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Abstract. We conjecture that the p-adic L-function of a non-trivial irre-
ducible even Artin character over a totally real field is non-zero at all non-zero

integers. This implies that a conjecture formulated by Coates and Lichten-

baum at negative integers extends in a suitable way to all positive integers.
We also state a conjecture that for certain characters the Iwasawa series under-

lying the p-adic L-series have no multiple roots except for those corresponding

to the zero at s = 0 of the p-adic L-function.
We provide some theoretical evidence for our first conjecture, and prove

both conjectures by means of computer calculations for a large set of characters

(and integers where appropriate) over the rationals and over real quadratic
fields, thus proving many instances of conjectures by Coates and Lichtenbaum

and by Schneider. The calculations and the theoretical evidence also prove

that certain p-adic regulators corresponding to 1-dimensional characters for
the rational numbers are units in many cases. We also verify Gross’ conjecture

for the order of the zero of the p-adic L-function at s = 0 in many cases.
We gather substantial statistical data on the constant term of the underlying

Iwasawa series, and propose a model for its behaviour for certain characters.

1. Introduction

We fix an algebraic closure Q of Q. If k is a subfield of Q then we write Gk for
the Galois group Gal(Q/k). We view all number fields as subfields of Q, hence we
have Gk ⊆ GQ. We also fix a prime number p and an algebraic closure Qp of Qp,
with absolute value | · |p and valuation vp normalized by |p|p = p−1 and vp(p) = 1.

Let k be a number field, η : Gk → Qp an Artin character. We write Qp(η) for

the subfield of Qp obtained by adjoining all values of η to Qp, and Zp,η for the
valuation ring of Qp(η).

Fix an integer m ≤ 0. Let σ : Qp → C be an embedding. If η is 1-dimensional,
then it follows from [27, VII Corollary 9.9] that the value L(k, σ ◦ η,m) of the
classical Artin L-function is in σ(Qp) ⊆ C and that

L∗(k, η,m) = σ−1(L(k, σ ◦ η,m))

is independent of the choice of σ. By the discussion at the beginning of [12, § 3]
this also holds if η is not 1-dimensional. In particular, if η takes values in a finite
extension E of Q, then all those values are in E. Clearly, if v is a finite place of k,
then Eul∗v(k, η,m) = σ−1(Eulv(k, σ ◦ η,m)), with Eulv(k, σ ◦ η, s) the (reciprocal of
the) Euler factor for v, is independent of σ and lies in E (see (2.9) for the expression
of this Euler factor).

Write q = p if p 6= 2, and q = 4 if p = 2. Let ωp : Gk → Qp be the Teichmüller
character for p, which is the composition

Gk → GQ → Gal(Q(µp∞)/Q)
∼→ Z∗p → µϕ(q) ,
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where the last homomorphism maps an element of Z∗p to the unique element of the
torsion subgroup µϕ(q) of Z∗p in its coset modulo 1 + qZp. Note that for k = Q, ωp
gives an isomorphism Gal(Q(µq)/Q) ' Z∗p/(1 + qZp) ' µϕ(q). We shall also use the

projection Z∗p = µϕ(q) × (1 + qZp)→ 1 + qZp, mapping x to 〈x〉, so that x−1〈x〉 is
in µϕ(q).

Now assume that k is totally real. If E is any extension of Q, and η : Gk → E
an Artin character of k, then η is called even if η(c) = η(1) for each c in the
conjugacy class of complex conjugation in Gk. This is equivalent with the fixed
field kη of the kernel of the underlying representation of η being totally real. We
call η odd if η(c) = −η(1) for those c, so that η is odd if and only if all these c act
as multiplication by −1 in the underlying representation.

For χ : Gk → Qp a 1-dimensional even Artin character of the totally real number

field k ⊂ Q, there is a unique continuous function Lp(k, χ, s) on Zp, with values in
Qp(χ), such that for all integers m ≤ 0 we have the interpolation formula

(1.1) Lp(k, χ,m) = L∗(k, χωm−1
p ,m)

∏
v∈P

Eul∗v(k, χω
m−1
p ,m) ,

where P consists of the places of k lying above p. The right-hand side here is never
zero if m < 0, and L∗(k, χω−1

p , 0) 6= 0 as well.
Such continuous functions in particular cases (see, e.g., [23, 32]) were the starting

point, but, in fact, they have much nicer properties as they can also be described
as follows (see, e.g., [1, 6, 13, 29], although we shall mostly follow [18] here).

