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RESOLVENT EXPANSIONS AND CONTINUITY
OF THE SCATTERING MATRIX AT EMBEDDED THRESHOLDS:
THE CASE OF QUANTUM WAVEGUIDES

BY S. RICHARD & R. TIEDRA DE ALDECOA

ABsTRACT. — We present an inversion formula which can be used to obtain resol-
vent expansions near embedded thresholds. As an application, we prove for a class of
quantum waveguides the absence of accumulation of eigenvalues and the continuity of
the scattering matrix at all thresholds.

REsUME (Ezpansions de résolventes et continuité de la matrice de diffusion auz seuils
immergés: le cas des guides d’onde quantiques)

Nous présentons une formule d’inversion qui peut étre utilisée pour obtenir des
expansions de résolventes & proximité de seuils immergés. Comme application, nous
démontrons pour une classe de guides d’onde quantiques l’absence d’accumulation de
valeurs propres et la continuité de la matrice de diffusion en chaque seuil.
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252 S. RICHARD & R. TIEDRA DE ALDECOA

1. Introduction

During the recent years, there has been an increasing interest in resolvent
expansions near thresholds and their various applications. These developments
were partially initiated by the paper of A. Jensen and G. Nenciu [10] in which
a general framework for asymptotic expansions is presented and then applied
to potential scattering in dimension 1 and 2. The key point of that paper is
an inversion formula which provides an efficient iterative method for inverting
a family of operators A(z) as z — 0 even if ker (4(0)) # {0}. Corrections
or improvements of this inversion formula can be found in [4, Lemma 4], [8,
Prop. 3.2] and [11, Prop. 1]. However, in all these papers either it is assumed
that A(0) is self-adjoint, or the construction relies on a Riesz projection which is
not always convenient to deal with. These features are harmless in these works,
since the threshold considered always lies at the endpoints of the spectrum
of the underlying operator. However, once dealing with embedded thresholds,
these features turn out to be critical (see the comment at the end of Section 2.2).

Our aim in the present paper is thus twofold. On the one hand, we revisit
the mentioned inversion formula, and on the other hand we show how its re-
vised version can be used for proving the continuity of a scattering matrix at
embedded thresholds. The abstract part of our results is presented in Section 2,
and consists first in a reformulation of the inversion formula which does not
require that A(0) is self-adjoint or that the projection is a Riesz projection (see
Proposition 2.1). We then discuss two natural choices for the projection: either
the Riesz projection defined in terms of the resolvent of A(0) if 0 is an isolated
point in the spectrum of A(0), or the orthogonal projection on ker (A4(0)) if A(0)
has a non-negative imaginary part. If both conditions hold, we also discuss the
relations between these two projections, and provide sufficient conditions for
their equality. This situation often takes place in applications even without the
assumption that A(0) is self-adjoint (see Corollary 2.8).

In the second part of the paper (Section 3), we present an application of our
abstract results to scattering theory for quantum waveguides. Quantum wave-
guides provide a particularly good model of study since their Hamiltonians
possess an infinite number of embedded thresholds (with a change of multi-
plicity at each threshold) but give rise to a simple scattering theory taking
place in a one-Hilbert space setting. We refer to [1] for basic results and earlier
references on the spectral and scattering theory for quantum waveguides.

For a straight quantum waveguide with a compactly supported potential V,
we derive an asymptotic expansion of the resolvent in a neighborhood of each
embedded threshold. More precisely, if the potential is written as V = vuv
with v non-negative and w unitary and self-adjoint, and if Hy is the Dirich-
let Laplacian for the waveguide, then we give an expansion of the operator
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(u +v(Hy — z)_lv)_1 as z converges to any threshold zg (see Proposition 3.2).
Note that the operator v(Hg — z9) ~!v (once properly defined) has a non-trivial
imaginary part. This fact automatically prevents the use of any approach as-
suming the self-adjointness of A(0), as mentioned above.

We then deduce two consequences of this asymptotic expansion. First, we
prove in Corollary 3.3 that the possible point spectrum of the operator H :=
Hy 4+ V does not accumulate at thresholds. Since the thresholds are the only
possible accumulation points for such a model, we thus rule out this possibility.
Second, we characterize for all scattering channels corresponding to the trans-
verse modes of the waveguide the behavior of the scattering matrix for the
pair {Hp, H} at embedded thresholds. More precisely, we show that the scat-
tering matrix is continuous at the thresholds if the channels we consider are
already open, and that the scattering matrix has a limit from the right at the
thresholds if a channel precisely opens at these thresholds (see Proposition 3.8
for a precise formulation of this result). Up to our knowledge, these types of
results are completely new since the analysis of the behavior of a scattering
matrix at embedded thresholds has apparently never been performed. We also
show the continuity of the scattering matrix at embedded eigenvalues which
are not located at thresholds. But in this case, similar results were already
known for other models, see for example |7, Prop. 10| or [14, Prop. 6.7.11] (see
also [5] where propagation estimates at embedded thresholds are obtained for
a Schrodinger operator with time periodic potential).

As a final comment, we stress that we fully describe all possible behaviors
at thresholds since we do not assume any condition on the absence of bound
states or resonances at thresholds. Based on the expressions obtained in this
paper, a Levinson’s type theorem for quantum waveguides could certainly be
derived, and deserves further investigations.

Acknowledgements. — The authors thank A. Jensen for useful discussions.
The authors also thank T. Christiansen and L. Parnovski for pointing out to
them some related results in the framework of manifolds with asymptotically
cylindrical ends, see for example [2, 6].

2. Inversion formula

In this section, we adapt the inversion formula [11, Prop. 1] to the case of an
arbitrary projection, and then discuss two possible choices for this projection.
The symbol # stands for an arbitrary Hilbert space with norm || - || and scalar
product (-, -), and ZB(#) denotes the algebra of bounded operators on # with
norm also denoted by || - |
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ProproSITION 2.1. — Let O C C be a subset with 0 as an accumulation point.
For each z € O, let A(z) € B(H) satisfy

A(z) = Ao + zA1(2),

with Ag € B(H) and || A1(2)| uniformly bounded as z — 0. Let also S € B(H)
be a projection such that:

(i) Ao+ S is invertible with bounded inverse,
(ii) S(Ap+9)" 1S =5.

Then, for |z| > 0 small enough the operator B(z) : SH — SH defined by

21)  B(z) = % (s-5(A) +9)7s)

= S(Ag+ )" <Z(—z)j (A1(2) (Ao + S)—l)j“) S

7>0

is uniformly bounded as z — 0. Also, A(z) is invertible in H with bounded
inverse if and only if B(z) is invertible in SH with bounded inverse, and in
this case one has

1

A(z)"t = (A(z) + S)_ + %(A(z) + S)_ls’B(z)_IS(A(z) + S)_l.

Proof. — For z € O with |z| > 0 small enough, one has the equality
1 -1
B(z):;(S—S(Ao—}—S) S)

+ 540+ 8)7! (Z(—z)j (A1 (2) (Ao + S)—l)j“) S.

