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1. Introduction

In quantum scattering theory, only a few results that are completely model-independent. The simplest one is certainly
that the strong limit s-lim;_, +ooKe™ " P,.(H) vanishes whenever H is a self-adjoint operator in a Hilbert space H, P..(H)
the projection onto the subspace of absolute continuity of H and K a compact operator in H. Another famous result of
this type is RAGE Theorem which establishes propagation estimates for the states in the continuous subspace of H. At the
same level of abstraction, one could also mention the role of H-smooth operators B which lead to estimates of the form
Jrdt(Be ™ g2 < 0o for ¢ € H.

Our aim in this paper is to add a new general result to this list. Originally, this result was presented as the existence of
global time delay defined in terms of sojourn times and its identity with Eisenbud-Wigner time delay [10,31]. This identity
was proved in different settings by various authors (see [2-5,8,11-14,16-18,23,24,27,29,30] and references therein), but
a general and abstract statement has never been proposed. Furthermore, it had not been realised until very recently that its
proof mainly relies on a general formula relating localisation operators to time operators [21]. Using this formula, we shall
prove here that the existence and the identity of the two time delays is in fact a common feature of quantum scattering
theory. On the way we shall need to consider a symmetrization procedure [3,6,11,15,17,26-29] which broadly extends the
applicability of the theory but which also has the drawback of reducing the physical interpretation of the result.

Quantum scattering theory is mainly a theory of comparison: One fundamental question is whether, given a self-adjoint
operator H in a Hilbert space H and a suitable state ¥ € H, one can provide a rather simple description of the t-dependent
state e~i™Hy of H as t — o00? For that purpose, a possible approach is to look for a triple (o, Ho, J), with Hg a self-
adjoint operator in an auxiliary Hilbert space Ho and J a bounded operator from Hy to H, such that the following strong
limits exist

W = s-lime_, 1008’ Je7 MO P, (Ho).
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In that case, for any v in the range of W there exist ¢4 € Pac(Hp)Ho such that the difference e itHy, _ Je~itHo @+ tends
to zero in norm as t — =+oo. If the operator Hy is simpler than H (in a sense which highly depends on the context), then
the wave operators W provide, as expected, a simpler asymptotic description of the states e~H4, Furthermore, if the
ranges of both operators W are equal to Pac(H)H, then the study of the scattering operator S := W7} W _ leads to further
results on the scattering process. We recall that since S commutes with Ho, S decomposes into a family {S(1)}xeo (Hp) IN
the spectral representation f;B dA H(A) of Hg, with S(A) a unitary operator in H(A) for almost every A in the spectrum
U(Ho) of Hp.

An important additional ingredient when dealing with time delay is a family of position-type operators which permits to
define sojourn times, namely, a family of mutually commuting self-adjoint operators @ = (&1, ..., ®4) in Hp satisfying two
appropriate commutation assumptions with respect to Hog. Roughly speaking, the first one requires that for some z € C\ R
the map

(Ho)

RY 5 x> e P (Hy — 2) 'e*® € B(Hp)

is three times strongly differentiable. The second one requires that all the operators e~ *® Hoel*® x ¢ RY, mutually com-
mute. Let also f be any non-negative Schwartz function on R? with f =1 in a neighbourhood of 0 and f(—x) = f(x) for
each x € RY. Then, to define the time delay in terms of sojourn times one has to consider for any r > 0 the expectation
values of the localisation operator f(®/r) on the freely evolving state e~Mo¢ as well as on the corresponding fully evolv-
ing state e W _¢. However one immediately faces the problem that the evolution group {e"tH}, g acts in H whereas
f(@/r) is an operator in Hp. As explained in Section 4, a general solution for this problem consists in introducing a fam-
ily L(t) of (identification) operators from H to H which satisfies some natural requirements (in many examples, one can
simply take L(t) = J* for all t € R). The sojourn time for the evolution group {e~"},cr is then obtained by considering the
expectation value of f(®/r) on the state L(t)e "™ W_g. An additional sojourn time naturally appears in this general two-
Hilbert spaces setting: the time spent by the scattering state e " W_g inside the time-dependent subset (1 — L(t)*L(t))H
of H. Apparently, this sojourn time has never been discussed before in the literature. Finally, the total time delay is defined
for fixed r as the integral over the time t of the expectations values involving the fully evolving state L(t)e " W_¢ minus
the symmetrized sum of the expectations values involving the freely evolving state e~*Hog (see Eq. (4.4) for a precise defi-
nition). Our main result, properly stated in Theorem 4.3, is the existence of the limit as r — oo of the total time delay and
its identity with the Eisenbud-Wigner time delay (see (1.1) below) which we now define in this abstract setting.

Under the mentioned assumptions on & and Hy it is shown in [21] how a time operator for Hy can be defined: With
the Schwartz function f introduced above, one defines a new function Ry € C (R4 \ {0}) and expresses the time operator
in the (oversimplified) form

1
Ty =2 (@ Ry(HY) + Ry (Hy) - @),

with R’f :=VRy and HE) := (i[Hg, @1],...,i[Ho, @4]) (see Section 3 for details). In suitable situations and in an appropriate

sense, the operator Ty acts as id% in the spectral representation of Hy (for instance, when Hg = —A in L2(RY), this is
verified with @ the usual family of position operators, see [21, Section 7] for details and other examples). Accordingly, it is
natural to define in this abstract framework the Eisenbud-Wigner time delay as the expectation value

—(@. S*[Ty. Slg) (11)

for suitable ¢ € Hp.

The interest of the equality between both definitions of time delay is threefold. It generalises and unifies various results
on time delay scattered in the literature. It provides a precise recipe for future investigations on the subject (for instance,
for new models in two-Hilbert spaces scattering). And finally, it establishes a relation between the two formulations of scat-
tering theory: Eisenbud-Wigner time delay is a product of the stationary formulation while expressions involving sojourn
times are defined using the time dependent formulation. An equality relating these two formulations is always welcome.

In the last section (Section 5), we present a sufficient condition for the equality of the symmetrized time delay with the
original (unsymmetrized) time delay. The physical interpretation of the latter was, a couple of decades ago, the motivation
for the introduction of these concepts.