Let r ≥ 1 be the largest integer such that µpr is in k(µq) and put

Dk = {z in Qp with |z|p < prp−1/(p−1)} .

Fix a topological generator γ of Gal(k∞/k), where k∞ is the cyclotomic Zp-extension
of k. (We shall briefly review in Remark 2.8 how the various notions in this intro-
duction depend on this choice.) Let γ′ in Gal(k∞(µq)/k) be the unique element
that restricts to γ on k∞ and to the identity on k(µq). Since the composition

Gal(k∞(µq)/k)→ Gal(Q∞(µq)/Q)
∼→ Z∗p

is injective, there is a unique u in 1 + qZp such that γ′(ξ) = ξu for all roots of
unity ξ of p-power order.

Let Hχ(T ) = χ(γ)(1 + T ) − 1 if kχ ⊂ k∞ (i.e., χ is of type W ) and Hχ(T ) = 1
otherwise. There exists a unique power series Gχ(T ), called the Iwasawa power
series of χ, with coefficients in Zp,χ, such that, for all s in Zp, with s 6= 1 if χ is
trivial, we have

(1.2) Lp(k, χ, s) =
Gχ(u1−s − 1)

Hχ(u1−s − 1)
.

Note that |u − 1|p = p−r, so ut = exp(t log(u)) exists for all t in Dk. Therefore

Lp(k, χ, s) is a meromorphic function on Dk, with values in Qp, with at most a pole
of order 1 at s = 1 if χ is trivial, and no poles otherwise. We let ζp(k, s) denote
this function if χ is the trivial character.

If χ : Gk → Qp is an even irreducible Artin character of degree greater than 1,
we let Hχ(T ) = 1. We then define Hχ(T ) for all characters χ by demanding

Hχ1+χ2
(T ) = Hχ1

(T )Hχ2
(T ). Using the Galois action on Qp one sees that Hχ(T )

has coefficients in Zp,χ.1

1In [18, §2] a ring Zp[χ] is used for all χ, but there it is only defined for χ 1-dimensional, as
the ring obtained by adjoing the values of χ to Zp. At the bottom of page 82 of loc. cit. it is
clear that Zp,χ is meant. Note that Zp[χ] = Zp,χ if χ is 1-dimensional, and that Zp[values of χ]

is contained in Zp,χ for all χ but may be smaller even for Abelian χ.
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For χ : Gk → Qp any even Artin character of Gk, one uses Brauer induction to
find a unique Gχ(T ) in the fraction field of Zp,χ[[T ]] such that (1.1) holds for all
integers m < 0 if we define Lp(k, χ, s) by (1.2) using this Gχ(T ) and the Hχ(T )
defined above. (We shall briefly review this in Section 2.) It is known for p odd
(and conjectured for p = 2) that Gχ is in p−lZp,χ[[T ]] for some integer l, in which
case it converges on Dk. This means that Lp(k, χ, s) is defined on Dk for p odd,
but for p = 2 it might have finitely many poles if χ is not Abelian.

We can now state our main conjecture, some special cases of which appeared in
the literature before (see Remark 3.7). The equivalence of the various parts will be
proved in Section 3. The ‘missing’ case m = 0 in this conjecture is the subject of
a conjecture by Gross, Conjecture 1.5 below. Note that the statement here always
holds for m < 0 by (1.1) as the right-hand side there is never zero, but we included
this case in the formulation of the conjecture anyway for the sake of uniformity.

Conjecture 1.3. Fix a prime number p and an integer m 6= 0. Then the following
equivalent statements hold, where in the last three parts the characters always take
values in Qp.

(1) For every totally real number field k with k/Q Galois the function ζk,p(s)
is non-zero at m if m 6= 1 and has a pole of order 1 at m = 1.

(2) For every totally real number field k the function ζk,p(s) is non-zero at m
if m 6= 1 and has a pole of order 1 at m = 1.

(3) For every totally real number field k and every 1-dimensional even Artin
character χ 6= 1Gk of Gk we have Lp(k, χ,m) 6= 0.

(4) For every totally real number field k and every irreducible even Artin char-
acter χ 6= 1k of Gk we have that Lp(k, χ,m) is defined and non-zero.

