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1. Introduction

We present in this paper new results for the Laplacian in a half-space subject to a periodic boundary
condition, as introduced and described by R.L. Frank and R.G. Shterenberg in [12-14]. We derive resolvent
expansions at embedded thresholds (which occur in an infinite number after a Floquet decomposition), we
prove the continuity of the scattering matrix at thresholds, and we establish new representation formulas
for the wave operators. These results belong to the intersection of two active research topics in spectral and
scattering theory. On one hand, resolvent expansions at thresholds (which have a long history, but which
have been more systematically developed since the seminal paper of A. Jensen and G. Nenciu [19], see also
[11,17,20,27]). On the second hand, representation formulas for the wave operators and their application
to the proof of index theorems in scattering theory (see [5,16,22,23,25,26,28] and references therein). These
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results also furnish a new contribution to the very short list of papers devoted to the subtle, and still poorly
understood, topic of spectral and scattering theory at embedded thresholds (to our knowledge only the
references [6-8,10,15,27] deal specifically with this issue).

Before giving a more precise description of our results, we recall the definition and some of the properties
(established in [12-14]) of the model we consider. The model consists in a scattering system {H?, HV},
where HY (the perturbed operator) is the Laplacian on the half-space R x R, subject to a boundary
condition on R x {0} given in terms of a 2m-periodic function V : R — R, and where H° (the unperturbed
operator) is the Neumann Laplacian on R x Ry. An application of a Bloch-Floquet—Gelfand transform
in the periodic variable shows that the pair {H°, HV'} is unitarily equivalent to a family of self-adjoint
operators { HY, Hg}ke[—1/2,1/2] acting in the Hilbert space L2 ((77‘(, ) X R+). The operators Hy have purely
absolutely continuous spectrum, whereas the operators H} have no singular continuous spectrum but can
have discrete spectrum (with only possible accumulation point at +00). Under suitable conditions on V,
it is known that the wave operators Wy 4 1= Wy (H,g, H ,Y ) exist and are complete, and that the full wave
operators Wy := Wi (H°, H") exist, but may be not complete. The states belonging to the cokernel of W
are interpreted as surface states; that is, states which propagate along the boundary R x {0}.

The completeness of the wave operators Wy, + and the intertwining property imply that the scattering
operator Sy, := Wy’ | W _ is unitary and decomposable in the spectral representation of H, D, However, since
the spectral multiplicity of HY is piecewise constant with a jump at each point of the threshold set

7= { Mo = (n+k)* | n € Z},

the scattering matrix Si(A) can only be defined for A ¢ 7. Therefore, the continuity of Sk(A) in A can
only be proved in a suitable sense. By introducing channels corresponding to the transverse modes on the
interval (—, ), we show that Sy (\) is continuous at the thresholds if the channels we consider are already
open, and that Si(A) has a limit from the right at the thresholds if a channel precisely opens at these
thresholds (see Theorem 4.1 for a more precise statement). Also, we give explicit formulas for Si(A) at
thresholds. To our knowledge, this type of results has never been obtained before except in [27], in the
context of quantum waveguides. Our proof of the continuity properties relies on a stationary representation
for S(\) and on resolvent expansions for H) at embedded thresholds. The resolvent expansions are proved
in Proposition 3.3 under the single assumption that V' € L>°(R;R). Information about the localization of
the possible eigenvalues of HY is also given in Section 3.

Section 5 is devoted to the derivation of representation formulas for the wave operators W, . The main
result of the section are formulas

Wi-—1=(1®R(A;))(Sy—1)+Rem and W; —1=(1-1® R(A;))(S; — 1)+ Rem,
where R is the function given by R(x) := 4 (1 + tanh(7x) + i cosh(mwz) '), A4 is the generator of dilations
in R4, and Rem is a remainder term which is small in a suitable sense (see Lemma 5.7). This type of
formulas has recently been derived for various scattering systems and is at the root of a topological approach
of Levinson’s theorem, see [23] for more explanations on this approach. Finally, collecting the previous
identities for all values k, we obtain in Theorem 5.8 similar representations formulas for the full wave
operators W (H®, HY).

The content of this paper stops here and corresponds to the analytical part of a larger research project.
As a motivation for further studies, we briefly sketch the sequel of the project here. Under some stronger
assumption on V, for instance if V' is a trigonometric polynomial, we expect the remainder term Rem to
be a compact operator. In such a case, by using appropriate techniques of K-theory and C*-algebras, one
could relate the orthogonal projection on the bound states of H) to the scattering operator Sy plus some
correction terms due to threshold effects We refer for example to [25, Sec. 3] for a presentation of the
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algebraic techniques in a much simpler setting. Then, using direct integrals to collect the results for all
values of k, one would automatically obtain a relation between the orthogonal projection on the surface
states of HY and operators involved in the scattering process. This relation would be of a topological
nature, it would have an interpretation in the general context of bulk-edge correspondence, and it would be
completely new for such a continuous model. For discrete models, related results have been obtained in [9]
for ergodic operators and in [28] for deterministic operators.

2. Laplacian in a half-space

In this section, we recall the basic properties of the model we consider, which consists in a Laplacian on
the half-space R x R, with R} := (0, 00), subject to a periodic boundary condition on R x {0}. Most of
the material we present here is borrowed from the papers [12,13] to which we refer for further information.

We choose a 2m-periodic function V' € L>°(R;R), and for each non-empty open set Q& C R", n € N*
and each m € N, we denote by H™(Q) the usual Sobolev space of order m on €. Then, we consider the
sesquilinear form A" : H'(R x Ry ) x H'(R x R, ) — C given by

hY (@, ) := / {(010) (w1, 22) (019)) (21, 22) + (D20) (w1, 2) (O2t)) (21, 2) } dwydas

RXR+

+ / V(21) g, 0)4(an, 0) day,

R

where the last integral is well defined thanks to the boundary trace imbedding theorem [1, Thm. 5.36]. This
sesquilinear form is lower semibounded and closed, and therefore induces in L>(R x R, ) a lower semibounded
self-adjoint operator HY with domain D(H") satisfying the equation

(HY0,9) 2gxr,) = B (#:9), @€ DHY) CH (R XRy), € H(R X Ry).
In the case V = 0, the operator H° is the Neumann Laplacian on R x R, .
2.1. Direct integral decomposition of HY

Let (R?) be the Schwartz space on R? and . (R x Ry) := {¢ | ¢ = ¢|rxr, for some ¢ € . (R?)}.
Let T := (—m,7), set II := T x Ry, let C°°(II) be the set of functions in C°°(II) which can be extended
27-periodically to functions in C*°(RxR. ), and for each m € N let H™(II) be the closure of C°°(IT) N H™ (II)
in H™(II). Then, the Gelfand transform G : (R x R;) — f[e_Bl/z)l/Q] L2(I1) dk given by [12, Sec. 2.2]

(Gp)(k,0,22) Zeﬂk OF2m) (0 + 27n, 29), p e LR XRY), ke[-1/2,1/2], (6,z2) €11,
neL

extends to a unitary operator G : L2(R x R, ) — f[ejl/Q 1/2] L2(IT) dk. Moreover, one has

D
GHVG™ = / Hy, dk,
(—1/2,1/2]

with H} the lower semibounded self-adjoint operator in L?(II) associated with the lower semibounded and
closed sesquilinear form hY : H*(IT) x H!(IT) — C given by
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I

+ /V(@)@(Q,O)w(e,o) dé.

T
In the case V = 0, the operator H,S reduces to
H)=(P+k)?®1+1®(-Ax), (2.1)

with P the self-adjoint operator of differentiation on T with periodic boundary condition and —Ay the
Neumann Laplacian on R.. Since (P+k)? has purely discrete spectrum given by eigenvalues g, , == (n+k)?,
n € Z, and since —Ay has purely absolutely continuous spectrum o(—Ay) = [0, 00), the operator HY has
purely absolutely continuous spectrum o(HY) = [k?,00) and its spectral multiplicity is piecewise constant
with a jump at each point of the threshold set

Tk = {Ak,n }nEZ .

A set of normalized eigenvectors for the operator (P + k)? is given by the family {\/% em()} _, CL(T).
Since this family is independent of k, we simply write {P,, }nez for the corresponding set of one-dimensional
orthogonal projections in L2(T).