As a final remark, let us add a comment about the applicability of our abstract result. As already mentioned, most of the
existing proofs, if not all, of the existence and the identity of both time delays can be recast in our framework. Furthermore,
we are currently working on various new classes of scattering systems for which our approach leads to new results. Among
others, we mention the case of scattering theory on manifolds which has recently attracted a lot of attention. Our framework
is also general enough for a rigorous approach of time delay in the N-body problem (see [6,17,19,26] for earlier attempts in
this direction). However, the verification of our abstract conditions for any non-trivial model always requires some careful
analysis, in particular for the mapping properties of the scattering operator. As a consequence, we prefer to refer to [3,11,
27-29] for various incarnations of our approach and to present in this paper only the abstract framework for the time delay.
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2. Operators Hg and @

In this section, we recall the framework of [21] on a self-adjoint operator Hg in a Hilbert space Hg and its relation with
an abstract family @ = (@1, ..., ®4) of mutually commuting self-adjoint operators in Ho (we use the term “commute” for
operators commuting in the sense of [20, Section VIIL5]). In comparison with the notations of [21], we add an index 0 to
the space H and to the operators H, H' and H”; they are now denoted by Mo, Ho, H, and H{), respectively.

In order to express the regularity of Hg with respect to @, we recall from [1] that a self-adjoint operator T with domain
D(T) C Hy is said to be of class C! (&) if there exists w € C\ o (T) such that the map

RY 5 x> e (T — ) 1e*® ¢ B(Hp) (2.1)

is strongly of class C! in 7. In such a case and for each j e {1,...,d}, the set D(T) N D(®;) is a core for T and the
quadratic form D(T) ND(®j) > ¢ — (T, ;@) — (P, Te) is continuous in the topology of D(T). This form extends then
uniquely to a continuous quadratic form [T, @;] on D(T), which can be identified with a continuous operator from D(T)
to its dual D(T)*. Finally, the following equality holds:

[0/, T-) =T -) T, &;(T —w)~ .

In the sequel, we shall say that i[T, &;] is essentially self-adjoint on D(T) if [T, @;]1D(T) C Ho and if i[T, @;] is essentially
self-adjoint on D(T) in the usual sense.
Our first main assumption concerns the regularity of Hy with respect to @.

Assumption 2.1. The operator Hy is of class C!(®), and for each j € {1, ...,d}, i[Ho, @] is essentially self-adjoint on D(Hyp),
with its self-adjoint extension denoted by d;Hg. The operator d;Hg is of class Cl(®), and for each ke {1, ..., d}, i[djHo, @]
is essentially self-adjoint on D(d;Hp), with its self-adjoint extension denoted by 9, Ho. The operator djxHo is of class cl(@),
and for each £ e {1,...,d)}, i[djHo, ®¢] is essentially self-adjoint on D(d;Ho), with its self-adjoint extension denoted by
djkeHo.

_As shown in [21, Section 2], this assumption implies the invariance of D(Ho) under the action of the unitary group
{e”‘“p}xeRd. As a consequence, we obtain that each self-adjoint operator

Ho(x) := e X ? HyeX? (2.2)

has domain D[Hg(x)] = D(Ho). Similarly, the domains D(djHo) and D(d;xHo) are left invariant by the action of the unitary
group {e*?}, pa, and the operators (3jHo)(x) := e *®(3;Ho)e™® and (3jxHo)(x) := e *? (3 Ho)e*? are self-adjoint
operators with domains D(d;Ho) and D(djxHo) respectively.

Our second main assumption concerns the family of operators Hp(x).

Assumption 2.2. The operators Ho(x), x € RY, mutually commute.

This assumption is equivalent to the commutativity of each Hg(x) with Hg. As shown in [21, Lemma 2.4], Assumptions 2.1
and 2.2 imply that the operators Ho(x), (djHo)(y) and (dx¢Ho)(z) mutually commute for each j,k,£ e {1,...,d} and each
x,y,z € R%. For simplicity, we write Hy, for the d-tuple (31 Ho, ..., d3Ho), and define for each measurable function g : RY —
C the operator g(Hy) by using the d-variables functional calculus. Similarly, we consider the family of operators {3;xHo} as
the components of a d-dimensional matrix which we denote by H{j. The symbol EHo(.) denotes the spectral measure of Hg,
and we use the notation EHo(x; §) for EHo((x — 8, A + 8)).

We now recall the definition of the critical values of Hp and state some basic properties which have been established in
[21, Lemma 2.6].

Definition 2.3. A number A € R is called a critical value of Hy if

lim [[(H? +¢) " Efo (. )| = 23
5%”( g +e) (A; 8)|| = +o0 (2.3)

for each § > 0. We denote by k (Hg) the set of critical values of Hy.

Lemma 2.4. Let Hy satisfy Assumptions 2.1 and 2.2. Then the set k (Hp) possesses the following properties:

(a) k(Hp) is closed.

(b) «x(Hp) contains the set of eigenvalues of H.

(c) The limit limg~o [[(HE + &)~ EHo(D)|| is finite for each compact set I C R\ k (Ho).

(d) For each compact set I C R\ k (Hg), there exists a compact set U C (0, o) such that EMo(I) = E|H6|(U)E”0(1).
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In [21, Section 3] a Mourre estimate is also obtained under Assumptions 2.1 and 2.2. It implies spectral results for Hg
and the existence of locally Hg-smooth operators. We use the notation (x) := (1 + x2)'/2 for any x € R,

Theorem 2.5. Let Hy satisfy Assumptions 2.1 and 2.2. Then,

(a) the spectrum of Ho in o (Ho) \ k (Hg) is purely absolutely continuous,
(b) each operator B € B(D({®) %), Ho), with s > 1/2, is locally Hy-smooth on R \ k (Hp).

3. Integral formula for Hy

We recall in this section the main result of [21], which is expressed in terms of a function Ry appearing naturally when
dealing with quantum scattering theory. The function Ry is a renormalised average of a function f of localisation around
the origin 0 € RY. These functions were already used, in one form or another, in [11,21,28,29]. In these references, part of
the results were obtained under the assumption that f belongs to the Schwartz space . (RY). So, for simplicity, we shall
assume from the very beginning that f ¢ .#(R%) and also that f is even, i.e. f(x) = f(—x) for all x e RY. Let us however
mention that some of the following results easily extend to the larger class of functions introduced in [21, Section 4].

