Hokkaido Mathematical Journal Vol. 45 (2016) p. 1-39

Low energy spectral and scattering theory

for relativistic Schrédinger operators

Serge RICHARD and Tomio UMEDA
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Abstract. Spectral and scattering theory at low energy for the relativistic
Schrodinger operator are investigated. Some striking properties at thresholds of this
operator are exhibited, as for example the absence of 0-energy resonance. Low en-
ergy behavior of the wave operators and of the scattering operator are studied, and
stationary expressions in terms of generalized eigenfunctions are proved for the for-
mer operators. Under slightly stronger conditions on the perturbation the absolute
continuity of the spectrum on the positive semi axis is demonstrated. Finally, an ex-
plicit formula for the action of the free evolution group is derived. Such a formula,
which is well known in the usual Schrodinger case, was apparently not available in the
relativistic setting.

Key words: relativistic Schrodinger operators, low energy, scattering theory, wave
operators, dilation group.

1. Introduction

The aim of this paper is to study the spectral and scattering theory
of the operator H = +/—A + V in L?(R®) with a special emphasis on
low but positive energies. Various properties of this so-called relativistic
Schrodinger operator have already been exhibited in [5], [24], [26], [27], but
its corresponding wave operators and scattering operator still deserved inves-
tigations. Obviously, the natural comparison operator is the free operator
Hy := +/—A, while for the perturbation it will be assumed that V is a
measurable real function on R3 satisfying

|V (z)| < Const. (z)~° (1.1)
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for some o > 1 and almost every x € R3. Here, we have used the standard
notation (z) := (1 + z2)/2,

Now, note that similar investigations for the scattering theory in the
usual Schrodinger case (i.e. for the operator —A + V') are part of a piece of
folklore. Indeed, based on the seminal work [11], the low energy behavior of
the wave operators and of the scattering operator can be derived from sta-
tionary expressions for these operators. As for the relativistic Schrédinger
operator, on the other hand, the absence of existing information on the be-
havior of (H — AFi0)~! as A \, 0 prevented such a study. For that reason,
part of the present work is dedicated to the study of various properties at
low energy of the resolvent of the free operator as well as of the perturbed
operator. Only once these preliminary results are obtained, further investi-
gations on the scattering theory can be performed.

So, let us be more precise about the framework and about the results.
By assuming that V satisfies Condition (1.1), then both Hy and H are self-
adjoint operators with domain equal to the Sobolev space of order 1 on R3.
In addition, the spectrum of H; consists only of an absolutely continuous
part on [0, 00), while H possesses absolutely continuous spectrum on [0, co)
together with a possible discrete set of eigenvalues on R which can accu-
mulate only at 0 or at co. These results follow from limiting absorption
principles which have already been derived in [5].

Now, our first task is the study of the 0-energy threshold. In particular,
one shows that in suitable spaces the operator (Hp — A F40)~! admits an
explicit limit as A Y\, 0. Then, one proves that 0 is generically not an
eigenvalue for H, and that this operator does not possess 0-energy resonance,
see the discussion following Lemma 2.8 for a precise statement. In the same
vein, one also shows that if 0 is not an eigenvalue of H, then 0 cannot be an
accumulation point of positive eigenvalues of H. One should note that such
a property has no analog for usual Schrédinger operators. These various
spectral results are all derived in Section 2.

Our next task is the derivation of a particular stationary expression for
the wave operators W ; the definition of W1 can be found at the beginning
of Section 3. In fact, such a formula was already announced in [24] but the
full proof was lacking. The construction is based on generalized eigenfunc-
tions which can be proved to exist if V' satisfies Condition (1.1) for o > 2.
The entire Section 3 is devoted to this proof and the main result expressing
the wave operators in terms of generalized eigenfunctions is contained in
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Proposition 3.4.

Section 4 contains our main new results on the wave operators. Obvi-
ously, since W4 can not be diagonalized in the spectral representation of
Hj or of H, studying the low energy behavior of W has to be suitably de-
fined. In fact, our approach relies on the use of the unitary dilation group,
which has often been at the root of investigations on rescaled Schrédinger
operators, see for example [1]. So, let us recall the action of the dilation
group {U,},er on any f € L?*(R?), namely [U,f](z) = e37/2f(e"x) for
any x € R3. Then, the following two relations are of importance, namely
U_,HyU, =e"Hy and

U_, Wi(HO +V, Ho) U, = Wi(Ho +e TV, Ho), (12)

where V,(z) = V(e "x) for all z € R3. Note that for clarity, the dependence
of W4 on both self-adjoint operators used to define them is mentioned. In
that setting, our investigations are concentrating on the behavior of the
r.h.s. term of (1.2) as 7 — —oo. As we shall see in Section 5, this study
has a direct consequence on the behavior of the scattering operator at low
energy, which is well defined since the scattering operator is diagonal in the
spectral representation of Hy.

Now, as already mentioned above, asymptotic properties of W can only
be derived once suitable information on the resolvent of H are obtained.
For that purpose, we provide a rather detailed analysis of the operator (1 +
u(Hy — A :FiO)_lv)_l, with v = |[V|'/2 and u = |V|/2sgn(V), as A \, 0, see
Proposition 4.8 where (14 u(Hy — A F iO)_lv)_l is denoted by B(A £ 0).
Note that our analysis holds if 0 is not an accumulation point of positive
eigenvalues. A comment on this implicit assumption is formulated below.
Then, with this information at hand, the main result of Section 4 states that
the strong limit s — lim,, - U_.Wy(H, Hy)U, is equal to 1.

The main consequence of this statement concerns the low energy be-
havior of the scattering operator S defined by WiW_. In that setting,
this corollary states that s — lim,_,_,, U_,SU, = 1. Additionally, one also
proves a uniform convergence of the scattering operator in the spectral rep-
resentation of Hy, namely u—limy\ o S(A) = 1, where S(\) is the scattering
matrix. This result indicates that there is a significant difference between
usual Schrédinger operators and relativistic Schrédinger operators in terms
of the low energy asymptotics of the scattering matrices: compare the result
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of the present paper with the corresponding ones of [6], [7], [8], [11]. What
causes this difference is the absence of 0-energy resonances for relativistic
Schrodinger operators. These statements and their proofs correspond to the
content of Section 5.

Now, the non-existence of embedded eigenvalues should certainly de-
serve more attention for the present model. However, since investigations
on this question for Schrodinger operators always involve a rather heavy
machinery, we do not expect that this question can be easily solved for the
present relativistic model. On the other hand, by assuming stronger con-
ditions on V', one can rather easily deduce from an abstract argument that
the spectrum of H on [0,00) is purely absolutely continuous. Section 6 is
devoted to such a result. We clearly suspect that the assumptions on V' are
much too strong for the non-existence of positive eigenvalues, but since the
argument is rather simple we have decided to present it for completeness.
The proof is based on an abstract result obtained in [20]

Finally, in an appendix, we derive an explicit formula for the action of
the unitary propagator e~ tHo
Schrodinger case, was apparently not known in the relativistic case.

In summary, this work contains various results on the low energy be-
havior of the spectral and the scattering theory of relativistic Schrédinger
operators. A similar study for the high energy behavior of these operators
would certainly be valuable, and accordingly, a better understanding of the

. Such a formula, which is well known in the

existence or the absence of positive eigenvalues should also deserve some
attention. Omnly once these pre-requisites are fulfilled, a rather complete
picture of the scattering theory for relativistic Schrédinger operators would
be at hand. Note finally that we have confined our attention to the three
dimensional case, although it is apparent that some results of the present
paper could be generalized to higher dimensional cases (see for example [28]
for a detailed study of the completeness of the generalized eigenfunctions
for odd dimensional relativistic Schrédinger operators). However, it is well-
known that for non-relativistic Schréodinger operators, the 0-energy behavior
of the resolvent highly depends on the space dimension, and we expect that
a similar phenomenon also takes place for its relativistic counterpart.