J=0

So, the condition (ii) implies the second equality in (2.1). The second part of
the claim is a direct application of the inversion formula [10, Lemma 2.1]. O

The choice of the projection S plays an important role in the previous propo-
sition. For example, if 0 is an isolated point in the spectrum o(Ag) of Ay, a
natural candidate for S is the Riesz projection associated with this value, which
is the choice made in [4, 10, 11]. Another natural candidate is the orthogonal
projection on the kernel of Ag. However, for both choices additional conditions
are necessary in order to verify conditions (i) and (ii). Below, we first discuss
the case of the Riesz projection and then the case of the orthogonal projection.
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2.1. Riesz projection. — In this section, we assume that 0 is an isolated point
in 0(Ap) and write S, for the corresponding Riesz projection. In that case,
AoS, = S Ap = S, A0S, and Ag + S, is invertible with bounded inverse (see
[12, Chap. I11.6.4]). The condition (ii) above, namely S,(4¢ + S;)~1S, = S,
is more complicated to check. However, if one assumes that AyS, = 0, or the
stronger condition that Ay is self-adjoint, then the equalities S,(Ag + S,)~! =
S, = (Ao + S,)71S, hold, and thus condition (ii) is satisfied (note that in
that case a small simplification takes place on the r.h.s. of (2.1)). However, the
condition AyS, = 0 does not always hold since AyS, is in general only quasi-
nilpotent [12, Sec. I11.6.5]. Fortunately, the condition AyS, = 0 holds if Ay has
a particular form, as shown in the following lemma (which is an extension of
[11, Prop. 2]).

LEMMA 2.2. — Assume that Ag = X +1iY, with X,Y bounded self-adjoint
operators and Y > 0, and suppose that 0 is an isolated point in o(Ag). Let S,
be the corresponding Riesz projection, and assume that S,AqS, is a trace-class
operator. Then, AgS, = S,Ay = 0.

Note that the trace-class condition is satisfied if, for instance, S, is finite-
dimensional.

Proof. — Since S, is a projection which commutes with Ay, one has AyS, =
S,Ag = S, AyS,. Therefore, if J is the operator in S, given by J := S, AqS,,
then

Im <S,«g0, JSr<p> =Im <Srcp, STA()STS,«QD>
=Im (S, A0Srp) >0 forall p € H,

or equivalently Im(J) > 0 in S,.% . Since J is quasi-nilpotent [12, Eq. (111.6.28)]
and trace-class, and since quasi-nilpotent trace-class operators have trace 0 [13,
p. 32|, it follows that

0= Tr(J) = Tr (Re(J)) + 4 Tr (Im(J)).

This equality together with the inequality Im(J) > 0 imply that Im(J) = 0.
Thus, J is self-adjoint and quasi-nilpotent, which means that J = 0. O

We now list a series of consequences of the previous result.

COROLLARY 2.3. — Suppose that the assumptions of Lemma 2.2 are satisfied,
then the conditions (i) and (ii) of Proposition 2.1 are verified for S = S,.

COROLLARY 2.4. — Suppose that the assumptions of Lemma 2.2 are satisfied,
then S, = ker(Ap).
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Proof. — The inclusion S, C ker(Ag) follows from the equality AyS, = 0,
and the inclusion S, # D ker(Ay) is standard. O

We finally present a simple result which holds under the assumptions of
Lemma 2.2, but can be proved in a slightly more general context. The norms
and scalar products of the different Hilbert spaces are written with the same
symbols.

LEMMA 2.5. — Let § be an auziliary Hilbert space, toke Z, € B(¥#,9),
and assume that the sum ) ZrZ, is weakly convergent. Let also Ag =
X+i),, ZyZy,, with X a bounded self-adjoint operator in J, and suppose
that S is a projection satisfying AgS = 0 and SAyg = 0. Then, Z,,S = 0 and
SZ}, =0 for each m.

Proof. — Let ¢ € #. Then, the first identity follows from the equalities
||ZmSg0|| (Se, ( ZZ* )Se) =Im (S, X—}—ZZZ* )S¢)

=Im <S<p,AoS<p> =0,

and the second identity follows from the equalities
125 0||* < (5%, ( Zz* )S*p) = —Im (S*p, (X — zz Z:7,) 5%

= —Im <S @,ASS*<p> =0. O

2.2. Orthogonal projection on the kernel. — In this section, we assume from the
beginning that Ag = X+:Y, with X, Y bounded self-adjoint operators and Y >
0. In that case, one has ker(Ag) = ker(X)Nker(Y') = ker(A§). Also, if S, denotes
the orthogonal projection on ker(Ayg), the relations XS, = 0= S,X,YS,=0=
S,Y and AgS, = 0 = 5,40 hold. Thus, if one shows that Ay + S, is invertible
with bounded inverse, then the conditions (i) and (ii) of Proposition 2.1 would
follow. So, we concentrate in the sequel on this invertibility condition.

Since Ay is reduced by the orthogonal decomposition # = S,H & (1 — S,)H
and since Ag is trivial in the subspace S,#, the operator Ag + S, is invert-
ible with bounded inverse if the restriction of Ay to SiH := (1 — So)H
is invertible with bounded inverse. However, since Ao|s:s has an inverse
on Ran (A0|SOL%) = Ran(Ap), and since Ran(4,) is dense in S} (because
Ran(Ap) = ker(Ay)t = ker(Ag)t = S H), the only remaining question
concerns the boundedness of the inverse A5' on Ran(Ay).

In the following two lemmas, we exhibit conditions under which this question
can be answered affirmatively.
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LEMMA 2.6. — Assume that Ag = X + 1Y, with X,Y bounded self-adjoint
operators and Y > 0, and suppose that 0 is an isolated point in o(Ao). Let S,
denote the corresponding Riesz projection, and assume that S,.AyS, is a trace-
class operator. Then, Ag is invertible in ker(Ag)® with bounded inverse if and
only if Sy is an orthogonal projection.

Before giving the proof, we recall that if S, is an orthogonal projection, then
it automatically follows from Corollary 2.4 that S, = S,.

Proof. — Sufficient condition: Assume that S, is an orthogonal projection (and
thus equal to S,). Since Ay is invertible in S;*# with bounded inverse by
[12, Thm. II1.6.17], one infers that Ag is invertible in S # = ker(Ag)* with
bounded inverse.

Necessary condition: Suppose by absurd that S, is not an orthogonal pro-
jection, or more precisely that S+ # St (since we already know that
S, J = ker(Ag) = S, by Corollary 2.4). Then, if there exists ¢ € S+ \ {0}
with ¢ & S+, one has S, # 0 and S+ # 0, and for any z € C \ {0} with
|z| small enough

(Ao —2) Lo = (Ao — 2) ' Sop + (Ao — 2) 'S

Now, we know from [12, Thm. IT1.6.17] that the Lh.s. has a limit in # as z — 0.
But since S,¢ € ker(Ap), the first term on the r.h.s. does not have a limit as
z — 0. Therefore, the second term on the r.h.s. neither has a limit as z — 0,
and thus the operator Ay is not invertible in S = ker(Ag)= .

