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Abstract. We consider in a Hilbert space a self-adjoint operator H and a
family ® = (®1,...,Pq) of mutually commuting self-adjoint operators. Under
some regularity properties of H with respect to ®, we propose two new formu-
lae for a time operator for H and prove their equality. One of the expressions
is based on the time evolution of an abstract localisation operator defined in
terms of ® while the other one corresponds to a stationary formula. Under
the same assumptions, we also conduct the spectral analysis of H by using
the method of the conjugate operator.

Among other examples, our theory applies to Friedrichs Hamiltonians,
Stark Hamiltonians, some Jacobi operators, the Dirac operator, convolution
operators on locally compact groups, pseudodifferential operators, adjacency
operators on graphs and direct integral operators.
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1. Introduction and main results

Let H be a self-adjoint operator in a Hilbert space H and let T be a linear operator
in H. Generally speaking, the operator T is called a time operator for H if it
satisfies the canonical commutation relation

[T,H] =1, (1.1)
or, alternatively, the relation

Te H — e H(T L ¢)  teR. (1.2)
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Obviously, these two equations are very formal and not equivalent. So many au-
thors have proposed various sets of conditions in order to give a precise meaning
to them. For instance, one has introduced the concept of infinitesimal Weyl re-
lation in the weak or in the strong sense [18], the T-weak Weyl relation [21] or
various generalised versions of the Weyl relation (see, e.g., [6, 17]). However, in
most of these publications the pair {H,T} is a priori given and the authors are
mainly interested in the properties of H and T that can be deduced from a re-
lation like (1.2). In particular, the self-adjointness of T', the spectral nature of H
and T, the connection with the survival probability, the form of T" in the spectral
representation of H, the relation with the theory of irreversibility and many other
properties have been extensively discussed in the literature (see [23, Sec. 8], [24,
Sec. 3], [5, 12, 15, 16, 38] and references therein).

Our approach is radically different. Starting from a self-adjoint operator H,
one wonders if there exists a linear operator T' such that (1.1) holds in a suitable
sense. And can we find a universal procedure to construct such an operator? This
paper is a first attempt to answer these questions.

Our interest in these questions has been recently aroused by a formula put
into evidence in [37]. Along the proof of the existence of time delay for hypoelliptic
pseudodifferential operators H := h(P) in [2(R?), the author derives an integral
formula linking the time evolution of localisation operators to the derivative with
respect to the spectral parameter of H. The formula reads as follows: if () stands
for the family of position operators in L>(R?) and f : R? — C is some appropriate
function with f = 1 in a neighbourhood of 0, then one has on suitable elements
¢ € P(RY)

Jin g f - dtCe, [T F(Q/r) e = 1(Q/r) e o) = (prip @),

(1.3)
where % stands for the operator acting as % in the spectral representation of
H. Accordingly, this formula furnishes a preliminary procedure to obtain a time
operator T only constructed in terms of H, the position operators ¢ and the
function f.

A review of the methods used in [37] suggested to us that Equation (1.3)
could be extended to the case of an abstract pair of operator H and position
operators ® acting in a Hilbert space H, as soon as H and ® satisfy two appropriate
commutation relations. Namely, suppose that you are given a self-adjoint operator
H and a family ® = (94,...,P,4) of mutually commuting self-adjoint operators in
‘H. Then, roughly speaking, the first condition requires that for some w € C\ R
the map

RSz e @®(H —w) Le™® ¢ B(H)

is 3-times strongly differentiable (see Assumption 2.2 for a precise statement).
The second condition, Assumption 2.3, requires that the operators e *® H e ®
x € R?, define a family of mutually commuting operators. Given this, our main
result reads as follows (see Theorem 5.5 for a precise statement):
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Theorem 1.1. Let H and ® be as above. Let f be a Schwartz function on R? such
that f =1 on a neighbourhood of 0 and f(x) = f(—x) for each x € R?. Then, for
each  in some suitable subset of H one has

T—00

lim % ; dt <<p, [e_”Hf(q)/r) eitH _ itH f(@/r) e_”H]ap> = (p, Try), (1.4)

where the operator Ty acts, in an appropriate sense, as i% in the spectral repre-
sentation of H.

One infers from this result that the operator Ty is a time operator. Further-
more, an explicit description of T is also available: if H ]’ denotes the self-adjoint

operator associated with the commutator i(H, ®;] and H' := (Hj,..., H)), then
Ty is formally given by
Ty =—%(®-Ry(H')+ Ry (H') - @), (1.5)

where R’ : R? — C% is some explicit function (see Section 4 and Proposition 5.2).

In summary, once a family of mutually commuting self-adjoint operators
(@1, ..., Dy) satisfying Assumptions 2.2 and 2.3 has been given, then a time oper-
ator can be defined either in terms of the L.h.s. of (1.4) or in terms of (1.5). When
suitably defined, both expressions lead to the same operator. We also mention that
the equality (1.4), with r.h.s. defined by (1.5), provides a crucial preliminary step
for the proof of the existence of quantum time delay and Eisenbud-Wigner For-
mula for abstract scattering pairs { H, H+V}. In addition, Theorem 1.1 establishes
a new relation between time dependent scattering theory (Lh.s.) and stationary
scattering theory (r.h.s.) for a general class of operators. We refer to the discussion
in Section 6 for more information on these issues.

Let us now describe more precisely the content of this paper. In Section 2 we
recall the necessary definitions from the theory of the conjugate operator and define
a critical set k(H) for the operator H. In the more usual setup where H = h(P)
is a function of the momentum vector operator P and ® is the position vector
operator @ in L2(R?), it is known that the critical values of h

k= {A € R| 3z € R? such that h(z) = X and h/(z) = 0}

plays an important role (see, e.g., [1, Sec. 7]). For instance, one cannot obtain a
simple Mourre estimate at these values. Such phenomena also occur in the abstract
setup. Since the operator H is a priori not a function of an auxiliary operator as
h(P), the derivative appearing in the definition of k;, does not have a direct coun-
terpart. However, the identities (0;h)(P) = i[h(P), Q;] suggest to define the set of
critical values x(H) in terms of the vector operator H' := (i[H, ®1],...,i[H, ®4]).
This is the content of Definition 2.5. In Lemma 2.6 and Theorem 3.6, we show that
k(H) is closed, contains the set of eigenvalues of H, and that the spectrum of H in
o(H) \ k(H) is purely absolutely continuous. The proof of the latter result relies
on the construction, described in Section 3, of an appropriate conjugate operator
for H.
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In Section 4, we recall some definitions in relation with the function f that
appear in Theorem 1.1. The function R; is introduced and some of its properties
are presented. Section 5 is the core of the paper and its most technical part. It
contains the definition of Ty and the proof of the precise version of Theorem 1.1.
Suitable subspaces of H on which the operators are well defined and on which the
equalities hold are introduced.

An interpretation of our results is proposed in Section 6. The relation with
the theory of time operators is explained, and various cases are presented. The
importance of Theorem 5.5 for the proof of the existence of the quantum time
delay and Eisenbud-Wigner Formula is also sketched.

In Section 7, we show that our results apply to many operators H appearing
in physics and mathematics literature. Among other examples, we treat Friedrichs
Hamiltonians, Stark Hamiltonians, some Jacobi operators, the Dirac operator,
convolution operators on locally compact groups, pseudodifferential operators, ad-
jacency operators on graphs and direct integral operators. In each case, we are
able to exhibit a natural family of nontrivial position operators ® satisfying our
assumptions. The diversity of the examples covered by our theory make us strongly
believe that Formula (1.4) is of natural character. Moreover it also suggests that
the existence of time delay is a very common feature of quantum scattering theory.
We also point out that one by-product of our study is an efficient algorithm for
the choice of a conjugate operator for a given self-adjoint operator H (see Section
3). This allows us to obtain (or reobtain) non trivial spectral results for various
important classes of self-adjoint operators H.

As a final comment, we would like to emphasize that one of the main interest
of our study comes from the fact that we do not restrict ourselves to the standard
position operators () and to operators H which are functions of P. Due to this
generality, we cannot rely on the usual canonical commutation relation of ) and P
and on the subjacent Fourier analysis. This explains the constant use of abstract
commutators methods throughout the paper.

2. Critical values

In this section, we recall some standard notions on the conjugate operator theory
and introduce our general framework. The set of critical values is defined and some
of its properties are outlined. This subset of the spectrum of the operator under
investigation plays an essential role in the sequel.

We first recall some facts principally borrowed from [1]. Let H and A be two
self-adjoint operators in a Hilbert space H. Their respective domain are denoted
by D(H) and D(A), and for suitable w € C we write R, for (H — w)~!. The
operator H is of class C1(A) if there exists w € C\ o(H) such that the map

Rt e AR, e ¢ B(H) (2.1)
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is strongly differentiable. In that case, the quadratic form
D(A) 3 ¢ = (Ap, Rup) — (R, Ap) € C

extends continuously to a bounded operator denoted by [A, R,] € B(H). Tt also
follows from the C'(A)-condition that D(H) ND(A) is a core for H and that the
quadratic form D(H) N D(A) 3 ¢ — (Hyp, Ap) — (Ap, Hp) is continuous in the
topology of D(H). This form extends then uniquely to a continuous quadratic form
[H, A] on D(H), which can be identified with a continuous operator from D(H) to
the adjoint space D(H)*. Finally, the following equality holds:

[A,R,] = Ru[H, A]R.,. (2.2)

It is also proved in [13, Lemma 2] that if [H, A]D(H) C H, then the unitary group
{e4},cr preserves the domain of H, i.e., €4 D(H) C D(H) for all t € R. In the
sequel, we shall say that i[H, A] is essentially self-adjoint on D(H) if [H, A|D(H) C
‘H and if i[H, A] is essentially self-adjoint on D(H) in the usual sense.

We now extend this framework in two directions: in the number of conjugate
operators and in the degree of regularity with respect to these operators. So,
let us consider a family ® = (®q,...,P4) of mutually commuting self-adjoint
operators in H (throughout the paper, we use the term “commute” for operators
commuting in the sense of [26, Sec. VIIL5]). Then we know from [7, Sec. 6.5] that
any measurable function f € L°°(R?) defines a bounded operator f(®) in H. In
particular, the operator € ®, with z-® = ijl x;®;, is unitary for each r € R%.
Note also that the conjugation

Cp:BMH) = B(H), Bre @®per?

defines an automorphism of Z(H).
Within this framework, the operator H is said to be of class C™(®) for
m=1,2,... if there exists w € C\ o(H) such that the map

R? >z e @R, e ¢ B(H) (2.3)

is strongly of class C™ in H. One easily observes that if H is of class C™(®),
then the operator H is of class C™(®;) for each j (the class C™(®;) being defined
similarly).