Assumption 3.1. The function f € .#(R%) is non-negative, even and equal to 1 on a neighbourhood of 0 e RY.

It is clear that s-lim;— o f(®/r) =1 if f satisfies Assumption 3.1. Furthermore, it also follows from this assumption that
the function Ry :R4\ {0} — R given by

o0

d
Ry (x) :=/7M(f(/LX)—X[o,u(u))
0

is well defined. The following properties of Ry are proved in [29, Section 2]: The function Ry belongs to R4\ {0}) and
satisfies

R (x) = / du f'(ux)
0

as well as the homogeneity properties x - R’f(x) =—1 and t“’“(a"‘Rf)(tx) = (3*Rys)(x) with x € RI\ {0}, « e N? and t > 0.
Furthermore, if f is radial, then R’f(x) = —x~2x. We shall also need the function Fg¢ :R9\ {0} — R defined by

Fr(x):= / du f(ux). (3.1)

R

The function Fy satisfies several properties as Ry such as Fy(x) = tF(tx) for each t > 0 and each x € RY\ {0}.
Now, we know from Lemma 2.4(a) that the set x (Hg) is closed. So we can define for each t > 0 the set

2 :={p e D((®)") | ¢ =n(Ho)g for some n € C°(R\ k (Ho))}.

The set 2 is included in the subspace Hac(Hp) of absolute continuity of Hg, due to Theorem 2.5(a), and %, C %, if
t1 > tp. We refer the reader to [21, Section 6] for an account on density properties of the sets %.

In the sequel, we sometimes write C~! for an operator C a priori not invertible. In such a case, the operator C~!
will always be acting on a set where it is well defined. The next statement follows from [21, Proposition 5.2] and [21,
Remark 5.4].

Proposition 3.2. Let Hy satisfy Assumptions 2.1 and 2.2, and let f satisfy Assumption 3.1. Then the map

1
tr: 21— C gty (@) == {[®0, OiRp)(Ho)e) +((0R) (Ho)e, 2j0)},
j
is well defined. Moreover, the linear operator T ¢ : 21 — H defined by

1 Hy Hy, )
Tf<p::_2<q> R’ (Hp) + R} <|H/ ) o |Hy| " +iR, (IH/|> (Hg"Hp) |Ho| ™ 3)¢ (32)

satisfies tf (@) = (@, Tr@) for each ¢ € 2. In particular, T ¢ is a symmetric operator if 21 is dense in Ho.
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Remark 3.3. The r.h.s. of formula (3.2) is a priori rather complicated and one could be tempted to define T;¢ by the simpler
expression —%((b . R/f(H{)) + R}(Hg) - @)gp. Unfortunately, a precise meaning of this expression is not available in general,

and one can only justify it in concrete examples. However, when f is radial, then (9;Rf)(x) = —x‘zxj, and Ty is equal on
9 to

1 Hj Hj -1 iH/
Ti=-(0® -2 0. @|H —0 . (HyTHy) ). 33
2( e g @Ml gy - (HoTHo) )

The next theorem is the main result of [21]; it relates the evolution of the localisation operators f(®/r) to the opera-
tor Ty.

Theorem 3.4. (See [21, Theorem 5.5].) Let Hy satisfy Assumptions 2.1 and 2.2, and let f satisfy Assumption 3.1. Then we have for each
©0ED

oo

lim % dt (¢, (e7Ho f (@ /ryeitHo — eltHo £ (@ /rye~tHo) ) = (g, T ). (3.4)

r—00
0

In particular, when the localisation function f is radial, the operator T in the r.h.s. of (3.4) is equal to the operator T,
which is independent of f.

4. Symmetrized time delay

In this section we prove the existence of symmetrized time delay for a scattering system (Hg, H, J) with free operator
Ho, full operator H, and identification operator J. The operator Hp acts in the Hilbert space Hp and satisfies Assump-
tions 2.1 and 2.2 with respect to the family &. The operator H is a self-adjoint operator in a Hilbert space H satisfying
Assumption 4.1 below. The operator | : Ho — H is a bounded operator used to “identify” the Hilbert space Ho with a subset
of H.

The assumption on H concerns the existence, the isometry and the completeness of the generalised wave operators:

Assumption 4.1. The generalised wave operators
W = s-lime_, 0™ Je M0 Py (Ho)

exist, are partial isometries with initial subspaces Hg and final subspaces Hac(H).

Sufficient conditions on JHy — HJ ensuring the existence and the completeness of W are given in [32, Chapter 5]. The
main consequence of Assumption 4.1 is that the scattering operator

— C = +
S:=WiW_:Hy — H]

is a well-defined unitary operator commuting with Hg.

We now define the sojourn times for the quantum scattering system (Hog, H, J), starting with the sojourn time for the
free evolution e~Ho_ So, let r > 0 and let f be a non-negative element of Y(Rd) equal to 1 on a neighbourhood X' of the
origin 0 € RY. For ¢ € @, we set

) :=fdt (e7Hog, f(@/re o),
R

where the integral has to be understood as an improper Riemann integral. The operator f(@®/r) is approximately the pro-
jection onto the subspace E® (rX)Hg of Ho, with r¥ := {x € R? | x/r € X}. Therefore, if |@|| = 1, then TP((p) can be
approximately interpreted as the time spent by the evolving state e~Hog inside E? (rX)H,. Furthermore, the expression
TP((p) is finite for each ¢ € 9y, since we know from Lemma 2.5(b) that each operator B € B(D({(®) %), Hop), with s > % is
locally Hp-smooth on R\ k(Hp).