On the other hand, if there exists ¢ € S \ {0} with ¢ ¢ S+, one has
S, # 0 and Sip # 0, and for any z € C\ {0} with |z| small enough

(Ao —2)'p = (Ao — 2) 'S + (A9 — 2) 7' Sip.
In this case, the second term on the r.h.s. does have a limit in # as z — 0, but
the first term on the r.h.s. does not. Therefore, the 1.h.s. does not have a limit
in # as z — 0, and thus the operator Ag is not invertible in S = ker(Aq)= .
Summing up, if S H # S+, then Ay is not invertible in S = ker(Ap)+,
which concludes the proof of the claim. O

LEMMA 2.7. — Assume that Ag = X + 1Y, with X,Y bounded self-adjoint
operators and Y > 0. Suppose also that Ay = U + K with U unitary and K
compact, or that Ay is a finite-rank operator. Then, Ay is invertible in ker(Ay)*
with bounded inverse.

Proof. — Recall that Ran (A0|ker(A0)J_) = Ran(Ay) is dense in S;-#. So, the
boundedness of the inverse of Ag in ker(A4g)’ follows from the closed graph
theorem [12, Thm. IT1.5.20] if Ran(Ay) is closed. But, this is verified under both
conditions. Under the first condition, one has Ag = U+ K = (1+ KU 1)U with
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KU™! is compact. So, (1 + KU~1) is Fredholm, and the image of U# = H
by (1 + KU™') is closed [3, Thm. 4.3.4]. And under the second condition,
Ran(Ap) is finite-dimensional and thus closed. O

Under the assumptions of Lemma 2.7, the value 0 is an isolated point
in 0(Ap). Thus, the Riesz projection S, is well defined, and one obtains the
following by combining the two previous lemmas:

COROLLARY 2.8. — Suppose that the assumptions of Lemma 2.7 are satisfied.
Then, S, = S,, and the conditions (1) and (ii) of Proposition 2.1 are verified
forS=S5,=5,.

Proof. — We know from Lemma 2.7 that Ay is invertible in ker(Ag)+ with
bounded inverse. Thus, it follows from Lemma 2.6 that S, = S, and that the
conditions (i) and (ii) of Proposition 2.1 are verified for S = S, = S, if S, 405,
is a trace-class operator. But, the operator S,.AyS, is clearly trace-class if Ag
is a finite-rank operator. On the other hand, if Ay = U + K with U unitary
and K compact, then the isolated eigenvalue 0 is of finite multiplicity, S, is
finite-dimensional [12, Remark I11.6.23], and S, 4,5, is also trace-class. O

We close this section with a comment on the usefulness of Corollary 2.8 for
the iterative procedure of the next section. If we use a Riesz projection S,
without knowing that it is orthogonal, this is harmless at the first step of the
iteration (as illustrated in [11]), but this becomes more and more annoying at
each step of the iteration. Indeed, conjugation by Riesz projections does not
preserve positivity, and thus any argument based on positivity can hardly be
invoked. Therefore, Corollary 2.8 leads to various simplifications in the iterative
procedure since it provides conditions guaranteeing that S, is orthogonal.

3. Quantum waveguides

We introduce in this section the model of quantum waveguide we use and
recall some of its basic properties. Much of the material is borrowed from [1]
to which we refer for further information.

We consider a bounded open connected set ¥ C R4 ! with d > 2, and
let —AZ be the Dirichlet Laplacian on X acting in L2(X). This operator has a
purely discrete spectrum 7 := {\, },>1 consisting in eigenvalues A\; < Ay < ---
repeated according to multiplicity. The corresponding set of eigenvectors is
denoted by {f,}n>1 and the corresponding set of one-dimensional orthogonal
projections is denoted by {#), },>1. Sometimes, we omit for simplicity to stress
that n > 1.

We consider also the straight waveguide Q := ¥ x R with coordinates (w, ),
the Hilbert space # := L2(), and the Dirichlet Laplacian Hy := —Af on Q
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acting in #. This operator decomposes as Hy = —~AZ® 1 +1® P? in H# ~
L2(¥) ® L2(R), with P := —id, the usual self-adjoint operator of differentia-
tion in L2(R). The spectrum o(Hy) of Hy is purely absolutely continuous with
o(Hp) = [A1,00), and each value A € 7 is a threshold in ¢(Hy) with a change
of multiplicity. Moreover, for z € C\ R, the resolvents R%(z) := (P? —2)~! and
Ro(2) := (Hp — z)~ ! satisfy the relation

(3.1) Ro(2) = Pn®R%(z—\y), 2€C\R,

and the resolvent R°(z) has integral kernel

(3.2) R%(2)(z,2') = # etVFle=a'l 2 e C\R, z,2' €R,
z

with the convention that Im(y/z) > 0 for z € C\ [0, c0).

In the following lemma, we recall some weighted estimates for R°(z) which
complement the asymptotic expansion given in [10, Lemma 5.1]. We use the
notations C4 := {z € C | Im(z) > 0} and (z) := (1 + 2?)'/2, and we let Q
denote the self-adjoint multiplication operator by the variable in L%(R).
LEMMA 3.1. — Fiz e > 0, take A € R\ (—¢,¢) and let ( € Cy with |¢| < /2.

(a) If s > 1/2, then the limit

(@R (A+O(Q)° = (@7 R (A + @)~

lim
¢’'—¢,¢'eCy

exists in %(LQ (R)) and is independent of the sequence (' — (. Moreover,
the limit is a Hilbert-Schmidt operator with Hilbert-Schmidt norm

(@) *RO(A + ¢)(Q)*| ;4 < Const. [A|~1/2.
(b) If s > 3/2, then
(@)~ (R°(A + ¢) = R°(W)(Q)~*|| g < Comst. [¢[[A] 712,

where the constant may depend on € but not on \ and .

Proof. — The first claim follows from (3.2). For the second one, one has to
compute the integral kernel of (Q)~*(R°(A + ¢) — R°()\))(Q)~*, taking into
account the following equalities with y = |z — 2’| and z, 2’ € R :

elVAtey - eVAY = —¢ eiVATCy +L(eimy_eiﬁy)
VAFC VA IAVAFC(WAF T+ V) VA
and
- 1 ivAFs
i(ei\/my_eiﬁy) — iy etVATeCy ds 0
VA 2V Jo VA +sC
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Now, we consider a self-adjoint operator H := Hy+V, where V € L>*(Q; R) is
measurable with bounded support. We impose the boundedness of the support
for simplicity, but we note that our results would also hold for potentials V'
decaying sufficiently fast at infinity (see for example the seminal papers [9, 10]
for precise conditions on the decay of V at infinity). Following the standard
idea of decomposing the perturbation into factors, we define the functions

v: Q- R, (w,z) = [V (w,2)|"/?
and
1 if V >0
wi - {-1,1}, (o) gt VD)2
-1 if V(w,z)<0.

Then, the operator u+ vRy(z) v has a bounded inverse in ¢ for each z € C\R
and the resolvent equation may be written as

(H — 2)"" = Ro(2) — Ro(2)v(u+vRo(2)v) 'wRo(z), z€C\R.
Since the following equality holds:
(3.3) w(H — 2) 'ou = u — (u-l—vRO(z)v)fl, z € C\R,

deriving expansions in z for the resolvent (H — z)~! amounts to deriving ex-

pansions in z for the operator (u + vRo(z)v)fl, as we shall do in the next
section.