Remark 2.1. A bounded operator S € Z(H) belongs to C*(A) if the map (2.1),
with R, replaced by S, is strongly differentiable. Similarly, S € #(H) belongs to
C™(®) if the map (2.3), with R, replaced by S, is strongly C™.

In the sequel, we assume that H is regular with respect to unitary group
{e®®}__ga in the following sense.

Assumption 2.2. The operator H is of class C1(®), and for each j € {1,...,d},
i[H, ®;] is essentially self-adjoint on D(H ), with its self-adjoint extension denoted
by Hj. The operator H is of class C*(®), and for each k € {1,...,d}, i[H}, @] is
essentially self-adjoint on D(H}), with its self-adjoint extension denoted by H7 .
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The operator HJ; is of class C*(®), and for each £ € {1,...,d}, i[H},, @] is
essentially self-adjoint on D(H7} ), with its self-adjoint extension denoted by H7,.

This assumption implies the invariance of D(H) under the action of the
unitary group {€**}, cpa. Indeed, this follows from the condition [H, ®;]D(H) C
H and from [13, Lemma 2] that €% D(H) C D(H) for all t+ € R. In fact, one
easily obtains that e¢*® D(H) = D(H), and since this property holds for each j
one also has e ®D(H) = D(H) for all x € R?. As a consequence, we obtain in
particular that each self-adjoint operator

H(z) :=e @® geiv? (2.4)
(with H(0) = H) has domain D[H (x)] = D(H).

Similarly, the domains D(H}) and D(H}}) are left invariant by the action
of the unitary group {€"*},cra, and the operators H/(x) := e~ ® H} e ® and
Hj (z) = e iz® H, e ® are self-adjoint operators with domains D(H}) and
D(H}),) respectively.

Our second main assumption concerns the family of operators H (z).
Assumption 2.3. The operators { H (z)},cre mutually commute.

Using the fact that the map R? 3 x + C, € Aut[%(H)] is a group morphism,
one easily shows that Assumption 2.3 is equivalent the commutativity of each H(x)
with H. Furthermore, Assumptions 2.2 and 2.3 imply additional commutation
relations:

Lemma 2.4. The operators H(x), H(y), Hy,(2) mutually commute for each j, k,
¢e{l,...,d} and each x,y,z € R%.

Proof. Let w € C\R, z,y,2 € R, j k,£,m € {1,...,d}, and set R(z) := [H(z) —
w|™!, R(x) == [Hj(x) —w]™" and () = [H]) (v) — w]~t. By assumption, one
has the equality

R(z) R(Eej)e—R(O) _ R(Eej)e—R(O) R(z)
for each ¢ € R\ {0}. Taking the strong limit as ¢ — 0, and using (2.2) and

Assumption 2.3, one obtains
R(0) [R(x)Hj — HjR(z)] R(0) = 0.
Since the resolvent R(0) on the left is injective, this implies that R(x)H; —
H}R(x) =0 on D(H). Furthermore, since D(H) is a core for H} the last equality
can be extended to D(H}). So, one gets
R (0)R(z) = R}(0)R(z)(Hj — w)Rj(0) = R(z)Rj(0).

One infers from this that H(z) and H}(y) commute by using the morphism prop-
erty of the map R? 5 z +— C,, € Aut[B(H)].

A similar argument leads to the commutativity of the operators H j' (z) and
Hj(y) by considering the operators R’;(x) R(Ee’“)g_R(O) and R(se"‘)e_R(O) R/;(x). The
commutativity of H(x) and HJ}(z) is obtained by considering the operators
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R(z) Rj(sek)g_Rj(O) and Rj(sek)_Rj(O)R(a:), and the commutativity of Hj(y) and

€

H}/,(z) by considering the operators R/(y) Ri(ee)=Fs(® g R;“(Ee"‘);R;“(O) Rii(y).

Finally, the commutation between H7, (z) and Hy, (y) is obtained by considering

the operators R () Ri(eem)=11(0) apqg RZ(ge""ngé(O) R, (). Details are left to the

1>
reader. O

For simplicity, we write H' for the vector operator (H1, ..., H}), and define for
each measurable function f : R? — C the operator f(H’) by using the d-variables
functional calculus. The symbol E¥ () denotes the spectral measure of H.

Definition 2.5. A number A € R is called a regular value of H if there exists § > 0
such that

Jiny [[(H")? +¢] " ET (A= 6,1+ 6))]|| < o. (2.5)

A number )\ € R that is not a regular value of H is called a critical value of H.
We denote by k(H) the set of critical values of H.

From now on, we shall use the shorter notation Ef (X; §) for E# ((A—6, A+4)).
In the next lemma we put into evidence some useful properties of the set x(H).

Lemma 2.6. Let Assumptions 2.2 and 2.3 be verified. Then the set xk(H) possesses
the following properties:
(a) w(H) is closed.
(b) k(H) contains the set of eigenvalues of H.
(¢) The limit lime~o || [(H')? + E]AEH(J)H is finite for each compact set J C
R\ k(H).
(d) For each compact set J C R\ k(H), there exists a compact set U C (0, 00)
such that B2 (J) = EVH'(U)EH (J).

Proof. (a) Let Ag be a regular value for H, i.e., there exists dg > 0 such that (2.5)
holds with A replaced by Ag. Let A € (Ao — o, Ao + 0p) and let 6 > 0 such that

(A=38,A+0) C (Ao — b0, Ao + o).
Then, since EX ()\;8) = EH (\g; 50) EH ();§), one has
i [+ €] B0 <l [P 4] 7 s )| <

But this means exactly that A is a regular value for any A € (Ao — do, Ao + dp). So
the set of regular values is open, and x(H) is closed.

(b) Let A € R be an eigenvalue of H, and let ¢ be an associated eigenvector
with norm one. Since H is of class C'(®;) for each j, we know from the Virial
theorem [1, Prop. 7.2.10] that E¥ ({A})HjE" ({A}) = 0 for each j. This, together
with Lemma 2.4, implies that

ET(OAN[(H)? +¢] T ET({A) = e ' ET({A})
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for each € > 0. In particular, we obtain for each § > 0 the equalities
[(H')? +&] B (X )on = BT (N [(H')? +¢] BT ({Ah)er = < Hn,
and
fm ([ +€) B o) > tim [0 +<] ' EF ()|
S -1 —
= lim =g = ox.

Since § has been chosen arbitrarily, this implies that A is not a regular value of H.

(¢) This follows easily by using a compacity argument.

(d) Let us concentrate first on the lower bound of U. Clearly, if | H'| is strictly
positive, then U can be chosen in (0,00) and thus is bounded from below by a
strictly positive number. So assume now that |H’| is not strictly positive, that is
0 € o(|H'|). By absurd, suppose that U is not bounded from below by a strictly
positive number, i.e., there does not exist a > 0 such that U C (a, 00). Then for
n=1,2,..., there exists ¢, € H such that Bl ([0, 1/n))EH(J)1pn # 0, and the
vectors

EM([0,1/n)) B" (J)in
o B (0, 1/0)) BH (Tl

satisfy ||on|| = 1, and B (J)p, = E‘Hl|([07 1/n))¢n = ¢n. It follows by point (c)
that

Const. > gl\rj% I[(E')? + €]

-1 -1

ET ()| = lim [|[(H')* + €] E"(J)enl|

= lin [|[(H')? +¢] T ET((0,1/m) o
> lim (072 + ) leul

= n27

which leads to a contradiction when n — oo.
Let us now concentrate on the upper bound of U. Clearly, if |H’| is a bounded
operator, one can choose a bounded subset U of R and thus U is upper bounded.

So assume now that |H’| is not a bounded operator. By absurd, suppose that U
is not bounded from above, i.e., there does not exist b < oo such that U C (0, b).
Then for n = 1,2, ..., there exists ¢, € H such that E"'l ([r, 00)) EH ()b, # 0,

and the vectors /
EH'([n,00)) E¥ (J)¢bn

7 B ([n, 00)) B ()|

satisfy [¢n|l = 1, and E® (J)p, = EH'([n,0))¢, = ¢n. It follows by Assump-
tion 2.2 and Lemma 2.4 that |[H’| E¥(J) is a bounded operator, and

Const. > |||H'| B (J)|| = [[IH'| B (J)pu || = [[|H'| B (In, 00)) ou|| = nllonll

which leads to a contradiction when n — oo. O
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3. Locally smooth operators and absolute continuity

In this section we exhibit a large class of locally H-smooth operators. We also
show that the operator H is purely absolutely continuous in o(H) \ «(H). These
results are obtained by using commutators methods as presented in [1].

In order to motivate our choice of conjugate operator for H, we present first
a formal calculation. Let A, be given by

Ay = %{n(H)H’ O+ P- H'n(H)},
where 7 is some real function with a sufficiently rapid decrease to 0 at infinity.
Then A, satisfies with H the commutation relation
. i d
i[H, Ag) = § 525, {n(H)H} [H, ®;] + [H, ®;] Hin(H) } = (H')*n(H),

which provides (in a sense to be specified) a Mourre estimate. So, in the sequel, one
only has to justify these formal manipulations and to determinate an appropriate
function 7.

First of all, one observes that for each j € {1,...,d} and each w € C\
o(H) the operator HjR, = Hj(H —w)~" is a bounded operator. Indeed, one
has (H —w)™'"H = D(H) C D(H}) by Assumption 2.2. In the following lemmas,
Assumptions 2.2 and 2.3 are tacitly assumed, and we set (z) := (1+22)"/2 for any
e R".

Lemma 3.1.

(a) For each j,k € {1,...,d} and each v,w € C\ o(H), the bounded operator
R,,HJ'-Rw belongs to C1(®y,).

(b) For each j,k € {1,...,d} the bounded self-adjoint operator (H) >Hj(H)?
belongs to C(®y,).

(¢c) For each j, k,0 € {1,...,d}, the bounded self-adjoint operator
i[(H) 2HJ(H)™2, @] belongs to C*(®y).

(d) The operator H is of class C3(®).