When defining the sojourn time for the full evolution e™"", one faces the problem that the localisation operator f(®/r)
acts in Ho while the operator e H acts in H. The obvious modification would be to consider the operator Jf(®/r)J* €
PB(H), but the resulting framework could be not general enough (see Remark 4.5 below). Sticking to the basic idea that the
freely evolving state e~itHogp should approximate, as t — o0, the corresponding evolving state e =" W ¢, one should look
for operators L(t) : H — Hp, t € R, such that

—itH

lim [Le ™ wip—e Hogp| =o0. (41)
t— o0



S. Richard, R. Tiedra de Aldecoa /J. Math. Anal. Appl. 387 (2012) 618-630 623

Since we consider vectors ¢ € 9, the operators L(t) can be unbounded as long as L(t)E"(I) are bounded for any bounded
subset I ¢ R. With such a family of operators L(t), it is natural to define the sojourn time for the full evolution e~tH by
the expression

Tri(p) = / de(L©e ™M W_g, f(@/rLbe M w_gp). (4.2)
R

Another sojourn time appearing naturally in this context is

To(@) == f dt(e ™MW _g, (1 - LO*LD))e ™MW _g),,. (4.3)
R

The finiteness of Tr 1(¢) and T,(¢) is proved under an additional assumption in Lemma 4.2 below.

The term T, 1(¢) can be approximatively interpreted as the time spent by the scattering state e~itH W_g, injected in
Ho via L(t), inside E® (r£)Ho. The term T5(¢) can be seen as the time spent by the scattering state e~ itH W_g inside the
time-dependent subset (1 — L(t)*L(t))H of H. If L(t) is considered as a time-dependent quasi-inverse for the identification
operator | (see [32, Section 2.3.2] for the related time-independent notion of quasi-inverse), then the subset (1—L(t)*L(t))H
can be seen as an approximate complement of JHy in 7 at time t. Note that in concrete examples of two-Hilbert spaces
quantum scattering systems, the necessity of the term T,(¢) can easily be illustrated (see for example [22]). Furthermore,
when Ho = H, one usually sets L(t) = J* =1, and then the term T,(¢) vanishes. Within this general framework, we say
that

1
(@) =Tr(@) = S{T7 (@) + T (Sp)}, (4.4)

with T(¢) := Tr1(¢) + T2(¢p), is the symmetrized time delay of the scattering system (Ho, H, J) with incoming state ¢.
This symmetrized version of the usual time delay

T"(9) :=Tr(9) — TX(9)

is known to be the only time delay having a well-defined limit as r — oo for complicated scattering systems (see for
example [3,6,11,15,17,25-27]).
For the next lemma, we need the auxiliary quantity

_L,rfree((p) — %/dt«o, S*[eitHof(¢/r)e—itHo _ e_itHOf(@/r)eitHO, S](p), (4.5)
0

which is finite for all ¢ € H; N Zo. We refer the reader to [29, Eq. (4.1)] for a similar definition in the case of dispersive
systems, and to [2, Eq. (3)], [14, Eq. (6.2)] and [16, Eq. (5)] for the original definition.

Lemma 4.2. Let Ho, f and H satisfy Assumptions 2.1, 2.2, 3.1 and 4.1. For each t € R, let L(t) : H — Hpg satisfy L(t)EH(I) e
9B(H, Ho) for any bounded subset I C R. Finally, let ¢ € Hy N Dy be such that

l(LoOW- —1)eHop| e L' ®_.dt) and |[(LOW4 —1)e " HoSp| e L' Ry, do). (4.6)
Then T (¢) is finite for each r > 0, and
lim {7:(p) — 77 (@)} = 0. (4.7)

Proof. Direct computations with ¢ € Hy N Zp imply that

1
I () =Tr1(p) — i{TrO((p) + TP(S(P)} _ .L.rfree((p)

0
= / de{{Lye ™ MW_g, f(@ /L) HW_g)—(e"Hogp, f(@/reHogp))

o0
+/dt{(L(t)e_itHW_go, f@/nLnye " Fw_g)—(e7Hose, f(@/r)e Hosy)].
0
Using the inequality

Hel> = 1w I*[ <l = vl - (lell + 1vll). @ e Ho,
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the intertwining property of the wave operators and the identity W_ = W..S, one gets the estimates

[[Le ™M wW_g, f(@/nLe ™ MW_g)— (e g, f(@/re Hogp)| < Constg_(0),
—itH —itH —itHo —itHo
—Q, — 5 X =+ 3
[{Lye ™™ W_g, f(@/r)L)e M W_g)— (e "0Sg, f(®/r)e M0 Se)| < Const g ()
where
g- ()= (LoOW- —1)e ™Mog| and g.():= |(LOW, —1)eHosg].

It follows by (4.6) that |I(¢)| is bounded by a constant independent of r, and thus T, 1(¢) is finite for each r > 0. Then,
using Lebesgue’s dominated convergence theorem, the fact that s-lim;_, » f(®/r) = 1 and the isometry of W_ on H,, one
obtains that

0
lim I(¢) = / de{{Lye ™ HW_g, Lie ™ HW_g) — (e7Hogp, e~ tHog)}
r—00
—00
oo
+ / de{{Le ™M W_g, Line M W_g) — (eHosg, e tHos0)}
0
= / dtfe ™ w_g, (LO)*LE) —1)e ™MW _g),,
R
=-T (q))

Thus, T2(gp) is finite, and the equality (4.7) is verified. Since T(¢) = T 1(¢) + T2(¢), one also infers that T;(¢) is finite for
eachr>0. O

The next theorem shows the existence of symmetrized time delay. It is a direct consequence of Lemma 4.2, Eq. (4.5) and
Theorem 3.4. The apparently large number of assumptions reflects nothing more but the need of describing the very general
scattering system (Hg, H, J); one needs hypotheses on the relation between Hy and @, conditions on the localisation func-
tion f, a compatibility assumption between Ho and H, a (time-dependent) quasi-inverse for the identification operator J,
and conditions on the state ¢ on which the calculations are performed.

Theorem 4.3. Let Hy, f and H satisfy Assumptions 2.1, 2.2, 3.1 and 4.1. For each t € R, let L(t) : H — Ho satisfy LOEH () €
9B(H., Ho) for any bounded subset I C R. Finally, let ¢ € Hy N D, verify S € 2, and (4.6). Then one has

lim 7(p) = —{p. S"[Ty. Slo). (4.8)

with T defined by (3.2).