3.1. Asymptotic expansion at embedded thresholds or eigenvalues. — We derive in
this section an asymptotic expansion in z for the operator (u+vR0(z)v) ' As
a by-product, we show the absence of accumulation of eigenvalues of H. For
this, we first adapt a convention of [10] by considering values z = A\ — k? with
k belonging to the sets

O(e) == {k € C | |x| € (0,¢), Re(k) > 0 and Im(x) <0}, >0,
and
O(e) := {k € C| x| € (0,e), Re(k) >0 and Im(x) <0}, &> 0.
Also, we note that if x € O(e), then —x2 € C,, while if k € O(e), then
-k?2 € Cy.
Then, the main result of this section reads as follows:

PROPOSITION 3.2. — Suppose that V € L (2;R) has bounded support, let X €
TUop(H), and take k € O(e) with € > 0 small enough. Then, the operator
(u+vRg ()\—52)1})_1 belongs to B(FH) and is continuous in k € O(g). Moreover,
the continuous function

O(e) 2 k= (u+vRo(A — 52)1))_1

€ B(H)
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extends continuously to a function O(e) > k — M(\ k) € B(H), and for
each k € O(e) the operator M(X, k) admits an asymptotic expansion in k. The
precise form of this expansion is given in Equations (3.17) and (3.19) below.

Proof. — For each A € R, ¢ > 0 and k € O(¢), one has Im(\ — x2) # 0. Thus,
(3.3) implies that the operator (u+ vRo(A — k%) ) belongs to () and is
continuous in k € O(g). For the other claims, we distinguish the cases A € 7
and A € o,(H)\ T, treating first the case A € 7. All the operators defined below
depend on the choice of A, but for simplicity we do not always mention this

dependency.
(i) Assume that A € 7, take ¢ > 0, set N := {n > 1| A\, = A}, and write
P = Y oneN P, for the corresponding orthogonal projection (of dimension

greater or equal to 1). Then, (3.1) implies for k € O(e) that

(u+ vRo(A — KQ)U)_I

-1
={v(99®R°( No+ut > v(Pn® RO —nZ—An))v} :

n¢N

’ 112
Moreover, the expansion R*(—k?)(z,2') = 5= — lw_le + K lw_f‘ + O(k?)

for & € O(e) (see (3.2)) implies that the continuous function
O(e) 3 k — v(P ® R (—K?))v € B(H)

extends continuously to a function O(¢) 3 k — 5 No + Ni(k) € B(IH) with
No, N1(k) € B(F) integral operators which kernel satisfy for (w,x), (W', ') €
Q

No(w,z,0',a') = Y fulw)v(w,2)o(w',2') fulw),

nEN
N1 (0)(w,z,0',2") = —= Z fa()v(w,z) |z — o' |v(W, ") folw).
nEN
Also, Lemma 3.1(a) implies the existence and the unicity in Z(J) of the limits
Z v(Pn ® RO\ — k% = \p))v
n¢gN
= lim Z (P @ RN —K? = X\,))v, K€ O(e).

’ L k'€EO
K —K, K (e) ngN

Therefore, one has for k € O(g) that
(u+vRo(A — 52)1))_1 =2kIo(k)7 1,
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262 S. RICHARD & R. TIEDRA DE ALDECOA

with the operators

(3.4)

In(k) == No+2kMi(k) and My(k):= Ni(k)+u+ Z v(Pn @ R° (N — K% = \p)) v
n¢gN

continuous as functions from O(e) to Z(#). Furthermore, one infers from
[10, Lemma 5.1(i)] and Lemma 3.1(a) that ||M; (k)| ) is uniformly bounded
as K — 0.

Our goal thus reduces to derive an asymptotic expansion for Iy(k)~! as
% — 0. Since Iy(0) = Np is a finite-rank operator, 0 is not a limit point of o(Np).
Also, Ny is self-adjoint, therefore the orthogonal projection Sy on ker(Np) is
equal to the Riesz projection of Ny associated with the value 0. We can thus
apply Proposition 2.1, and obtain for k € 5(6) with € > 0 small enough that
the operator I (k) : So# — SoJ¢ defined by

(3:5) L(k) = 3 (=26) S0 { M (%) (Io(0) + o) '} "8y

3=0

is uniformly bounded as k — 0. Furthermore, I; (k) is invertible in SoJ¢ with
bounded inverse satisfying the equation

— 1 _ _
To(k) ™" = (Io(k) + So) ' + 5 (To(x) + 50) 18011 (k) 7180 (Io (k) + So) '
It follows that for k € O(e) with & > 0 small enough, one has

(3.6) (u+vRo(A—K2)v) "
= 2K (IO(K) + SO)_I + (Io(li) + So)_ISOIl(KV)_ISO (Io(li) + So)_l,

with the first term vanishing as k — 0.

To describe the second term of ('LL-I—’URQ(/\ —K?) v)fl as k — 0, we recall the

equality (Io(0)+So) 'Sy = S, which (together with (3.5)) implies for & € O(e)
with € > 0 small enough that

(37) Il(li) = SoMl(O)SO + HMQ(K:),
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with
Mg(li) = %So(Ml(K/) - Ml(O))SO

+ % ;(—zn)fso {M, (k) (10(0) + So) " 1S,
= SONQ(;)SO + %so > v {Py@ (RN — &2 = \y) = R°(A = \n)) }vSo
(3.8) - 22(_25)% {?\Zv(,q) (Io(0) + So) "} 25,
and N

No() = %(Nl(n) — Ni(0)).

Then, we observe that [10, Lemma 5.1(i)] implies that Na(x) admits a finite
limit as k — 0. Also, we note that Lemma 3.1(b) implies that the second term
in (3.8) vanishes as k — 0. Therefore, ||M2(k)||%(s,#) is uniformly bounded
as K — 0.

Now, we recall that

Mi(0) = N1(0) +u+ Y v(%n ® RO(A— \p)) v,
ng¢N

with « unitary and self-adjoint, N1(0) self-adjoint and compact, and with the
last term compact with non-negative imaginary part (the last property holds
for weighted resolvents on the real axis). So, since Sy is an orthogonal projection
with finite-dimensional kernel, the operator I;(0) = Sy M1(0)Sy acting in the
Hilbert space SoJ¢ can also be written as the sum of a unitary and self-adjoint
operator, a self-adjoint and compact operator, and a compact operator with
non-negative imaginary part. Thus, Corollary 2.8 applies with S; the finite-rank
orthogonal projection on ker (Il(O)), and the iterative procedure of Section 2
can be applied to I; (k) as it was done for Iy(k).

Thus, for x € 6(5) with € > 0 small enough, the operator Iy(k) : S19 —
S19 defined by

Iy(k) = > (=kY S {Ma(s) (1 (0) + S1) ' P sy
4y

is uniformly bounded as x — 0. Furthermore, I5(x) is invertible in S1.# with
bounded inverse satisfying the equation

L(k) ™ = (Ii(k) + S1) ' + % (I (k) + S1) " Su (k)18 (1 (k) + S1) .
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This expression for I (k) ™! can now be inserted in (3.6) in order to get for x €
O(g) with € > 0 small enough
(3.9)

(u+vRo(A — k%))
=2k (Io(k) + So) " + (To(k) + So) " So(T1(k) + S1) ™ So(To(k) + So) "

-1

+ % (IO(//{/) + S[])_ISO (Il(li) + Sl)_lsllg(/'i)_l
% 81 (Ii(k) + 1) S0 (To(k) + o) ™\,

with the first two terms bounded as k — 0.