Proof. (a) Due to Assumption 2.2 one has for each ¢ € D(®y,)
(®rp, RyH]Rp) — (RoHj Ry, ®rp)
= (o, Ry HjRop) — (PrRsp, HiRop)
+ (®rRsp, HiRy0) — (RoHj Ry, Prp)
= ([Ry, ®rlp, HiRup) + (PuRsp, Hi Rup) — (Hj Ry, PiRuwtp)
+ (HjRyp, ®1Rup) — (RoH) Ry, P10)
= ([Ry, ®k]op, HiRup) + ([H}, @4 Ry, Rup) + (H} Ry, [P, Ru]).
This implies that there exists ¢ < oo such that
|(®rp, RyHjRup) — (RoHj R, Prio)| < o]
for each ¢ € D(®y), and thus the statement follows from [1, Lemma 6.2.9].
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(b) Since (H)™? = R_;R;, the operator (H) >Hj(H)? is clearly bounded
and self-adjoint. Furthermore, by observing that

<H>72H§ <H>72 =R, (RfiHJ/-Ri)Rfi

one concludes from (a) that (H) >H/(H)™* is the product of three operators
belonging to C1(®}), and thus belongs to C1(®) due to [1, Prop. 5.1.5].
(¢) Taking Lemma 2.4 into account, one gets

i[(H)?Hj(H)"?, ®] = —2(R:H.R;)(R_H;R_;)(R; + R_;) + (H) > H}} (H)~>.

The first term is a product of operators which belong to C!(®,), and thus it
belongs to C*(®). For the second term, a calculation similar to the one presented
in (a) using Assumption 2.2 shows that this term also belongs to C*(®;), and so
the claim is proved.

(d) In this part of the proof, we freely use the notations of [1] for some
regularity classes with respect to the group generated by ®,. Let us set G := D(H),
and consider z € C\ o(H) and j,k,¢ € {1,...,d}. We know from the proof of (a)
that the equality

i[i[R., ®;], ®] = —i[R., ®x]HjR. — R.Hj} R, — H;R.i[R., D}] (3.1)

holds on H. We also know from Assumption 2.2 and [1, Lemma 5.1.2.(b)] that
R, € CY(®4;H,G), that Hj belongs to C'(®y;G,H) and that Hf; belongs to
CH(®4;G,H). So, each term of the r.h.s. of (3.1) belongs to C1(®;), due to [1,
Lemma 5.1.5]. This implies that i [i[R., ®;], ®x] € C*(®;), which proves the claim.

U

We can now give a precise definition of the conjugate operator A we will use,
and prove its self-adjointness. For that purpose, we consider the family

-2 -2 .
I := (H) " H; (H)" ", j=1,...,d,
of mutually commuting bounded self-adjoint operators, and we write
II:= (I, ...,

for the associated vector operator. Due to Lemma 3.1.(b), each operator II; belongs
to C1(®;). Therefore the operator

A= L0+ & -10)

is well defined and symmetric on ﬂ?:l D(®;). For the next lemma, we note that
this set contains the domain D(®?) of ®2.

Lemma 3.2. The operator A is essentially self-adjoint on D(®?).

Proof. We use the criterion of essential self-adjointness [27, Thm. X.37].
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Given a > 1, we define the self-adjoint operator N := ®2 + II? + o with
domain D(N) = D(®?) and observe that in the form sense on D(N) one has
N? = @' + 11" 4 @® + 2a®? + 2alI? + 11 + [1°D?
=0 + 1" + a® + 20®° + 2aI1° + Y {®;T;®; + T P30, } + R
3k
with R := 37, {Ig[llg, @;]®; + ©;[®;, ]I + I, ®;]*}. Now, the following
inequality holds
2
> {0k [k, ®5]®; + 5[0, ]I } > —d®? — > (T[T, 05])°
Jik g,k
Thus there exists ¢ > 0 such that R > —d®? — c. Altogether, we have shown that
in the form sense on D(NV)

N2> @'+ 11" + (0% — ¢) + (20 — d)* + 2aIl” + Y {@;T;®; + T B30, },
3k
where the r.h.s. is a sum of positive terms for a large enough. In particular, one
has for ¢ € D(N)
2 2
INel? > T2 + [ @511,

which implies that

1] < & 3" {|I @50 + [|@100]|} < dINg].
J

It remains to estimate the commutator [A, N]. In the form sense on D(N),
one has

204, N] =) {[I1, @)@, D + By[T1;, By |®; + D;[TT;, 0|0y, + D; By [T1;, Byy]
Jk
+ Hj [(I)j, Hk]Hk + Hij[(I)j, Hk] + [(I)j7 Hk]HJHk + Hk[q)j7 Hk]HJ}

The last four terms are bounded. For the other terms, Lemma 3.1.(c), together
with the bound

(@j0, Bup)| < | B (0, ®°p) < |B| (¢, No), ¢ €D(N), Be B(H),
leads to the desired estimate, i.e., (¢, [A, N]p) < Const. (¢, Np). O

Lemma 3.3. The operator H is of class C*(A) and the sesquilinear form i[H, A]
on D(H) extends to the bounded positive operator (H)~2(H')*(H)~2.

Proof. One has for each ¢ € D(®?) and each w € C \ o(H)
2{(Rap, Ap) — (Ap, Rup)} (3.2)
= {{Raw, (I;®; + &;11)0) — ((I1;®; + ;11;) 2, Rup) }

= Z {{;, [Re, @] ) + ([®, Ra] ¢, i) }.
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Since all operators in the last equality are bounded and since D(®2) is a core for
A, this implies that H is of class C'(A) [1, Lemma 6.2.9].
Now observe that the following equalities hold on H

iRy, A = £ 3, {1 Ry, ;] + [Ru, @)1} = —Ry, (H) ™2 (H')? (H) ™ R,,.

Therefore the sesquilinear form i[H, A] on D(H) extends to the bounded positive
operator (H) ™ (H')2 (H)™*. Finally, the operator i[R,,, A] can be written as a
product of factors in C*(®,) for each ¢, namely

i[Ru, A = — Y, Ry (R_iH!R;) (R_;H]R;) R,,.

So i[R., A] also belongs to C*(®,) for each ¢, and thus a calculation similar to the
one of (3.2) shows that i[R,,, A] belongs to C*(A). This implies that H is of class
C?(A). O

Definition 3.4. A number A € R is called a A-regular value of H if there exist
numbers a,§ > 0 such that (H')2E*(\;8) > a EH();6). The complement of this
set in R is denoted by x“(H).

The set of A-regular values corresponds to the Mourre set with respect to
A. Indeed, if X is a A-regular value, then (H')2EH(\;0) > a Ef(\;6) for some
a,0 >0 and

EY(\; 6)i[H, AIEY (X;6) = EM (X 0) (H) ™2 (H')* (H) "> E" (X;6) > ' " ()\;6),

where a := a-inf ,c (x5 r14) (u)~*. In the framework of Mourre theory, this means
that the operator A is strictly conjugate to H at the point A [1, Sec. 7.2.2].

Lemma 3.5. The sets k(H) and xk*(H) are equal.
Proof. Let A be a A-regular value of H. Then there exist a,d > 0 such that
E" (X 6) <a M (H')ET(X;0),
and we obtain for € > 0:
I+ B (o)
= sup  ([(H)?+e] 0, BRN6)[(H)? +<% )

wEH, [lpll=1
<a™? s ([(H)+ e] o, B (0 0) (H[(H')? + 6] 7p)
YEH, ||le|l=1
< a_2||(H’)2[(H’)2+6]_1H2
<a?

which implies, by taking the limit lim.\ o, that X is a regular value.
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Now, let A be a regular value of H. Then there exists § > 0 such that
> 1 72 —1oH (.
Const. > 21\% I[(H")? + ] E7(X0)|

= lim IEH (X 8) [(H')2ER (X 8) +¢] T EX (\;6)||

= lim || [(H')?E" (\;6) + €]

-1
NG (PRNEE (3:3)

where Hy s := E(\;§)H. But we have
I [(H’)QEH()\; 8) +¢] -1 ||%(HM) =(a+¢e)7t,

where the number a > 0 is the infimum of the spectrum of (H')?E*();§), con-
sidered as an operator in H, 5. Therefore, Formula (3.3) entails the bound a=! <
Const., which implies that @ > 0. In consequence, the operator (H')2EH ();0) is
strictly positive in H, s, namely,

(H')?E"(X\;0) > aEH ();0)

with @ > 0. This implies that A is a A-regular value of H, and x(H) is equal to
kA(H). O

We shall now state our main result on the nature of the spectrum of H, and
exhibit a class of locally H-smooth operators. The space (D(A)7 'H) 12,10 defined
by real interpolation [1, Sec. 3.4.1], is denoted by #". Since for each j € {1,...,d}
the operator II; belongs to C1(®;), we have D((®)) C D(A), and it follows from
[1, Thm. 2.6.3] and [1, Thm. 3.4.3.(a)] that for s > 1/2 the continuous embeddings
hold:

D{®)°)Cc X CHCH*CDUP) ). (3.4)

The symbol C4 stands for the half-plane C1 := {w € C | £Im(w) > 0}.

Theorem 3.6. Let H satisfy Assumptions 2.2 and 2.3. Then,

(a) the spectrum of H in o(H) \ x(H) is purely absolutely continuous,
(b) each operator T € B(D((®)" %), H), with s > 1/2, is locally H-smooth on
R\ k(H).

Proof. (a) This is a direct application of [31, Thm. 0.1] which takes Lemmas 3.3
and 3.5 into account.

(b) We know from [31, Thm. 0.1] that the map w — R, € B(# ", #*), which
is holomorphic on the half-plane C., extends to a weak*-continuous function on
Ci U{R\ k(H)}. Now, consider T' € ZB(#*,H). Then one has T* € B(H,H ),
and it follows from the above continuity that for each compact subset J C R\ x(H)
there exists a constant ¢ > 0 such that for all w € C with Re(w) € J and Im(w) €
(0,1) one has

ITR,T* || + | TRT")| < c.
A fortiori, one also has sup,, ||T'(R., — Rz)T*|| < ¢, where the supremum is taken
over the same set of complex numbers. This last property is equivalent to the local
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H-smoothness of T on R\ x(H). The claim is then obtained by using the last
embedding of (3.4). O

4. Averaged localisation functions

In this section we recall some properties of a class of averaged localisation func-
tions which appears naturally when dealing with quantum scattering theory. These
functions, which are denoted R, are constructed in terms of functions f € L>(R9)
of localisation around the origin 0 of R?. They were already used, in one form or
another, in [14], [36], and [37].

Assumption 4.1. The function f € L°(R?) satisfies the following conditions:

(i) There exists p > 0 such that |f(z)| < Const. (x)~* for a.e. € R%.
(ii) f =1 on a neighbourhood of 0.