Notations: We introduce the notations which will be used in the present

paper.
We shall mainly work in the Hilbert space H := L*(R?) with norm and
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scalar product denoted by || - || and (-,-)». Our convention is that the
scalar product is linear in its first argument. The weighted Sobolev spaces
of order ¢t € R and weight s € R are denoted by H.. Note that if s or ¢ is
equal to 0, we simply omit it. A norm on H! is provided by the expression

117, = [[{X) (DY f |,

where X is the position operator and D = —iV is its conjugate operator in
H. With these notations, the usual Laplace operator —A is equal to D?.
The notation Co(R?) denotes the set of continuous functions on R? which
vanish at infinity. The Schwartz space on R? is denoted by S(R?) while
C2°(R3) defines the set of smooth functions on R? with compact support.
By extension, for any s € R we denote by (-,-)s _s the pairing between
‘H, and H_,, namely for f € Hy; and g € H_g:

(Frg)os = / F(@)g(@) da.

If f belongs to S(R?) and ¢ is a tempered distribution, we shall use the
notation (f, g)s s for their pairing. Similarly, if f € H;* and g € HL,, we
shall use the notation (f,g)s—¢ 4 . The usual Fourier transform of f is

denoted both by f and Ff and is defined explicitly on any f € S (R3) by
[Ff)(k) = (2m) 72 [ f(x)e ™" da.
R3

The same notation is used for its standard extension to tempered distribu-
tions. As well known, this map is a unitary operator in H, and its inverse
is denoted by F*.

For a pair of Hilbert spaces G and H, B(G; H) denotes the Banach space
of all bounded and linear operators from G to ‘H, and K(G;H) the subset of
compact operators. We set B(H) for B(H;H) and K(H) for K(H;H).

For complex numbers, we use the standard notation Cy := {z € C |
+3z > 0}.
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2. 0-energy threshold

In this section, we derive various results about the behavior of the resol-
vent of Hy at 0. We also provide information about the 0-energy eigenvalue
of H and about the absence of 0-energy resonance for this operator. Finally,
we show that if 0 is not an eigenvalue of H, then this operator can not have
an accumulation of positive eigenvalues at 0.

We start by studying an auxiliary operator which will be related to the
behavior of the resolvent of Hy at 0. Following [26, Section 2], let us set G
for the operator defined for f € C2°(R3) by

1 1
272 g o —yf?

[Gof]() : fy)dy.

Clearly, this corresponds to the operator of convolution by the function

1
go:R* =R with go(z):= — =2 (2.1)
272
It has been shown in [26, Lemma 5.1] that this operator continuously extends
to an element of B(Hs, H) as well as an element of B(H,H_;) for any s >
3/2. The following statement is an improvement of this result.

Lemma 2.1  For any s > 1, the operator Gy belongs to IK(Hs, H) and to
K(H, H_s).

Proof.  Let us set p for (-)7° with s > 1. Clearly, one has to show that the
operators Goo(X) and o(X)Go belong to K(H). However, since o € L3(R3?)
and since the map R3 > z +— |2/~ € R belong to the weak LP-space L3 (R?),
these inclusions follow directly from [22, Theorem 4.2]. O

It clearly follows from this result that Gy belongs to K(Hs, H_s) for
any s > 1. In fact, by real interpolation one also obtains that the oper-
ator Gy belongs to K(H(1_g)s, H_os) for any 6 € [0,1]. Indeed, this re-
sult follows from [9] together with the identification of the interpolation
spaces S(0,2; Hs, H), resp. S(0,2; H, H_s), introduced in that reference with
H(1-9)s» resp. H_gs (see also [2, Section 2.8.1] for additional information on
real interpolation). In particular, by choosing 8 = 1/2, one deduces that Gg
belongs to K(Hs, H_s), for any s > 1/2.

Now, it is shown in [5] that the resolvents (Hg — A Fig) ™! admit limits
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ase \, 0in B(Hs, H_s) for any s > 1/2 and A > 0. In that respect, it would
be interesting to understand the behaviour of (Ho — AFi0)~t € B(Hq, H_s)
for A\, 0 and for s > 1/2. In the next lemma, we obtain such a description
but our approach is valid only in K(Hs, H_s) with s > 1. It is not clear to
us if the convergences still hold in K(Hs, H_,) with s > 1/2.

Lemma 2.2 For any s > 1 and X € (0,00), the operators (Hy — A Fi0)~!
belong to K(Hs, H_s). Furthermore, the maps (0,00) 3 X +— (Ho—AFi0)~}
€ K(Hs, H_s) are continuous in norm and converge to Gy as A\, 0.

Proof. Recall from [26, Eq. (5.3)] that for any A > 0 the following formal
equalities hold:

Ro(A+1i0) := (Hy — A Fi0) "' = Go + K5 + My, (2.2)

where the definitions of K f and of M) are going to be recalled below. Thus,
the present proof consists first in introducing the rigorous meaning of (2.2)
and then in showing that for s > 1 the operators K /3\: and M) belong to
K(Hs, H_s), that they are continuous in norm as functions of A, and that
they converge in norm to 0 as A Y\, 0. Equivalently, one can show the same
properties for the operators (X)™* K3 (X)~* and (X)~*M,(X)~* in K(H).

It has been proved in [26, Eq. (4.14)] that Ro(\ £140)f = G f for any
f € C*(R3), where Gf are the integral operators defined by

GEa) = [ o =) f0)

with
(@) = g + @) +ma(a) (2.3)
and
K (2) = % : eﬁgml,
ma(@) = ——(sin(Az]) ci(Mz]) + cos(A]) si(Alz])),  (2.4)

on2|z]
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where ci and si are respectively the cosine integral and the sine integral
functions. Note that these expressions explicitly define each term in (2.2).

Now, let us observe that K = 2A(—A — A2 F40)~1. Tt is well known
(see for example [11]) that the map z — (—A —2)~' € B(H ', HL,) is
continuous for z € C and for any s,s’ > 1/2 with s+ s’ > 2. In particular,
this resolvent is continuous as z — 0 in C4. Then, by an adequate choice
of s and &', one infers that the maps R 3 A — (X) K3 (X)~* € K(H) are
continuous in norm and that limy\ o(X) *K5 (X)~* = 0 in norm.

For the compactness of the operator (X) *My(X)™® for A > 0, let us
set o(-) for (-)7° for some s > 3/2. By taking the estimate [26, Eq. (5.16)]
into account, namely

| sin(r) ci(r) + cos(r) si(r)| < Const. (1+7)"", 0<r < oo, (2.5)

it is easily seen that the function m, belongs to L?(R?) and thus the oper-
ator o(X)M, is a Hilbert-Schmidt operator. Then, let us observe that the
relation my(z) = A?m; (Ax) holds for any A > 0. One deduces that

lo(X)Mx — o(X) M| 5ew)
< lo(X)My — o(X) My ||us
= ||QHL2(R3) [mx — m)\’||L2(R3)

Nmi(A) = (N)2my <)\):\/ - > (2.6)

= HQHLQ(RS)
L2(R3)

and that (2.6) vanishes as A’ — A because of the continuity of the di-
lation group in L*(R?). Finally, from the equality |[mi(\-)||r2rs)y =
)\_3/2Hm1HL2(R3) one infers that
lo(X)Mx|lers = llellz2s) lmallze@s)
= )‘2HQHL2(R3) ||m1()")HL2(R3)

= >\1/2||Q||L2(1R<3) ||m1||L2(R3)

which implies that [|o(X)My | ) < Const. A1/2,
Clearly, the same estimates and results hold for the operator My o(X).
Thus, one has obtained that My € K(H,, H) N K(H,H_s) for any s > 3/2,
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and that the norm of this operator is continuous in A and vanishes as \'/2
when A Y\, 0 in both norms. By a real interpolation argument, one obtains
that the same result holds in KC(H;,H_1). Note that the control on the
dependence on A for the norm in (1, H_1) can be obtained by taking [2,
Eq. (2.6.2)] into account. O

In Propositions 2.5 and 2.6 below, we show that 0 is generically not
an eigenvalue of the operator H. To this end, we follow the arguments
presented in [3] in the context of Weyl-Dirac operators. For that purpose,
we introduce the set L3(R?;R) as a natural class for the potential V. Note
that any measurable and real function V satisfying Condition (1.1) with
o > 1 belongs to L3(R3; R).

Lemma 2.3 IfV € L3(R%R), then V is Hy-bounded with relative bound
0. In particular, H := Hy 4+ V is a self-adjoint operator in ‘H with domain
HE.

The proof of Lemma 2.3 can be mimicked from the proof of [3, Lemma
2.