Let us concentrate on the last term and check once more that the as-
sumptions of Proposition 2.1 are satisfied. For that purpose, we recall that
(I1 (0) + 51)7151 = 57, and observe that for k € O(e) with € > 0 small enough

(3.10) I (k) = S1M(0)S1 + k M3(k),

with

(3.11)

M3(0) = SoN2(0)So — 250 M (0) (I(0) + So) "M (0)Sy  and  Ms(x) € O(1).
The inclusion M3(k) € O(1) follows from standard estimates and from the fact

that 1 (N2(k) — N2(0)) admits a finite limit as k£ — 0 (see [10, Lemma 5.1(i)]).
Note also that the kernel of N3(0) is given by

(3.12) Ny(0)(w,z,w’, )

= i Z fro(W)v(w,2)|z — 20, 2) fu(W), (w,2),(W,2') €.

neN

Now, as already observed, one has M;(0) = X + iZ*Z, with X, Z bounded
self-adjoint operators in F. Therefore it follows that I;(0) = SoM;(0)Sy =
SoX So+i(ZS0)*(ZSp), and one infers from Corollary 2.5 that ZSyS; = 0 and
Sls’(]Z* = 0. Since S150 = Sl = S()Sl, it follows that ZSl = 0, that SlZ* = 0,
and also that

SlMl(O) (I()(O) + So)_lMl(O)Sl = Sl(X + ZZ*Z) (I()(O) + So)_l(X + ZZ*Z)Sl
= S X (Ip(0) + So) "' X S5

So, this operator is self-adjoint, and thus one infers from (3.11) and (3.12) that
I5(0) = S1M5(0)S; is the sum of two bounded self-adjoint operators in S1.%.

Since S1# is finite-dimensional, 0 is not a limit point of the spectrum
of I5(0). So, the orthogonal projection S, on ker (I(0)) is a finite-rank op-
erator, and Proposition 2.1 applies to I2(0) + k M3(x). Thus, for k € O(e) with
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¢ > 0 small enough, the operator I3(k) : So# — S29¢ defined by
I3(k) =Y (—K) 82 { Ms(r) (12(0) + S2) "} 'S,
Jj=20
is uniformly bounded as k — 0. Furthermore, I5(x) is invertible in So# with
bounded inverse satisfying the equation

(k)™ = (Io(k) + S2) ' + % (Io(k) + S2) ' Sals(k) "1 Sa (Ia(k) + S2) .

This expression for I5(k) ™! can now be inserted in (3.9) in order to get for x €
O(e) with € > 0 small enough
(3.13)

(u+vRo(X — k%))

= 2k (Io(k) + So) " + (Io(k) + S0) ™' So(I1 (k) + 51) ™ So(Io(k) + So) ™

-1

L (10000 + 50) " Sa(B) + 51)

x Sy (Io(k) + S2) Sy (I (k) + S1) ™ 8o (Io(k) + So) '
+ % (Io(k) + S0) ™" So (11 (k) + 51) 7' 81 (La(k) + S2) ™
X 5213(/-@)_182 (IQ(H) + 52)7151 (Il(ﬂ) + 51)7150 (Io(l'i) + S())il.

Fortunately, the iterative procedure stops here. The argument is based on
the relation

w(H — A+ k%) lou=u— (u+vRo(X — nz)v)_l

and the fact that H is a self-adjoint operator. Indeed, if we choose k = §(1—1i) €

O(g), then the inequality ||f12(H -+ /-@2)_1”53(%) < 1 holds, and thus
3.14 I 2(u+vRy(A — k) v) :
(3.14) 11'?j})1p||/£ (u+ vRo(A — k%) v) ”gg(;{) < o0

So, if we replace (u+vRo(A — K?) v)_l by the expression (3.13) and if we take

into account that all factors of the form (I (k) + Sj)_l have a finite limit as
k — 0, we infer from (3.14) that

(3.15) limS(l)lp ||I3(K)_1||@(Sgﬂ) < 00

Therefore, it only remains to show that this relation holds not just for x =
5(1 —1) but for all k € O(e). For that purpose, we consider I3(x) once again,
and note that

(3.16) Ig(FL) = SgMg(O)SQ + K,M4(I€) with M4(I£) S @(1)
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The precise form of M5(0) can be computed explicitly, but is irrelevant. Now,
since I5(0) acts in a finite-dimensional space, 0 is an isolated eigenvalue of I3(0)
if 0 € 0(13(0)), in which case we write S3 for the corresponding Riesz pro-
jection. Then, the operator I3(0) + S3 is invertible with bounded inverse,

and (3.16) implies that I3(x) + Ss is also invertible with bounded inverse

for & € O(¢) with & > 0 small enough. In addition, one has (Is(k) + 53)71 =

(I3(0) + 53)_1 + O(k). By the inversion formula given in [10, Lemma 2.1], one

infers that S5 — S5 (Ig(ﬂ) + Sg) _153 is invertible in S3# with bounded inverse
and that the following equalities hold

Iy(k) ™ = (Is(k) + )~ + (Is(k) + S3)
x S3{ S5 — S5 (Is(k) + S3) "S5} ' Ss(Is(k) + Ss)
= (I3(k) + 5’3)_1 + (Is(k) + 53)_1
x S3{ S5 — S5 (I5(0) + Ss) 'S5+ O(k)} ' S (Is(k) + Ss) .

1

This implies that (3.15) holds for some s € O(e) if and only if the operator
S3 — S3(I5(0) + 53)715’3 is invertible in S37 with bounded inverse. But, we
already know from what precedes that (3.15) holds for x = 5(1 — ). So, the
operator S3 — S3 (13(0) + Sg)_153 is invertible in S37 with bounded inverse,
and thus (3.15) holds for all k € O(e).

Therefore, (3.13) implies that the function

O(g) 3 k> (u+vRo(A — nz)v)fl € B(H)
extends continuously to a function 5(5) 3 k> M()\ k) € B(H), with M()\, k)
given by
(3.17)
M(X, k) = 26(Io(k) + So) " + (Io(%) + So) ~ So (L (k) + 1) ™" So(Io(%) + So)
+ % (I()(K)) + S())_lso (Il(lﬂ',) + Sl)_lSl (IQ(K?) + Sg)_l

X Sl (Il(fi) + Sl)ilso(lo(ﬂ) + S())il
+ % (Io(li) + So)_ISO (Il(lﬂi) + Sl)_lsl (IQ(KZ) + SQ)_I

X 52I3(f§)71S2 (IQ(K?) + 52)7151 (Il(lﬁ) + 51)7150 (Io(li) + So)il.

(ii) Assume now that A € o,(H) \ 7, take € > 0, let x € O(e), and set
J()(Ii) =Ty + K2 Tl(li) with

Ty :=u+ Zv(g’n ® RO(A — \n))v

TOME 144 — 2016 — N° 2



RESOLVENT EXPANSIONS AND CONTINUITY OF THE SCATTERING MATRIX 267

and

)=%Zv{9ﬁn®(R°(A—n2—A) RY(A =) }o.