(5) For every irreducible even Artin character χ 6= 1Q of GQ we have that
Lp(Q, χ,m) is defined and non-zero.

For p odd, one can state the conjecture also in terms of the power series Gχ(T )
associated to k and χ that we introduced above, and for p = 2 using fractions of
power series. It is more natural in the sense that m = 1 is no longer a special case;
see Remark 3.2. We prove this version in a number of cases (see Lemma 3.4 and
Proposition 7.4).

Our numerical calculations prove Conjecture 1.3(3) for many tuples (p, k, χ,m)
with [k : Q] = 1 or 2, and in fact, for most tuples (p, k, χ) considered the statement
holds for all m 6= 0; see Theorem 6.12. Because Conjecture 1.3 has important
consequences for (generalisations of) conjectures made by Coates and Lichtenbaum
and by Schneider (see Section 4), our calculations prove many instances of these
conjectures. The conjecture was itself inspired mostly by the wish that certain p-
adic regulators in algebraic K-theory should be non-zero, and our calculations also
prove this in many cases (see the end of Section 4). We can also prove it in certain
cases without relying on computer calculations (see Corollary 7.5).

In order to state our second conjecture we need more notation.

If O is the valuation ring in a finite extension of Qp, then according to [37,
Theorem 7.3] any non-zero S(T ) in O[[T ]] can be written uniquely as cD(T )U(T ),
with c 6= 0 in O, U(T ) a unit of O[[T ]] with U(0) = 1, and D(T ) a distinguished
polynomial, i.e., a monic polynomial in O(T ) such that all non-leading coefficients
are in the valuation ideal of O. If we extend the field then this decomposition
remains the same. For S(T ) = cD(T )U(T ) as above we define µ(S) = vp(c) and we
let λ(S) be the degree of D(T ). We extend those definitions to the field of fractions
of O[[T ]] in the obvious way.
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We can now state our second conjecture.

Conjecture 1.4. Let χ : Gk → Qp be a 1-dimensional even Artin character of a

totally real number field k. Assume that Ind
GQ
Gk

(χ) is irreducible. Then any root of

the distinguished polynomial Dχ(T ) of Gχ(T ) distinct from u− 1 is simple.

Note that in (1.2) we have |u1−s − 1|p < p−1/(p−1), so this conjecture is also
about roots of Dχ(T ) that are not detected by the zeroes of Lp(k, χ, s) on Dk. The
cases in which we prove this conjecture numerically are described in Theorem 6.18.

The potential root u−1 ofGχ(T ) corresponds to the potential root 0 of Lp(k, χ, s).
For this root, Gross formulated the following as part of Conjecture 2.12 in [19].

Conjecture 1.5. Let χ : Gk → Qp be a 1-dimensional even Artin character of a

totally real number field k, P the set of places of k lying above p, and σ : Qp → C any
embedding. Then the p-adic L-function Lp(k, χ, s) and the truncated complex L-
function L(k, σ◦χω−1

p , s)
∏
v∈P Eulv(k, σ◦χω−1

p , s) have the same order of vanishing
at s = 0.

Remark 1.6. One can also consider the case of truncated p-adic L-functions for
a finite set S of places of k that contains P , and compare the order of vanishing at
s = 0 to the corresponding truncated complex L-function, but, as noted in loc. cit.,
the correctness of the conjecture is independent of S.

Because of the construction of Lp(k, χ, s) for arbitrary χ, and the behaviour of
the classical L-functions for Brauer induction, the same conjecture would then hold
for all even Artin characters χ of k. Theoretical evidence for it will be discussed
in Remark 3.8, but we also prove this conjecture in many cases by means of our
calculations; see Theorem 6.7 and Remark 6.8.

We now formulate the last conjecture that our calculations prove in many cases.
For an even Artin character χ of Gk, we define λ(χ) = λ(Gχ/Hχ) and µ(χ) =
µ(Gχ/Hχ). (Note that Hχ is often ignored when defining λ(χ) and µ(χ), but we
follow [33].) Clearly, µ(Hχ) = 0, so µ(χ) ≥ 0. Deligne and Ribet [13] proved (see
[29, (4.8) and (4.9)]) that µ(χ) ≥ [k : Q] if p = 2. The so-called “µ = 0” conjecture,
formulated in [20], states this bound should be sharp, and that µ(χ) should be 0 if
p is odd.