Lemma 2.4 If V € L3(R%R), then (—A)"Y4*V(=A)~"'/* is a compact
operator in H satisfying

[(=2) AV (=) 5 S 273023V | o). (2.7)

Proof.  We only prove the inequality (2.7), the proof of the compactness
can be mimicked directly from the proof of [3, Lemma 1].

To prove the inequality (2.7), we first borrow the Sobolev inequality for
v—A from [16, Section 8.4] or from [23, p. 119, Theorem 1], namely that for
any f € 'H:

1l = 2907 (=) V41| (2.8)

Now let f, g € S(R3). We then see that (—A)"Y4f € H!', hence
V(=A)"Y4f € H by Lemma 2.3 and (—A)"Y4V(=A)"4f ¢ L3(R3) by
(2.8). Therefore, one can appeal to the definition of the Fourier transform
of tempered distributions, and gets
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(9, (D) VWV (=A) V) o

= (Fg, FICA) V(=2 g o

= [ R ) F(VA) ) ) ak

= /]R ((=8) Vi) (@) V(@) (=2) 71/ ) () de (2.9)
By applying Holder inequality twice to (2.9), one obtains

g, (A VD)) g |
< H(_A)_I/AlgHLﬂR?’) HV||L3(R3) “(_A)_1/4f|’L3(R3)
<27 85728 gl| ooy IV | o oy 11 22 ). (2.10)

In the second inequality of (2.10), we have used (2.8). Since S(IR?) is dense in
H, we find that the inequality (2.10) is valid for all g € H. Hence, it follows
that (—A) "4V (=A)~Y4f € ‘H, and the estimate (2.7) is then obtained by
density argument. (|

For the next statements, we need the notation Hy := Hy+V to indicate
the dependence on V. Let us also denote by o,(Hy) the point spectrum
of Hy, by Ker(Hy) the subset {f € H' | Hy f = 0} and by Nul(Hy) the
dimension of this subset.

Proposition 2.5 Let V be in L3(R3;R). Then 0 & o,(Ho + aV') for all
a € R except for a discrete subset of R.

Proof. Let us define a B(H)-valued analytic function on C by
K. = (—=A) 742V (=a) 7V = (=A) AV (—a) T

By Lemma 2.4, K, is a compact operator for each z € C. Therefore, one
can apply the analytic Fredholm theorem (see for example [19, p.201]) and
deduce that (I + K,) is invertible in B(H) for all z € C except for a discrete
subset of C. In particular, one infers that (I + K,)~* € B(H) for all a € R
except for a discrete subset of R.

Now, let a € R such that (I + K,)~! € B(H), and let us assume that
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there exists f € Ker(H,y ). Clearly, one has Hyf = —aV f. Then, let us set
g:=(—A)YifeH Wthh satisfies

g= —(—A)_1/4aV(—A)_1/4g. (2.11)

It is obvious that (2.11) is equivalent to (I + K,)g = 0. This implies that
g =0, because (I + K,) is invertible in B(H). Since (—A)/* is an injective
mapping from H! to H, it follows that f = 0, and we can conclude that
Nul(H,y) = 0 whenever (I + K,,) is invertible in B(H). O

Proposition 2.6 The setV :={V € L3(R*R) | 0 € 0,(Ho+V)} contains
an open and dense subset of L3(R?;R).

Proof.  Let us now set
Ky = (=A)" 4V (-a)~ /4
for any V € L3(R3;R). In the sequel, we show that the set V defined by
V= {V e L}R%R) | Ker(I + Ky) = {0}}

is open and dense in L3(R3;R). Then, the statement of the Proposition is
a consequence of the inclusion Y C V which has already been proved in the
second half of the previous proof.

Let V € V. Since Ky is a compact operator in ‘H by Lemma 2.4, we
observe that ({4 Ky ) is invertible in B(H). Now choose a real number § > 0
small enough such that [|(7 4+ Ky)™'||27Y3772/35 < 1. If V' € L3(R3%;R)
satisfies ||V — V|| 3(msy < 0, then the identity

I+ Ky =(I+Ky)(I+I+Ky) YKy — Ky)),

together with (2.7), enables one to construct the inverse of I + Ky by a
Neumann series. Hence, V’ € V, and then V is an open subset of L3(R3;R).

To prove the density of V, let ¢ > 0 and V € L3(R3;R) be given. It
then follows from the proof of Proposition 2.5 that (I + K,y ) is invertible
in B(H) for all a € R except for a discrete subset of R. This means that one
can choose a € R so that ||V — aV||L3(R3) < ¢ and that Ker(I + K,y ) = {0}.
Therefore aV € V, and then V is dense in L3(R3; R). O
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We conclude this section with a theorem, which asserts that if 0 is not
an eigenvalue of H, then 0 cannot be an accumulation point of positive
eigenvalues of H. On the way, we also discuss about the non-existence of
0-energy resonances.

Theorem 2.7 Assume that V satisfies Condition (1.1) with o > 2, and
that 0 & o,(H). Then there ezists a constant Ao > 0 such that [0, Ao) N
op(H) = 0.

To prove this assertion, we need a preliminary lemma. For its statement,
we use a convenient decomposition of the potential V into two parts, namely
V = wv with

vi=|V|I"? and w:=|V|"%sgn(V). (2.12)

Lemma 2.8 Assume that V satisfies Condition (1.1) with o > 2, and that
0 & o,(H). Then, the operator I + uGgv is invertible in B(H).

Proof. From Lemma 2.1, we know that uGov belongs to K(H). Therefore,
it is sufficient to show that —1 is not an eigenvalue of uGywv.

By contradiction, let us assume that there exists f € H satisfying
uGouf = —f, and let us set g := Govf € H. One infers then that

GoVg = Govu(Govf) = Gov(—f) = —g.
Thus, for any h € H! one has
—(9, Hoh)n = (GoV g, Hoh)n = (FGoV g, FHoh)n
= (|X|7'\FVyg,|X|Fh),, = (Vg, h)x,

where we have used the equality (—A)_l/ 2 = Gy as operators on H, see
[17, Corollary 4.5]. Thus, one deduces that (g, Hoyh) = (=Vg,h)y for
any h € H!'. By the definition of the adjoint of an operator and since H
is self-adjoint, one directly infers from this equality that g belongs to the
domain of Hy and satisfies Hyg = —Vg, or equivalently that g € H! and
Hg = 0. By the assumption, it follows that g = 0, from which one deduces

that f = —ug = 0. g

We should like to stress that Lemma 2.8 points towards the non-
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existence of 0-energy resonances for H. Indeed, 0-energy bound states or
0-energy resonances usually prevent the expression I + uGgv of being in-
vertible: In a vague and formal sense, the function g of the proof of Lemma
2.8 is a solution of the equation Hg = 0, and these solutions usually prevent
the invertibility of the mentioned operator. However, Lemma 2.8 asserts
that ¢ = 0 if 0 & 0,(H), and therefore 0-energy bound states are the only
troublesome solutions of the formal equality Hg = 0.

Proof of Theorem 2.7. Let us first recall that map
[0,00) 2 A — uRg(A\ £ i0)v € B(H)

is continuous in norm and converges to uGov as A \, 0, see Lemma 2.2.
In addition, since the set of invertible elements in B(H) is open, one infers
from Lemma 2.8 that there exists a positive constant Ay such that for each
A € [0, \g), the operators I + uRg(\ & i0)v are invertible in B(H). In
particular, it implies that —1 does not belong to the spectrum of uRy(A+i0)v
for any A € [0, \o).

To prove the statement, it remains to show that the previous sentence
implies the absence of eigenvalue of H in [0, \g). In fact, such a relation
between the eigenvalues of H and the eigenvalue —1 for uRy (A £:0)v is well
known, see for example [29, Lemma 4.7.8]. Note that the assumptions of
this lemma are fulfilled, since the strong Hp-smoothness of v and u (cf. [29,
Definition 4.4.5] for this definition) is a standard consequence of the so-called
trace theorems [30, Theorem 1.1.4 & 1.1.5]. O

3. Stationary expression for the wave operators

In this section we derive stationary expressions for the wave operators
which were already announced in [24]. Since the limiting absorption prin-
ciple and the generalized eigenfunction expansions for the operator H was
established in [26], we can follow the line of [14, Section 2], where the discus-
sions were made in an abstract setting, and the line of [15, Chapter 5|, where
the discussions were given for the three-dimensional Schrédinger operator.