Remark 4.4. Theorem 4.3 is the main result of the paper. It expresses the identity of the symmetrized time delay (defined
in terms of sojourn times) and the Eisenbud-Wigner time delay for general scattering systems (Hg, H, J). The Lh.s. of (4.8)
is equal to the global symmetrized time delay of the scattering system (Ho, H, J), with incoming state ¢, in the dilated
regions associated to the localisation operators f(®/r). The r.h.s. of (4.8) is the expectation value in ¢ of the generalised
Eisenbud-Wigner time delay operator —S*[Tf, S]. When T acts in the spectral representation of Ho as the differential
operator i d;:lo, which occurs in most of the situations of interest (see for example [21, Section 7]), one recovers the usual
Eisenbud-Wigner Formula:

lim 7,(p) =— iS*d—s
r>o00 | $)= @ dHg ’

Remark 4.5. Eq. (4.1) is equivalent to the existence of the limits
W = s-lime oot L(t)e T P (H),

together with the equalities Wow, = Poi, where P§ are the orthogonal projections on the subspaces H§ of Hp. In simple
situations, namely, when H§ ="Hac(Hp) and L(t) =L is independent of t and bounded, sufficient conditions implying (4.1)
are given in [32, Theorem 2.3.6]. In more complicated situations, namely, when ”Hoi # Hac(Hp) or L(t) depends on t and
is unbounded, the proof of (4.1) could be highly non-trivial. This occurs for instance in the case of the N-body systems. In
such a situation, the operators L(t) really depend on t and are unbounded (see for instance [9, Section 6.7]), and the proof
of (4.1) is related to the problem of the asymptotic completeness of the N-body systems.
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5. Usual time delay

We give in this section conditions under which the symmetrized time delay 7,(¢) and the usual time delay ‘l:ri“(go) are
equal in the limit r — oco. Heuristically, one cannot expect that this equality holds if the scattering is not elastic or is of
multichannel type. However, for simple scattering systems, the equality of both time delays presents an interest. At the
mathematical level, this equality reduces to giving conditions under which

; 0 0 _
lim {T2(Sp) — ()} =0. (51)
Eq. (5.1) means that the freely evolving states e~tHop and e~tMoS¢ tend to spend the same time within the region defined
by the localisation function f(®/r) as r — oo. Formally, the argument goes as follows. Suppose that Fy(H), with Fy

defined in (3.1), commutes with the scattering operator S. Then, using the change of variables u :=t/r, v:=1/r, and the
symmetry of f, one gets

lim {TP(S¢) — TP(9)} = lim f dt (¢, $*[e""0 f(@/r)e"0, S]p) — (p. S*[F 1 (Hg). S]e)
R

lim du<¢,s*[%{f(qu+v¢)—f(uHé)},5}/>>
:/du(ga,s*[cb-f’(qu),s]q)):o.

A rigorous proof of this argument is given in Theorem 5.3 below. Before this we introduce an assumption on the behavior of
the Co-group {eix'¢}x€Rd in D(Hp), and then prove a technical lemma. We use the notation G for D(Hg) endowed with the
graph topology, and G* for its dual space. In the following proofs, we also freely use the notations of [1] for some regularity
classes with respect to the group generated by .

Assumption 5.1. The Cy-group {ei""”}xeRd is of polynomial growth in G, namely there exists r > 0 such that for all x € RY

|e™®® H,@(g,g) < Const(x)".

Lemma 5.2. Let Ho and & satisfy Assumptions 2.1, 2.2 and 5.1, and let n € CZ°(R). Then there exists ¢, s > 0 such that for all © € R,
xeRiandv e (—1,1)\ {0}

C{n(Ho(w)e! FIHO0I—Hol _y(higpeitc o)

’ <1+ [pl)(x)*.

Proof. Let us first observe that Ho € C}(@; G, Ho). Indeed, since Ho € (G, Ho), d;Ho € B(D(d;jHo), Ho) C B(G, Ho) and
djkHo € B(D(djxHo), Ho) C B(D(djHo), Ho) C %B(G, Ho) for any j,k e (1,...,d}, it follows that Hg € C2(®; G, Ho). So,
one has in particular that Hg € C&((D; G, Ho). Now, for x € R? and p € R, we define the function

et (~1.D\ {0} > B(Ho), v el v IHoW=Holypyg)

and observe that gy, is continuous in norm with
. . i "H’.
8xp(0) := 31210 Exu(V) = e'"*fon(Ho).

On another hand, since n(Hg) belongs to C&((D), one has in Z(Hyp) the equalities
1 1

1 1 d ; ;
;{n(Ho(vx)) —n(Ho)} = = / dt an(Ho(tvx)) =i ij / dee ™ ®[n(Ho), ®;]e"™*?.

0 ] 0
So, combining the two equations, one obtains that

%{”(”O(VX))ei%[”°(”")*”°] — (Ho)e!**Ho)
1 » 1
= ;{H(Ho(vx)) - n(Ho)}el%[Ho(ux)—Ho] + ;{gx.u(v) _ gx,u(O)}

1
. . . ‘l
:inj / dt e—itvx® [n(HO)y (pj]eltvx@el%[Ho(vx)*Ho] + ;{gx#(\)) — gX,lL(O)}~ (5.2)
i 0
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In order to estimate the difference gy, (V) — g, (0), observe first that one has in 9(Hy) for any bounded set I CR
1 1 ' d :
;[Ho(vx) — Ho]Efo (1) = ;/dtaHo(tvx)EHo(l):/dtx-H(’)(tvx)EHO(I).
0 0
o, if £ € R is small enough and if the bounded set I C R is chosen such that n(Ho) = E"o(I)n(Hp), one obtains in 0
So, if R i 11 h and if the bounded I CcRis ch h th. (Ho) = EHo(I)n(Hy) btains in Z(Ho)
Eep(V+8) — e (V) = {eiufol dtx-Hj ¢ (v+e)x) EHo (1) _ emfol de x-Hj (tvx)EHo (1) \n(Ho)
. 1 / ; 1 / ’
— el fo du x-Hjy (uvx)EHo (1) {e‘“ Jo dex-[Hy(t(v+e)x)—Hy(tvx)]EHo (1) _ 1}77(1‘10)
_ et J dux-Hjy uvx) EHo (1) {em Jo dt fo dste Y xjxe@jHo) E(v+se)x) EHo (1) _ 1}77(1_10).
ote that the property d;Hg € : G, Ho) (which follows from our assumptions and from an argument similar to the one
Note that th djHo € CL(®; G. Ho) (which follows fi i d fi imil h

presented at the beginning of this proof) has been taken into account for the last equality. Then, multiplying the above
expression by £~ and taking the limit & — 0 in 28(Hg) leads to

