1-a)/2 0 —1

Note that the matrices B, ® and J commute with each other, that the matrix B is
self-adjoint and invertible, and that J and ® are unitary.

(I) It is trivially checked that if D = 0 the statement (i) is satisfied.

(IT) Let us assume det(D) # 0, i.e. D is invertible. Without loss of generality and
as explained at the end of Sec. 3, we assume than that D = 1 and that the
matrix C' is self-adjoint. Then one has

S = ®%J + 2isin(ra)BO(B*®* + L) ' BoJ
= BO(B%*®? + L)' [B(®* + 2isin(ra)) + LB~ .
By taking the equality ®2 + 2isin(ma) = ®~2 into account, it follows that
S = B®(B*®* 4+ L)"Y(B® 2 + LB 1)®J
=o(®>+ B 'LB Y Yo 2+ B LB HdJ
= ®(B LB~ + cos(ra)J —isin(ra))

x (B~YLB™! 4 cos(ma)J + isin(ma))®.J.
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(111)

Since the matrix B~*LB ™' + cos(ma)J is self-adjoint, the above expression
can be rewritten as
B~ 'LB™" + cos(ma).J + isin(ma)

S=a - e oJ (21)
B~1LB™" + cos(rar)J — isin(wa)

which is clearly a unitary operator. The only dependence on k in the terms
B is continuous and one has

lim SCP (k) (I)cos(wa)J +isin(7ra)q)J _ ima 0
r—too @ cos(ra)J — isin(ra)

= 0 e—irra

which proves the statement (ii)

We shall now consider the situation det(D) = 0 but D # 0. Obviously, ker(D)
is of dimension 1. So let p = (p1,p2) be a vector in ker(D) with ||p|| = 1. By
(12) and by using the notation introduced in that section one has

S = ®2J + 2isin(ra) BOI(PB?®*I + () ' PB®.J. (22)

Note that the matrix of P := IP : C2 — C2, i.e. the orthogonal projection
onto pt, is given by
pP— < [p2|? —p1p2>
—pip2 ;1

and that PB?®?[ is just the multiplication by the number
c(k) = bi(k)|p2[*e™" ™ — b3 (k) |p1[*e'™, (23)

with by (k) = F(;O‘) k% and by (k) = ;(—,O‘in(l’o‘).

In the special case @ = 1/2, the matrices B and ® have the special form
B = \/glil/Q and ¢ = e~"/4, Clearly, one also has by = by = \/gnl/z =b

and c(k) = —ib?. In that case, the expression (22) can be rewritten as
/2 — il
S=i|l——P+P-1)|J 24
! /2 + il + ) (24)

which is the product of unitary operators and thus is unitary. Furthermore, the
dependence in x is continuous and the asymptotic value is easily determined.
This proves statement (iii)

If o # 1/2, let us rewrite S as

S = ®(c(k) + )" *[2isin(ra) BPB 4+ ¢(k) + (]®J. (25)

Furthermore, by setting X _ := (b%|pa|? —b3|p1]?) and X := (b3|p=|?>+b3|p1|?)
one has

c(k) + 0 = cos(ma) X_ 4+ £ — isin(ma) X 4
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and
M := 2isin(ra) BPB + ¢(k) + ¢

emX_ 44 —2i sin(ma)by bap1 P
— 2isin(ma)bybapipa eTimaX_ 4 ¢ .

With these notations, the unitary of S easily follows from the equality
det(M) = |c(k)+£]?. The continuity in » of all the expressions also implies the
expected continuity of the map (20). Finally, by taking (23) and the explicit
form of M into account, the asymptotic values of S¢P (k) for the cases (iv)
and (v) can readily be obtained.

(IV) Let us now consider the behavior of the scattering matrix near the zero energy.
If C =0, then det(D) # 0 and one can use (21) with L = 0. The statement (a)
follows easily.

(V) Assume that det(C) # 0. In this case, it directly follows from (16) that
S () = 0, and then S(0) = (e_;m _i7e) which proves (b).

(VI) We now assume that dim[ker(C)] = 1 and consider two cases.

Firstly, if det(D) # 0 we can assume as in (II) that D = 1 and that C' is
self-adjoint and use again (21). Introducing the entries of L,

N
112 122

B71LB™! + cos(war)J + isin(ra)
B=1LB™! + cos(ra)J — isin(ra)

one obtains

1
C bBlgge T — h2ly1etm — h2h2
b%l226i7ro¢ _ b%llleiﬂa _ b%b%e%’m‘ b1b2112 (e—iﬂa _ eiﬂa)
bleE(e_iﬂa _ eiﬂa) b%l226—i7ro¢ _ b%llle—iﬂa _ b%b%e_%ﬂa

For av # 1/2 one easily obtains the result stated in (d) and (e). For oo = 1/2,
it follows that
B~'LB™! + cos(wa)J + isin(ma) 2

lim = L—-1,
k—0+ B=1LB™' + cos(ma)J —isin(ra)  tr(L)

and it only remains to observe that L = tr(L)II, where II is the orthogonal
projection on ker(L)* = ker(C)*. This proves (c).

Secondly, let us assume that dimfker(D)] = 1. By (11), there exists
U € U(2) such that ker(C) = ker(1 — U) and ker(D) = ker(l + U). As a
consequence, one has ker(C) = ker(D)* and then P = 1 — II. On the other
hand, we can use the expressions for the scattering operator obtained in (III).
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However, observe that CI = C|yer(pyt = Clker(c) = 0 so we only have to con-
sider these expressions in the special case ¢ = 0. The asymptotic at 0 energy
are then easily deduced from these expressions.