For z € C\R, let us recall that Ro(z) and R(z) are used respectively for
the resolvents (Hg — 2)~! and (H — 2)~!. The notation Ey(-) is used for the
spectral measure of Hy. We also recall that the following limiting absorption
principle has been proved in [5], namely for s > 1/2 and A € (0,00) \ 0,,(H)
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the operators R(A+i0) := lim.\ o R(A=+ie) belong to B(Hs, H_,). Note that
the condition ¢ > 1 in (1.1) has been tacitly assumed. As a consequence,
the wave operators Wy defined by the strong limits

Wi :=s— lim eitH g—itHo

exist and are asymptotically complete. In addition, these expressions are
equal to the ones obtained by the usual stationary approach, see for example
[29, Theorem 5.3.6].

Lemma 3.1 Let s € (1/2,0 —1/2) and assume that f, g belong to Hs
with Ey([a,b])g = g for some [a,b] C (0,00) \ 0,(H). Then one has

(Weghe= [ ({1 VRO £} EyNg), ,dh (31

where Ey(N) := (1/2m1) (Ro(A +i0) — Ro(X —i0)) € B(Hs, Hs).

Note that it follows from the hypothesis on g that Eq(A)g = 0 for any
Borel set A € J := R\ [a,b], and that Ej(\)g = 0 for all A € J. Thus,
the usual integral over R reduces to an integral over the finite interval [a, b].
The following proof is standard, but we recall it for completeness.

Proof. Let € > 0 and f, g as in the statement. By Parseval’s identity and
the equation of the resolvent R(z) = Ro(z){1 — VR(2)}, one has:

oo
/ <e—ete:|:thf7 e—ete:Fngtg>H dt
0

— 217T/_OO <R()\iz'5)f, Ro()\iie)g>H d) (3.2)
= L [T (- VRO A - Ve dh (33

where

1
S.(Hy — \) = %RO()\ + i€)"Ro(A % i€) = -

™

(Ro()\ + iZ—f) — Ro()\ — 16))

Furthermore, it is known that since the wave operators exist they are also
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obtained by the Abelian limit

(f, Wig>H = 51{1(1) 25/0 (e=cte®iHItE, e_ete:FiHotg>H dt. (3.4)

Thus, by combining (3.3) and (3.4), one gets

(£ W)y, = limy /_OO ({1 = VRO £ i)} [, 6.(Hy — Ng), A\ (3.5)

Now, it follows from the limiting absorption principle recalled before the
statement of the lemma that for each A € (0,00) \ 0,(H) one has

lim ({1 = VRO £ ie)}f,6-(Ho — A)g),

= ({1 - VR(A£i0)}f, Eg(Ng), _,- (3.6)

Thus, the statement of the lemma is obtained once the permutation of the
integral and the limit in (3.5) is justified. For that purpose, recall that

§<R(A +ie) f, Ro(A £ ie)g),, = ({1 = VR(A £ ie)}£,6.(Ho — \)g),,- (3.7)

Then (3.6) and (3.7) enable us to apply [29, Lemma 5.2.2] which justifies the
permutation and thus leads directly to the statement of the lemma. Note
that the change of the two endpoints in the integral is also a consequence of
that abstract result. (]

In the next lemma we derive an explicit expression for the operator
E{(\) for any A € (0,00). Before this, let us simply recall that if f € H,
with s > 3/2 then f belongs to L'(R?) and thus its Fourier transform f
belongs to Cp(R?).

Lemma 3.2 For any f,g € Hs with s > 3/2 and for any X\ > 0 one has

(£, EsNg), _, = NN 7(NG) ey (3.8)

with v(X\) the trace operator onto the sphere {k € R® | |k| = A}, i.e.
('y()\)f) (W) := fOw) for any w € S2.
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Proof.  For this proof, we use the integral kernels gf (z—y) of the extended
resolvents Ry(A=£40) obtained in [26, Section 4] and already recalled in (2.3).
Thus, for f, g as in the statement and = € R? one has

A iNz—y| _ —iX|z—y|
[(Fo(r-+10) = Ro(A = i0)) ) = 5 | gt ay

i [ sin(Az —y))

) W g(y)dy.  (3.9)

It then follows from the definition of E{(\) and from (3.9) that

(£, Ey(Ng), = i.<f, (Ro(A +10) — Ro(A —i0))g), _

sm >\|x y)—
" 2n? //R Y 9(y) dz dy. (3.10)

By appealing to the formula

/ e—z)\w T J0 47T sm()\\xD
S2 Alz|

and by the change of order of integration (valid because of our assumptions
on f and g) we get

sin(A\Jz — yf) ——
// ) 2 gy) dedy

-2 i { /R () dx}{ /R 3 ew-yg@)dy}dw

=22\ [ fOOw) §(Ow) dw
SQ

= 2 A (YN 1 (ND)) e

By combining these equalities with (3.10) one directly obtains (3.8). O

Let us now define the generalized Fourier transforms by the relations

Fi = FWL. (3.11)
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In the next lemma, we derive standard and more explicit formulas for F.

Lemma 3.3 Assume that 0 > 2 and let s € (3/2,0 —1/2). Let f,g € Hs
with Ey([a,b])g = g for some [a,b] C (0,00) \ 0,(H). Then

(Faf, Fg)y = /Rs [F{1 = VR(|k| +i0)} f] (k) Flg](k) dk. (3.12)

Proof. It follows successively from (3.11), (3.1) and (3.8) that

b
(Fif, Fg)y, = / ({1 = VRO £40)}f, By(Ng), _, dX

= /ab )\2{ /S [F{1-VR(\+£i0)}f] (Aw)]—"[g]()\w)dw}d)\.

By the change of the variables k := Aw, one obtains the result. O

For fixed k € R let us now define oo(-, k) by @o(x, k) := e?*. Clearly,
vo(-, k) € H_g for any s > 3/2. Since the subset of all elements g satisfying
the condition of the previous lemma is dense in H, it follows from (3.12)
that for f € Hs and almost every k one has

[FefI(k) = [F(1 = VR(|k| +i0)) f] (k)
= (2m)"*2({1 = VR(|k| £ i0)}/, 20 (-, k))

= (2m) 32 (£, {1 — R(|k| Fi0)V }po(-, k))

s,—S

=m0 [ PR @) e

where we have used the definition of the generalized eigenfunctions * (-, k)
introduced in [26, Eq. (8.5)]:

P (k) = {1 = R(lk| F i0)V }po (-, k).

Now, it follows from (3.11) that Fi = WLF*, or equivalently W, =
FiF. Thus for f, g as in the previous lemma one infers that
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<fa Wﬂ:g>'H = <fifafg>H

= [ {ene [ e nie ) i ar

_ /R {(2@—3/2 /R ot (2, k) (k) dk} () da.

Note that for the interchange of the integrals, one has used that ¢* satisfy
the following bound [26, Theorem 9.1]: for any compact set K C (0,00) \
op(H) there exists ¢ = ¢(K') such that

sup sup |oF(z, k)| < c
z€R3 |k|€EK

By collecting these various results one has thus proved :

Proposition 3.4 Assume that o > 2 and let s € (3/2,0 —1/2). Let
f,9 € Hs with Ey([a,b])g = g for some [a,b] C (0,00) \ 0,(H). Then

(W)= (.00 [ ot mgtn ar )

s,—s

4. Asymptotic limit for the wave operators

In this section we study the behavior of the wave operators under the
dilation group. A related study for Schrodinger operators in R? is contained
in [1, Section I]. As explained in the Introduction and as it will appear in
the sequel, this study is related to the 0-energy properties of H.

So, let us recall the action of the dilation group {U;},;cg on any f €
H, namely [U,f](z) = e3/2f(e7x) for any x € R3. Then, the following
equalities hold for any fixed 7 € R and any f € D(Hy):

U_.HoU,f =e Hof and U_,VU, =V,

with V,(z) = V(e~7z) for all z € R3. As a consequence of these relations
one infers from the time-dependent expression for the wave operators the
important relations

U_, Ws(Ho + V,Hy) Uy = Wy (Ho + e~ 7V;, Hy). (4.1)
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For clarity, the dependence of Wi on both self-adjoint operators used to
define them is mentioned. Our aim in this section is to study the limits of
the corresponding stationary expressions as 7 — —o0.