Conjecture 1.7 (“µ = 0”). Let χ : Gk → Qp be a 1-dimensional even Artin
character of a totally real number field k. Then µ(χ) = 0 if p is odd, and µ(χ) =
[k : Q] if p = 2.

This conjecture was proved for k = Q by Ferrero and Washington [17]. Theo-
rem 6.10 describes for which real quadratic number fields k and χ our calculations
prove it for more than 6000 conjugacy classes over Qp of p-adic characters not
covered by the result of Ferrero and Washington.

There do not seem to be many conjectures or results on the λ-invariant (but see
[14, Conjecture 1.3] for a very special case). Based on the (extensive) data provided
by our calculations we formulate the following conjecture.

Conjecture 1.8. Let p be an odd prime and let d ≥ 1. Define Xd to be the set of
even 1-dimensional Artin characters χ : GQ → Qp of the form χ = ωipψ with ψ of
conductor and order prime to p, both ψ and i even, and such that [Qp(χ) : Qp] = d.
For N ≥ 1, let Xd(N) be the subset of those characters in Xd whose conductor is
at most N . Then we have

lim
N→+∞

#{χ ∈ Xd(N) : λ(χ) > 0}
#Xd(N)

= p−d.
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During the calculations we discovered this conjecture does not apply if we allow p
to divide the order of the character. In fact, in that case the λ-invariant can be
quite large (see Examples 7.6 through 7.15). This phenomenon can be explained
by a result of Sinott [33, Theorem 2.1]; see Corollary 7.2. The conjecture does also
not apply if we allow both i and ψ to be odd; see the beginning of Section 7.

The structure of this paper is as follows.
In Section 2 we review and slightly extend the description of Lp(k, χ, s) if χ is an

even Qp-valued Artin character of higher dimension. We also review truncated p-
adic L-functions, which play a role in some of the conjectures or their consequences.

Section 3 proves the equivalence of the various parts of Conjecture 1.3, and gives
a formulation using the power series Gχ(T ). It also discusses some earlier cases of
this conjecture and some theoretical evidence for it. We conclude this section with
a review of what is known about Conjecture 1.5, and a discussion of our motivation
for making Conjecture 1.4.

In Section 4 we discuss some important consequences for a generalisation of a
conjecture by Coates and Lichtenbaum ([7, Conjecture 1], but see also [12, §1]) and
for a conjecture by Schneider [31]. We also discuss the relation with a conjecture
made in [3]. In fact, this last conjecture inspired the current paper as it is about
the non-vanishing of p-adic regulators in K-theory, in analogy with the Leopoldt
conjecture, and our calculations that are described in Section 6 prove this non-
vanishing in many cases.

In Section 5 we review and slightly refine the theory of Newton polygons, in
order to help us rule out by computations the existence of multiple factors in the
corresponding distinguished polynomials in Section 6, thus proving Conjecture 1.4
in many cases. In that section we also prove, by means of calculations, Conjec-
tures 1.3, 1.5 and 1.7 for many characters.

Finally, in Section 7, we discuss the behaviour of the λ-invariants of the Iwasawa
power series, and our (substantial) numerical data leads us to make and corroborate
Conjecture 1.8.

2. Review of p-adic L-functions

In this section, we collect from the literature some results that we shall need
later on, occasionally clarifying or slightly extending them.

We begin with the definition of Lp(k, χ, s) for χ : Gk → Qp any even Artin
character of a totally real number field k, and the construction of Gχ and Hχ

satisfying (1.2). This is based on [18, §2], with some minor extension and correction,
and some input from [12, §3].

Recall that Brauer’s theorem (see, e.g., [24, XVIII, Theorem 10.13]) states that
if G is a finite group and χ a character of G, then

χ =
∑
i

aiIndGHi(χi)

for some non-zero integers ai and 1-dimensional characters χi of subgroups Hi with
each Hi the product of a cyclic group and a group of order a power of a prime pi.