It is clear that s-lim, o f(®/r) = 1 if f satisfies Assumption 4.1. Further-
more, one has for each x € R?\ {0}

[e's) d 1 d +oo B
/0 7” [f(ux)—X[o,u(u)]’ S/O #If(ux)—llﬂLConst-/l dp =) < oo,

where 0,1 denotes the characteristic function for the interval [0, 1]. Therefore the
function Ry : R?\ {0} — C given by

+oo
fwmwzé %ﬁﬂww—xmmm]

is well defined. If RY := (0,00), endowed with the multiplication, is seen as a
Lie group with Haar measure dr“, then Ry is the renormalised average of f with

respect to the (dilation) action of R} on R%.

In the next lemma we recall some differentiability and homogeneity properties
of Ry. We also give the explicit form of Ry when f is a radial function. The reader
is referred to [37, Sec. 2] for proofs and details. The symbol .7 (R?) stands for the
Schwartz space on R?.

Lemma 4.2. Let f satisfy Assumption 4.1.

a ssume that (0;f)(x) exists jor all 7 € {1,..., anda r € , and suppose
A hat (0; f ists f iy 1 d d R? d

that there exists some p’ > 0 such that |(9; f)(z)| < Const. (x)f(le) for each
xr € R Then Ry is differentiable on R\ {0}, and its derivative is given by

Rio) = [ s o),

In particular, if f € #(R?) then Ry belongs to C*=(R4\ {0}).
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(b) Assume that Ry belongs to C™(R%\ {0}) for some m > 1. Then one has the
homogeneity properties

z- Ry(x) = -1, (4.1)
t1(0 Ry ) (tw) = (0 Ry) (), (4.2)

where z € R\ {0}, t > 0 and a € N? is a multi-indez with 1 < |a| < m.

(¢) Assume that f is radial, i.e., there exists fo € L°(R) such that f(x) = fo(|z])
for a.e. x € R%. Then Ry belongs to C>(R4\ {0}), and Ry (x) = —x 2.

Obviously, one can show as in Lemma 4.2.(a) that Ry is of class C™(R%\ {0})
if one has for each o € N¢ with |a| < m that (9% f)(z) exists and that |(9% f)(x)| <
Const. (x)f(laHp ) for some p’ > 0. However, this is not a necessary condition. In
some cases (as in Lemma 4.2.(c)), the function Ry is very regular outside the point
0 even if f is not continuous.

5. Integral formula

In this section we prove our main result on the relation between the evolution
of the localisation operators f(®/r) and the time operator Ty defined below. We
begin with a technical lemma that will be used subsequently. Since this result
could also be useful in other situations, we present here a general version of it.
The symbol .% stands for the Fourier transformation, and the measure dx on R"
is chosen so that .# extends to a unitary operator in L?(R").

Proposition 5.1. Let C = (C4,...,C,) and D = (D1,...,Dq) be two families
of mutually commuting self-adjoint operators in a Hilbert space 5. Let k > 1
be an integer, and assume that each Cj is of class C*(D). Let f € L>°(R"), set

g(z) = f(z) <x1>2k e (xn>2k, and suppose that the functions g and

= (Fg)(@) (@)™ (wa)

are in LY(R™). Then the operator f(C) belongs to C*(D). In particular, if f €
S (R™) then f(C) belongs to C*(D).

Proof. For each y € R?, we set Dy := ;7(e®? —1). Then we know from [1,
Lemma 6.2.3.(a)] that it is sufficient to prove that || adlij (f(C))]| is bounded by
a constant independent of y (the symbol ad]z)y (f(C)) refers to the kth iterated

commutator of D, with f(C') in the sense of [1, Sec. 5.1.1]). By using the linearity
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of ad]ij(-) and [1, Eq. 5.1.16], we get
adp, (f(C)) = adp, (9(C)(Cr) ™" (C) ")

= /n Qx (99)(@ ad’ij (eifE1C1 <Cl>*2k . eircgcn <Cn>,2k)

= Y G, [ de(Fg)@)adly

ki+-tkn=k R”
% (eirclcl <Cl>—2k) - ad]B; (eimcn <Cvn>—2k)7

where Cg,..., > 0 is some explicit constant. Furthermore, since C; is of class
C*(D), we know from [1, Eq. 6.2.13] that

Had’éfy (eia:jcj <Cj>—2k)H < o, (xj>k+1

)

where ¢y, > 0 is independent of y and x;. This implies that
| ad]ij (f(O)] < Const./ dz |(Fg) ()| (x) T (2,)* T < Const.

and the claim is proved. O

In Lemma 2.6.(a) we have shown that the set x(H) is closed. So we can define
for each t > 0 the set

2, :={p € D((®)") | ¢ = n(H )y for some n € CF (R \ k(H))}.
The set Z; is included in the subspace Ha.(H) of absolute continuity of H, due to
Theorem 3.6.(a), and %, C %, if t1 > to. We refer the reader to Section 6 for an
account on density properties of the sets Z;.

In the sequel we consider the set of operators {H J"k} as the components of a
d-dimensional (Hessian) matrix which we denote by H” (H"'T stands for its matrix
transpose). Furthermore we shall sometimes write C~! for an operator C' a priori
not invertible. In such a case, the operator C~! will always be restricted to a set
where it is well defined. Namely, if D is a set on which C is invertible, then we
shall simply write “C~! acting on D” instead of using the notation C~!|p.

Proposition 5.2. Let H and ® satisfy Assumptions 2.2 and 2.3. Let f satisfy As-
sumption 4.1 and assume that Ry belongs to C1(R4\ {0}). Then the map

tr: 9 —C, prrts(ep Z{ D, (0 Rs)(H')p)+((9;Ry) (H )p, ®j0) },
is well defined. Moreover, if (8ij)(H’)ga belongs to D(®;) for each j, then the
linear operator Ty : 21 — H defined by

Ty = — (@ Rp(H)+ Ry ({)-® [H' | 4Ry (o) - (HTHY) 172 (5.1)

satisfies tr(p) = (p,Trp) for each ¢ € Pv. In particular, Ty is a symmetric
operator if [ is real and if 21 is dense in H.
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Remark 5.3. Formula (5.1) is a priori rather complicated and one could be tempted
to replace it by the simpler formula — 1 (®- R(H')+ Ry (H')- ®). Unfortunately, a
precise meaning of this expression is not available in general, and its full derivation
can only be justified in concrete examples.

Remark 5.4. If ¢ € 2, and if f either belongs to .#(R?) or is radial, then the
assumption (0;Ry)(H')¢ € D(®;) holds for each j. Indeed, by Lemma 2.6.(d)
there exists n € Cg°((0,00)) such that (9;Ry)(H')e = (9;Rs)(H )n((H')?)e
By Lemma 4.2 and Proposition 5.1, it then follows that (8;Ry)(H')n((H')?) €
C*(®;), which implies the statement.

Proof of Proposition 5.2. Let ¢ € %;. Then Lemma 2.6.(d) implies that there
exists a function n € C£°((0,00)) such that

(05 Rp)(H')p = (9;Ry)(H ) ((H')?) -

Thus ||(0;R¢)(H')¢|| < Const. ||¢||, and we have

[t7(#)| < Conmst. [l - (@),

which implies the first part of the claim.
For the second part of the claim, it is sufficient to show that
> ((0;R7) (H)p,®50) = (o, { Ry (1) @I H' |7 +iR} (g707) - (HTH') [H'|* } o).
J

Using Formula (4.2), Lemma 2.6.(d), and [10, Eq. 4.3.2], one gets
2 (0sR7) (Hp: 5) (5.2)

—Z (9 Ry) ({7) [ H'| "1, ®50)

!

= lim lim <(3j Rf) (i

eN\035—0 |H/|)<‘O’ [(HI)2 +E]71/2(I)j(1 +i5¢)j)71@>
J

) @|H'| " o) + 7 1th lim dtt*1/2<(8R )(‘H, )e,

H
= (e, Rf( £N0 60

H'|
[[(H)? + & +171,@,(1 +i00;) o).

Now, using Assumption 2.2, Lemma 2.4 and the usual mollifiers technics, one
obtains that

lim [[(H)? +e+17"®;(1+i69;) o =2i[(H')” +e+1] _Q(H”TH’)J, ®
—
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So, the term (5.2) is equal to
! Z 11{{(1)/0 dtt=72((9;Ry) (7 ), 26[(H")? + e + ]2 (HTH') )
J

= > lim (95 Ry) (s il(H)? + ]2 (HTH') )

= {0, iR} (i) - (H'TH') |H'| "),

and thus
> (9 R7) (H' ), ®j¢0)
J
= (o, { R (i) - @ [H'| ™t + iR} () - (H'TH') |H'| % }). O

Suppose for a while that f is radial. Then one has (9;R¢)(z) = —z~2x; due
to Lemma 4.2.(c), and Formula (5.1) holds by Remark 5.4. This implies that T’
is equal to

T:=

(@ e + oy - @B + i - (H7THY)) (5.3)

N [=

on 9.
The next theorem is our main result; it relates the evolution of localisation
operators f(®/r) to the operator Ty. In its proof, we freely use the notations of

[1] for some regularity classes with respect to the unitary group generated by ®.
For us, a function f : R? — C is even if f(z) = f(—2) for a.e. x € R%.

Theorem 5.5. Let H and ® satisfy Assumptions 2.2 and 2.3. Let f € .7(R?) be
an even function such that f =1 on a neighbourhood of 0. Then we have for each
0D

lim % 000 dt <<p, [e_itH f(®/r) et —eitH £(® /r) e_itH]<p> =t(p). (5.4)

T—00

Note that the integral on the Lh.s. of (5.4) is finite for each r > 0 since
f(®/r) can be factorized as

F(@/r) = |f(@/r)[Y/2 - sgnlf(2/r)] - |f(@/r)['/2,

with |f(®/r)|'/? locally H-smooth on R\ x(H) by Theorem 3.6. Furthermore,
since Remark 5.4 applies, the r.h.s. can also be written as the expectation value

(@, Trep).
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Proof. (i) Let ¢ € %, take a real n € C2°(R\ k(H)) such that n(H)p = ¢, and
set n.(H) := e n(H). Then we have

<S07 [eitH f(‘I)/’I“) e—itH _ e—itH f(‘I)/’I“) eitHjIS0>

- / e (F @) [nH) () = () ()] o)
= (@) (e, [T n(H(2))n-¢(H) — n_y(H)ne (H(—2)) 7% ] )
/ de (F£)(0) (o, L (€75® —1)e (H(2))n_0(H) (5.5)

1o (H) [ (H (3)) = me(H(=3))] = n—e(H)me (H(=3)) ("7 ® 1) }o).