1
(V) = i'ueiﬂfol dux-H6<W>/dtthjxk(aijo)(tux)n(Ho). (5.3)
0 j.k

This formula, together with Eq. (5.2) and the mean value theorem, implies that

H C{n(Ho(w)elFIHO0—Ho) _ypigpeitexHo)

‘ < Constlx| + sup ||gy (V)|
§€[0,1]
< Const|x| 4+ Const x?| | és&)p” > |@xHoEvonHo) . (5.4)
€ ~
9 ]’k

But one has

(9jxHo) (§vX)1(Ho) = e ™Y@ (33 Ho)e'* " * 11 (Ho)
with 17(Ho) € (Ho, G) and (3jxHo) € %(G, Ho). So, it follows from Assumption 5.1 that there exists r > 0 such that

|(@jxHo) (Evx)n(Ho) || < Const(£vx)'.
Hence, one finally gets from (5.4) that for each v € (—1,1) \ {0}

H %M(Ho(vx))e"%[”f’(”"*”“ — n(Ho)el*Ho}

‘ < Const(1 + |pul) (x) 2,
which proves the claim with s:=r+2. O

In the sequel, the symbol % stands for the Fourier transformation, and the measure dx on R? is chosen so that .&
extends to a unitary operator in L2(RY).

Theorem 5.3. Let Ho, f, H and @ satisfy Assumptions 2.1, 2.2,3.1, 4.1 and 5.1, and let ¢ € Hy N P, satisfy Sp € D, and

[Fr(Hg). S]e =0. (5.5)
Then the following equality holds:

; 0 0
Note that the Lh.s. of (5.5) is well defined due to the homogeneity property of Fy. Indeed, one has
/ 711 H6
0
for some 1 € C°(R \ k(Hop)), and thus [F¢(Hp), Sl € H due to Lemma 2.4(d) and the compacticity of Ff(Sd”).

Proof. Let ¢ € H; N 2, satisfies Sg € P, take a real n € C°(R \ k(Hp)) such that ¢ = n(Ho)¢, and set n:(s) := e"sn(s)
for each s, t € R. Using (5.5), the definition of Fy and the change of variables w :=t/r, v:=1/r, one gets
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1
T (S9) = T3 (9) = f dp <<p, S*[;{n%(Ho)ﬂv@m% (Ho) — f(1Ho)}. 5]<p>
R

f du / QX(?f)(X)<<p,S*[ {e™*®nu (Hown)n_u (Ho)—elﬂx'”é},5}<p>
R Rd
=/du/Qx(9f)(x)<<p,S*[%(e“’"‘p _1) (HO(VX))E V[HO(UX) Hol S:|¢>

R Rd

f du / dX(ﬂ‘f)(x)<¢, [ {n(Ho(vx))e! v Ho(0—Hol _ (Ho>ef“"'”6},5]w>- (5.6)

To prove the statement, it is sufficient to show that the limit as v N\ 0 of each of these two terms is equal to zero. This is
done in points (i) and (ii) below.

(i) For the first term, one can easily adapt the method [21, Theorem 5.5] (points (ii) and (iii) of the proof) in order to
apply Lebesgue’s dominated convergence theorem to (5.6). So, one gets

llg})/dﬂ/ﬂx(ﬁf)(x)<g0, 5*[%(61‘1);(-@ _1) (H()(Vx))e leO(VX) Hol 5](p>
R Rd

=i [ au [ e F Dwlix: 215, Hsg) — (ix- @)g. Mg,
R Rd

and the change of variables ©’ := —pu, x' := —x, together with the symmetry of f, implies that this expression is equal to
zero.
(ii) For the second term, it is sufficient to prove that

lim f du / dx (F f)(x)<1// —{n(Ho(vx))e! v Ho(v0—Ho] —n(Ho)ei“X'”6}1/1> (5.7)

is equal to zero for any vy € 9, satisfying n(Hp)y = . For the moment, let us assume that we can interchange the limit
and the integrals in (5.7) by invoking Lebesgue’s dominated convergence theorem. Then, taking Eqs. (5.2) and (5.3) into
account, one obtains

llm/d,u/dx(ﬁf)(x)< { (Ho(vx))e! v Ho(v0—Hol U(Ho)ei“X‘”6}¢>

=/dM/QX(<9Zf)(X)<w, {i[n(Ho),X-<1>]e"‘“"”6 + %e”‘"'”éijxk(8ﬂ<Ho)n(Ho)}w>,
R Rd J.k

and the change of variables ©' := —u, x' := —x, together with the symmetry of f, implies that this expression is equal
to zero. So, it only remains to show that one can really apply Lebesgue’s dominated convergence theorem in order to
interchange the limit and the integrals in (5.7). For this, let us set for v € (—1,1) \ {0} and x € R

L(v, ) = f dx(ff)(x)< = {n(Ho(v)e! §HeC0=Hol — p(ppg)elios™s }w>.
Rd

By using Lemma 5.2 and the fact that .Z f € .#(RY), one gets that |L(v, )| < Const(1 + |i|) with a constant independent
of v. Therefore |L(v, )| is bounded uniformly in v € (—1, 1) \ {0} by a function in L([—1, 1], dw).

For the case || > 1, we first remark that there exists a compact set I C R\ x (Hp) such that n(Ho) = EHo(I)n(Hp). Due
to Lemma 2.4(d), there also exists ¢ € CZ°((0, 00)) such that

n(Ho(x) =1(Ho(wx)¢ (Hp(vx))
for all xe R? and v € R. So, using the notations
M(X) —elv E[Ho(vx)—Ho] EHO(I) =e iL[Ho(x)— HO]EHO(I)EHO(I)

and

BL(X) = el[LXHéEHo (I) = el,bLXHE)EHO(I)EHO (1)’
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one can rewrite L(v, () as

L(v, ) = / dx(9f><x><w —{n(Howx))¢ (Hz)(vx)z)AL,,,L(x)—n(Ho)c(Haz)BL<x>}w>.