For future reference we observe that we may assume that χi 6= 1Hi if Hi 6= {e},
in which case the multiplicity of 1G in χ equals the coefficient of IndG{e}(1{e}) since

by Frobenius reciprocity IndGHi(χi) does not contain 1G when χi 6= 1Hi . Namely,
every subgroup of an Hi is of the same type as we may assume the cyclic group has
order prime to pi. Also, [Hi, Hi] 6= Hi if Hi is non-trivial. For a finite group H we

have IndH[H,H](1[H,H]) = 1H +
∑
j χj where the sum runs through the non-trivial

1-dimensional characters of H. Using this and the transitivity of induction, we can
successively eliminate all 1Hi unless Hi is trivial.
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Applying the above to G = Gal(kχ/k) we see that there exist fields k1, . . . , kt
with k ⊆ ki ⊆ kχ, 1-dimensional Artin characters χi on Gki , and non-zero integers
a1, . . . , at, with

(2.1) χ =

t∑
i=1

aiIndGkGki
(χi) .

If χ does not contain the trivial character then we may assume that all χi are
non-trivial. We then define the p-adic L-function of χ by

(2.2) Lp(k, χ, s) =

t∏
i=1

Lp(ki, χi, s)
ai .

From (1.2) one sees that it is a meromorphic function on Dk (cf., e.g., [18, p.82], [3,
Section 6], [12, §3]). Ifm is a negative integer satisfying m ≡ 1 modulo ϕ(q) then the
value Lp(k, χ,m) is defined and equals Eul∗p(k, χ,m)L∗(k, χ,m) by (1.1) and well-
known properties of Artin L-functions (see [27, Prop. VII.10.4(iv)]), showing that
the function is independent of how we express χ as a sum of induced 1-dimensional
characters. We say that Lp(k, χ, s) is defined at s = s0 if it does not have a pole at
s = s0, so that we can talk about the value Lp(k, χ, s0).

If the index of Gal(ki,∞/ki) in Gal(k∞/k) (both inside Gal(Q∞/Q)) is pai , and

we use the generator γi in the first that corresponds to γp
a
i , then ui = up

ai
. If

we define G∗χi(T ) by substituting Ti = (T + 1)p
ai − 1 in Gχi(Ti), and similarly

for G∗χi(T ), then we have

(2.3) Lp(k, IndGkGki
(χi), s) = Lp(ki, χi, s) =

Gχi(u
1−s
i − 1)

Hχi(u
1−s
i − 1)

=
G∗χi(u

1−s − 1)

H∗χi(u
1−s − 1)

for s in Dk. Using this in (2.2) gives an expression as in (1.2) for some Gχ(T )/Hχ(T )

in the fraction field of Zp,χ[[T ]], as one can see using the action of Gal(Qp/Qp) and

the fact that (1.1) provides infinitely many u1−m − 1 in qZp where Gχ(T ) takes
values in Qp(χ). But, as proved by Greenberg, one can do much better, based on
the main conjecture of Iwasawa theory.

In the introduction we defined Hχ(T ) = 1 for χ irreducible of degree greater
than 1, and Hχ(T ) for all characters χ by demanding Hχ1+χ2(T ) = Hχ1(T )Hχ2(T ).
Then Hχ(T ) has coefficients in Zp,χ.

We want to compare this to Brauer induction. Let k′/k be a finite extension

with k′ totally real, χ′ an irreducible Artin character of k′, and χ′∗ = IndGkGk′ (χ
′)

the induced character on Gk. If we write down Hχ′(T
′) for the generator γ′ of

Gal(k′∞/k
′) corresponding to γp

a

(again viewing everything in Gal(Q∞/Q)), and
let H∗χ′(T ) = Hχ′((T + 1)p

a − 1), then one checks that Hχ′∗
(T ) and H∗χ′(T ) are

identically 1 unless χ′ is of type W , in which case Hχ′∗
(T ) = (−1)p

a+1H∗χ′(T ).

With G∗χ′(T ) = Gχ′((T +1)p
a−1) we have Lp(k

′, χ′, s) = G∗χ′(u
1−s)/H∗χ′(u

1−s) for

s in Dk. Therefore from (2.1) one obtains (1.2) for all but finitely many s in Dk, if
we let the polynomial Hχ(T ) be as defined above, and

(2.4) Gχ(T ) = ±
t∏
i=1

G∗χi(T )ai ,

with the sign matching that in Hχ(T ) = ±
∏t
i=1H

∗
χi(T )ai . Again, Gχ(T ) is in the

fraction field of Zp,χ[[T ]].