By summing the results obtained for det(D) # 0 and for dim[ker(D)] =1
and since D = 0 is not allowed if det(C') = 0, one proves the cases (¢), (d
and (e).

—

|

Remark 15. As can be seen from the proof, the scattering matrix is independent
of the energy in the following cases only:

e D =0, then SSP (k) ( o fia),

( ‘ 0 e
e O =0, then SCP (k) (elga e ), see (21),

iTa

ker(C) = ker(D)* = (§), then SSP (k) = (7, %), see (25),

[}
o ker(C) = ker(D)* = (%), then SP(r) = (7" %), see (25),
e a =1/2 and det(C) = det(D) = 0, then SP(x) = (2P — 1)(; °,), where P is

the orthogonal projection on ker(D)+ = ker(C), see (24).

7. Final Remarks

As mentioned before, the parametrization of the self-adjoint extensions of H, with
the pair (C, D) satisfying (7) is highly non unique. For the sake of convenience, we
recall here a one-to-one parametrization of all self-adjoint extensions and reinterpret
a part of the results obtained before in this framework.

So, let U € U(2) and set

C=C) = %(1-(1) and D= D(U) = %(1+U). (26)

It is easy to check that C' and D satisfy both conditions (7). In addition, two
different elements U, U’ of U(2) lead to two different self-adjoint operators HSP
and HSP' with C = C(U), D = D(U),C’ = C(U’) and D’ = D(U"), cf. [17]. Thus,
without ambiguity we can write H{ for the operator HSP with C, D given by (26).
Moreover, the set {HY | U € U(2)} describes all self-adjoint extensions of H,, and,
by (10), the map U — HY is continuous in the norm resolvent topology. Let us
finally mention that the normalization of the above map has been chosen such that
H;'=H! = B,

Obviously, we could use various parametrizations for the set U(2). For example,
one could set

a

U =U(n,a,b) = e (Z _—b)

with n € [0,27) and a,b € C satisfying |a|? + |b|? = 1, which is the parametrization
used in [2] (note nevertheless that the role of the unitary parameter was quite
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different). We could also use the parametrization inspired by [13]:

_ i qeia _(1 o q2)1/267ib
U=U(w,a,b,q) =e <(1 o q2)1/2eib qefm

with w,a,b € [0,27) and ¢ € [0,1]. However, the following formulae look much
simpler without such an arbitrary choice, and such a particularization can always
be performed later on.

We can now rewrite part of the previous results in terms of U:

Lemma 16. Let U € U(2). Then,
(1) For z € p(HAB) N p(HY) the resolvent equation holds:
(He —2)7' = (HE —2)7 = —(2)[(L+ V)M (2) +i(1 = U)] (L + Uy(2)",

(ii) The number of negative eigenvalues of HY coincides with the number of
negative eigenvalues of the matriz i(U — U™),

(iii) The value z € R_ is an eigenvalue of HY if and only if det((1 + U)M (z) +
i(1—=U)) =0, and in that case one has

ker(HY — 2) = y(2) ker((1 + U)M (2) +i(1 — U)).

The wave operators can also be rewritten in terms of the single parameter U.
We shall not do it here but simply express the asymptotic values of the scattering
operator SY := S(HY, Hy) in terms of U. If A € C is an eigenvalue of U, we denote
by V) the corresponding eigenspace.

Proposition 17. One has:

(i) IfU = =1, then SY(x) = SAB = (" %),

(ii) If ~1 & o(U), then S (+o0) = (“)" %),

(iti) If =1 € o(U) with multiplicity one and o = 1/2, then SJ(+o0) = (2P — 1)
(6 _01-)7 where P is the orthogonal projection onto V1,

v 1= orif —leco with multiplicity one, a < and V_1 ,

iv) If V 5 if —1 € o(U) with multiplici 1/2 and V1 # (2

then SY (+00) = (E_;m e_gm)7

(v) If Vo1 = (8) or if =1 € o(U) with multiplicity one, o > 1/2 and V_1 # ((g)7
then SY (+o00) = (Elga 'i?ra)~

e

Furthermore,

() IfU =1, then ST(0) = (7" %),
(b) If 1€ a(U), then ST(0) = (° ;" .5,
(c) If 1 € o(U) with multiplicity one and o = 1/2, then SY(0) = (1 — 2I1) (é 04)7

where I1 is the orthogonal projection on Vi-.
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(d) If v, = (8) or if 1 € o(U) with multiplicity one, o > 1/2 and Vy # ((g), then

ima 0

STO0)= ("¢ )

(e) If V1 = (%) or if 1 € o(U) with multiplicity one, o < 1/2 and Vy # ((g), then

SU©) = (7" o).

0 ei-rra

Remark 18. The scattering matrix is independent of the energy in the following
cases only:

—iTa 0

o U=—1,then SY(k) = S48 = (° | %),

U
U
U

=1, then SY(k) = (elga —ea ), see (21),

= (5 ")), then SY(x) = (Ei;a e ), see (25),

—ima 0

= (o 1), then ST(k) = (“ 4 e, see (25),

a=1/2and o(U) = {—1,1}, then SY = (2P — 1)(6 _Ol.), where P is the orthog-
onal projection on Vi, see (24).
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