Since f is even, % f is also even, and

[ @0 (Z 0@ (e (1(2)) = (7(=2))]) = 0.
Thus Formula (5.5), Lemma 2.4, and the change of variables p :=t/r, v := 1/r,
give

T—00

lim 1 0°° dt (¢, [e™™ f(®/r) et — et {(P/r) e tH | )

=11 d dz K 5.6
3w dn [ do (v, p, ), (5.6)

where
K(v,p,x) = (ff)($)<ga, {%(eium.q) —1)p(H (vz)) i L [H (va)—H]
_ U(H(—VJZ)) ei%[H(—l/rc)—H] %(eiuz@ _1)}<P>~

(ii) To prove the statement, we shall show that one may interchange the limit
and the integrals in (5.6), by invoking Lebesgue’s dominated convergence theorem.
This will be done in (iii) below. Here we pursue the calculations assuming that
these interchanges are justified.

There exists a bounded interval J C R such that ¢ = Ef(J)p. Thus

ety [H(va)—H] p=e U 1H (va)—H]ET () Q.

Furthermore, it follows from Assumption 2.2 and [1, Lemma 5.1.2.(b)] that H €

C?(®,G,H), where G denotes the space D(H) endowed with the graph topology.
In particular, we have H € C}(®,G,H) (see [1, Sec. 5.2.2]), and therefore the map

R\ {0} 3 v il [H(vz) — HIEH (J) € B(H)

extends to a continuous map defined on R and taking value iux - H'EH(J) at
v = 0. Since the exponential B +— e'B is continuous from B(H) to B(H), the
composed map

R3Sy el L1 H (va)—H)ET (J) c :@(H)
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is also continuous, and takes value e*#* H "BY(I) at v = 0. Summing up, we obtain
that
lim ei%[H(l/a:)fH] = eiua:~H'
r\,0
This identity, together with the symmetry of f, Lemma 4.2.(a), and Proposition
5.2, implies that for ¢ € 2,

@Y.

im 3 [ at (o, [e7™ f(@/r) e — ™ f(@/r)e™" ] )

T—00 2

0
Z—%/O dp Rddﬂﬁ@f)(ﬂﬁ){((x~<I>)so,e““'H'so>—<go,e*””'H' (@ ®) )}

=3 /OOO du | do[F @)@ (@507 o) + (.01 05i)]

=13 [ (@ D)) + (OT) (11T 20)]

=ts(p).

(iii) To interchange the limit v \, 0 and the integration over p in (5.6), one
has to bound [, dz K (v, 1, 2) uniformly in v by a function in L' ((0, 00), du). We
begin with the first term of [, dz K (v, y, x):

Kolw)i= [ de(F )@ (@), (65 =1) (@) 2n(H(va)) 5101 ).

Observe that for each multi-index o € N? with |a| < 2 one has
09 L (eve® —1)(®)~2| < Const.(z), (5.7)

where the derivatives are taken in the strong topology and where the constant is
independent of v € (—1,1). Since .Z f € . (R%) it follows that

|K1(v, )| < Const., (5.8)

and thus K1 (v, p) is bounded uniformly in v by a function in L*((0, 1],dp).

For the case p > 1 we first remark that there exists a compact set J C
R\ k(H) such that ¢ = E#(J)p. There also exists ( € C°((0,00)) such that
¢((H")*)n(H) = n(H) due to Lemma 2.6.(d). It then follows that

W(H(VI)) et & [H(va)—H] = C(H/(VI)Q)W(H(VZ)) ol & [H(va)—H] 0.
Moreover, from Assumption 2.3, we also get that
B ,(x)p i= BH () ¢ H@—H] GH (1) — i E U om)=H] o

So, K (v, u) can be rewritten as

/Rd do (Zf)() (@)%, 7 (¥ —1)(@) ¢ (H' (va)*)n(H (vx)) By, (x)¢) -
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Now, it is easily shown by using Assumption 2.2 and Lemma 2.4 that the function
By, :RY — B(H) is differentiable with derivative equal to
(8jBiu) (z) = i,qu’. (Z/JZ)B;,]M(Z)
Furthermore, the bounded operator
Aju(2) = (F (@) (¥ ® —1){(@) "> Hj(va)|H' (va)| "¢ (H' (vx)?)n(H (vz))
satisfies for each integer k£ > 1 the bound
|Aj.(z)]| < Const. (z)7F,

due to Assumption 2.2, Lemma 2.4, Equation (5.7) and the rapid decay of .Z f.
Thus K1 (v, 1) can be written as

Kaln) ==in Y [ e (@20, 4,,0)(0,57,) @)).

Now, calculations as in the proof of Lemma 3.1.(d) show that each operator
HJ is of class C?(®). So, the factor Hj(va)|H'(va)| *¢(H'(va)?)n(H(vr)) in
A, (z) can be rewritten as e=**® g(H H{,..., H})e"*® with g € . (RI*Y)
and H, H7, ..., H; mutually commuting and of class C?(®). It follows by Equa-
tion (5.7) and Proposition 5.1 that the map R? > 2 — A;,(z) € B(H) is twice
strongly differentiable and satisfies
[(0;4;.,)(2)] < Const. ()"

and

||8g{(ajAj}V)Hé(V-)(HI(V-))72}(.%)!’ < Const. (1 + |v]) (z)7* (5.9)
for any integer k > 1. Therefore one can perform two successive integrations by
parts (with vanishing boundary contributions) and obtain

Ki(v, ) =ip 12/ dz ((9)%¢, (0;4;,)(2) By, (z)p)

> / da (@)%, 0] (9 4;0) Hyv-)(H' (v-)) 2} (2) B, (@)0).
This together w1th Formula (5.9) implies for each v < 1 and each p > 1 that
|K1(v, )| < Const. 2. (5.10)

The combination of the bounds (5.8) and (5.10) shows that K (v, u) is bounded
uniformly for v < 1 by a function in L' ((0, 00), dy). Since similar arguments show
that the same holds for the second term of [, dz K (v, 1, ), one can interchange
the limit » \, 0 and the integration over p in (5.6).

The interchange of the limit v N\, 0 and the integration over x in (5.6) is
justified by the bound

|K (v, 1, 2)| < Const. |z(Z f)(z)],
which follows from Formula (5.7). O
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When the localisation function f is radial, the operator T is equal to the
operator T, which is independent of f. The next result, which depicts this situation
of particular interest, is a direct consequence of Lemma 4.2.(c) and Theorem 5.5.

Corollary 5.6. Let H and ® satisfy Assumptions 2.2 and 2.3. Let f € .7 (R9) be a
radial function such that f = 1 on a neighbourhood of 0. Then we have for each
w0 E D

r—00 2

lim 3 Omdm[e‘“Hf@/we“H—e“Hf(cb/r>e-“H]so>=<@,Tso>, (5.11)

with T defined by (5.3).

6. Interpretation of the integral formula

This section is devoted to the interpretation of Formula (5.4) and to the de-
scription of the sets 2;. We begin by stressing some properties of the subspace
K :=ker ((H’)Q) of H, which plays an important role in the sequel.

Lemma 6.1.

(a) The eigenvectors of H belong to K,

(b) If ¢ € K, then the spectral support of ¢ with respect to H is contained in
w(H),

(¢) For each t >0, the set K is orthogonal to %,

(d) For each t > 0, the set P is dense in H only if K is trivial.

Proof. As observed in the proof of Lemma 2.6.(b), if A is an eigenvalue of H then
one has EF ({A\})H/E*({)\}) = 0 for each j. If @) is some corresponding eigen-
vector, it follows that Hjpx = EY ({\})HjEY ({A})@a = 0. Thus, all eigenvectors
of H belong to the kernel of H}, and a fortiori to the kernels of (H})* and (H')*.

Now, let ¢ € K and let J be the minimal closed subset of R such that
EH(J)p = ¢. It follows then from Definition 2.5 that J C x(H). This implies that
0l P, and thus KL Z,. The last statement is a straightforward consequence of
point (c). O

Let us now proceed to the interpretation of Formula (5.4). We consider first
the term ¢7(p) on the r.h.s., and recall that f is an even element of .%(R%) with
f =1 in a neighbourhood of 0. We also assume that f is real.

Due to Remark 5.4 with ¢ € 2, the term t;(¢) reduces to the expectation
value (@, Ttp), with Ty given by (5.1). Now, a direct calculation using Formulas
(4.1), (4.2), and (5.1) shows that the operators Ty and H satisfy in the form sense
on % the canonical commutation relation

[Ty, H| =i. (6.1)
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Therefore, since the group {e~®*#}, g leaves 2 invariant, the following equalities
hold in the form sense on %;:

t
Tf efitH _ efitH Tf 4 [Tf7efitH] _ efitH Tf _ Z/ ds efi(tfs)H I:vaH] efisH
0

= e H (Tf + t).
In other terms, one has

(¢, Tre ™M o) = (e M (Ty + t)p) (6.2)
for each v, p € 21, and the operator T satisfies on Z; the so-called infinitesimal
Weyl relation in the weak sense [18, Sec. 3]. Note that we have not supposed that
2, is dense. However, if 2; is dense in H, then the infinitesimal Weyl relation in
the strong sense holds:

T o—itH o= o—itH (Tf + t)(p, v < D. (6.3)

This relation, also known as Tj-weak Weyl relation [21, Def. 1.1], has deep im-
plications on the spectral nature of ' and on the form of Tf in the spectral
representation of H. Formally, it suggests that Ty = i%, and thus —i7Ty can be
seen as the operator of differentiation with respect to the Hamiltonian H. More-
over, being a weak version of the usual Weyl relation, Relation (6.3) also suggests
that the spectrum of H may not differ too much from a purely absolutely contin-
uous spectrum. These properties are now discussed more rigorously in particular
situations. In the first two cases, the density of %; in H is assumed, and so the
point spectrum of H is empty by Lemma 6.1.

Case 1 (T essentially self-adjoint): If the set 2 is dense in H, and T is essentially
self-adjoint on 24, then it has been shown in [18, Lemma 4] that (6.3) implies that
the pair {T, H} satisfies the usual Weyl relation, i.e.,

oisH oitTy _ gist oitTy qisH s.teR.
It follows by the Stone-von Neumann theorem [26, VIII.14] that there exists a

unitary operator % : H — L*(R;CN,d)), with N finite or infinite, such that

U Tt J/* is the operator of translation by ¢, and % e %/* is the operator of
multiplication by e?**. In terms of the generator H, this means that Z H#%* = ),
where “\” stands for the multiplication operator by A in L?(R; CV,d)). Therefore
the spectrum of H is purely absolutely continuous and covers the whole real line.
Moreover, we have for each ¢ € H and p € 2

(6. Tyg) = (. Tr) = / (@ )(N),i 9L ()

where % denotes the distributional derivative (see for instance [2, Rem. 1] for an
interpretation of the derivative %).