Remark 2.5. Greenberg claims that, given (2.1), putting Hχ(T ) =
∏t
i=1H

∗
χi(T )ai

is well-defined (see [18, p.82]). But it follows from the above that this may fail if
p = 2. If k′/k is the extension of degree 2 in the cyclotomic Z2-extension of k, then
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using χ = 1Gk or χ = IndGkGk′ (1Gk′ ) − χ
′ with χ′ the non-trivial character of Gk

that is trivial on Gk′ leads to two different Hχ(T ) that differ by a sign.
Of course, if one were to normalize all Hχ(T ) to be monic, and absorb the

resulting root of unity into Gχ(T ), this problem would disappear. Here we opted
to define Hχ(T ) uniquely, and with that also Gχ(T ).

One has the following conjecture about Gχ(T ) (see [18, §2]).

Conjecture 2.6. (p-adic Artin conjecture) Let k be a totally real number field,
and χ : Gk → Qp an even p-adic Artin character. Then plGχ(T ) is in Zp,χ[[T ]] for
some l.

Greenberg proved in [18, Proposition 5] that this conjecture is implied by the
main conjecture of Iwasawa theory. Because the latter was proved for p odd by
Wiles in [38], Conjecture 2.6 holds for p 6= 2. It then follows from (1.2) that, for
a character χ, and p odd, Lp(k, χ, s) is analytic on Dk if χ does not contain the
trivial character, and has at most a pole at s = 1 otherwise. (This statement also
followed from [38] in a much more roundabout way in [12].)

Remark 2.7. Conjecture 2.6 is equivalent with the quotient of distinguished poly-
nomials

∏t
i=1D

∗
χi(T )ai corresponding to (2.4) being a polynomial. If this is the

case, then the statement of the conjecture holds precisely when l + µ(χ) ≥ 0.
Note that Conjecture 1.7 would imply that, for any even Artin character χ of

Gk, we have that µ(χ) = 0 if p is odd, and µ(χ) = χ(1) · [k : Q] if p = 2. (The
latter statement one finds by applying (2.1) to the element 1 of Gk, multiplying
the result by [k : Q], and using that, for an Artin character ψ on Gk′ , k ⊆ k′, and

ψ∗ = IndGkGk′ (ψ), one has ψ(1) · [k′ : Q] = ψ∗(1) · [k : Q]; cf. the argument at the end

of [18, §4].)

Remark 2.8. As promised in the introduction we briefly explain that the various
statements there are independent of the choice of γ. Namely, using γ̃ = γa instead
of γ, with a in Z∗p, replaces u with ũ = ua. Both Gχ(T )/Hχ(T ) and G̃χ(T̃ )/H̃χ(T̃ )

satisfy (1.2) if we obtain the former from the latter by replacing T̃ with g(T ) =
(1 + T )a − 1 =

∑∞
n=1

(
a
n

)
Tn in TZp[[T ]]∗. Clearly, this substitution (as well as

its inverse) maps units to units, and a distinguished polynomial to a distinguished
polynomial (of the same degree) times a unit, hence they preserve the λ-invariant
(and trivially the µ-invariant).

An easy calculation (only needed when χ is of type W ) shows that the dis-

tinguished polynomial of H̃χ(g(T )) equals that of Hχ(T ), so the corresponding

statement holds for G̃χ(g(T )) and Gχ(T ). In particular, they also have the same
λ-invariants, and matching roots (with ũ− 1 corresponding to u− 1) together with
their multiplicities. Expanding the right-hand side of (1.2), with t = 1− s, as ele-
ment of Qp((t)), one sees that the extension to Dk of Lp(k, χ, s) is also independent
of the choice of γ as its value at infinitely many values of t are fixed by (1.1).

We conclude this section with a discussion of truncated p-adic L-functions, which
will be needed in Section 4. For the sake of convenience, we shall follow [12, §3].

Let k be a number field, and η : Gk → Qp an Artin character. Fix a finite
place v of k. Let V be an Artin representation of Gk, defined over a finite extension
of Q(η), with character η. If Dw is the decomposition group in Gk of a prime w
lying above v, with inertia subgroup Iw and a Frobenius Frw, then we let Fv(t, η)
be the determinant of 1− Frwt acting on V Iw (note this is omitted just before [12,
(3.4)], but mentioned just before [12, (3.10)]). Then Fv has coefficients in Zp,η. We
put

(2.9) Eul∗v(k, η,m) = Fv(Nm(v)−m, η) .
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We can also use V to realize the character ηω−1
p , and if v does not lie above p,

then V Iw is the same for both representations as ωp is unramified at v. Clearly
Fv(ωp(Frw)mt, ηω−mp ) = Fv(t, η) for any integer m.