Then, one infers from Lemma 3.1(b) that ||T1(k)||z(#) is uniformly bounded
as k — 0. Also, the assumptions of Corollary 2.8 hold for the operator Tj,
the Riesz projection S associated with the value 0 € o(7}) is an orthogonal
projection, and Proposition 2.1 applies for Jo(k). It follows that for x € 6(5)
with € > 0 small enough, the operator Ji(k) : SH — SH defined by

(k) = Y (~R*V S {Ti(w) (T + ) 'S
>0
is uniformly bounded as k — 0. Furthermore, Ji(x) is invertible in SJ¢ with
bounded inverse satisfying the equation
_ -1 1 _ _ -1
Jo(K)) = (JQ(K?)—FS) + ?(JO(K/)"'_S) ISJl(K,) 1S(J0(K))+S) .
It follows that for x € O(e) with € > 0 small enough one has

(3.18) (u+vRo(A— HZ)’U)_l

= (J()(H) + S)_l + % (J()(K?) + S)_lsjl(lﬂl)_ls(Jo(H) + S)_l.

Fortunately, the iterative procedure already stops here. Indeed, the argument
is similar to the one presented above once we observe that

Ji(k) = ST1(0)S + kTo(k) with Tx(k) € O(1).
Therefore, (3.18) implies that the function
O(g) 3 k — (u+vRo(A — 52)0)_1 € B(J)
extends continuously to a function O() 3 k — M(A, k) € B(H), with M(\, k)
given by

(3.19) M(X\ k) = (Jo(k) +5) "

+ %(Jo(/-i) +8) ST (k) S (Jo(k) + 8) L O

We now give a result on the possible embedded eigenvalues. Since it is already
known that the eigenvalues of H in o(H) \ 7 are of finite multiplicity and
can accumulate at points of 7 only (see [1, Thm. 3.4(b)]), we show that such
accumulations do not take place:

COROLLARY 3.3. — Suppose that V € L>®°(Q;R) has bounded support. Then,
the point spectrum of H has no accumulation point (except possibly at +00).
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Proof. — To show the absence of local accumulation of eigenvalues, suppose
by absurd that there is an accumulation of eigenvalues at some point A € .
Then, the validity of the expansion (3.17) at the point X contradicts the validity
of the expansion (3.19) which would take place at each of these eigenvalues.
Thus, there is no accumulation of eigenvalues at points of 7, and the claim is
proved. O]

We end up this section with some auxiliary results which will be useful later
on. All notations and definitions are borrowed from the proof of Proposition 3.2.
The only change is that we extend by 0 the operators defined originally on
subspaces of # to get operators defined on all of J.

LEMMA 3.4. — Take2 > j >k >0 and k € 5(5) with € > 0 small enough.
Then, one has in B(H)
[S;, (In(k) + Sk) '] € O(x).

Proof. — The fact that S; is the orthogonal projection on the kernel of I;(0)
and the relations S;S; = S; = S; Sy imply that [Sk, S;] = 0 and [I;(0), S;] = 0.
Thus, one has the equalities
(S, (Tu(k) + k) ] = (Iu(k) + Sk) ™ [Ti(k) + Sk, S5] (In(s) + Sk) ~
= (Ie(k) + Sk) " [Tk(0) + O(%) + S, S;] (Tn(k) + Sk) ™
-1

= (Te(k) + Sk) " [0(k), S;] (T (k) + Sk) ™,

which implies the claim. O

1

1

Given A € 7, we recall that N ={n>1[A, =A}and P =3 _\ Pn

LEMMA 3.5. — Let A € 7 and let § be an auziliary Hilbert space.

(a) For eachn € N, one has ($, ® 1)vSy = 0.
(b) For eachn ¢ N and B, € B(H,4) such that
BB, =1Im {v(gjn ® RO\ — /\n))v}, one has S1B); =0 and B,S; = 0.

Proof. — The first claim follows from the fact that Sy is the orthogonal pro-
jection on ker (v (P®1) v). The second claim follows from Lemma 2.5 applied
with Z,, = B, Sy and

Ag = SoM1(0)Sy = So{ +U+Z (P ® R°(A— X ))v} So
n¢N
if one takes into account the relations Sy3.51 = S1 = 51.5. O

For what follows, we recall that ) is the multiplication operator by the
variable in L*(R).
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LEMMA 3.6. — Omne has

(a) XSy =0= 52X, with X the real part of the operator M1(0),
(b) S2(1®Q)v(fr,®1) =0, for alln € N,
(C) Ml(O)SQ =0= SQMl(O)

Proof. — First, we recall from the proof of Proposition 3.2 that
IQ(O) = S1M2(0)S1 = SlNg( )Sl —-251 X ( ( )—|— S()) lel,

with N2(0) given (in the usual bracket notation) by

Z{|®Q (fa @ D))o(fr®1)

nEN

+o(fn@)){(1@QY)v(fr®1)|
—2|1®Q)v(fn®1) ><(1®Q v(fa®1)|}

Now, let ¢ € S39¢. Then, we have I5(0)¢ = 0 and

(3.20) (0, N2 (0)0) = 2(, X (Io(0) + So) " X¢o).

In addition, one infers from the relation Sy = SpS3 and Lemma 3.5(a) that

(v, {l v(fn @ 1)) (v(fa ®1)|}e)
=(p,(1®Q*)v(fn ®1)){(Sov(fa®1),0) =0,

and thus (3.20) reduces to

- <so, > {I(l®Q)v(fn®1)><(1®Q)v(fn®1)|}so>

neN
-1
= 4(, X(I(0) + S0) "' Xo).
Since both operators are positive, both sides of the equality are equal to 0. This
implies that

_1/2Xs0||2 _

(1®Q)v(fn®1),¢)=0for eachn € N and || (Io(0) + So)
from which the points (a) and (b) are easily deduced.

Finally, we note that M7(0)Ss = XS5 and Sy M7(0) = S2X due to the proof
of Proposition 3.2. So, the point (¢) follows from the point (a). O
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3.2. Scattering theory and spectral representation. — In this section, we recall
some basics on the scattering theory for the pair {Hy, H} and on the spectral
decomposition for Hy. As before, we assume that V' € L>°(Q;R) has bounded
support.

Under this assumption, it is a well-known that the wave operators

Wy = s-lim eH e¢~#tHo
t—+too

exist and are complete (see [1, Cor. 3.5(b)]). As a consequence, the scattering
operator S := WiW_ is a unitary operator in # which commutes with Hy,
and thus S is decomposable in the spectral representation of Hy. So, in order
to proceed, we start by recalling the spectral representation of Hy. For that
purpose, we define for each A € [A1, 00) the finite set

N()) := {n21|)\n§)\}
and the finite-dimensional space
P (2.2 e 2,2(5)},
neN(A)

with A, and &, as in Section 3. Note that J#()\) is naturally embedded
in #(0) == @, { P 2(Z) ® P, L2(£)}. Now, for any & € R, we let y(¢) :
Z(R) — C be the trace operator given by v(£)f = f(€), with .#(R) the
Schwartz space on R. Also, we define for each A € [A\1,00) \ 7 the operator
T : L2(2) © L (R) — H(N) by

(TNe),
= (A_An)_1/4{(g)n®7(_ V A— An))‘Pa (gj ®7 V )30} ne N(A)
Some regularity properties of the map A — T'(A\) have been established in [1,

Lemma 2.4], and additional properties are derived below for the related map
A — Z%y(\) which we now define.