Case 2 (T symmetric): If the set %, is dense in A, then we know from Proposition
5.2 and Remark 5.4 that Ty is symmetric. In such a situation, (6.3) once more
implies that the spectrum of H is purely absolutely continuous [21, Thm. 4.4], but
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it may not cover the whole real line. We expect that the operator T is still equal
to i% (on a suitable subspace) in the spectral representation of H, but we have
not been able to prove it in this generality. However, this property holds in most of
the examples presented below. If T and H satisfy more assumptions, then more
can be said (see for instance [33]).

Case 3 (T not densely defined): If &, is not dense in H, then we are not aware of
general works using a relation like (6.2) to deduce results on the spectral nature of
H or on the form of Ty in the spectral representation of H. In such a case, we only
know from Theorem 3.6 that the spectrum of H is purely absolutely continuous in
o(H)\ k(H), but we have no general information on the form of T in the spectral
representation of H. However, with a suitable additional assumption the analysis
can be continued. Indeed, consider the orthogonal decomposition H := K & G,
with K = ker ((H’)?). Then the operators H, H}, and H}/, are all reduced by this
decomposition, due to Lemma 2.4. If we assume additionally that Ty %; C G, then
the analysis can be performed in the subspace G.

Since 21 C G by Lemma 6.1, the additional hypothesis allows us to consider
the restriction of Ty to G, which we denote by T;. Let also H, H;, and HY/, denote
the restrictions of the corresponding operators in G. We then set

D; = {SD e DUPY) NG| p =n(H)p for some n € CSO(R\H(H))} cg,

and observe that the equality (6.1) holds in the form sense on D1. In other words,
(6.1) can be considered in the reduced Hilbert space G instead of H. The interest
of the above decomposition comes from the following fact: If Dy is dense in G, then
Ty is symmetric and the situation reduces to Case 2 with the operators H and Ty.
If in addition Ty is essentially self-adjoint on Dy, the situation even reduces to the
case 1 with the operators H and T¢. In both situations, the spectrum of H is purely
absolutely continuous. In Section 7, we shall present 2 examples corresponding to
these situations.

Remark 6.2. The implicit condition Ty%; C G can be made more explicit. For
example, if the collection ® is reduced by the decomposition H = K & G, then
the condition holds (and (5.4) also holds on D3). More generally, if ®;2, C G
for each j, then the condition holds. Indeed, if ¢ € 2; one knows from Remark
5.4 that (9;R)(H')e € D((®)), and one can prove similarly that |H'|"1¢ €
D((®)). Furthermore, there exists n € C°(R \ k(H)) such that (9;Ry)(H')¢ =
n(H)(0;R¢)(H )¢ and |H'|"tp = n(H)|H'|~ ¢, which means that both vectors
OjRs(H")p and |H'|~¢ belong to 2;. It follows that Tfp € G by taking the
explicit form (5.1) of T into account.

Let us now concentrate on the other term in Formula (5.4). If we consider the
operators ®; as the components of an abstract position operator ®, then the Lh.s.
of Formula (5.4) has the following meaning: For r fixed, it can be interpreted as the
difference of times spent by the evolving state e =" ¢ in the past (first term) and
in the future (second term) within the region defined by the localisation operator
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f(®/r). Thus, Formula (5.4) shows that this difference of times tends as r — oo
to the expectation value in ¢ of the operator 7.

On the other hand, let us consider a quantum scattering pair {H, H + V'},
with V' an appropriate perturbation of H. Let us also assume that the correspond-
ing scattering operator S is unitary, and recall that S commute with H. In this
framework, the global time delay 7(p) for the state ¢ defined in terms of the lo-
calisation operators f(®/r) can usually be reexpressed as follows: it is equal to
the Lh.s. of (5.4) minus the same quantity with ¢ replaced by S¢. Therefore, if ¢
and S¢ are elements of %5, then the time delay for the scattering pair {H, H+V}
should satisfy the equation

() = —{@, S*[Ty, Slp). (6.4)
In addition, if Ty acts in the spectral representation of H as a differential operator
i%, then 7(¢) would verify, in our complete abstract setting, the Eisenbud-Wigner
formula
() = (p, —iS* 35 ¢)-

Summing up, as soon as the position operator ® and the operator H satisfy
Assumptions 2.2 and 2.3, then our study establishes a preliminary relation between
time operators Ty given by (5.1) and the theory of quantum time delay. Many
concrete examples discussed in the literature [2, 3, 4, 14, 22, 35, 37] turn out to
fit in the present framework, and several old or new examples are presented in
the following section. Further investigations in relation with the abstract Formula
(6.4) will be considered elsewhere.

Now, most of the above discussion depends on the size of %; in H, and
implicitly on the size of k(H) in o(H). We collect some information about these
sets. It has been proved in Lemma 2.6.(d) that x(H) is closed and corresponds to
the complement in o(H) of the Mourre set (see the comment after Definition 3.4).
It always contains the eigenvalues of H. Furthermore, since the spectrum of H is
absolutely continuous on o(H) \ k(H), the support of the singularly continuous
spectrum, if any, is contained in x(H). In particular, if K(H) is discrete, then H has
no singularly continuous spectrum. Thus, the determination of the size of k(H) is
an important issue for the spectral analysis of H. More will be said in the concrete
examples of the next section.

Let us now turn to the density properties of the sets ;. For this, we recall
that a subset K C R is said to be uniformly discrete if

inf{lz —y| | z,y € K and = # y} > 0.

Lemma 6.3. Assume that k(H) is uniformly discrete. Then
(a) Y is dense in Hae(H).
(b) Ifop(H) = @ and if H is of class C*(®) for some integer k, then 9, is dense
in H for any t € [0,k).

Proof. (a) Let ¢ € Hac(H) and € > 0. Then there exists a finite interval [a, b]
such that ||[1 — E#([a,b])]¢|| < /2. Since x(H) is uniformly discrete, the set
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k(H) N (a,b) contains only a finite number N of points 1 < 9 < -+ < Zn.
Let us set zg := a and zy41 := b. Since ¢ € H,., there exists § > 0 such that
zj+6 <wjy1 — 0 for each j € {0,..., N}, and ||[EH (Ls)p|| < £/2, where

Ls:={z €[a,b]| |z —z;] <J foreach j=0,1,...,N + 1}.

Now, for any j € {0,...,N} there exist n;,7; € C((z;,;41);[0,1]) such that
nj(z) =1 for z € [z; + 6,211 — 9] and n;7; = 1;. Therefore, if 1 := E;.VZO nj, 1=
Z;V:O 7; and ¢ := 7)(H)¢p, one verifies that n € C°((a,b);[0,1]) C C(R\ k(H))
and that ¢ = n(H )1, which imply that ¢ € Zy. Moreover, one has

ll =l < [|[1 = a(E)]E" ([a, b)e|| + [[[1 = FEDI[1 = E™ ([a, b))] |

< |l = a(H)E" (Ls)e|| + ||[1 = EX ([a,b])] ¢
<§5+5§.

N

Thus ||¢ — ¢|| < e for ¢ € P, and the claim is proved.

(b) If o (H) = @, then it follows from the above discussion that Hac(H) = H.
In view of what precedes, it is enough to show that the vector ¢ = 7j(H )¢ of point
(a) belongs to D((®)"): The operator 7j(H) belongs to C*(®), since H is of class
Ck(®) and 77 € C°(R) (see [1, Thm. 6.2.5]). So, we obtain from [1, Prop. 5.3.1]
that (®)"77(H) (®) " is bounded on H, which implies the claim. O

7. Examples

In this section we show that Assumptions 2.2 and 2.3 are satisfied in various general
situations. In these situations all the results of the preceding sections such as
Theorem 3.6 or Formula (5.4) hold. However, it is usually impossible to determine
explicitly the set x(H) when the framework is too general. Therefore, we also
illustrate our approach with some concrete examples for which everything can
be computed explicitly. When possible, we also relate these examples with the
different cases presented in Section 6. For that purpose, we shall always assume
that f is a real and even function in .#(R%) with f = 1 on a neighbourhood of 0.

The configuration space of the system under consideration will sometimes
be R", and the corresponding Hilbert space L>(R"). In that case, the notations
Q=(Q1,...,Qn) and P = (P1,...,P,) refer to the families of position opera-
tors and momentum operators. More precisely, for suitable ¢ € L2(R") and each
Jj € A{1,...,n}, we have (Q,¢)(x) = zjp(x) and (Pjp)(z) = —i(9;¢)(z) for each
r e R".

7.1. H' constant

Suppose that H is of class C!(®), and assume that there exists v € R?\ {0} such
that H' = v. Then H is of class C°°(®), Assumption 2.2 is directly verified, and
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one has on D(H)

1 1
H(z) = H(0) +/ dt (z- H'(tz)) = H +/ dt e "% (- H') "™ ® =H+ 2.
0 0
This implies Assumption 2.3. Furthermore x(H) = @, and o(H) = 04c(H) due to
Theorem 3.6. So, the set Z; is dense in H for each ¢ > 0, due to Lemma 6.3.(b).
The operator R’(H') reduces to the constant vector R’ (v). Therefore, we have the
equality Ty = —R(v) - ® on %1, and it is easily shown that T is essentially self-
adjoint on ;. It follows from Case 1 of Section 6 that the spectrum of H covers
the whole real line, and there exists a unitary operator % : H — L2(R;CY,d)\)
such that

(. Tye) = / ()N, LED (n))

for each ¢ € H and ¢ € 2.

Typical examples of operators H and & fitting into this construction are
Friedrichs-type Hamiltonians and position operators. For illustration, we mention
the case H := v - P+ V(Q) and & := @Q in L}(R?), with v € R?\ {0} and
V € L®(R%R) (see also [37, Sec. 5] for information on quantum time delay in a
similar case).

Stark Hamiltonians and momentum operators also fit into the construction,
i.e., H :== P?+4v-Q in L2(R?) with v € R4\ {0}, and ® := P. We refer to [25, 29, 30]
for previous accounts on the theory of time operators and quantum time delay in
similar situations.

Note that these first two examples are interesting since the operators H
contain not only a kinetic part, but also a potential perturbation.

Another example is provided by the Jacobi operator related to the family
of Hermite polynomials (see [32, Appendix A] for details). In the Hilbert space
H := (%(N), consider the Jacobi operator given for ¢ € H by

(Hp)(n) = L5 p(n— 1) + 5 o(n + 1),
with the convention that ¢(0) = 0. The operator H is essentially self-adjoint on
2, the subspace of sequences in H with only finitely many non-zero components.
As operator ® (with one component), take

(@p)(n) == —i{Vn—To(n —1) —Vne(n+1)},

which is also essentially self-adjoint on ¢3. Then H is of class C'(®) and H' =
i[H,®] = 1, and so the preceding results hold.