Now assume that v does not lie above p. If we write Nm(v) for the norm of v,
then Frw acts on p-power roots of unity by raising them to the power Nm(v). In
Gal(Q(µp∞)/Q) ' Z∗p, we can therefore write Nm(v) = 〈Nm(v)〉 · ωp(Frw) with

〈Nm(v)〉 in 1 + qZp. For s in Qp such that |s|p · |〈Nm(v)〉 − 1|p < p−1/(p−1) we
define

Eul〈〉v (k, η, s) = Fv(〈Nm(v)〉−s, η) .

Then we have, for any integer m, that

Eul〈〉v (k, ηω−mp ,m) = Eul∗v(k, η,m)

because Fv(〈Nm(v)〉−m, ηω−mp ) = Fv(Nm(v)−m, η). Note that, if µpr ⊆ k(µq), then
〈Nm(v)〉 is in 1+prZp if p is odd or p = 2 and k is totally real, because Gal(kµp∞ /k),
when identified with a subgroup of Gal(k∞/k)×Gal(k(µq)/k) ⊆ (1 + qZp)×µϕ(q),
is the product of subgroups of each of the factors. In particular, in these cases this
includes all s in Dk.

Now assume that k is totally real, and let χ be an even Artin character of Gk.
Let S be a finite set of finite places of k, containing the set P of places above p.
For s in the domain of Lp(k, χ, s) we define

(2.10) Lp,S(k, χ, s) = Lp(k, χ, s)
∏

v∈S\P

Eul〈〉v (k, χω−1
p , s) .

Note that Lp(k, χ, s) = Lp,P (k, χ, s). For an integer m < 0 (and possibly for
m = 0), Lp,S(k, χ, s) is defined at m, and in Qp(χ) we have

(2.11) Lp,S(k, χ,m) = L∗S(k, χωm−1
p ,m)

where we let L∗S(k, χωm−1
p ,m) = L∗(k, χωm−1

p ,m)
∏
v∈S Eul∗v(k, χω

m−1
p ,m). Note

that this also equals σ−1(LS(k, σ ◦ χωm−1
p ,m)) for any embedding σ : Qp → C,

because Eul∗v(k, η,m) = σ−1(Eulv(k, σ ◦η,m)) for any Artin character η : Gk → Qp
and any integer m. We also note that every Eul〈〉v (k, η, s) in (2.10) is defined for s
in Dk and non-zero when s 6= 0 by [12, Remark 3.11].

3. Zeroes of p-adic L-functions

In this section we discuss our main conjecture, Conjecture 1.3.
We start with proving that the parts of Conjecture 1.3 are equivalent. We

recall that the Aramata-Brauer theorem (see [10, Theorem 15.31] or [24, XVIII,
Theorem 8.4]) states the following. If G is a finite group of order n > 1 then for the

character ρ of the left-regular representation we have n(ρ − 1) =
∑
i aiIndGHi(χi)

for some non-trivial 1-dimensional characters χi of cyclic subgroups Hi of G and
positive integers ai. In particular, if F/k is a Galois extension of totally real number
fields of degree n ≥ 1 then either F = k or

(3.1) ζF,p(s)
n = ζk,p(s)

n
∏
i

Lp(ki, χi, s)
ai

for some positive integers ai and non-trivial 1-dimensional characters χi of cyclic
subgroups Gal(F/ki) of Gal(F/k).

Returning to Conjecture 1.3, in order to see that (1) implies (2), let k be totally
real and F its Galois closure over Q. If F = k then we are in case (1). If F 6= k
then we notice that in (3.1) the Lp(ki, χi, s) have no poles at all. Because ζk,p(s)
can only have a pole (of order at most 1) at s = 1, and ζF,p(s) by case (1) has
one pole (of order 1) at s = 1, ζk,p(s) has one pole (of order 1) at s = 1. At all
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integers m 6= 1 all functions in (3.1) are defined, so ζF,p(m) 6= 0 for m 6= 0 implies
ζk,p(m) 6= 0 as well.