For that purpose, observe that for z € C\ R one has U_,Ry(z)U, =
e "Ro(e"Tz). Furthermore, by setting

vy = V(e T)Y? and w, = V(e TT)[M? sgn(V(e ™)),

and by considering these functions as operators of multiplication (i.e. v, =
v-(X) and similarly for u,) one also obtains

1 -1

(1 + e_TVTRo(z))i V., = vT(l + e_TuTRO(z)vT) Uy

=U_, vo(l + uORO(eTz)UO)iluo U..

Thus, by the resolvent equation it follows that

(Ho +e TV, — 2)71
= Ro(2) — e "Ro(2)(1 + €7TVTR0(Z))_1VTR0(Z)
= Ro(z) —e "Ro(2)U_, Uo(l + U(]R()(eTZ)?}())_luO UrRy(2). (4.2)

From now on, for simplicity and in accordance with the notations introduced
in Section 2, we shall simply write v for vy and u for wuyg.

Now, let us come back to the setting of Lemma 3.1 but for the perturba-
tion e~ "V, instead of V. We state in the next lemma alternative stationary

expressions for the wave operators. In the statement, the parameter 7 € R
is fixed.

Lemma 4.1 Let o > 2 in Condition (1.1), s > 1/2 and assume that f,g
belong to Hs with Ey([a,b])g = g for some [a,b] C (0, 00) with [a,b]No,(Ho+
e~ "V;) = 0. Then one has

<f7 (W:I:(HO + eiTv‘hHO) - 1)g>'H

b
— e / (B(e"A % i0)uU, Ro(A + i0) £, o0, E)(\)g),, dA,  (4.3)
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where B(z) := (1 + URO(Z)U)_l

Proof. Let € >0 and f, g as in the statement. It follows from (3.2), (3.4)
and (4.2) that

(f, (We(Ho + €7V, Hy) — 1)),

=—e 7 h{%/ (U_rvB(e" (At ie))uU, Ro(A £ ic) f, 6 (Ho — )\)g>H dA
€ — 00

b
=—e 7 / 51\1\1(1) (B(e™(A £ ie))uU,Ro(A + ie) f,vU, 6. (Ho — )\)g>H dA.
Note that the permutation of the integral and of the limit as well as the
change in the endpoints of the integral are a consequence of [29, Lemma
5.2.2], as already mentioned in the proof of Lemma 3.1. Furthermore, since
U, leaves H_, invariant, it follows from the limiting absorption principle
that both limits s — lim\ o uU; Ro(X i) f and s — lim\ o vU;6-(Hp — A)g
exist and belong to H.

Let us finally show that the limits lim.\ o B(eT()\ + zs)) exist in norm
for any A € [a,b]. For that purpose, it is sufficient to prove that —1 &
o(uRo(e™ A £ i0)v) if X & o,(Ho + e~ 7V;). However, it follows from [29,
Lemma 4.7.8] and from our assumption on V that —1 & o(uRo(e™ A £ i0)v)
is equivalent to e” X & o,(Ho + V). Then, from the equality

O'p(H() + €_TV7-) = e_TUp(HO + V), (44)

one also infers that e"\ € o,(Ho + V) <= X &€ o,(Ho + e~ 7V;), which
corresponds precisely to our assumption. O

Thus, we are now left in understanding separately the limits as 7 — —o0
of each factor in (4.3). The study of two terms relies on the following two
lemmas. These results are certainly well known, but we could not find an
explicit reference for them.

Lemma 4.2 Let u,g € L>(R3) and € > 0. Let T. be the operator defined
by the kernel to(x,y) := u(z) g(ex —y) for almost every x,y € R®. Then
T. is a Hilbert-Schmidt operator and converges to Ty in the Hilbert-Schmidt
norm as € \, 0.
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Proof.  Since

s = [ [ 1@ lafee = )Pde dy = [ulages ol oo

it clearly follows that T is a Hilbert-Schmidt operator for any € > 0.
For the convergence, let K C R3 be a compact set and let K+ denote
its complement. Then one has

IT. — Toll3s = / / lu(z)|? |g(ex — y) — g(—y)|>dz dy
r3 JR3
< HUH%Q(K) Sgg lg(- —ex) — 9(')|I%Q(R3)

+4HUH§,2(KJ-) 191172 (s - (4.5)

By choosing a suitable set K and then by taking the continuity of transla-
tions in L?(R?) into account, both terms in (4.5) can be made arbitrarily
small for € small enough. This proves the statement. O

Lemma 4.3 Letu € L?(R3), g € L'(R3) ande > 0. Let T be the operator
defined by the kernel t.(x,y) = u(z) g(ex — y) for almost every x,y € R3.
Then T. maps L>®(R3) into L2(R3). Furthermore, for each f € L>®(R3),
T.f strongly converges to u(-) [ps 9(—y)f(y)dy in L?(R3) as ¢ \, 0.

Proof. For f € L>°(R3) observe first that
71y = |
R3

< [ @] [ e - swian] e

< ullZ2 sy 117 oo ey 191172 2y -

2
dx

u(z) / gz — ) f(3)dy

For the convergence, let K C R? be a compact set and let K+ denote
its complement. Then one has
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2

T.f =) [ o= )y

12(R?)
= | lu(@)P / (9 — ) — g(—v)) F(y)dy| da
R3 R3

< ullF2 ) 1F117 sup lg(- — ex) = 9|71 o)

Al T ooy T o) 197 o) (4.6)

By choosing a suitable set K and then by taking the continuity of transla-
tions in L'(R?) into account, both terms in (4.6) can be made arbitrarily
small for € small enough. This proves the statement. O

By collecting these results, we can now analyse part of the terms in
(4.3). This study is contained in the next lemma.

Lemma 4.4 Let us assume that o > 3 in Condition (1.1), that s > 3/2
and that X € (0,00).

(a) For any f € H, N L®(R3), the strong limits of e~ 37/2ulU, Ro(\ % i0) f
exist in ' H as T — —oo0.

(b) For any g € Ms, the strong limit of e 37/2vU,E\(N)g exists in H as
T — —00.

Proof. (a) From the definition of U, and the explicit formulas (2.1), (2.2)
and (2.3), it follows that for almost every z € R3:

[e737/2uU, Ro(\ £ i0) ] (2)
—ula) [ ez = )dy+ ula) [ (e =) fo)dy
+ula) [ =) )y (4.7

In order to apply Lemmas 4.2 and 4.3 below, we need the assumption that
o > 3, which implies that u € L?(R?).

Since go = g1 + g2 with g; € L/(R?) (as already used in the proof
of Lemma 2.1) and since my € L*(R3) by (2.4) and (2.5), it follows from
Lemmas 4.2 and 4.3 that the first two terms on the r.h.s. of (4.7) admit a
strong limit as 7 — —o0, or more precisely:
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s— lim {u(q / gole™ —y) Fy)dy +u(-) [ ma(e™- —y) f(y)dy
R3

T——00 R3

= u(-) . (90(—9) + m,\(—y))f(y)dy.

Note that the r.h.s. is well defined since f € L?(R3) N L>°(R3).
For the third term in (4.7), we decompose kf into two terms:

k)jf = kil + lc/j\f2 = Xb(0,1) k‘f + (1= Xp(0,1)) kf\c

in the same way as go in Lemma 2.1. Observe that k‘il € L*(R?) and
k:)in € L>°(R?). By Lemma 4.2 the operators corresponding to the kernel
u(:c)ki[’l(eT:U —y) are Hilbert-Schmidt and converge in the Hilbert-Schmidt
norm to the operators with kernel u(m)kil(—y) as T — —oo. Furthermore,
since f € L'(R3) and since ki2 € L>*(R3), Lemma 4.3 shows that

s— lim u() [ ki,(e™ —y)f(y)dy

T——00 R3

=s— lim wu() Rgf(ef—y)kig(y)dy

T——00

=u() [ F(=y)k3 o (y)dy

—u() [ K a0y,
(b) Tt follows from (3.9) that for almost every z € R3

[0 U, By (V] () = ogole) / 3 Wff@)dy'

Since g € L'(R?) and the map R3 3 2 — 2021 ¢ R belong to L>(R3), one

|
proves as above that

s— lim wv() /RB Mg(y)dy = v(')/RS Mg(y)dy' O

T——00 leT- —y| |y
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We are now left with the study of the asymptotic behaviors of the oper-
ators B(e"A+1i0) in (4.3) as T — —oo. In order to deal with the assumption
la, b Nop(Ho+ e 7V;) = 0 of Lemma 4.1, let us observe that the equality
(4.4) implies that if )y is a positive eigenvalue of Hy 4+ V, then e~ 7)\¢ is
a positive eigenvalue of Hy + e~ "V,. Now, by choosing 7 close enough to
—00, the value e )y can be made arbitrarily large. Thus, one infers that
with the following implicit condition, the mentioned assumption becomes
manageable.