2.2. Spectral representation for H}

We now give a spectral representation of the operator Hy defined in (2.1) and refer to [13, Sec. 2.2] for
the original representation. For that purpose, we fix k € [-1/2,1/2] and define the Hilbert spaces

Ao =2 (M, 00); Pu LX(T))  and 4, := @D -

ne”Z

We set . (Ry.) := {n | n = (|g, for some ¢ € #(R)}, we let Z, : L*(R;) — L2(Ry) be the unitary cosine
transform given by

(Fem)w) ()/7119: dr, neSR,), yeRy, (22)
0

and we let %, : L2(II) — 4. be the unitary operator given for each ¢ € L2(T) © . (R,) by

(U ©)n(N) =272\ = Ne) Y (P ® Z) ) (o /A= Xem)y, M EZy A > A

Then, the operator % is a spectral transformation for H,g in the sense that %kH,g U; = Ly, with Ly, the
maximal multiplication operator in J¢; given by

(Li&)n(N) == A&a(N), € € D(Ly) = {semz / X (M) ||L2<T>dx<oo}7nez,x>xk,n.

nGZA -
The operator %, satisfies the following regularity properties: If we define the weighted spaces

HoRy) = {ne 2R | (X)'n e 2Ry}, 520,
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with X the maximal operator of multiplication by the variable in L>(R, ) and (z) := (1 4+ 22)'/2, then the
operator

U(n, N @ = (U p)n(N); nEL, A> Ay p € LX(T) © S (Ry),
extends to an element of Z(L2(T) ® H,(Ry); Pn L*(T)) for each s > 1/2, and the map
(Mkyns 00) 3 A= %,(n, ) € B(L*(T) @ Hs(Ry); P L2(T))
is continuous. We refer for example to [29, Prop. 2.5] for an analogue of these results on R instead of R.
3. Spectral analysis of H ,Z

In this section, we give some information on the eigenvalues of H), and we derive resolvent expansions
at embedded thresholds and eigenvalues for H} for any fixed value of k € [~1/2,1/2].
Following the standard idea of decomposing the perturbation into factors, we define the functions

1 if V(8) >0

v:T—=R, 6~ |V(0)? and uw:T—{-1,1}, O~
-1 if V(9) <0

Also, we use the same notation for a function and for the corresponding operator of multiplication, and
we note that u is both unitary and self-adjoint as a multiplication operator in L2(T). Moreover, we set
R)(2) := (H)}—z)"" and R} (z) = (H) —z)~! for z € C\R, and we define the operator G € Z(H'(II); L*(T))
by

(Gp)(0) :=v(0)p(0,0), 0€T.

Then, the operator u + GRY(2)G* has a bounded inverse in L?(T) for each z € C \ R, and the resolvent
equation may be written as (see [12, Prop. 3.1])

RY (2) = RY(2) — RY(2)G* (u+ GRY(2)G*) 'GRY(z), =€ C\R. (3.1)

Alternatively, one can deduce from [30, Eq. (1.9.14)] the equivalent formula

GRY (2)G* =u—u(u+ GR%(Z)G*)_lu. (3.2)

In view of these equalities, our goal reduces to derive asymptotic expansions for the operator (u +
GR%(Z)G*)_l as z — zo € 7, Uop(HY). For this, we first choose the square root v/z of z € C \ [0, 00) such
that Im(/z) > 0, and then use this convention to compute explicitly the kernel of the operator RY(z):

ein(6— 0")

(R0, = 1 5 T

We also refer to [12, Eq. (3.1)] for a similar formula. A straightforward computation then leads to the

z\/z—/\k,n (z+2") + ez\/z—)\km |z—z’| )7 (97 LL‘), (9/7 .’)3’) c 1L

equality

CRA:G =iy i vPn € C\R (3.3)

nez Vv )\k n
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In the sequel, we also use for A € [k?,00) the definitions
Ze\) = {n € Z| e <A}, Ze(N)T = Z\Zg(N) and  Bra(A) i= A = M|,

whose interest come from the following equalities:

GRYA+i0)G" == wlimGRY(A +i)G" = Y VPnv iy ”P”, AeR\ 7, (3.4)
N0 nea e P B2 ezmﬁ n(A)?

where the convergence is uniform on compact subsets of R\ 7%.

Lemma 3.1. Assume that V € L>°(R;R) is 2m-periodic. Then, a value A\ € R\ 7 is an eigenvalue of HY if
and only if

K := ker <u + Z ﬂv'P( U) ) ﬂ (mnGZk()\) ker('PnU)) # {0},

n€Zi(A)+

and in this case the multiplicity of X is equal to the dimension of K.

Proof. We apply [30, Lemma 4.7.8]. Once the assumptions of this lemma are checked, it implies that the
multiplicity of an eigenvalue A € o,(H}') \ 7% is equal to the multiplicity of the eigenvalue 1 of the operator
—GRY(\ +i0)G*u. But, the unitarity and the self-adjointness of u together with the equality (3.4) imply
that the following conditions are equivalent for ¢ € L*(T):

—GRO(A—HO)G ug = q <— uqeker<u+ Z ;Pv Z ﬁvPv)

n€Zi(\)+ ( ) n€Zy ()

and the second condition is in turn equivalent to the inclusion ug € K. Thus, since w is unitary we are left
in proving that the assumptions of [30, Lemma 4.7.8] hold in a neighbourhood of A € o, (HY) \ 7%.

Since the multiplicity of the spectrum of H} is constant in each small enough neighbourhood of A €
op(H X ) \ 7k, it is sufficient to prove that the operators G and uG are strongly Hp-smooth with some
exponent a > 1/2 on any compact subinterval of R\ 7 (see [30, Def. 4.4.5] for the definition of strong
Hy-smoothness). However, such a property can be checked either by using [13, Lemma 2.3] or by using the
explicit formula

(%G q)n(N) = 7 2B (N Pu(vq) € Pul2(T), n€Z, A> M, q € LX(T),
and the same formula with G* replaced by G*u. O

Lemma 3.1 has simple, but interesting, consequences on the localization of the eigenvalues of H X . Indeed,
one has for each A € R\ 7, the inequality

vPpv ||VHOO
Z By () < sup . (3.5)

neZip(A)* nezr(n)L Bran(A Brn (V)2

Therefore, if m € Z is such that [\, \gm) N7, = @ and Mg, — A > ||V]|%, one infers from (3.5) and [21,
Thm. IV.1.16] that the subspace K = IC(\) of Lemma 3.1 is trivial. In other words, the possible eigenvalues
of HY can only be located at a finite distance (independent of m) on the left of each threshold. On the
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other hand, since the distance between two consecutive thresholds Ak ., and Ak, is proportional to |m|,
the interval free of possible eigenvalues between two consecutive thresholds is increasing as |m| — oo.

Remark 3.2. The above localization result is sharp. Indeed, if V' is a constant function with V' < 0, then we
know from [14, Ex. 4.2] that ap(H;/) = {)\k:,m -V2|me Z}.

3.1. Resolvent expansions for H)

We are now ready to derive the resolvent expansions at all points of interest by using the iterative
procedure of [27, Sec. 3.1] and the associated inversion formulas. For that purpose, we set C; := {2z € C |
Im(z) > 0} and we adapt a convention of [19] by considering values z = A — xk? with x belonging to the set

O(e):={rk € C ||k € (0,e), Re(r)>0and Im(k) <0}, &>0,
or the set
O(e) := {r e C ||kl €(0,e), Re(k)>0and Im(x) <0}, &>0.

Note that if £ € O(¢), then —x2 € C, while if & € O(e), then —x> € C,. With these notations at hand,
the main result of this section reads as follows:

Proposition 3.3. Suppose that V € L>°(R;R) is 2m-periodic, fix A € 1, U op(HY ), and take k € O(g) with
e > 0 small enough. Then, the operator (u+ GRY(\ — HQ)G*)il belongs to B(L*(T)) and is continuous in
the variable k € O(e). Moreover, the continuous function

O(e) 3 k= (u+GRYA - %)G*) " € B(LX(T))
extends continuously to a function O(g) 3 K — My(\, k) € B(L*(T)), and for each r € O(e) the operator
My (N, k) admits an asymptotic expansion in k. The precise form of this expansion is given on the r.h.s. of
the equations (3.14) and (3.19) below.
We recall that the relation between the asymptotic expansions given of Proposition 3.3 and the resolvent
of H ,2/ is given by formula (3.2). The proof of Proposition 3.3 is mainly based on an inversion formula which

we reproduce here for completeness (see also [20, Prop. 1] for an earlier version):

Proposition 3.4 (Prop. 2.1 of [27]). Let O C C be a subset with 0 as an accumulation point, and let H be
an Hilbert space. For each z € O, let A(z) € B(H) satisfy

A(z) = Ag + 2z A1(2),
with Ag € B(H) and ||A1(2)||zx) uniformly bounded as z — 0. Let also S € B(H) be a projection such

that (i) Ao + S is invertible with bounded inverse, (ii) S(Ag+ S)~*S = S. Then, for |z| > 0 small enough
the operator B(z) : SH — SH defined by

B(z) :=

N

(5-5(AG) +9)7"'s) = 5(4 +5) <Z(—z)j (Ar(2)(Ao + S)‘l)j+1> s

5>0
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is uniformly bounded as z — 0. Also, A(z) is invertible in H with bounded inverse if and only if B(z) is
invertible in SH with bounded inverse, and in this case one has

A(z)7 = (A(z) +5) ' + %(A(z) +9) 7' SB(2) 1S (A(z) + 5) .