Let # : L2(R) — L*R) be the Fourier transform and let ¢ :=
f[ial 00) (M) d\. Then, the operator %, : # — J# given by
(Zop)(N) = Zo(N) e :=2"2TNA® F)p, e[, 0)\71, ¢ l2(2)o.7R),

is unitary and satisfies FoHy.%§ fp\ )\d)\ (see [1, Prop. 2.5]). We shall
need some expansions for the map A — ﬂg( ) in neighborhoods of points
A € T Uop(H). For this, we define for each A > Aq, each n > 1 such that
An < A, and each o € {+,—}

FoAin, ) =272\ = \) VY P @ v(0 VA = M) F ), ¢ € LX(D) 0 L(R).
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The operator Fo(\;n,0) : L2(X) © S (R) — P, L2(X) is defined on a slightly
larger set of A than the operator Zy(\) : L2(X) ® #(R) — #()\). Also, we
define the sets

90(e) = {k e C| ke (0,e)U(0,—ic)} C Oe), >0,

for which —k? € (—€2,¢2) \ {0} if k € dO(g), and we let L2(R) be the domain
of (@)°, s € R, endowed with the graph norm. Then, given A € 7 U o, (H), we
consider for each k € 0(g) with € > 0 small enough the asymptotic expansion
in x of the operator .Zo(\ — k2;n,0). If A\, < ), one has for k € 90(e) with
€ > 0 small enough

I‘i2

()\—Kv —)\)1/4 ()\ )\)1/4<1+4()\_)\n)

+ @(/-64)> )
Similarly, if s > 0 is big enough and if o € {+, —}, one has in Z(L%(R),C)
2
Y(oVA=K2 =) F =y(cV = \p) F (1 + %Q) + O(x).

As a consequence, we have in Z(L%(Z) ® L2(R); 2, L(X))
(3.21)

2 2
Fo(\— k% n,0) = Fo(Mn, o) <1 +

k 4
PR W, e w Q) + ),
On the other hand, if A = A, € 7 and —k? > 0, then one obtains in Z(L*(X) ®
L3 (R), 2, (%))

(3:22)  Fo(A—r%m,0) = (=r%)"V1y0(n) —io(=r*) y(n) + O(s[*?)

with v;(n) : L2(Z) ® L2(R) — 2,,L2(X) the operator given by

(7 (n)p) (W) = ((Pn ®1)¢)(w,z)dz for almost every w € .

v .
= g
250/ Jgr

With these expansions at hand, we can start the study of the regularity prop-
erties of the scattering matrix at thresholds or at embedded eigenvalues. Before
that, we just need to give a final auxiliary result. Recall that the orthogonal
projections Sy and S; have been introduced in the proof of Proposition 3.2.

LEMMA 3.7. — Take A € 7, 0 € {+,—}, and k € 90(g) with € > 0 small
enough.

(a) Forn > 1 such that A\, < A, one has Fo(\ — k%;n,0)vS; € O(k?).
(b) Forn >1 such that A\, = A\ and for —x% > 0, one has
Fo(A — k% n,0)vSy = 0.
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Proof. — (a) Due to the expansion (3.21), it is sufficient to show the equal-
ity Zo(A;n,0)vS; = 0. For that purpose, we define the operator B,, : # —
P, 2(D) @ 2, 2(2) by

Bn‘p = WI/Q{QO()\;TL’ —)U@,yo()\;n,‘f‘)’l)@},

and note that BB, = Im {v(%, ® R°(A — X\,))v}. The mentioned equality
then follows from Lemma 3.5(b).
(b) The claim is a direct consequence of the identity

Fo(A — k% n,0)vS) = Fo(A — k%, 0)(Pn ® 1)vS
and Lemma 3.5(a). O

3.3. Continuity of the scattering matrix. — Since the scattering operator S com-
mutes with Hy, it follows from the spectral decomposition of Hy that
®
FoSF; = / S(A)dA,
[A1,00)

where S(A), the scattering matrix at energy A, is defined and is a unitary
operator in () for almost every A € [A\1,00). In addition, one can obtain a
convenient stationary formula for S()) using time-dependent scattering theory.
For instance, if one uses the results of [1, Sec. 3.1] and relation (3.3), one obtains
for each A € [A1,00) \ {T U, (H)} the equality in Z(#(N))

S(A) =1 =27 Fo(A) v(u+ vRo(\)v) " v.Fo(N)*,
and that the map
A, 00)\ {TUop(H)} 3 X — S(A\) € 7(0)

is a k-times continuously differentiable, for any k& > 0.

Since the regularity of the map A — S()) is already known when A\ €
[A1,00) \ {T Uop(H)}, we now describe the behavior of S(A) as A approaches
points of TUoy,(H). To do this, we decompose the scattering matrix S(\) into a
collection of channel scattering matrices corresponding to the transverse modes
of the waveguide. Namely, for A € [A1,00) \ {7 Uop(H)}, for n,n’ > 1 such
that A, < X and A,y < A, and for 0,0’ € {+,—}, we define the operators
S(An,o,n',0") € B(Pn L2(2), PnL2(X)) by

S(\in,0,n,0") == bponior — 21 Fo(A;n, o) v(u + vRo(N) v)_lvﬂo()\; n',o')*

with 6pone ;=11 (n,0) = (n/,0’), and dponrer := 0 otherwise.

We consider separately the continuity at thresholds and the continuity at
embedded eigenvalues, starting with the thresholds. Note that for each A € 7, a
channel can either be already open (in which case one has to show the existence
and the equality of the limits from the right and from the left), or can open
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at the energy A (in which case one has only to show the existence of the limit
from the right).

PROPOSITION 3.8. — Suppose that V € L>®(;R) has bounded support and
take A\ € T, k € 0(g) with € > 0 small enough, n,n' > 1, and 0,0’ € {+,—}.

(a) If \p < X and Ay < A, then the limit lim,_,0 S(A\ — k?;n,0,n’,0") exists.
(b) If A\ <X\, Apr < X and —k? > 0, then the limit
lim, o S(A\ — k%;n,0,n,0") exists.

Before giving the proof, we define for 2 > 5 > k£ > 0 the operators
-1
Cin(k) = [S;, (In(k) + Sk) '] € B(H).

We know from Lemma 3.4 that Cjx (k) 6 O(k), but the Formulas (3.4), (3.7)
and (3.10) imply in fact that Cj, ( ) := lim,—o L Cjx(k) exists in Z(H). In
other cases, we use the notation F(k) € B,5(k™) for an operator F(k) € O(k")

such that lim,_.o k™" F (k) exists in Z(J). Finally, we note that (3.17) can be
rewritten as

(3.23)

M(X, k)

= 2k(lo(k) + So)~
(so (Io(k) + So) " — coo(,«u))s0 (I (k) + S1) " So ((Io(f-c) +80) S0 + Cog(li))

1

+ = (Io )+ 5’0) (51 (11 )+ 51) - 50011(1'6))51 (Iz(ﬁ) + 52)7151
X ((11(1-”») + 51)7 S1 + Cll(fi)so) (To(r) + 5’0)71
+$(Io(f~’~) +80) ' So(Ii(k) + 51) " (52 (Ia(k) + S2) ' - 51022(@)5213(5)*132