Assumption 4.5 The value 0 is not an accumulation point of positive
eigenvalues for the operator Ho + V.

Obviously, this assumption is rather natural and a large class of pertur-
bations V should satisfy it. In Section 6 we provide sufficient conditions such
that the spectrum of H on R, is purely absolutely continuous. However,
the absence of accumulation of positive eigenvalues at 0 is certainly verified
under weaker assumptions. Now, note that Assumption 4.5 together with
(4.4) have an important consequence: for any [a,b] C (0,00), there exists
Tab € R such that for any 7 < 74, one has

op(Ho+ e 7Vy)Na,bl = e "o,(Ho + V) NJa,b] = 0. (4.8)

In fact, for any 7 < 74 the even stronger statement o, (Ho+e~7V;)N(0,b] =
() holds.

For the time being, we shall impose an additional condition (Assump-
tion 4.6 below) on the behavior of the 0-energy threshold. It is not clear
yet if this condition is necessary or even if it is always satisfied (see also Re-
mark 4.9 after Proposition 4.8). So, let us assume that ¢ > 2 in Condition
(1.1) and denote by G the finite dimensional subspace of H spanned by the
eigenvectors of the compact operator uGgv associated with the eigenvalue
—1. The orthogonal projection on this subspace is simply denoted by P. In
the Schrodinger case, this space corresponds to the set of O-energy eigenvec-
tors and 0-energy resonances. Our additional condition corresponds to the
invertibility of a certain operator when restricted on Gy. More precisely, let
Qo be the operator whose kernel is (1/47)|x — y|~!. Clearly, this operator
corresponds to the resolvent of the Laplace operator at 0-energy.

Assumption 4.6  The operator PuQov|g, : Go — Go is invertible.
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Before proving the main result about the operator B(e” A +140) in (4.3),
let us show that Assumptions 4.5 and 4.6 are generically satisfied. Indeed,
we prove in Lemma 4.7 below that the condition 0 ¢ o,(H) implies that
both Assumptions 4.5 and 4.6 hold. Then, since the operator H rarely has
the 0-energy eigenvalue (see Propositions 2.5 and 2.6 in Section 2), it follows
that the mentioned assumptions are almost always satisfied.

Lemma 4.7 Let 0 > 2 in Condition (1.1) and suppose that 0 € o,(H).
Then both Assumptions 4.5 and 4.6 hold.

Proof.  Under the same assumptions on V' and on o,(H), it has already
been shown in the proof of Theorem 2.7 that H has no eigenvalue in [0, \g),
for some Ag > 0. Thus, Assumption 4.5 is satisfied. In addition, it has
been proved in Lemma 2.8 that if 0 ¢ o,(H) then —1 ¢ o(uGyv), which
immediately implies Assumption 4.6 since the subspace Gy is then trivial.
O

In addition to Lemma 4.7, we would like to mention that both Assump-
tions 4.5 and 4.6 are verified for H = Hy + aV if V satisfies Condition (1.1)
with o > 2 and a € R is small enough. Indeed, since o,(Hp) = 0, this easily
follows from Proposition 2.5 and from Lemma 4.7.

Proposition 4.8 Let o > 3 in Condition (1.1) and suppose that Assump-
tions 4.5 and 4.6 hold. Let [a,b] C (0,00) and X € [a,b]. Then, there exists
Tab € R such that for any T < T4, the operators B(e™ A £i0) belong to B(H)
and the norm limits

lim e"B(e"A+i0) € B(H) (4.9)

T——00
exist.

Proof. It was already shown in the proof of Lemma 4.1 that 1+uRy(e™ A+
i0)v are invertible in B(H) if A &€ o,(Ho + e~ "V;). Furthermore, it follows
from the above considerations that there exists 7, such that for 7 < 74
one has o,(Ho+e~7V;)N(0,b] = 0, which clearly prevents A from being an
eigenvalue of Hy + e~ 7V,. Thus, 1+ uRo(e” A £ i0)v are invertible in B(H)
and the inverses are by definition the operators B(e” A % i0).

Now, we already know from Lemma 2.2 that uRy(e™ A + i0)v converge
in norm to uGov as 7 — —oo. However, depending if —1 belongs to the
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spectrum of uGgv or not, the behaviors of B(e™ \ +1i0) as 7 — —oo change
drastically. Clearly, if —1 &€ o(uGyv), then B(e” A £1i0) converge in norm to
(1 +uGov)~! as 7 — —o0, and in that case the limits in (4.9) are equal to
0. But if —1 € o(uGyv), a more refined work is necessary. The rest of the
proof is divided into several steps.

(a) We first derive better approximations for the operators Kei,  and
M.~ ». For simplicity, let us set € := e” X and observe that

e 1 e ericll 1 ¢ 1 2 o
k;:t - _ S R +ise|x| ds.
@) = o w T R o7 | 1277/0 ¢ g

It follows that

3

uKE)(2y) = ue) —— (y)ii€QU(w)[/()leﬂ“'””yd8] (¥)-

o " \x—y\v 27

By setting Qo for the operator with kernel (1/47)|z — y|=! the previous
equality reads

uKFv = 2e uQov + % B

where BZF are Hilbert-Schmidt operators with Hilbert-Schmidt norms
bounded by a constant independent of e.
For the operator M., let us observe that

9 52

e + oyl zs]lac] (sin(e\:ﬂ) ci(e|z]) + cos(e|z|) si(e|x|) + g)
Note now that the function p — (1/p)(cos(p) si(p) + m/2) is bounded on
(0,00). On the other hand, the function p — (1/p)sin(p) ci(p) is bounded
in the neighbourhood of +oco but only the map p — (1/plnp)sin(p) ci(p)
is bounded in the neighbourhood of 0. Taking account of these facts, we
introduce a cut-off function x, which is continuous on [0, co), with x(p) =1
for p € 0, 1/2], x(p) =0 for p € [3/4, o) and 0 < x < 1, and accordingly
decompose m.(x) in the following manner:

m€($) =

me(z) = —%’x‘ + 2 U(e|z]) + €2 In(e|z|) n(e|z]), (4.10)
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o) = gz | X sinto) i)+ (costo)sil) + 5 ) .
)= 51z | X122 s )|

Let D, denote the operator with kernel u(x) In(e|x — y|) n(e|z — y|)v(y). We
then observe that for any v > 0

ID-Nfrs = | u(e) (el = yl) nfele = yl)oto) *dedy

2

1
< Const. 8_27/ ——v(y)| dzdy
RS |z —y|
— —o 1 —o
< Const. =27 /RG (x) m(w dz dy

< e Const(y,0).

For the last equality, one has used estimates for convolution operator ob-
tained in [26, Lemma 11.1].

By collecting these results and by fixing v = 1/2 one has thus obtained
that

uRy(e £i0)v = u(Go + K* + M, )v

= uGov + e uQov + 32D, + 52C’5jE (4.11)

where CF and D. are Hilbert-Schmidt operators with Hilbert-Schmidt
norms bounded by constants independent of e.

(b) For the second step of the proof, we can rely on results obtained
in [1, Section I1.1.2] for the Schrédinger case. Indeed, the single difference
between both contexts is the definition of the operator Gy, but the rest of
the analysis can be mimicked. Then, based on [13, Chapter I11.6.5], it has
been proved in [1, Section 1.1.2] that for any z € C\ {0} with |z| small
enough, the following norm convergent expansion holds:

oo
(1+uGov+2)"t=2"1P+ Z(—z)me“, (4.12)
m=0
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where P is the projection onto the eigenspace of uGgv associated with the
eigenvalue —1 and T € B(H).