Proof of Proposition 3.3. For each A € R, ¢ > 0 and s € O(e), one has Im(\ — k2) # 0. Thus, the operator
(u+ GRY(X — 52)6'*)71 belongs to #(L*(T)) and is continuous in £ € O(g) due to (3.1). For the other
claims, we distinguish the cases A € 7, and X € o, (H}') \ 7%, treating first the case A € 7. All the operators
defined below depend on the choice of A, but for simplicity we do not always mention these dependencies.

(i) Assume that \ € 7, take € > 0, set N :={n € Z | A\, = A}, and write P := > P, for the (one
or two-dimensional) orthogonal projection associated with the eigenvalue X of the operator (P + k)2. Then,
(3.3) implies for k € O(¢) that

-1
-1 . v Ppv
(U+GR2(>\_K,2)G) :K{UPU_FK(IL_'_ZZﬁ)} .
’I’L¢N k},’I’L

Moreover, direct computations show that the function

O(E)Bfm—)quiZ vPnv

—26%‘
mZN\/)\—Ii _)\k,n

extends continuously to a function O() 3 k — M (k) € 2(L*(T)) with || M; (k)| zz(r)) uniformly bounded
as £ — 0. Thus, one has for each k € O(¢)

(L*(T))

(u+ GRL(N - ,%Q)G*)_1 =rlp(k)™' with Io(k):=vPv+ kM(k). (3.6)

Now, since Ny := Ip(0) = v’Pv is a finite-rank operator, 0 is not a limit point of its spectrum. Also, Ny
is self-adjoint, therefore the orthogonal projection Sy on ker(Ng) is equal to the Riesz projection of Ny
associated with the value 0. We can thus apply Proposition 3.4 (see [27, Cor. 2.8]), and obtain for x € O(e)
with € > 0 small enough that the operator I1(k) : SoL?(T) — SoL?(T) defined by

Li(k) == 3" (—#)So { My (k) (Lo(0) + So) " 'S0 (3.7)

Jj=0

is uniformly bounded as k — 0. Furthermore, I; (k) is invertible in SoL?(T) with bounded inverse satisfying
the equation

Io(l*i)71 = (Io(li) + So)il + % (Io(/{) + 50)71;5‘0[1 (H)ilso (IQ(H) + So)il.

It follows that for k € O(e) with £ > 0 small enough, one has
(u + GR%()\ — KZ)G*)_I =K (Io(li) + S())_l + (Io(ﬁ) + So)_lso.[l(li)_lso (Io(li) + S())_l, (38)

with the first term vanishing as xk — 0.
To describe the second term of (u + GR)(A — ,%2)(}'*)_1 as &k — 0 we note that the equality

(1o(0) + So)_lso = S, and the definition (3.7) imply for x € O(¢) with & > 0 small enough that

Il(ﬁ) = SOMl(O)SO + KMQ(H), (39)
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with

) UPnUSO

1
n% <\/>\ e VIS = Vil
— 3 (K)o { My (k) (T (0) + So) T M S,

=0

Also, we note that the expansion

1 1 2 .y
VA= Mo VA A (1 o e O >> , nEN, (3.10)

implies that || M2 (k) s(s,L2(T)) is uniformly bounded as x — 0.
Now, we have

)= ut Z BvP(v Z BU'P’U) (3.11)

neZy(A) L k(X))

with Zg(A)~ :={n € Z | Ay n < A}. Therefore, M;(0) is the sum of the unitary and self-adjoint operator u,
the self-adjoint and compact operator ZnEZk(x\) n ,6;7:,3?7(73\1])2’ and the compact operator with non-negative
imaginary part iznezk( NE /3:7?—6\0)2 So, since Sy is an orthogonal projection with finite-dimensional kernel,
the operator I;(0) = SoM;(0)Sp acting in the Hilbert space SoL*(T) can also be written as the sum of
a unitary and self-adjoint operator, a self-adjoint and compact operator, and a compact operator with
non-negative imaginary part. Thus, the result [27, Cor. 2.8] applies with S; the finite-rank orthogonal
projection on ker (1;(0)), and Proposition 3.4 can be applied to I;(x) as it was done for Io(k).
Therefore, for € O(¢) with € > 0 small enough, the operator Iy(x) : S1L2(T) — S;L2(T) defined by

L(k) = Y (—kY S$1{Ma(m) (0(0) + 51) ' '8

=0

is uniformly bounded as k — 0. Furthermore, I3(k) is invertible in S;L%(T) with bounded inverse satisfying
the equation

-1

Il(ﬁ)_l = (Il(ﬁ) + Sl)_l + % (Il(,‘{) + Sl)_lSllg(m)_lSl (11(,‘{) + Sl)

1

This expression for I;(k)~! can now be inserted in (3.8) in order to get for x € O(e) with € > 0 small

enough

(u+ GRY(N — k2)G*) ™"
— 5 (To(k) + S0) "' + (TIo(k) + S0) " So (I (k) + S1) ™~ So(Io(k) + So) ™

+ % (Io(%) + So) ™ So (I (k) + S1) ~ Sula(k) 181 (In(k) + 81) " So(To(k) + S0) ', (3.12)

with the first two terms bounded as K — 0.

We now concentrate on the last term and check once more that the assumptions of Proposition 3.4 are
satisfied. For this, we recall that (I;(0) + S1) 151 = 51, and observe that for k € O(e) with £ > 0 small
enough

IQ(H) = SlMQ(O)Sl + KMg(H), (313)
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with
My(0) = —So My (0)(Io(0) + So) " My(0)Sy  and  Ms(x) € O(1).

The inclusion M5(k) € O(1) follows from simple computations taking the expansion (3.10) into account. As
observed above, one has M;(0) =Y +iZ*Z, with Y, Z bounded self-adjoint operators in L?(T). Therefore,
I1;(0) = SoM1(0)So = SoY So +i(ZS50)*(ZSp), and one infers from [27, Cor. 2.5] that ZSpS1 = 0 = S1.502*.
Since 515y = 51 = S¢S1, it follows that ZS; = 0 = S1Z*. Therefore, we have

I5(0) = =S, My (0) (Io(0) + So) ~ My (0)5,
= —S1(Y +iZ2"2)(1o(0) + So) (Y +i2°2)S,
e —51Y<Io(0) + So)ilysl,

and thus —I5(0) is a positive operator.

Since S;L%(T) is finite-dimensional, 0 is not a limit point of U(IQ (0)) So, the orthogonal projection Ss
on ker (I5(0)) is a finite-rank operator, and Proposition 3.4 applies to I5(0) + k£ Ms(x). Thus, for k € O(e)
with & > 0 small enough, the operator I3(x) : S2L2(T) — S2L%(T) defined by

I3(’£) = Z(—li)jSQ {Mg(l{) (]2(0) + 52)—1}j+152

is uniformly bounded as k — 0. Furthermore, I3(k) is invertible in S3L?(T) with bounded inverse satisfying
the equation

IQ(H)71 = (IQ(I{) + 52)71 + %(IQ(K/) + 52)715213(11)7152 (IQ(K?) + 52)71.

This expression for Iy(r)™!

enough

can now be inserted in (3.12) in order to get for k € O(e) with € > 0 small
(u+ GRY(N — k2)G*) ™"

= k(Io(k) +S0) "+ (To(k) + S0) " So (I (k) + S1) ™ So (To(k) + So) ™

+ %(Io(n) +80) 'S0 (1u(k) + 1) T S1 (Ia (k) + So) T Su (In(k) + S1) ' So (I (k) + So) ™

1

+ %(IO(K) + SO)_lsO (Il(li) + 51)_151 (IQ(H) + Sg)_lszfgg(ﬁ)_lSQ (IQ(H) + 52)—151
x (I (k) +S1) " So(Io(k) + So) - (3.14)

Fortunately, the iterative procedure stops here. The argument is based on the relation (3.2) and the
fact that H) is a self-adjoint operator. Indeed, if we choose k = 5(1 —1i) € O(e), then the inequality
|s2(HY — A+ ”2)71H@(L2(n)) < 1 holds, and thus

limsup ||* (u + GR(A — k*)G¥)

k—0

-1

lgizmy) < - (3.15)
So, if we replace (u—i— GRY(\— /€2)G*) -t by the expression (3.14) and if we take into account that all factors
of the form (I;(x) + Sj)fl have a finite limit as ¥ — 0, we infer from (3.15) that

)y < 00 (3.16)

lilzljblp 113(5) ™| sz
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Therefore, it only remains to show that this relation holds not just for x = £(1 — i) but for all x € O(e).
For that purpose, we consider I3(x) once again, and note that

I3<,"€) = SQM3(O>S2 + HM4</€) with M4(I<v) € 0(1) (317)

The precise form of M3(0) can be computed explicitly, but is irrelevant.