72. H=H

Suppose that ¢ has only one component, and assume that H is $-homogeneous of
degree 1, i.e., H(x) = e~ H e® = e* [ for all # € R. This implies that H is of
class C°°(®) and that H' = H. So, Assumptions 2.2 and 2.3 are readily verified.
Moreover, since x(H) = {0}, Theorem 3.6 implies that H is purely absolutely
continuous except at the origin, where it may have the eigenvalue 0.
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Now, let us show that the formal formula of Remark 5.3 holds in this case.
For any ¢ € 21 one has by Remark 5.4 that R;(H')p = R;(H )y belongs to D(®).
On another hand, we have

dp={H®+[®,H|}H 'o=H(®+1i)H ‘¢,

which implies that R/ (H)®p = R); (%) |H?|(<I’+i)H_1<p € H. In consequence, the
operator
Ty = —3 (PR} (H) + Ry (H)2)

is well defined on ;. In particular, if 0 is not an eigenvalue of H, then 77 is a
symmetric operator and the discussion of Case 2 of Section 6 is relevant (if T is
essentially self-adjoint, Case 1 is relevant).

We now give two examples of pairs {H, ®} satisfying the preceding assump-
tions. Other examples are presented in [8, Sec. 10]. Suppose that H := P? is the
free Schrodinger operator in H := L2(R") and ® := %(Q - P+ P-Q) is the gen-
erator of dilations in #. Then the relation e~*® H e*® = e* H is satisfied, and
0(H) = 0ac(H) = [0, 00). Furthermore, for 1) € H and ¢ € FC=(R"\ {0}) C &
a direct calculation using Formula (4.1) shows that

(v, Tre) = (1, 1(Q-PP >+ PP 2.Q)¢p) = / AN (Z )N, LEE ) 2501

where % : H — f[?ioo) dAL2(S"1) is the spectral transformation for P2. This
example corresponds to Case 2 of Section 6.

Another example of ®¢-homogeneous operator is provided by the Jacobi op-
erator related to the family of Laguerre polynomials (see [32, Appendix A] for
details). In the Hilbert space H := ¢?(N), consider the Jacobi operator given for
p € H by

(He)(n) := (n—1)e(n — 1) + (2n = 1)e(n) + np(n + 1),
with the convention that ¢(0) = 0. The operator H is essentially self-adjoint on
3. As operator ® (with one component), take
(@¢)(n) := —5{(n — p(n —1) —np(n+1)}.

Then one has H' = i[H, ®] = H, which implies that H is ®-homogeneous of degree
1 and so the preceding results hold.

7.3. Dirac operator
In the Hilbert space H := L2(R?; C*) we consider the Dirac operator for a spin—%
particle of mass m > 0

H: =« P+ pm,
where a = (a1, a2, as) and 8 denote the usual 4 x4 Dirac matrices. It is known that
H has domain H'(R?;C*), that |H| = (P? + m?)'/? and that o(H) = 0ac(H) =
(=00, =m] U [m, 00).
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We also let ® := @/F},‘l,Q%Fw = @Qnw be the Wigner-Newton position opera-
tor, with Zrw the usual Foldy-Wouthuysen transformation [34, Sec. 1.4.3]. Then
a direct calculation shows that

H(w) = /S 1

for each z € R3, and thus Assumptions 2.2 and 2.3 are easily verified. Furthermore,
since HJ’ = P;H ™" for each j = 1,2,3, it follows that

(H/)2 — P2H72 — (H2 _ m2)H72.
Clearly, ker ((H')?) = {0} and one infers from Definition 2.5 that x(H) = {£m},
and from Lemma 6.3.(b) that the sets
P = {¢ € UpwD((Q)") | n(H)p = ¢ for some n € C°(R\ {£m})},

are dense in H. So the discussion of Case 2 of Section 6 is relevant.

We now show that the formal formula of Remark 5.3 holds if f is radial.
Indeed, each ¢ € 2; satisfies ¢ = n(H) %) for some n € C* (R\ {£m}) and
some ¢ € D({Q)). So, we have

H'(H')™ - Qww = PP H - U QUwn(H ) Ui
= U PP H| - Qu(BH|)Y € H,
and the operator T of (5.3) is symmetric and can be written on 2 in the simpler
form

T = %{QNw-HI(HI)72+HI(H/)72~QNw} = %{QNV\I-PP72H+PP72H-QN\)V}.

Now let & : R® — R be defined by h(£) := (€2 + m?)'/2. Then it is known
that Zew H @/F_V&, = Bh(P), and a direct calculation shows that

B (P)
= 25{@ h/((P)2 + h/(P)2 Q)
on Zpw %1. Furthermore there exists a spectral transformation %4 : L2(R3) —

S ey AN LZ(S?) for h(P) such that

m,

h' (P h'(P 1
%O{Q h’((P) h’((P) Q}%

is equal to the operator 22’5 of differentiation with respect to the spectral pa-
rameter A of h(P) (see [37, Lemma 3.6] for a precise statement). Combining the
preceding transformations we obtain for each ¥ € H and ¢ € Z; that

T = [ @90 L W) o

where % : H — ff?H) dAL2(S?;C?) is the spectral transformation for the free
Dirac operator H.
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7.4. Convolution operators on locally compact groups

This example is partially inspired from [20], where the spectral nature of convolu-
tion operators on locally compact groups is studied.

Let G be a locally compact group with identity e and a left Haar measure
p. In the Hilbert space H := L2(G, dp) we consider the operator H of convolution
by u € M(G), where M(G) is the set of complex bounded Radon measures on G.
Namely, for ¢ € H one sets

(He)(g) = (1 *¢)( /du “lg) forae ge@,

where the notation a.e. stands for “almost everywhere” and refers to the Haar
measure p. The operator H is bounded with norm ||H| < |p|(G), and it is self-
adjoint if p is symmetric, i.e., u(E) = p(E~1) for each Borel subset E of G.
For simplicity, we also assume that p is central and with compact support, where
central means that u(h~!Eh) = u(FE) for each h € G and each Borel subset E of G.

We recall that given two measures pu,v € M(G), their convolution u * v €
M(G) is defined by the relation [11, Eq. 2.34]

/Gd(/pky //du )dv(h) ¥ (gh) Vi € Co(G),

where Cy(G) denotes the C*-algebra of continuous complex functions on G van-
ishing at infinity. If 4 € M(G) has compact support and ¢ : G — C is continuous,
then the linear functional

Co(G) 5 ¥ /G du(g) C(g)b(g) € C

is bounded, and there exists a unique measure with compact support associated
with it, due to the Riesz-Markov representation theorem. We write (p for this
measure.

A natural choice for the family of operators ® = (®q,...,®P4) are, if they
exist, real characters ®; € Hom(G;R), i.e., continuous group morphisms from G
to R. With this choice, one obtains that

[H(2)gl(g) = (7 Hei*® p) (g) = /G du(h) e 0 (11 g)

for each x € RY, ¢ € H, and a.e. g € G. Namely, H(x) is equal to the operator
of convolution by the measure e~*® ;. Since p has compact support and each
®; is continuous, this implies that H is of class C*°(®), with all the operators
H}, HY, H7y, belonging to %(H). So Assumption 2.2 is satisfied. Furthermore,
the commutativity of central measures with respect to the convolution product
implies that pux e~ % = e=®® % 1 or equivalently that HH (x) = H(x)H. So
Assumption 2.3 is satisfied. Finally, since H(z) is the operator of convolution by
the measure e~***® i, one readily obtains that H ]’ is the operator of convolution
with the measure —i®;pu.
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Since both Assumptions 2.2 and 2.3 are satisfied, the general results of the
previous sections apply. However, it is very complicated to describe the set k(H) in
the present generality. Therefore, we shall now assume that the group G is abelian
in order to use the Fourier transformation to determine some properties of x(H).
So let us assume that G is a locally compact abelian group. Then any measure on
G is automatically central, and thus we only need to suppose that p is symmetric
and with compact support. For a suitably normalised Haar measure p, on the
dual group @, the Fourier transformation .# defines a unitary isomorphism from
H onto L2 (é, dpa). It maps unitarily H on the operator M, of multiplication with
the bounded continuous real function m := .# (i) on G. Furthermore, one has

o(H) = U(Mm) = m(G),
op(H) = op(Mp) = {s € R| pa(m~1(s)) > 0}, (7.1)

where the overlines denote the closure in R.

Let us recall that there is an almost canonical identification of Hom(G, R)
with the vector space Hom(R, G) of all continuous one-parameter subgroups of G.
Given the real character ®;, we denote by T; € Hom(R, G) the unique element
satisfying

(g9,7;(t)) = e®i(9)  forallt € R and g € G,
where (-,-) : G x G — C is the duality between G and G.

Definition 7.1. A function m : G — C is differentiable at € € G along the one-
parameter subgroup Y; € Hom(R, G) if the function R > ¢ m(f +7,(t )) eCis
differentiable at t = 0. In such a case we write (d;m)(€) for & m(&+ T( )!t o
Higher-order derivatives, when existing, are denoted by dfm, ke N.

We refer to [28] for more details on differential calculus on locally compact
groups. Here we only note that (since p has compact support) the function m =
F () is differentiable at any point ¢ along the one-parameter subgroup Y;, and
—i.7(®;p) = djm [28, p. 68]. This implies that the operator H is mapped unitarily
by . on the multiplication operator My, ,, and thus (H’)? is unitarily equivalent
to the operator of multiplication by the function > j(djm)Q. It follows that

K(H) D {A € R |3 € G such that m(&) = X and Y (d;m)()? = 0}.

This property of k(H) suggests a way to justify the formal formula of Remark
5.3 and to write nice formulas for the operator T given by (5.3). Indeed, since
F®;.F " acts as the differential operator id; in L2(G,dp,), it follows that ®,
leaves invariant the complement of the support of the functions on which it acts.