(c) Let us now come to the main part of the proof. By taking the
estimates (4.11) and (4.12) into account, observe that for 7 < 7, one has

e" B(e" A +10)
vy —1
=¢"(1+uRo(e” X £i0)v)

-1

e’ (1 + uGov + €7 AuQov + o(eT))

=e"((1+e +uGov)[1+€e (1+e + uGov)_l(Aquv —1+ 0(1))])_1

= (14 (P+0(e)) (AuQov — 1+ 0(1))) " (P+O(e7))
= (1+ P(uQov — 1)+ o(1)) " (P + O(e7)),

where the symbols o(e/7) and O(e’™) mean respectively that lim, .
e I||o(e?) |l = 0 and e IT|O(e7) || pr) € L(—00,7ap) for j € {0,1}.
Thus, if the operator 1+ P(AuQov — 1) is invertible with a bounded inverse,
then the norm limit 7 — —oo can be performed in the previous expression
and one obtains

lim " B(e"A +i0) = (1+ P(huQov — 1)) ' P,
Therefore, the final step in the proof consists in studying the operator 1 +
P(AuQov —1).
(d) Since P is a projection, one observes that the invertibility of 1 +
P(AuQov — 1) holds in B(H) if the condition of Assumption 4.6 is satisfied.
Il

Remark 4.9 It is possible to avoid assuming Assumption 4.6 by still im-
proving part of the previous proof. Indeed, by further developing the term
me in (4.10), then by working more carefully and by considering another
expression of e” in front of the term B(e” A £ i0), a better analysis in the
line of [12] could be performed without the Assumption 4.6. For the time
being, we do not carry out this computation. In comparison, let us mention
that in the Schrédinger case, a similar study has been avoided in [1] by in-
serting an additional real-analytic function of 7 just before V' and by adding
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sufficient conditions on this function. Thanks to this trick, the authors avoid
a condition similar to our Assumption 4.6 but it also prevents them from
considering all the possible situations.

Summing all the results obtained so far, one can readily prove the fol-
lowing statement.

Proposition 4.10 Let us assume that o > 3 in Condition (1.1), and
suppose that Assumptions 4.5 and 4.6 hold. For s > 3/2, let f € Hs N
L (R3) and g € Hs with Eo([a,b])g = g for some [a,b] C (0,00). Then the
limits

lim <f7 (U—TW:I:(H7 HO)UT - 1)9>H =0

T——00

hold.

Proof. 1t is clear from (4.1), (4.8) and Lemma 4.1 that there exists 7., € R
such that for any 7 < 7,5 the stationary representations (4.3) hold. Then,
let us observe that

(fs (We(Ho + e "Vr, Ho) — 1)g),,

b
—— / (B(e"A £ i0)uUr Ro(A £0) f,0U- Ey(X)g) 5, dA

b
S / ([eB(e"A % i0)]e 2wl Ro(A £i0) f, e~/ 20U By (N)g),, dA.

It then follows from Lemma 4.4 and Proposition 4.8 that

lim e™([e"B(e" A £i0)]e /2w U, Ro(\ £1i0) f, e */20U, Ej(\)g).,, = 0.

T——00 H

Finally, the permutation of the integral and of the limit is easily obtained
by an application of the Lebesgue’s dominated convergence theorem. O

Theorem 4.11  Let us assume that o > 3 in Condition (1.1), and suppose
that Assumptions 4.5 and 4.6 hold. Then, the following limits hold:

s— lim U_,Wi(H, Hy)U, = 1.

T——00
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Proof. By density, it is sufficient to show that lim,_, . ||(U-. Wi (H, Hyp)
Ur.—1)f|l# = 0 for any f € H with f € C2°(R*\{0}). Observe first that such
f satisfies all conditions imposed on f and g in the statement of Proposition
4.10. Then, let us write Wi (1) for the operator U_,Wy(H, Hy)U, and
compute

l(wW=(m) = 1) £,
= —(Wa()f, Fyre — (W (D) P + W (D) FIIF + 1£17,. (4.13)

By Proposition 4.10 the first two terms converge to —|| ||, as 7 — —oc. In
addition, observe that

W () f3 = W (H, Ho)U- f 117, = 1U-fII3, = I1£3

because Wi (H, Hy) are isometries. Thus, the expressions on the Lh.s. of
(4.13) converge to 0 as 7 — —o0. O

The previous result has also important consequences on the scattering
operator S as we shall show in the next section.

5. Asymptotic limit for the scattering operator

Let us first recall that the scattering operator .S is defined by the product
WiW_ and is a unitary operator. Then, an immediate consequence of
Theorem 4.11 reads as follows:

Corollary 5.1  Let us assume that o > 3 in Condition (1.1), and suppose
that Assumptions 4.5 and 4.6 hold. Then the following limit holds:
s— lim U_.SU, =1 (5.1)
Proof. Let us set S, for U_.SU, and recall the notation Wy (1) :=
U_,.WiU, introduced in the previous proof. Then, for any f € H one
deduces from Theorem 4.11 that
lim (f,8:f)p = _lim (Wo(r)f, W_(7)F)r = |1 fll3.

T——00

With a trick similar to the one already used in the proof of that theorem,
one then deduces that lim,_,_ ||(S; — 1) f||3, = 0. O
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Let us also look at the consequence of the previous results on the
scattering matrices. For that purpose, let b := L?*(S?) and Fy : H —
L?(Ry,d\;h) =: 2 be the unitary transformation which diagonalizes the
operator Hy, namely [FoHof](A) = AFof](\) for any f belonging to H*
and for almost every A € R. For the relativistic Schrédinger operator, the
expression for Fq is very simple, more precisely for any f € S(R?) one has
[FofIN)] (w) == A[F f](Aw) for any A >0 and w € S%.

Now, it is well known that S is diagonal in the spectral representation of
Hy, or in other words that FoSF; = S(A), where S(A) denotes an operator
of multiplication on Ry by an essentially bounded function with values in
B(h). More precisely, for any ¢ € # and A\ € Ry the action of S(A)
reads [S(A)p](A) = S(A)e(N) € h and S(A) € B(h) is called the scattering
matrix at energy A. Then, by taking into account this relation as well as
the well known equality FU,F* = U_,, one infers that [FoU,Fip](\) =
e~ 2p(e"T\) for any ¢ € , and hence obtains that [FoS,Fie](\) =
S(e"A)¢(N). By introducing the notation [S-(A)p](A) := S(e"N)p(N), we
infers that FoS.F; = Sr(A). Note that So = S and Sp(A) = S(A).

In that setting, relation (5.1) reads as follows: For any ¢ € 4, one has

im [15-(A)e — ¢l = 0.

However, this relation is strictly weaker than the uniform limit u —
limy~ o S(A) = 1, which has been mentioned in the Introduction. In or-
der to obtain the latter result, we shall borrow in the proof of the next
statement a usual stationary representation of the scattering matrix.

Theorem 5.2  Let us assume that o > 3 in Condition (1.1), and suppose
that Assumptions 4.5 and 4.6 hold. Then u —limy~ o S(X) =1 in B(h).

Proof. For any A\ € R, let us first introduce the operator Fy(A) defined
on f € S(R?) by the relation Fo(A\)f = [Fof](A) € h. By analogy to the
Schrodinger case, it is easily shown that this operator extends continuously
to an element of B(H,,h) for any s > 1/2. Furthermore, by mimicking the
approach presented in [11, Section 5] an asymptotic expansion for Fy(\)
as A\, 0 can also be derived. More precisely, one readily obtains that
Fo(A) = Mo + o(A) in B(Hs, b) for any s > 3/2, where [y f](w) = f(0).