Now, since I3(0) acts in a finite-dimensional space, 0 is an isolated eigenvalue of I3(0) if 0 € o(I3(0)), in
which case we write S3 for the corresponding Riesz projection. Then, the operator I3(0) + S5 is invertible
with bounded inverse, and (3.17) implies that I5(x)+ Ss is also invertible with bounded inverse for 1 € O(e)
with & > 0 small enough. In addition, one has (I3(x) + 53)_1 = (I3(0) + 53)_1 + O(k). By the inversion
formula given in [19, Lemma 2.1], one infers that S3 — S3 (Ig(ﬂ) + 53)7153 is invertible in S3L2(T) with
bounded inverse and that the following equalities hold

-1

13(/6)71 = (Ig(li) + Sg)il + (Ig(li) + 53)7153{53 - 53 (Ig(li) + 53)7153}7153 (I (H) + Sg)

= (Ig(lﬁ)—‘rSg)_l—‘r (13(;‘1)+53)_153{53—Sg(13(0)+53) S3+O } 53(13( >+Sg)_1

This implies that (3.16) holds for some x € 6(6) if and only if the operator S — Ss3 (13(0) + Sg)_ng is
invertible in S3L%(T) with bounded inverse. But, we already know from what precedes that (3.16) holds for

= £(1 —1). So, the operator S3 — S5(3(0) + 53)_15’3 is invertible in S3L2(T) with bounded inverse, and
thus (3.16) holds for all k € O(e). Therefore, (3.14) implies that the function

0(c) 3 k> (u+ GRYA — k2)G*) " € B(X(T))
extends continuously to the function O(g) > k > Mg(\, k) € PB(L2(T)), with Mg(\, k) given by the r.h.s.

of (3.14).
(ii) Assume that A € o,(HY) \ 7k, take € > 0, let x € O(e), and set Jo(k) := Ty + k2T (k) with

Py Py
To=ut 3 adm+i Y 5An

n€Zy(A)+ nEZi ()

and

1
— vPpu.
27lze:z<\//\—l-€2 /\km \/)‘_/\km)

Then, one infers from the expansion (3.10) that ||T1(k)| %2 (r)) is uniformly bounded as x — 0. Also, the
assumptions of [27, Cor. 2.8] hold for the operator Ty, and thus the Riesz projection S associated with the
value 0 € o(Tp) is an orthogonal projection. It thus follows from Proposition 3.4 that for k € 5(5) with
e > 0 small enough, the operator J; () : SL*(T) — SL(T) defined by

Ji(k) := Z(*HQ)jS{Tl(”)(TO + 5)71}j+15

=0

is uniformly bounded as x — 0. Furthermore, J; (k) is invertible in SL?(T) with bounded inverse satisfying
the equation

Jo(k) ™ = (Jo(r)+8) " + %(Jo(n) +8) ST (k) S (Jo(k) + )

It follows that for k € O(e) with € > 0 small enough one has
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(u+ GRUN — w2)G) ™ = (Jolw) + )4 + %(JO(K) +8) 7 Sh k) S (k) £ 5) T (3.8)

Fortunately, the iterative procedure already stops here. Indeed, the argument is similar to the one presented
above once we observe that

Ji(k) = ST1(0)S + kTa(k) with Ta(k) € O(1).
Therefore, (3.18) implies that the function
O(e) 3 5 = (u+GRYN — w2)G*) ' € B(LX(T))
extends continuously to the function O(e) 3 k — Mg(\, k) € AB(L*(T)), with My (X, &) given by

Mi(A k) = (Jolk) +8) " + % (Jolw) + 8) ST (m) 1S (Jo(r) + )V D (3.19)

The non-accumulation of eigenvalues of HY (except possibly at +00) can easily be inferred from these
asymptotic expansions (see for example [27, Corol. 3.3] in the framework of quantum waveguides). However,
since such a result is already known in the present context [14, Thm. 4.1], we do not prove it again here.

We close this section with some auxiliary results which can all be deduced from the expansions of
Proposition 3.3. The notations are borrowed from the proof of Proposition 3.3 (with the only change that
we extend by 0 the operators defined originally on subspaces of L?(T) to get operators defined on all
of L2(T)). The proofs are skipped since they can be copied mutatis mutandis from the corresponding ones
in [27, Sec. 3.1].

Lemma 3.5. Tuke 2 > (> m >0 and k € O(c) with ¢ > 0 small enough. Then, one has in B(L2(T))

[St, (In(K) + Sm) '] € O(x).
Given A € 1, we recall that N = {n EL| Mg = )\} and P =3 _nPa.

Lemma 3.6. Take A\ € 7, and let Y be the real part of the operator M1(0).

(a) For each n € N, one has P,vSo =0 = SpvP,,.

(b) For each n € Zy(N), one has P,vS1 =0 = S1vP,.
(¢) One has Y Sy =0=55Y.

(d) One has M1(0)S2 =0 = S3M;(0).

4. Continuity properties of the scattering matrix

We prove in this section continuity properties of the channel scattering matrices associated with the
scattering pair {HY, H) }. As before, the value of k € [—1/2,1/2] is fixed throughout the section.
First, we note that under the assumption that V € L>°(R;R) is 2w-periodic the wave operators

. rrVo 10
Wi 4 = s-lim etHr e~k
’ t—+o0

exist and are complete (see [12, Thm. 2.1]). As a consequence, the scattering operator

Sk- = Wg7+Wk,_
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is a unitary operator in L*(II) which commutes with HY, and thus Sy is decomposable in the spectral
representation of Hp. To give an explicit formula for Sy in that representation, that is, for the operator
U, Sk in 74, we recall from Proposition 3.3, Lemma 3.1, and formula (3.4), that the operator

Mg (A, 0) (u+ GRY(A +ie)G*) ™! (4.1)

= lim

eN\0
belongs to Z(L%(T)) for each A € [k?,00) \ {7 U o,(H})}. We also define for n,n’ € Z the operator
Opn € %’(Pn/ L2(T); P, L2(’]I‘)) by 6pns = 1 if n = n’ and d,,, = 0 otherwise. Then, a computation using
stationary formulas as presented in [30, Sec. 2.8] shows that

(% Sk2€), (N = D SkWan&w(N), £ € Ay, n € Zy X E [Arn,00) \ {1 Uop(HY )},
n' €L (N)

with Sg(A)nns the channel scattering matrix given by
S Nnns = nnt — 20 B (A) ™ PuvMg(X, 0)0 Prys Bre s (A) (4.2)
Moreover, the explicit formula (3.4) implies for each n,n’ € Z the continuity of the map
k%, 00) \ {7 Uop(HY )} 9 A = Se(Npn € B(Pur2(T), Pal2(T))s Moy Aenr < .

Therefore, in order to completely determine the continuity properties of the channel scattering matrices
Sk(A)nns, it only remains to describe the behaviour of Sk(A)nn as A — Ag € 7, U O'p(HX). In the sequel,
we consider separately the behaviour of Si ()., at thresholds and at embedded eigenvalues, starting with
the thresholds.

For that purpose, we first note that for each A € 74, a channel can either be already open (in which case
one has to show the existence and the equality of the limits from the right and from the left), or can open
at the energy A (in which case one has only to show the existence of the limit from the right). Therefore,
as in the previous section, we shall fix A € 74, and consider the expression Si(\ — £2),,,,» for suitable x with
|k] > 0 small enough (recall that all expressions of Section 3 were also computed at fixed A € 75, but that
the dependence on A has not been explicitly written for the simplicity).

Before considering the continuity at thresholds, we define for each fixed A € 1, for k € 5(5) with e > 0
small enough, and for 2 > ¢ > m > 0 the operators

-1
Com (k) == [Se, (Im(k) + Spn) ] € Z(LX(T)),
and note that Cy, (k) € O(k) due to Lemma 3.5. In fact, the formulas (3.6), (3.9) and (3.13) imply that
C}n(0) :=limy 0 £ Com (k) exists in Z(L%(T)). In other cases, we use the notation F(k) € Oas(k™), n € N,
for an operator F (k) € O(k™) such that lim,_o k™" F (k) exists in Z(L*(T)). We also note that if x € (0,¢)

or ir € (0,e) with & > 0, then x € O(¢) and —r2 € (—¢2,£2) \ {0}.