Therefore, the set ®; 2, = .Z ~1(id;).# 2, is included in the domain of the operator
Hal g-1_ Majm

Fl—I= 7
(H')? My (aym)2
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Thus the formula (5.3) takes the form
o oor—1 i Ma;m Ma;m
FTF 2 Zj {dJ MZk(ikm)z + MZk(;km)z j}
on F 2, (note that the last expression is well defined on F %, since m = % (u)
is of class C? in the sense of Definition 7.1).
In simple situations, everything can be calculated explicitly. For instance,
when G = Z¢, the Haar measure p is the counting measure, and the most natural
real characters ®; are the position operators given by

(@i9)(9) = gi0(9),  peL}(Z7),
where g; is the jth component of g € 7%. The operators H and (H')? are unitarily

(7.2)

equivalent to multiplication operators on G = (—m, 7]%. Since the measures y and
® ;1 have compact (and thus finite) support, these operators are just multiplication
operators by polynomials of finite degree in the variables e™%1, ... e~ with
& € (—m, . So, the set x(H) is finite, and the characterisation (7.1) of the point
spectrum of H implies that o,(H) = @ if supp(p) # {e}. By taking into account
Lemma 6.3.(b) and Theorem 3.6, we infer that the sets %; are dense in H for each
t > 0, and thus Case 2 of Section 6 applies. Finally, we mention as a corollary the
following spectral result:

Corollary 7.2. Let i1 be a symmetric measure on Z% with finite support. If supp(u) #
{e}, then the convolution operator H in H := L2(Z%) is purely absolutely continu-
ous.

7.5. H = h(P)

Consider in H := L2(R?) the dispersive operator H := h(P), where h € C3(R% R)
satisfies the following condition: For each multi-indices a, 3 € N¢ with a > S,
la| = |8 + 1, and |a| < 3, we have

|0°R| < Const. (1 +[0°h). (7.3)

Note that this class of operators h(P) contains all the usual elliptic free Hamilto-
nians appearing in physics.

Take for the family ®=(®4,...,94) the position operators @ = (Q1,...,Q4)-
Then we have for each 2 € R?

H(z) =e @@ Helw@ = h(P + z),

and H' = h/(P). So Assumption 2.3 is directly verified and Assumption 2.2 follows
from (7.3). Therefore all the results of the previous sections are valid. We do not
give more details since many aspects of this example, including the existence of
time delay, have already been extensively discussed in [37]. We only add some
comments in relation with Case 3 of Section 6.

Assume that there exist A € R and a maximal subset Q C R? of strictly
positive Lebesgue measure such that h(z) = X for all x € Q. Then any ¢ in
Ha = {¢ € H | supp(Fy) C Q} is an eigenvector of h(P) with eigenvalue A.
Furthermore, one has .F ~'Hq C K = ker (I/(P)?), and for simplicity we assume
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that the first inclusion is an equality. Then, an application of the Fourier trans-
formation shows that Q); %, C G for each j, where G is the orthocomplement of X
in H. Thus Remark 6.2 applies, and one can consider the restrictions of H and T’
to the subspace G, as described in Case 3 of Section 6. In favorable situations, we
expect that the restriction of Ty to G acts as i% in the spectral representation of

the restriction of H to G.

7.6. Adjacency operators on admissible graphs

Let (X, ~) be a graph X with no multiple edges or loops. We write g ~ h whenever
the vertices g and h of X are connected. In the Hilbert space H := (*(X) we
consider the adjacency operator

(He)(g) ==Y _¢(h), ¢eM, geX.
h~g
We denote by deg(g) := #{h € X | h ~ g} the degree of the vertex g. Under the
assumption that deg(X) := sup ¢ x deg(g) is finite, H is a bounded self-adjoint
operator in H. The spectral analysis of the adjacency operator on some general
graphs has been performed in [19]. Here we consider only a subclass of such graphs
called admissible graphs.

A directed graph (X, ~, <) is a graph (X, ~) and a relation < on the graph
such that, for any g,h € X, g ~ h is equivalent to ¢ < h or h < g, and one
cannot have both h < g and g < h. We also write h > g for ¢ < h. For a
fixed g, we denote by N~ (g) = {h € X | g < h} the set of fathers of g and by
Nt(g) ={h € X | h < g} the set of sons of g. The set {h € X | g ~ h} of
neighbours of g is denoted by N(g) = N~ (g) U N*(g). When using drawings, one
has to choose a direction (an arrow) for any edge. By convention, we set g < h
if g < h, i.e., any arrow goes from a son to a father. When directions have been
fixed, we use the simpler notation (X, <) for the directed graph (X, ~, <).

Definition 7.3. A directed graph (X, <) is called admissible if
(a) any closed path in X has index zero (the index of a path is the difference
between the number of positively oriented edges in the path and that of the

negatively oriented ones),
(b) for any g,h € X, one has #{N " (g) N N~ (h)} = #{N*t(g9) N N*t(h)}.

It is proved in [19, Lemma 5.3] that for admissible graphs there exists a
unique (up to constant) map ® : X — Z satisfying ®(h) + 1 = ®(g) whenever
h < g. With this choice of operator ®, one obtains that

[H(2)g)(g) =) e *W=2@lp(n) (7.4)
h~g

for each x € R, p € H, and g € X. Therefore, the commutativity of H and H(x)
is equivalent to the condition

Y (elO-200) _ eilrm-2)] ) —
REN (g)NN (£)
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for each g, ¢ € X. By taking into account the growth property of ® and Hypothesis
(b) of Definition 7.3, one obtains that the parts h € N~ (g) " N~ (¢) and h €
N7T(g) N NT(£) of the sum are of opposite sign, and that the parts h € N~ (g) N
N*t(¢) and h € NT(g) " N~ () are null. So Assumption 2.3 is satisfied. One also
verifies by using Formula (7.4) that H belongs to C*°(®), and that Assumption
2.2 holds. It follows that the general results presented before apply.

Now, the operator H' acts as (H'p)(g) = i(2h>g P(h) =2 hey ¢(h)), and
it is proved in [19, Sec. 5] that

Ho(H) =ker(H) = ker(H’)

:{¢€H|Zh>g<p(h):0:zh<g<p(h) for each g € X }. (7.5)
It is also proved that H is purely absolutely continuous, except at the origin
where it may have an eigenvalue with eigenspace given by (7.5). The proof of
these statements is based on the method of the weakly conjugate operator [9].
However, in the present generality, it is hardly possible to obtain a simple
description of the set x(H) or the operator Ty. We refer then to [19, Sec. 6] for
explicit examples of admissible graphs with adjacency operators whose kernels
are either trivial or non trivial, and develop one example for which more explicit
computations can be performed. This example furnishes an illustration of the
discussion in Case 3 of Section 6.

FIGURE 1. Example of an admissible directed graph X

We consider the admissible graph of Figure 1, and endow it with the function
® : X — Z as shown on the picture. The vertices of the graph are denoted by z_
and zy when ® takes an odd value, and by z when ® takes an even value. More
precisely, ®(z) = z for z even, and ®(z_) = ®(z4) = z for z odd. By using (7.5),
it is easily observed that K = ker ((H’)?) is equal to

{o € P(X) | ¢(z) =0 for z even, and ¢(z_) = —p(z4) for z odd}.

On the other hand, the orthocomplement G of K in L?(X) is unitarily equivalent
to ¢?(Z), and the restriction H of H to G is unitarily equivalent to the operator in
(?(Z) defined by

(Ho)(2) = vV2{plz =) + 0z + 1)}, ¢ (@)
Using the Fourier transformation, one shows that this operator is unitarily equiva-
lent to the multiplication operator M in L2 ((—7r, 7r]) given by the function (—m, 7] >

€ — 2v/2cos(€).
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Now, the operator ® in L2(X) is clearly reduced by the decomposition X & G.
As mentioned in Remark 6.2, this implies that the operator T is also reduced by
this decomposition. By taking Formula (7.2) into account, one obtains that the
restriction Ty of Ty to G is unitarily equivalent to the operator

& [-2v2sin©) 7 + [~ 2v2sine)] ik}

on 9, C LQ((—TF,W]). This implies, as expected, that T, acts as z’% in the
spectral representation of H.

7.7. Direct integral operators

Let Q be a measurable subset of R™ and let us consider a direct integral

7]
H ::/ d¢ He,
Q

where d¢ is the usual Lebesgue measure on R™ and H¢ are Hilbert spaces. Take
a decomposable self-adjoint operator H = fSB d¢ H(§) in H. Assume that there
exists a family ® = (®4,...,P4) of operators in H such that Assumption 2.2 is
satisfied. Assume also for each # € R? that the operator H(z) defined by (2.4)
is decomposable, i.e., there exists a family of self-adjoint operators H(§, z) in He
such that H(z) = féB d¢ H(§, x). Finally, assume that the operators H(¢) and
H (&, 7) commute for each 2 € R? and a.e. € € , so that H and H(z) commute.
Then Assumption 2.3 holds, and the general theory developed in the preceding
sections applies. Moreover, it is easily observed that the fibered structure of the
map x — H(z) implies that the operators H are also decomposable. Therefore,
there exists for each j € {1,...,d} a family of self-adjoint operators H}(§) such
that H; = fSB d¢ H; (€). In consequence A € R is a regular value of H if there
exists § > 0 and C < oo such that

tim | [(#'(©)" +e] " E"O M), <o (7.6)

for a.e. £ € Q. We also recall that ker ((H')?) # {0} if and only if there exists a
measurable subset Qg C Q with positive measure such that ker (H'(£)?) # {0} for
each & € Q.

We now give an example of quantum waveguide fitting into this setting (see
[35] for more details). Let ¥ be a bounded open connected set in R™, and consider
in the Hilbert space L?(X x R) the Dirichlet Laplacian —Ap. The partial Fourier
transformation along the longitudinal axis sends the initial Hilbert space onto the
direct integral H := fﬂga dé Ho, with Hy := L%(X), and it sends —Ap onto the
fibered operator H := fﬂga d¢ H(¢), with H(€) := &% — AX. Here, —AE denotes the
Dirichlet Laplacian in . By choosing for ® the position operator Q) along the lon-
gitudinal axis one obtains that H(x) = fﬂga d¢ H(¢, x) with H(¢,x) = (E+2)2—AE.
Clearly, H(¢) and H (£, x) commute, and so do H and H(x). Furthermore, the op-
erator H is of class C*°(®), and H’ is the fibered operator given by H'(£) = 2¢.
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It follows that both Assumptions 2.2 and 2.3 hold, and thus the general theory
applies. Now a simple calculation using (7.6) shows that x(H) = o(—AE). Fur-
thermore, in the tensorial representation L?(3) @ L?(R) of L2(X x R), one obtains
that Ty =T = + ® (QP~! + P~1Q) on the dense set

9 ={p e }(2)@D(Q)) | ¢ = n(—Ap)p for some n € CZ*(R\ k(H))},

and T’ is equal to i% in the spectral representation of —Ap. In [35] it is even shown
that the quantum time delay exists and is given by Formula (6.4) for appropriate
scattering pairs {—Ap, —Ap + V'}.
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