X ((12(1'6) + 52)715'2 + 022(5)31) (11 (k) + 51)7130 (Io(/i) + 50)71

-1

=2k (Io(k) + So)
! (SO (IO(N) - 50)71 B COO(K))SO (h(n) + 51)715’0((10(1@) + 50)715'0 + Coo(li))
+ %{(51 (Io(li) + So)—l . Clo(ﬁ)) ([1 (k) + 51)_1

— (S’o (Io(li) + So)i1 - Coo(/f))cll("‘)}
X 5'1([2 +Sz) ! 1{(11(H)+51) ((IO +SO) 1Sl"'ClO("'C))

+ Cri (k) ((Io(fo +S0) " S0+ 000(“))}
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i 12{ [(52 (Io() + So) ™" = Cao(k) ) (L () + 81) "

(So( )+S0) — Coo(n))Czl(n)} (I2(k) + 52)_1

1

[(sl (Io(k) + So) ™" — cm(n)) (Li(k) + 1)~
~(

So(Io(k) + So) ™" — Coo(n))cll(n)} OQQ(K)}5213(H)—152
{ IQ(H) + Sg [(Il (k) + 51)71 ((IO(/@) + 50)7152 + CZO(H))

+ Cai(k) ((Io(lf) + 50)715'0 + COO(”)):|

+ Caa(r) [(Il(n) +5)7" ((Io(li) +50) 7St + Clo(li))

+ Cu(li)((fo(:‘i) + So)_ISo + Coo(li))} }

The interest in this formulation is that the projections S; (which lead to sim-
plifications in the proof) have been put into evidence at the beginning or at
the end of each term.

Proof. — (a) Some lengthy, but direct, computations taking into account the
expansion (3.23), the relation (I;(0) + Sj)flsj = S5, the expansion (3.21)
for Zo(A—k%;n,0) and Fo(A—k?;n’,0’) and Lemma 3.7(a) lead to the equality

lirrb Fo(\ = k%0, 0) oM\, k). (A — K20/, 0)*
= Fo(A;n,0)vS (I1(0) + 51)_150Wf0(>\;n'70,)*
— eg.o()\; n, O')D(Céo(()) + S()Cél(O))SQIg(O)_l
x 82(C4(0) + C5,(0)So) vFo (X', 07)*.

Since

(3.24) S\ —k%n,0,n",0") = Snonor

= —2miFo(\ — k% m, o) oM\, K)v.Fo (A — k%0, 0')*,

this proves the claim.

(b.1) We first consider the case A, < A, A,y = A (the case A, = A, Ay < A
is not presented since it is similar). An inspection taking into account the
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expansion (3.23), the relation (I;(k) + Sj)_l = (I;(0) + Sj)_1 + Das(x) and
the relation (I;(0) + Sj)_lSj = 5; leads to the equation

Fo(A — k% n,0)vM(\, k) v.Fo(\ — K0/, 0’ )*

= Zo(\ — K?;n, a)v{@as(n) + So(I1 (k) + Sl)_lSo

+ %(Sl + Das(k))S1 (I2(K) + 52)_151 (S1 + Oas(k))
+ = [@as(f&) + 85 (Io(k) + So) (I (k) + 1) (In(k) + S5) ™"
(3.25) K

— 020(/’{,) — 50021(1%') — Slcgg(l’i)]

X 5213(53)7152 |:@as(ﬂ2) + (12(’6) + S2)_1

X (Il(KJ) + Sl)il(Io(H) + 50)7132
+ Cgo(li) + CQl(H)So + CQQ(H)Sl] }Uﬂo(/\ — 52; n', O'I)*.

Applying Lemma 3.7 to the previous equation gives

Fo(A — k*n,0)vM(\, k) v Fo(A — k%0’ 0')*

= Fo(\—K%n,0)v { O.s(k) — %(@(52) + Ca0(K) + SoC21(k))

x SoI3(k) 1 G2 (Bas(K?) + Cao(k)) }vﬁo()\ — k%', 0",

Finally, taking into account the expansion (3.21) for .%y(\ — k2?;n,0) and the
expansion (3.22) for .Zy(A — x%;n’,0’), one ends up with

FoX = k% n,0) oM\, k) v.Fo(A — k%0, 0')*

= (—k?)) T Z(\n, o) (O(k?) + Ca0 (k)

(3.26) + 80C21(r)) S2I3(r) ™" Sz (Oas (%) + Cao(x)) vy0(n')* + O(|x['/?),
where vo(n')* is given by vo(n')*y = ﬁ¢ ® 1 for any ¢ € P, L*().

Now, Lemma 3.6(c) implies that [M;(0), S2] = 0, and thus that
(3.27) Cao(k) = 2k (I0(0) + So) ™ [M1(0), So] (To(0) + So) " + O(k2) = O(k?).
In consequence, one infers from (3.26) that

Fo(A — k% n,0) oM\ k) v.Fo(N — k%0, 0')*

2

vanishes as K — 0, and thus that the limit lim,_,o S(A — k%;n,0,n’,0’) also

vanishes by (3.24).
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(b.2) We are left with the case A, = A = A,,». An inspection of the expansion
(3.23) taking into account the relation (I;(k) +Sg)_1 = (L,(0)+S,) s Oas(x),
the relation (I,(0) + Se)_lsg = S; and Lemma 3.7(b) leads to the equation

Fo(A — k% n,0) v M\, k) v.Fo (N — k%0, 0)*
= Zo(\ — K%;n, a)v{@as(/<52) + Ii(Io(li) + So)_1

L ()8 (ae) + 52) 1 81Cl)
5 (Ousls?) + O () a5 (6) ™ 5 () + 020(*””)}”3}0(A —we)”

Therefore, the expansion (3.22) for .%(\ — k2;n,0) and F(\ — k?;n’,0’) and
the inclusion Cy(k) € O(k?) (see (3.27)), imply that the limit

lin%) Fo(A— k% n,0)vM(\, k) v.Fo(N — k%0, 0')*

exists, and thus that the limit lim,_o S(A—k2;n,0,n’,0’) also exists by (3.24).
O

We finally consider the continuity of the scattering matrix at embedded
eigenvalues not located at thresholds.

PROPOSITION 3.9. — Suppose that V € L*(Q;R) has bounded support and
take A € o,(H) \ 7, k € 00(e) with € > 0 small enough, n,n’ > 1, and 0,0’ €
{+,=}. Then, if A, < X and Ay < A, the limit lim,—0 S(A — k?%;n, 0,7/, 0")
exists.

Proof. — We know from (3.19) that

M()\, Iﬁ?) = (J()(K?) + S)_l + % (Jo(lﬂ?) + S)_ISJl(Ii)_ls(Jo(H) + S)_l,

with S the Riesz projection associated with the value 0 of the operator T,
u+ Y, v(P, ® R°(A — A,)) v. Now, a commutation of S with (Jo(x) + S)

gives

-1

M, k) = (Jo(k) + )~

5 {S(o(8) +8) ™ + D)} SR S {(Jo(s) +8) 'S + Ous(i)},

and a computation as in the proof of Lemma 3.7(a) (but which takes di-
rectly Lemma 2.5 into account) shows that Fo(A — k?;n,0) vS € O(k?) and
Sv Fo(A — k%', o ) € O(k?). These estimates, together with the expansion
(3.21) for 9’0()\ — k% n,0) and Fo(\ — k%;n’,0')* and the Equation (3.24),
imply the claim. O
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