Theorem 4.1. Assume that V € L>°(R;R) is 2w-periodic, let A € 1y, take € (0,¢) or ik € (0,&) withe >0
small enough, and let n,n’ € Z.

(@) If Mgy Mo < A, then the limit limy, 0 Sk(A — K2) s exists and is given by

hl)f[%) Sk(A — K/Q)nn/ = 5711’7/ — Qiﬁk,n(A)_lanSO (Il (0) + Sl)_lsovpn/ﬁkm/ ()\)_1.
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(b) If Moy Meons < X and —k% > 0, then the limit lim,,_o Sk (X — K2)pn exists and is given by

0 i Mo <A Nomr = A,
0 i e = A Nomr < A\,
St — 2P0 (Io(0) + So) 0P

+ 2P0 Clo(0)S1 (12(0) + S2) " S1C0(0)v s if Akn = A = Mg

. 2 =

Before the proof, we note that the r.h.s. of (3.14) can be rewritten as in [27, Sec. 3.3];
My (X, &)
= k(Io(k) + So)
+ (S (Jo () + S0) ™" = Coo() ) So (11 (k) + 81) ™ So (Lo (k) + S0) ™" S0 + Coo())
+ %{ (51 (To(x) +S0) " = Cm(m)) (Iu(k) +S1) " — (SO (Io(r) + So) " = coo(n))cu(,@)}

x 81 (I2(k) + S2) 51{ )+ 51) )+ 50) 51+ Clo("i))

-1

(e
+ Cu(ff)((fo(n) +50) 'S0 + Cools )}
+%{[(s (Io(k) + So) ™" = Cao()) (I (k) + S1)
—(SO( o(K) + S0) " = Coo(r )021 } (k) +S5) "
- [(51(10( )+ S0) " = Cro() ) (I (k) + S1)

+ 51
— (So(do(w) +S0) ™" = Coo(x) ) C1 (1) | Caa () } L () 7

1

x {(Ia(k) + $2) [(11( )+ 51) 7 ((To(w) + 50) ™S + Cao () )

+ Co1 (k) ((To() + S0) ™80 + Coo (k) )|

+ Coo( [ )+ ) ((IO(/@) +50) 7S+ 010(,@))

+ (k) ((10(,-;) +50) S+ C’oo(n)ﬂ } (4.3)

The interest in this formulation is that the projections Sy (which lead to simplifications in the proof below)
have been put into evidence at the beginning or at the end of each term.

Proof. (a) Some lengthy, but direct, computations taking into account the expansion (4.3), the relation
(1,(0) + S@)_lsg = S, the expansion

2

Brn(A — k%) = Ben(A ) <1+m

+ (9(,-:4)) s Ak <A, (4.4)
and Lemma 3.6(b) lead to the equality
lim B (A — K3 TP M (A, K)0 P Brr (A — K2) 71
K—r
= Bron (N PrvSo (11(0) + S1) ™ Sov P B (A) !
= B (N) T Pav(Ca(0) + SoC31(0)) Sa3(0) 152 (Cog (0) + C51(0)S0) v Prur Bremr (A) ™
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Moreover, Lemmas 3.6(a) and 3.6(d) imply that

OQO(H) = (Io(li) + So)il [’UPU + liMl(li), SQ] (Io(li) + So)il

— 1k (10(0) + So) " [M1(0), S2] (Io(0) + So) ™" + Ous(5?)
= 0,4(K?), (4.5)

and Lemma 3.6(d) and the expansion (3.10) imply that

021(53) = (Il (I’i) + Sl)_l [S()Ml(O)SO + :‘iMQ(Ii), SQ} (Il(:‘i) + Sl)_l

=K (Il(KV) + SQ)_l [MQ(KV), 52] (Il(li) + So)_l

= k(L (k) + So) [ = SoMy(0)(Io(0) + So) My (0)So, Sa] (11 (1) + S0) " + Ous(5?)
= Oas(K?).
Therefore, one has C4,(0) = C%;(0) = 0, and thus
Lim Byen (A = K2) T PaoMi(A, )0 P B (A — £2) 7
= Bron(N) " PovSo (11(0) + 1) ™ Sov P B ()
Since

Sk = 62t — Opnr = —2i Brn(A — K2) "L ProMi (A, 5)0 P B (A — K2) 71, (4.6)

this proves the claim.
(b.1) We first consider the case A < A, A = A (the case Mg, = A, Ay < A is not presented
since it is similar). An inspection of the expansion (4.3) taking into account the relation (Iy(x) + Sz)_l =

(I0(0) + S¢) ™" + Ous(x) and the relation (I4(0) + S¢)~ 'S¢ = S leads to the equation
BN — &%) ProMi (X, £)0 Py Bre e (A — £2)
= Bem(A— 82" 1Py {oas(n) + So(I1 (k) +51) " So
+ (81 + Ous() 1 (o) + 82) 51 (81 + Ousl)
- % [Ous(2) + S2(To () + 50) ™ (11 (k) + 81) " (Ia(k) + S2) ™" = Cao(k) — SoCo () = $1C2()|

x SoI3(r) 1S, [Oas(f;?) + (In(k) + S2) " (1u(k) + 51) " (To(k) + S0) ™" 82 + Cao (k) + Cax (k) So

+ 022(:%)51} }an/Bk,n/ ()\ — HQ)_I.

An application of Lemma 3.6(a)—(b) to the previous equation gives

Ben(A = £5) T ProMip (N, K)o P B (A — £7) 71

1

= 6k,n()‘ — KQ)_lan {Oas(/ﬁl) — E (Oas(HZ) + CQQ(H) + 50Co1 (H))Sglg(lﬁ)_lsg (035(52) + CQO(K/))}

X 0P B (A — k)7L
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Finally, if one takes into account the expansion (4.4) for Bk, (A — £%)~! and the equality B,/ (A — k?)~! =
|| ~1/2, one ends up with

Brn(A — ,-;2)—173 oM\, K)0 P Brr (A — K2) 1
= I<62‘I€|1/2 Bk n( ) 17DnU(Cgo(/€) + 50021 (I‘i))Sglg(li)_lszc’go(/@)vpn/ + O(|K,|1/2).
Since Cao(k) = Oas(k?) (see (4.5)), one infers that i, (A — £2) 1P Mg (A, )0 Po B (A — £2) 71 vanishes
as kK — 0, and thus that the limit lim,_,o Sk(\ — £%),n also vanishes due to (4.6).
(b.2) We are left with the case A\;,, = A = Ag /. An inspection of the expansion (4.3) taking into account

the relation (I;(k) + S@)il = (L,(0)+ Sg)fl + Oas(k), the relation (1,(0) +S£)71Sg =S¢ and Lemma 3.6(a)
leads to the equation

Bren (X — 112)717%1) My (X, )0 Py B s (A — I€2)71

-1

= Bkﬂl()\ — /-@2)7173”1) {Oas(ﬂ2) + H(Io(ﬂ) + So) — %010(5)51 (IQ(IQ) + 52)71510100&)

— % (Oas(li2) + Czo(li))SQI;g(Ii)_lSQ (Oas(,‘{?) + Cgo(li))}’l}lpn/ﬂkyn/ ()\ — l€2)_1.

K
Therefore, since By (A — £2) 7! = B (A — £2)71 = |k|71/2 and Cy(k) € Oas(k?), one obtains that
lim B (A — K2 TP PLuMiE (A, K)0 P B (A — K2) 7
— —i P (Io(0) + So) " VP + iPavClo(0)Sh (I2(0) + S)  S1Co(0)0 P,
and thus that

lim Sk()\ — Hz)nn/ = 6nn’ — 2an(10(0) + So)_l’l)Pn/ —+ 2,ancio(0)51 (]2(0) + SQ)_l»S’lCio(O)UPnl

k—0

due to (4.6). O

We finally consider the continuity of the scattering matrix at embedded eigenvalues not located at thresh-
olds.

Theorem 4.2. Assume that V € L°(R;R) is 2m-periodic, take A € ap,(HY )\ 71, & € (0,€) orix € (0,€) with
e > 0 small enough, and let n,n’ € Z. Then, if Mg n, Mo < A, the limit limy 0 Sp(A — £%)ny exists and is
given by

lim Sp(A — £2) s = Gpnr — 20 Bren(A) T Pro(Jo(0) + S)_lan/Bk’n/()\)‘l. (4.7)

k—0

Proof. We know from (3.19) that

Mk(/\7 H) = (JO(K/) + S)_l + %(Jo(lﬁ) + S)_lle(Ii)_ls(Jo(li) + S)_l,

with S the Riesz projection associated with the value 0 of the operator

P Put
To=ut 3 Gt X G0n

meZi(\)- meZi(N)
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Now, since Jo(k) = Ty + £2T1 (k) with T1(k) € Oas(1), a commutation of S with (Jo(x) + S)_l gives

1

Mi(X, k) = (Jo(k) +9) " + % {S(Jo(k) +S) ™" + Ous(6)}ST1 (1) 1S{ (Jo(k) + 8) 'S + Ous(1?)}.