Now, using the same technics as in the proof of Lemma 5.2, one shows that the maps AU ot RY — B(Hp) and BL ‘RY -
9B(Hyp) are differentiable, with derivatives

(aJ'A{),u)(X) =ilf‘(3jHO)(VX)A{,,u(X) and (%’BL)(X) =iM(3jH0)BL(X).
Thus, setting
Cj = (Hp) ¢ (HY) @ Hom(Ho) € B(Ho) and Vyi=e ™2,

one can even rewrite L(v, i) as

L, w)=(m) ") / dx(ﬂf)(x)< AV GV (9540,,) ) —Cj(afB,ﬁ)<x)}w>.
j Rd

We shall now use repeatedly the following argument: Let g € (R") and let X := (X1, ..., Xp) be a family of self-adjoint
and mutually commuting operators in Ho. If all X; are of class C?(®), then the operator g(X) belongs to C?(®), and
[[g(X), @;], k] € B(Ho) for all j, k. Such a statement has been proved in [21, Proposition 5.1] in a greater generality. Here,
the operator C; is of the type g(X), since all the operators Hg, djHo, ..., 93Ho are of class C2(®). Thus, we can perform a
first integration by parts (with vanishing boundary contributions) with respect to x; to obtain

Lv, u) = —(zu)—12/dx aj(9f>](x)< —{VixCiViA, (x)—chL(x)}w>
J Rrd

—puty f X (F . VixlCr. DVAL , )W),
] Rd

Now, the scalar product in the first term can be written as
o 1
(ife) 1<w, —AVixD Vi (0540,,,) 00 - D(aJ-BL)(x>}w>

with D := (Hp)~ 2c(H’z)r;(Ho) € AB(Hyp). Thus, a further integration by parts leads to

Lv,w)= —M_ZZ/dx az(fff)](x)< —{VxDV}, AL (x)—DBL(x)}¢> (5.8)
] Rd
— i Y [0 0. Vil D 251V 00 59)
j Rd
—u Z/Q"(gf)(")w VixlCj, @iV A, L, (OY). (5.10)
J R

By setting Ej := (Hp)~ §(H/2)(8kHo)n(Ho) € B(Hp) and by performing a further integration by parts, one obtains that (5.8)
is equal to

i 32 / dx [ (ﬂ‘f)](X)< —{VixErV; (akA’v,,L)(x)—Ek(akBL)<x)}w>

Rd

—zu‘3Z / dx [ aka%ﬂf)](x)(w {vuxEkV$xALﬂ(x)—EICBL<x>}w>

Y / dx [02(F )] (Y. VuxlEr. BV AL, 09).
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By mimicking the proof of Lemma 5.2, with n(Ho) replaced by Ej, one obtains that there exist c,s > 0 such that for all
|l > 1, xeRY and v e (—1, 1) \ {0}

1
H AVERViAL 00 — BBy, (0} H <14+ lul) (.
So, the terms (5.8) and (5.9) can be bounded uniformly in v € (—1,1) \ {0} by a function in L'(R\ [—1, 1], du). For the
term (5.10), a direct calculation shows that it can be written as

—in2y" / dx (F )RV, [Ch, DIV CkVur(BAL L) (=0 Vi ).
ik r

So, doing once more an integration by parts with respect to xi, one also obtains that this term is bounded uniformly in
v e (—1,1)\ {0} by a function in L'(R\ [—1, 1], du).

The last estimates, together with our previous estimate for |u| < 1, show that |L(v, )| is bounded uniformly in |v| <1
by a function in L'(R, dut). So, one can interchange the limit v\, 0 and the integration over u in (5.7). The interchange of
the limit v \( 0 and the integration over x in (5.7) is justified by the bound obtained in Lemma 5.2. O

The existence of the usual time delay is now a direct consequence of Theorems 4.3 and 5.3:

Theorem 5.4. Let Hy, f, H and & satisfy Assumptions 2.1, 2.2, 3.1, 4.1 and 5.1. Foreach t € R, let L(t) : H — Ho satisfy L(t)E* (I) €
PB(H, Ho) for any bounded subset I C R. Finally, let ¢ € Hy N 2, verify Sp € 95, (4.6) and (5.5). Then one has

lim 7.%(p) = lim 7(p) = —{p. S"[T;. Slg).
with T ¢ defined by (3.2).

Remark 5.5. In LZ(RY), the position operators Q j and the momentum operators P; are related to the free Schrédinger

operator by the commutation formula P; =i[—A /2, Q]. Therefore, if one interprets the collection {&1, ..., @4} as a family

of position operators, then it is natural (by analogy to the Schrédinger case) to think of Hy = (i[Ho, @11, ..., i[Ho, ®4]) as

a velocity operator for Hg. As a consequence, one can interpret the commutation assumption (5.5) as the conservation of

(a function of) the velocity operator Hy by the scattering process, and the meaning of Theorem 5.4 reduces to the following:

If the scattering process conserves the velocity operator Hj, then the usual and the symmetrized time delays are equal.
There are several situations where the commutation assumption (5.5) is satisfied. Here we present three of them:

(i) Suppose that Hg is of class C!(®), and assume that there exists v € R\ {0} such that H{ = v. Then the operator Fs(Hp)
reduces to the scalar Fy(v), and [Ff(H{)), S]1=0 in B(Hyp). This occurs for instance in the case of Friedrichs-type and
Stark operators (see [21, Section 7.1]).

(ii) Suppose that @ has only one component and that Hy = Ho. Then the operator F;(Hy) = Fy(Ho) is diagonalizable in
the spectral representation of Hg. We also know that S is decomposable in the spectral representation of Hy. Thus
(5.5) is satisfied for each ¢ € 2y, since diagonalizable operators commute with decomposable operators. This occurs
in the case of @-homogeneous operators Hy such as the free Schrodinger operator (see [21, Section 7.2] and also [7,
Sections 10 and 11]).