Then, the following representation of the scattering matrix holds (see
for example [29, Section 2.8 & 5.7] or [11, Section 5]):
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S(A) = 1= 2miFo(MV (1 + Ro(A +i0)V) ™ Fo(A)*

In addition, by taking the following relations into account

[V(1+ Ro(2)V) '] = (1+ VRo(2) 'V = v(1+uRe(z)v) 'u

one infers the useful relation
S(A) =1 —=2miFo(AN)uB(A—i0)* vFo(N)*

where B(z) was introduced in the statement of Lemma 4.1. In addition,
recall from Proposition 4.8 that the norm limit limy\ o AB(A — i0) exists in
B(H). Thus, by taking into account the already mentioned properties of
Fo(A) when A N\ 0, one directly deduces the statement of the theorem. [J

6. Absolute continuity of the spectrum on [0, c0)

The non-existence of embedded eigenvalues should certainly deserve
more attention for the present model. However, since investigations on this
question for Schrodinger operators always involve a rather heavy machin-
ery, we do not expect that this question can be easily solved for the present
relativistic model. On the other hand, by assuming stronger conditions on
V', one can deduce from an abstract argument that the spectrum of H on
R, is purely absolutely continuous. We clearly suspect that the following
assumptions on V are much too strong both for the non-existence of pos-
itive eigenvalues and for the absolute continuity of the spectrum on R..
But since the argument is rather simple, we have decided to present it for
completeness. The proof is based on an abstract result obtained in [20]

Before going into the details of the application of [20, Theorem 1], let us
recall one definition on regularity of operators with respect to Cp-groups. Let
71, T be two Banach spaces endowed with two Co-groups {U},er, {U2},er
of generators Ay, Ag, respectively. One says that an element B € B(7;,73)
belongs to C1(A1, As; 71, 7T3) if the map

R>7+— U2 BU! € B(T:,T)

is strongly differentiable.
Now, recall that the dilation group has been introduced in Section 4. It
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is known that this group defines Cp-groups in all weighted Sobolev spaces
H!, for s,t € R. Note that these groups are defined either by restrictions
or by duality arguments, and that we keep the same notation {U, },cr for
these groups in each of these spaces. Their generators are all denoted by A.
Furthermore, the relation U_, HoU, = ™ Hy clearly holds in B(H!, H) for
all 7 € R. As a consequence, the operator Hy belongs to C1(A, A; HY, H) =
CHA;HY, H).

Let us now add the potential V. In the sequel, we assume that V €
C?(R?), which means that the potential, its first order derivatives as well as
its second order derivatives are continuous and bounded. We also assume
that the function V, defined by V(z) = z - [VV](z) for all z € R3, is a
bounded function. Since U_,V U, is the operator of multiplication by the
function V, defined by V,(z) = V(e~"z) for any z € R3, one easily observes
that V € C1(A;H, H) = C1(A;H), and therefore V € CH(A;H,'H). As a
consequence, one deduces that H belongs to C'(A; H!, H) and the following
equalities hold in B(H!, H):

dilT(U,THUT) | _,=[iH Al =Ho,—V.

For the application of [20, Theorem 1], one needs to impose a positivity
condition as well as further decrease conditions. For that purpose, let us
first recall Kato’s inequality: Hy > 27~ X]|™! (¢f. [4, Theorem 2.2.4], [13,
p.307]). Then, our positivity assumption takes the following form : there
exist two constants c1,co € [0,1) with ¢; + c2 < 1 such that

1 ~
M = 27r_102m—clV—V>O. (6.1)

In other words, M is the operator of multiplication by the non-negative
function z — M(z) := 2n tey(1/|z]) — 1V (2) — V(z). One infers from
this inequality that the operator T, defined on H! by T := —c; H + [iH, A]
satisfies

T=0-c1)Hy—c1V -V >(1—c¢; —co)Hy+ M > 0.

One also gets the inequalities T > M, T > (1 — ¢y — ¢2)Hp and T >
21711 — ¢ — o) | X |71
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For the decrease conditions, let us assume that for all z € R3:
|z - [VV](z)| < Const. (z)~' and
|z - V[(x - V)V](x)| < Const. (z)~'. (6.2)

Since Hy > 27~ X|™! > 277 1(X)~1, one then infers that there exists a
constant c¢ large enough such that the following inequalities hold:

—cI'<[iH,A] < T, (6.3)
—cT < [i[iH, A], A] < T, (6.4)
—cT < [iT,A] < T. (6.5)

With these inequalities at hand, one can now prove:

Proposition 6.1  Assume that V € CZ(R?) and that the conditions con-
tained in (6.2) are satisfied. Assumed in addition that there exist two con-
stants ¢y, co € [0,1) with ¢; +c2 < 1 such that the condition (6.1) is verified.
Then, the operator H has purely absolutely continuous spectrum on [0, 00).

Proof. The proof consists in checking that the abstract conditions of [20,
Theorem 1] are satisfied. As already noticed before the statement of the
proposition, one clearly has that H belongs to C*(A;H!,H) and that the
operator T' = —cy H+[iH, A] satisfies T > 0 on H!. In addition, the operator
[iH,A] = Hy — V is bounded from below. Thus both conditions contained
in [20, Eq. (2)] are satisfied.

Now, let us keep writing [iH, A] and T for the continuous extensions of
these operators to elements of B(H'/2,H~1/2). It then follows from (6.3)
that for all f € H'/? one has

((f [iH, Al f) 12— /2] < {f,Tf)1/2,-1)2- (6.6)

Thus, if 7 denotes the completion of H'/? with the norm ||f||r :=
(f, Tf>1§;,—1/2’ it follows from (6.6) that [¢H, A] extends to an element of
B(T,T*), where T* denotes the adjoint space of 7. Note that relation (6.4)
leads to a similar conclusion for the operator [z [iH, Al, A}.

We finally check that {U;},cr extends to a Cy-group in 7. This easily
reduces to the proof that ||U, f||7 < ¢(7)|f||7 for all f € H'/? and T € R.
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By (6.5) one has:

WU f13 = (£ Tf) + / (U, i, AU ) dt < [IfI% +

[ o1 dt].
0

The function (0,7) > ¢t — ||U:f||> € R is bounded (since H'/? — T),
and hence by a simple form of the Gronwall Lemma, we get the inequality
NU-fllr < e/ fll7. Thus {U,},cr extends to a Co-group in 7, and
by duality {U,},cr also defines a Cy-group in 7*. This finishes the proof
that [iH, A] extends to an element of C'(A;7,7*). All hypotheses of [20,
Theorem 1] have been checked, and the statement follows from this theorem
and from its corollary. O

7. Appendix

In this appendix, we derive an explicit expression for the action of the
unitary group generated by Hy. Apparently, such formula was not exhibited
before.

For that purpose, let us consider f € C2°(R3), g € S with § € C>(R3)
and for z € C one sets

(+(2) == /R3 ek (k) g(k) dk.

Clearly, (4 are entire functions on C and one has (4 (Ft) = <e‘“HO f,g> for
any t € R. On the other hand, one also has for any ¢ > 0

Galait) = [ e (k) R) ak
_ <e—tH0f7g>

- /R { /R m2(|z — ;IQ ) fy) dy}g(x)d:v,

where the explicit form of the semi-group is borrowed from [26, Eq. (2.1)].

Now, by setting

0= [ { [ a0 i ao
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one easily observes that the maps 74 are holomorphic on C4. Furthermore,

the equalities (4 (%it) = ny(=£it) hold for any ¢ > 0. By analytic continua-

tion, it follows that the functions (4 and 7+ are equal on C4, respectively.
And as a consequence, one infers that for each fixed ¢ > 0 one has

(70 f,g) = C-(1) = Hm ¢ (¢ —ie) = limn(t — ie)

= lim {/R we f(y)dy}g(w)dx

eN\0 g3 s m2(|lz —y| +t —ie)?(|Jz —y| — t + ie)?

which formally reads

_itH, _ it —
ns) = [ { [ e S0

where the distributions s +— m are for example defined in [10, Section

3.2]. On the other hand, one infers for each fixed ¢ < 0 that

(e o f ) = ¢\ (—t) = g% C+(|t| +ie) = ii\‘nén-i-(’t’ + ig)

. / w+e
= l1m
N0 Jrs | Jrs m2(|Jz — y| —t 4+ 1e)?(Jx — y| + t —ic)?

which formally reads

fw) dy}g(l") dz

_itH, B it —
ora) = [ L it T Wi

One has thus obtained:

Lemma 7.1 For any f € C*(R3), g € S with § € C°(R3) and +t > 0,
one has

er0)= [ [ ey (0 ) ae

in a formal sense (the precise sense being the one mentioned above).
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