In addition, an application of [27, Lemma 2.5] shows that P,vS = 0 = SvP, for each n € Zx()\). These
relations, together with (4.6), imply the equality (4.7). O

5. Structure of the wave operators

In this section, we establish new stationary formulas for the wave operators Wj, 1 for a fixed value of
k € [-1/2,1/2], and also for the full wave operators W.(H?, H"). As before, we assume throughout the
section that V' € L*(R;R) is 27w-periodic.

We recall from [30, Eq. 2.7.5] that Wy, _ satisfies for suitable ¢, € L*(II) the following equation:

. € . .
<Wk,* ®s w>|_2(n) = /d)‘ ;I\I"% ;<R%()\ - lE)‘z‘% Rl‘c/()‘ - ’LE>’¢)>L2(H)-
R

We also recall from [30, Sec. 1.4] that if 6. (Hy — X) z

= ﬁ for € > 0, then the limit lim.\ o <5€ (H,fcJ —
k

)\)ap, 1/1>L2(H) exists for a.e. A € R and verifies

(e = [ O lim (5.CHE = Mg )y
R

So, by taking (3.1) into account and by using the fact that lim.\ o Hda (H,(CJ — )\) =0if A < k2, one

||38(L2(H))

infers that
{((Wy,— — 1)¢,¢>L2(H) = —/dA ;i{% (G*My(\ +ie)Go.(Hy — N, RL(X — z‘am)wn),
e
with
My(2) == (u+GRY(2)G*) ™", 2€C\R.
Below, we derive an expression for the operator (W _ — 1) in the spectral representation of H,?; that

is, for the operator %, (Wy,— — 1)%,. For that purpose, we decompose the operator G into the product

G = vy, with o € Z(H'(I1); L(T)) given by
(Yo¥)(6) = (6,0), € H'(II), H€T.
We also define the set
D= €€ A 60 =pn @m0, po € C2 (o) \ [ Uop (HY)Y),
pn Z 0 for a finite number of n € Z}

which is dense in 47, since the point spectrum of H X has no accumulation point except possibly at +oc.
Finally, we give the short following lemma, which will be useful in the subsequent computations for the
wave operators.
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Lemma 5.1. For £ € 9, and A\ > k2%, one has

(0,) 7002/16*5 = 77_1/2 ZnGZ f;;n d,u Bk,n<u>_1§n(:u’> € LZ(T)7
(b) s-limes0Y0% (L = NE =123 5y Ben (V) H6n(N) € L2(T).

Proof. The equality in (a) follows from a direct computation, and the inclusion in L?(T) follows from the
fact that %,*¢ € H(II). For (b), it is sufficient to note that the map g — By (1) & (1) extends trivially
to a continuous function on R with compact support in (Mg, 00), and then to use the convergence of the
Dirac delta sequence 6.(- —\). O

Thus, if we let £,( € %), and take the previous observations into account, we obtain the equalities

(Wi = DUEC) o,

o0

— /d)\ ilél’%) <'ygka(>\ + i) vy 0 (L, — NE, %S (L, — A+ is)_1(>|_2(n)
k2
- /d)\ i{% <UMk()‘ + ig)vvo%k*ée(l/k - )‘)577062/1: (Lk — A+ iE)_1<>L2('H‘)
k2
7 . —1/2 . * T kan(:u)_l
- /d)\ ilér(l) T2 My (A +ie)vyo ) 0e (L, — ME, Z / dp m(n(ﬂ)
12 nEZ)\,c n 2 ()
=— Z / dA hm <7T_1/2ka(/\ +ie)vyo % 0 (Li, — / dp fk n}\ i Cn(M)> (5.1)
neZ)\ Ak,n L2(T)
>\k n (oo}
-y / dX lim <7r_1/2ka()\ +ie) vy 0 (L — N, / dp B, "ii Egn(u)> (5.2)
1 i
neZ 1o Ak,n

(1)

with the sums over n being finite. In the next two sections, we study separately the terms (5.1) and (5.2).
5.1. Wave operators: the leading term

We prove in this section an explicit formula for the term (5.1) in the expression for (W}, _ —1) in terms of
the generator of dilations in R.. For this, we recall that the dilation group {U;f},cr in L*(R4) is defined by

(UFe)(N) :=e"?p(e™\), @€ C(Ry), A€Ry, TER,
and that the self-adjoint generator of {Ut},cg is denoted by A, .

Proposition 5.2. Assume that V € L°(R;R) is 2mw-periodic and take £, € Dy.. Then, we have

fZ/dA hm< 1/2ka()\+ie)vfyo%k*6s(Lkf/\)f,/d Bren)”? gn(u)>
Ak,n

©w— A+ ie
nEZ)\ 2(T)

={(%(1® R(A}))(Sk — 1)%1:5703%
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with

R(z) := = (1 4 tanh(nz) + icosh(rz)™'), =z €R. (5.3)

DN | =

Proof. (i) Take n € C°(Ry) and = € R4, let .# be the Fourier transform on R, and write x4 for the
characteristic function for R;. Then, we have

o0 oo

(©n)(w)i=2 [ dy [dzwe ()

0 0

= 232712 [ dy (F*x1) (y* — 2®) an(y)

— 93/2,1/2

dz (F*x4) (2 (¥ —1))a? e n(e*z) (y=e*x)

= 22212 [ 4z (F ) (22 (€% —1)) 2 €/ (U ) (w).

B B S ¢

Then, by using the fact that .Z*y, = 2-12x/25, + i (27) /2 Pv% with §p the Dirac delta distribution

and Pv the principal value, one gets that

e/2
©nw) =2 [ a (man(e 1)+ iPv ) ) O 0)@)

R
_ HZ dz (m(z) Py (Smh; o~ =i 2)>) (UFn)@).

So, by taking into account the equality [18, Table 20.1]

i

(2m) /2 (ZR)(z) =mbo(—2) + §PV (sinh(lz/Q) - Cosh(lz/Q))

with R as in (5.3), one infers that

(©n)(w) = (20)'/? [ dz (FR)(~2)(UZ 1) @) = 27 (A, )n) ().

R

Therefore, one has for each ¢ € Zx, n € Z and A > )y, the following equalities in L%(T):

27 (% (1@ R(AL))%:C), (V)

= 2 (%1 ® FIR(-A)F)UC), ()

= (%1 © FIOF)UC), (N

= 2720 = M) Y (Pa @ OF)C) (- (0 = M) )

o

_ 21/2<)\_ )\k,n)_l/‘l/dy/dz (A — )\k’n)l/2 iV =A+Akn)z ((Pn ®yc)%k*§)(.,y)
0 0
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_ 2()\ _ Ak,n)1/4/dy/dz ei(y27>\+)\hn)z yl/QCn(yQ + /\k,n)
0 0
= [ i [z 0N 5 B0 Gl (5.4)
Ak,n 0

(ii) Let &,¢ € P, and take € > 0, n € Z and X € [, 00) \ {76 U op(HY)}. Then, Lemma 5.1(a), the
formula (u — X\ +ie) "t = —i fooc dz e'h=Nze=¢2 and Fubini’s theorem imply that

. —-1/2 - * _ Bkn( )
i%<ﬂ v My (A + ie)vy % 0 (L A){,/d = )\—I—zacn(u)
Ak,n

L2(T)

< 1
:ii{% <w1/2ﬂk7n()\)anka()\—Ms)vyo%k*(Ss(Lk—)\)5, / du 5’“;5 )i’“:gg gn(u)>

)\k,n

oo oo

—lim [dze <g5<n,x>, [ w7 5,0 >ﬁk,n<u>1<n<u>> (5.5)
0 Aoyn L2(T)
with

ge(n, A) = iﬂ'*lﬁk,n()\)*lpnka()\ +ie)v Z / duﬁkm/(y)*lég(u = Nén (v).

n’EZAkkn/

Now, we already know from (4.1) that lima\ o My(X + i) = My(X,0) in Z(L2(T)) and we have

s-lim / dVBk,n’(V)_lés(V_ Z B (A ”( )

n' €L ()\)

in L(T). Therefore, we have

go(n, A) := s—l\irglgs(n, A) = im B (V) TP oM (N, O) Z B (N) " (N)
: n’€Zi(N)

in L2(T), and the integrant in (5.5) can be bounded independently of € € (0, 1):

e % <ge(n,>\), / dpu ei(u_)\)zﬁk,n(A)Bk,n(M>_1Cn(,u)>

Ak,n L2(T)

oo

< Const.| [ a0 5, ()8 o) (5.6)

)\k,n L2 (T)

In order to exchange the integral over z and the limit ¢ N\, 0 in (5.5), it remains to show that the r.h.s.
of (5.6) belongs to L}(R,,dz). For that purpose, we note that
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/ 0 % B O Ben ()1 a) _ / dv €% B (M) B (V + )" (v +A)
Akm LZ(T) Ak,n—A L2(T)
= ||(ﬂ*hn,x)(2)“|_2(1r)

with Ay the trivial extension of the function

(M = A,00) 3 v (2m) 2B 0 () Bron (v + ) 7! Gu (v + A) € L(T)

to all of R. Then, writing P for the self-adjoint operator —iV on R, and using the fact that

oy = [P 0l + N T > = A
nA\V) =
* 0 i< Ak — A

with p,, € C°((Akyn, 00) \ {7k Uop(HY)}), one obtains that

H(ﬁ*hn,,\)(z)HB(T) = <z>_2}|(ﬁ*<P>2hn7)\)(z)HL2(T) < Const.(2)72, z€R,.