(iii) More generally, suppose that Fy(Hj) is diagonalizable in the spectral representation of Hg. Then (5.5) is once more
satisfied for each ¢ € 9, since diagonalizable operators commute with decomposable operators. For instance, in the
case of the Dirac operator and of dispersive systems with a radial symbol, we have neither Hy =v € RY \ {0}, nor
H{ = Ho. But if we suppose f radial, then F;(Hp) is nevertheless diagonalizable in the spectral representation of Hg
(see [21, Section 7.3] and [29, Remark 4.9]).

References

[1] W.O. Amrein, A. Boutet de Monvel, V. Georgescu, Co-Groups, Commutator Methods and Spectral Theory of N-Body Hamiltonians, Progr. Math., vol. 135,
Birkhduser, Basel, 1996.
[2] W.0. Amrein, M.B. Cibils, Global and Eisenbud-Wigner time delay in scattering theory, Helv. Phys. Acta 60 (4) (1987) 481-500.
[3] W.0. Amrein, Ph. Jacquet, Time delay for one-dimensional quantum systems with steplike potentials, Phys. Rev. A 75 (2) (2007) 022106.
[4] W.0. Amrein, K.B. Sinha, Time delay and resonances in potential scattering, J. Phys. A 39 (29) (2006) 9231-9254.
[5] D. Bollé, F. Gesztesy, H. Grosse, Time delay for long-range interactions, J. Math. Phys. 24 (6) (1983) 1529-1541.
[6] D. Bollé, T.A. Osborn, Time delay in N-body scattering, J. Math. Phys. 20 (1979) 1121-1134.
[7] A. Boutet de Monvel, V. Georgescu, The method of differential inequalities, in: Recent Developments in Quantum Mechanics, Poiana Brasov, 1989, in:
Math. Phys. Stud., vol. 12, Kluwer Acad. Publ., Dordrecht, 1991, pp. 279-298.
[8] C.A.A. de Carvalho, H.M. Nussenzveig, Time delay, Phys. Rep. 364 (2) (2002) 83-174.
[9] J. Derezifiski, C. Gérard, Scattering Theory of Classical and Quantum N-Particle Systems, Texts Monogr. Phys., Springer-Verlag, Berlin, 1997.
[10] L. Eisenbud, Dissertation, Princeton University, 1948.
[11] C. Gérard, R. Tiedra de Aldecoa, Generalized definition of time delay in scattering theory, J. Math. Phys. 48 (12) (2007) 122101, 15.



630 S. Richard, R. Tiedra de Aldecoa /J. Math. Anal. Appl. 387 (2012) 618-630

[12] K. Gustafson, K. Sinha, On the Eisenbud-Wigner formula for time-delay, Lett. Math. Phys. 4 (5) (1980) 381-385.

[13] J.M. Jauch, K.B. Sinha, B.N. Misra, Time-delay in scattering processes, Helv. Phys. Acta 45 (1972) 398-426.

[14] A. Jensen, Time-delay in potential scattering theory. Some “geometric” results, Comm. Math. Phys. 82 (3) (1981/1982) 435-456.

[15] P.A. Martin, Scattering theory with dissipative interactions and time delay, Nuovo Cimento B 30 (1975) 217-238.

[16] PA. Martin, On the time-delay of simple scattering systems, Comm. Math. Phys. 47 (3) (1976) 221-227.

[17] P.A. Martin, Time delay in quantum scattering processes, Acta Phys. Austriaca Suppl. XXIII (1981) 157-208.

[18] A. Mohapatra, K.B. Sinha, W.0. Amrein, Configuration space properties of the scattering operator and time delay for potentials decaying like |x|~¢,
o« > 1, Ann. Inst. H. Poincaré Phys. Théor. 57 (1) (1992) 89-113.

[19] T.A. Osborn, D. Bollé, The three-body time-delay operator, J. Math. Phys. 16 (1975) 1533-1549.

[20] M. Reed, B. Simon, Methods of Modern Mathematical Physics I, Functional Analysis, second ed., Academic Press Inc., Harcourt Brace Jovanovich Pub-
lishers, New York, 1980.

[21] S. Richard, R. Tiedra de Aldecoa, A new formula relating localisation operators to time operators, AMS Contemp. Math. Ser., in press.

[22] S. Richard, R. Tiedra de Aldecoa, Spectral analysis and time-dependent scattering theory on manifolds with asymptotically cylindrical ends, submitted
for publication, see also arXiv:1108.5018.

[23] D. Robert, Relative time-delay for perturbations of elliptic operators and semiclassical asymptotics, J. Funct. Anal. 126 (1) (1994) 36-82.

[24] D. Robert, X.P. Wang, Existence of time-delay operators for Stark Hamiltonians, Comm. Partial Differential Equations 14 (1) (1989) 63-98.

[25] M. Sassoli de Bianchi, P.A. Martin, On the definition of time delay in scattering theory, Helv. Phys. Acta 65 (8) (1992) 1119-1126.

[26] ET. Smith, Lifetime matrix in collision theory, Phys. Rev. 118 (1960) 349-356.

[27] R. Tiedra de Aldecoa, Time delay and short-range scattering in quantum waveguides, Ann. Henri Poincaré 7 (1) (2006) 105-124.

[28] R. Tiedra de Aldecoa, Anisotropic Lavine’s formula and symmetrised time delay in scattering theory, Math. Phys. Anal. Geom. 11 (2) (2008) 155-173.

[29] R. Tiedra de Aldecoa, Time delay for dispersive systems in quantum scattering theory, Rev. Math. Phys. 21 (5) (2009) 675-708.

[30] X.P. Wang, Phase-space description of time-delay in scattering theory, Comm. Partial Differential Equations 13 (2) (1988) 223-259.

[31] E.P. Wigner, Lower limit for the energy derivative of the scattering phase shift, Phys. Rev. (2) 98 (1955) 145-147.

[32] D.R. Yafaev, Mathematical Scattering Theory, Transl. Math. Monogr., vol. 105, Amer. Math. Soc., Providence, RI, 1992, General theory, translated from
Russian by J.R. Schulenberger.



	Time delay is a common feature of quantum scattering theory
	1 Introduction
	2 Operators H0 and Φ
	3 Integral formula for H0
	4 Symmetrized time delay
	5 Usual time delay
	References