As a consequence, one can apply Lebesgue dominated convergence theorem and Fubini’s theorem to infer
that (5.5) is equal to

<go<n, N [ i [ dz e 5,0 >ﬂk,n<u>1<n<u>>
Ak,n 0 L2(T)
This, together with (4.2) and (5.4), implies that
li —1/2 M L _ / ﬁk n
51\1"1%) < v My(\ + ie)vyo % 5 (L dpe e /\ + P Cn(ﬂ)
Ak,n L2(T)

:< Z Qiﬁk,n(A)il’PnUMk(/\aO)U,Pn/ﬂk,n( ) fn( ) ( ( ®R(A+))%k: C) ( )>

n'€Zy, ()\)

= (%S~ 1)%7€), (), (740 @ RAD)C),())yay-

Now, the last equality holds not only for A € [Ag ., 00) \ {7x Uop(HY )} but for all X € [Ag,, 00), since for
each n € Z and all A € 7, U o, (H}Y') we have &,(A\) = 0. So, we finally obtain that

—Z/d)\ lim <7r_1/2ka()\—&—ie)va%k*(Se(Lk—)\)5,/d Bron) "1 Calp)

nety) w— X+ ie

A L2(T)

= (%:(1® R(A4)) (S = DUEC)

as desired. 0O
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5.2. Wave operators: the remainder term

We prove in this section that the remaining term (5.2) in the expression for (Wj _ — 1) can be written
as a matrix operator in 77 with Hilbert—Schmidt components. For this, we start with a lemma which
complements the continuity properties obtained Section 4.

Lemma 5.3. Assume that V € L>°(R;R) is 2r-periodic, and choose n,n' € Z such that Mg v < M. Then,
the function

Nenrs M) \ {7k Uop (HY)} 9 A = Bron(N) 2 PrvMy(X, 0)0 Py € B(L2(T)) (5.7)
extends to a continuous function on [Agns, Aen]-

Proof. Since the function (5.7) is continuous on [Agn/, Akn] \ {7 U op(HY )}, one only has to check that
the function admits limits in Z(L*(T)) as A — Ao € {7 U op(H))}. However, in order to be able to use
the asymptotic expansions of Proposition 3.3, we slightly change the point of view by considering values
A— % € Cwith A € {7, Uo,(H})} and k — 0 in a suitable domain of C of diameter £ > 0. Namely, we
consider the three following possible cases: when A = Ay, and ix € (0,¢) (case 1), when A = Ag,, and
k € (0,¢) (case 2), and when A\ € (Mg, Aen) N {1 Uop(HY)} and k € (0,¢) or ik € (0,¢) (case 3). In
each case, we choose ¢ > 0 small enough so that {z € C| |z| < e} N {rx Uo,(HY)} = {A\} (this is possible
because 73, is discrete and o,(H}') has no accumulation point).

(i) First, assume that A\ € o,(HY) \ 7 and let x € (0,¢) or ix € (0,€) with € > 0 small enough. Then,
we know from (3.19) that

_ 1 _ _
ProMg (A K)o Py = PnU(Jo(H) + S) 17173"/ + F’PHU(J()(/{) + S) 1SJ1(/£)715’(J0(/£) + S) 11)73n/

with S, Jo(x) and J; (k) as in point (ii) of the proof of Proposition 3.3. Furthermore, point (ii) of the proof of
Proposition 3.3 implies that [S, Jo(x)] € Oas(k?), and Lemma 3.6(b) (applied with S instead of S1) implies
that SvP,, = 0. Therefore,

PrvMi(A, K)o P = Oas(1) + %an(Jo(ﬁ) + 8) ST (k) TS { (Jo(k) + 8) 1S + Ous(K?) bo Py
= O,s(1).

Since lim,_0 Bkn(A — K2)72 = |\ — )\k)n|_1/2 < oo for each A € o,(HY) \ 7, we thus infer that the
function (5.7) (with A replaced by A — x?) admits a limit in 2(L*(T)) as x — 0.

(ii) Now, assume that A € [Ag n/, Ak.n] N 7k, and consider the three above cases simultaneously. For this,
we recall that ik € (0,¢) in case 1, k € (0,¢) in case 2, and k € (0,¢) or ik € (0,¢) in case 3. Also, we note
that the factor Bk (A — k?) ™2 does not play any role in cases 1 and 3, but gives a singularity of order |x|~!
in case 2.

In the expansion (4.3), the first term (the one linear in x) admits a limit in Z(L*(T)) as & — 0, even
in case 2. For the second term (the one of order O,s(1) in k) only case 2 requires a special attention: in
this case, the existence of the limit as k — 0 follows from the inclusion Cyo(k) € Oas(k) and the equality
PrvSp = 0, which holds by Lemma 3.6(a). For the third term (the one with prefactor %), in cases 1 and 3,
it is sufficient to observe that Cyo(k),Cio(k) € Oas(k) and that SjvP, = 0 by Lemma 3.6(b). On the
other hand, for case 2, one must take into account the inclusions Cyo(k), C1o(k) € Oas(k), the equality
S1v Py = 0 of Lemma 3.6(b) and the equality P,vS; = 0 of Lemma 3.6(a). For the fourth term (the
one with prefactor ), in cases 1 and 3, it is sufficient to observe that Cog(k),C21(k) € Oas(k?) and
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that Sev P,y = 0 = S1vP,,. On the other hand, for case 2, one must take into account the inclusions
Coo(k), Ca1(k) € Oas(k?), the equalities Sov P, = 0 = S1vP,/, and the equality P,vS, =0. O

Now, to obtain the desired formula for the term (5.2), we define for ¢ > 0, n € Z, A € R and £ € %, the
vector

ge(n, A) := Y2 P My (X + ie) vy, 0= (L — N)E € L2(T),

and we note from Proposition 3.3 and Lemma 5.1(b) that for each A € (k2 A.) \ {76 U op(H}Y )} we have

(n)\)—shmge(n)\)—ﬂlpvl\/l)\o Z Biosnr (N) 1 (V).
nEZk()\)

Then, we observe that (5.2) can be written as

Ak,n

x 1
_ Z / d\ hm <g6 n,\), / dp fk_niul -~ Cn(,u)> (5.8)
newZ B2 kom 2(T)

with

<g€n)\ /d Brenlp)” Cn(,u)> < Const. /d Brn)”_ Cn(u)

= A+ ie = A+ ie + i€
12(T) L2(T)

Since the r.h.s. can be bounded independently of €, we infer from Lebesgue dominated convergence theorem
that (5.8) can be rewritten as

Ak,n o0
n A 2 n -1 n’ A -1
Y Y [ <Bnn/()\)fn'()\)7 [ PPl B2 <n<u>> (59)
nEZn’eZk(Ak,n))\ , A K
L2(T)
with
B (A) = Bien(N) 2 PavMi(X, 00 P, € B(L2(T))  for ae. XA € (Aenss Akon)- (5.10)

But the map A — By, () coincides with the map (5.7). Therefore, Lemma 5.3 and Fubini’s theorem imply
that (5.9) can be written as <Qk§,§>%€, with Qy, : 74, — J4; given for £ € D), n € Z and > A, by

Ak,n
\ Bren (V)2 B (1) ™ Breymr (A) 71
(e —A)

(Q&)n(p) = — Z Biuns (A)&nr (N).

n' €Lk (Nen)x,
To simplify the last formula, we define the operator Byn: € B(H, 5 L2 (( Ak, Men); P L2(T))) by
(Bnn’gn’)()\) = By ()\)fn/ ()\) for a.e. A € (Ak,n/a >\k,n)

We also define the integral operator Cppns 1 L2((Agnrs Ak ); P L2(T)) — ., with kernel
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n A 2 n —1 " A —1
Cn’ﬂ' (/’[” )\) = ﬁk7 ( ) ﬁ:_(/(jjl) )\)Bk’ ( ) ) n > )‘k),’rm A€ ()‘k,n’a)\k7n)7

and show that C,,,/ is a Hilbert—Schmidt operator.

Lemma 5.4. The operator Cy,/ is a Hilbert—Schmidt operator from Lz(()\k’n/,)\k’n); P L2(']I‘)) to ;.

Proof. Using the changes of variables z := (1 — \en)'/2, ¥y := (A — A2, and the notation a :=
(Men — Aknr)'/2, one obtains that

LS Ak,n
A= Ml |t = M| Y2 IN = Nponr |12
/du/d)\| kn | [ knl | k|

T — A)?
Mem Aps
4 T 7 302 2\-1/2
3 fae fa e
m (% +9?)
o 0
_ 4 d Y3 T +arctan(:n/y) e
=3 Y (a2 — y2)1/2 \ 22(22 + 12) 293 0
1 «
= —/dy (a2 —y?) 712
m
0
—1/2.

It follows that C), is a Hilbert—Schmidt operator from LQ((Ak,n/,)\k’n);Pn LQ(T)) to 4, , with Hilbert—
Schmidt norm equal to 1/y/2. O

Therefore, the remainder term (5.2) in the expression for (W _ — 1) can be written as <Qk§, {)m with
Q. : G, — 4, given by

(Qkﬁ)n = - Z Cvm/Brm/gn’v £ S @k’v ne Z, (511)

n' €Zk(Mk,n)

where each summand C,,,,» By @ 94, 0 — 93, , belongs to the Hilbert—Schmidt class.
We close the section with two observations which show that the remainder term @y is always small in
some suitable sense. First, we consider the case of a constant function V:

Remark 5.5. If the function V is constant, then the remainder term @y vanishes. Indeed, in such a case one
can easily check that the operator Mg(),0) is diagonal in the basis {\/% em() ) CL3(T). As a result,
one obtains that By, (A) = 0, which in turn implies that Q = 0 (see (5.10) and (5.11)).

Second, we consider the case of a general function V:

Lemma 5.6. Assume that V € L°(R;R) is 2w-periodic. Then, the remainder term Qy, vanishes asymptotically
along the free evolution, that is,

ts—liim citHR U Qe eTHHE — 0 n L2(1T).
—+o0



S. Richard, R. Tiedra de Aldecoa / J. Math. Anal. Appl. 446 (2017) 1695-1722 1719

Proof. The equations (5.1)—(5.2), Proposition 5.2 and the results of this section imply that

(U (Wi = V)UE,C) 5 = (U (1® R(AL)) (Sk = DUEC) Ly +(QEC) s €CE D
Therefore, we deduce from the density of % in %4, and the unitarity of %4, : L*(Il) — .74, that
Wi— —1— (1@ R(AL))(Sk — 1) = % Q.. (5.12)
Also, we know from the existence and completeness of the wave operators Wy, 1 that

. - 0 ) 0 . . 0 _z 0 . . 0 ) 0
s-lim e Gy e~k = G, s lime™ i Wy _ ek = S and  s-lim e Hr W, _ e = 1. (5.13)
t—+oo t—00 ’ t——o0 ’

Furthermore, the definition of the function R (see (5.3)) and Proposition A.1 imply in L?(R) the relations

slim e AN R(AL ) e (AN =1 and  slim e ("4 R(A, ) e (4N = g,

t—o0 t——o0

which in turn imply in L*(IT) the relations

slime™t (1@ R(A})) e ™M =1 and  slim e (1@ R(Ay)) e ™ = 0. (5.14)

t—o00 t——o0

Then, one can conclude by combining the equations (5.12)—(5.14). O
5.8. New formula for the wave operators

In this final section, we collect the information on the wave operators obtained so far.
Lemma 5.7. Assume that V € L>°(R;R) is 2w-periodic. Then, we have in L2(II) the equalities
Wi— —1= (1@ R(A4))(Sk — 1) + %S Q% (5.15)
and
Wi+ —1=(1-1® R(A4))(S; — 1) + % Qu.5%, (5.16)
with R and Qy, given in (5.3) and (5.11). In addition, the term Qy satisfies

. i 0 _s17g0
ts—lim M 9 QU e HE = 0.
—> 00

Proof. As already mentioned in the proof of Lemma 5.6, the equations (5.1)—(5.2), Proposition 5.2 and the
results of Section 5.2 imply the formula (5.15) for Wy, _. The formula (5.16) for Wy,  follows from (5.15) and
from the relation Wy, 4 = W), _S}. Finally, the properties of the term @, follow directly from Lemma 5.6. O

Now, we know from [12, Sec. 2.4] that the wave operators Wi = W4 (H®, H") and the scattering operator
S = S(H° HV) for the pair {H?, H} admit direct integral decompositions
@ @
GWiG !t = / Wi+dk and GSG'= / Sy dk,
(—1/2,1/2] (—1/2,1/2]

with G : P(R x Ry) — f[?l/Q 1/2] L2(IT) dk the Gelfand transform of Section 2.1. Therefore, one directly
infers from Lemma 5.7 the following new formulas for W_:
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Theorem 5.8. Assume that V € L°(R;R) is 2r-periodic. Then, we have in L>(R x Ry.) the equalities
W_—-1=(1®R(A))(S-1)+Q and Wi—1=(1-1®R(A;))(S" — 1)+ QS*,
with Q i= G (151 ) U4 Qu%, k) G.
Acknowledgments
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Appendix A

We present in this appendix a proposition of independent interest on the asymptotic behaviour of func-
tions of the generator of dilations A, under the time evolution generated by the Neumann Laplacian —Ay.
Before this, we recall that the usual weighted L?-spaces are defined by

Hy(R) = (pELQ(R)|/(1+|$|2)t|<p(x)|2<oo L t>o0.

Proposition A.1. Let f € C*(R) satisfy f' € Hi(R) for some t > 1/2 and lim,_ 1o f(x) = fi+ for some
f+ € C. Then, one has

s-lim (=AY f(A )e AN = £ (A.1)

t—+oo

Proof. The operator of multiplication in L?(R,) given by

(Bo)(x) = 3 @) ple), o€ CE(Ry),

is essentially self-adjoint [24, Ex. 5.1.15], with self-adjoint extension denoted by the same symbol. Also,
a direct calculation shows that B and A, satisfy for t € R and ¢ € C°(R,) the relation

eitB A+ e—itB 0= (AJr . t) ©.
Since C2°(R, ) is a core for A, this implies that e?*5 A, e~#B = (A, —t) as self-adjoint operators. Therefore,
one obtains that

slim B f(Ay)e B = slim f(e"P AL e P = slim f(Ap — 1) = f5.

Now, one can apply to the last relation the invariance principle for wave operators as presented in [4,
Sec. 16.1.1] to obtain for each n € C°(R) the relation

2B 2B

F(Ap)e™" < n(B) = frn(B). (A.2)

Sm e
For this, one has to check that the function z +— €** is admissible in the sense of [4, Def. 8.1.16] and that
the commutator Bf(A4)n(B)— f(A+)n(B)B, defined as a quadratic form on D(B), extends to a trace class
operator. The first condition is trivially verified. For the second condition, we have the following equalities
in the form sense on C° (R, ):
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BFADNB) ~ (A (B)E = i (¢ (4% y(B)

t=0

— (S.%f(A+ - t))t=on(B)

if' (A4 )n(B).

Therefore, the commutator Bf(A;)n(B) — f(Ay)n(B)B extends to the bounded operator if’ (A, )n(B) by
density of C2°(R,) in D(B). On another hand, if M : *>(R;) — L*(R) denotes the Mellin transform as
given in [3, Sec. 1.5], then it is known that MA, M~ = X and MBM~! = —P, with X the multiplication
operator by the variable in L2(R) and P the differentiation operator —iV in L2(R). It follows that

F(An(B) = ML (X)n(=P)M,

with f(X)n(—P) of trace class due to the decay assumption on f’ (see [2, Cor. 4.1.4]). Therefore, the
operator f'(A4)n(B) is also trace class, and the second condition is verified. So, the relation (A.2) holds
v f(Ap)e @ e?? ¢ = [+ for each vector ¢ € L2(R;) such that ¢ =n(B)e
for some n € C2°(R). Since this set of vectors ¢ is dense in L?(R, ), one infers that

and implies that s-lim;_, 4., ¢ ¢

: it €28 —ite?B
shim e f(A) e = fr
Finally, using the fact that €22 = Z.(-AN)Z. ! and A, = —F. A, F. ! with Z, the cosine trans-

form (2.2), one obtains from the last relation that

slim AN F(—A ) et < f

which is equivalent to (A.1). O
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