That (2) implies (3) is easily seen from ζF,p(s) = ζk,p(s)
∏
j Lp(k, χj , s) where

F is the fixed field of ker(χ) and the χj run through the non-trivial 1-dimensional
characters of Gal(F/k).

Deducing (4) from (3) is immediate since we may assume the χj in (2.2) are
non-trivial, so that Lp(kj , χj , s) has no pole at s = m, nor, by assumption, a zero.

That (4) implies (5) is clear, and that (5) implies (1) is clear if we write, for
k/Q Galois and k totally real, ζk,p(s) = ζQ,p(s)

∏
j Lp(Q, χj , s)χj(e) where χj runs

through the non-trivial irreducible characters of GQ that are trivial on Gk: those
χj are necessarily even, and ζQ,p(s) has a pole of order 1 at s = 1 and no zeroes
by [37, Lemma 7.12].

This finished the proof of the equivalence of the statements in Conjecture 1.3.

Remark 3.2. In the cases (1), (2) and (3) of Conjecture 1.3, because of (1.2), one
can, for a fixed k and χ, state the conjectured behaviour of Lp(k, χ, s) at m 6= 0 as

(3.3) Gχ(u1−m − 1) 6= 0 .

Here χ = 1Gk in (1) and (2), and χ 6= 1Gk is 1-dimensional in (3).
In parts (4) and (5), the same holds if p 6= 2 because of the discussion in Section 2,

in particular, the part right after Conjecture 2.6, as Gχ(u1−m−1) is always defined.
For p = 2, we see from (2.4) that (3.3) is defined and non-zero for χ, is implied by
Gχi(u

1−m
i − 1) = G∗χi(u

1−m − 1) being non-zero for each of the χi in (2.1).

In particular, the conjecture for a fixed m 6= 0 is equivalent with Gχ(u1−m − 1)
being non-zero for all even Artin characters χ of all totally real number fields k.

We now discuss some known cases of Conjecture 1.3. (numerical evidence for it
when m ≥ 1 will be discussed in Section 6). Note that it holds for all m < 0 as the
right-hand side of (1.1) is non-zero.

We first consider the conjecture for Lp(Q, ωap , s) where a is an even integer.

With the Bernoulli numbers Bn defined by xex/(ex − 1) =
∑∞
n=0

Bn
n! x

n, we have

ζQ(1 − n) = −Bnn for all integers n ≥ 1 by [37, Theorem 4.2]. The theorem of

Von Staudt-Clausen (see, e.g., [37, Theorem 5.10]) gives that Bn +
∑

p prime
p−1|n

1
p is an

integer when n ≥ 1 is even. In particular, |Bn|p = p if p−1 divides n, and |Bn|p ≤ 1
otherwise. An odd prime p is called regular if |Ba|p = 1 for all a = 2, 4, . . . , p − 3
and irregular if |Ba|p < 1 for some a = 2, 4, . . . , p− 3.

Lemma 3.4. Let k = Q, and let p be a prime number.

(1) 1
2G1Q(T ) is in Zp[[T ]]∗.

(2) Assume p 6= 2. If a = 2, 4, . . . , p− 3, then either
(a) |Ba|p = 1, and the distinguished polynomial of Gωap is trivial, or

(b) |Ba|p < 1, and the distinguished polynomial of Gωap is non-trivial.

Proof. (1) This is [37, Lemma 7.12].
(2) If n is a positive integer with n ≡ a modulo p−1, then |Bnn −

Ba
a |p < 1 by [37,

Corollary 5.14], so |Bnn |p = 1 in (a) and |Bnn |p < 1 in (b). As Hωap
(T ) = 1, and

(3.5) Lp(Q, ωap , 1− n) = Lp(Q, ωnp , 1− n) = −Bn
n

(1− pn−1)

by (1.1), the two cases correspond to the function Gωap (us − 1) assuming a value

in Z∗p or in pZp. In the first case the distinguished polynomial of Gωap (T ) is 1 (and

necessarily also µ = 0). In the second case, because it is known that µ = 0 by [17],
the distinguished polynomial is non-trivial. �
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From Lemma 3.4 we see that Conjecture 1.3(2) holds for k = Q, and that
the only p-adic L-functions of the form Lp(Q, ωap , s) with a = 2, 4, . . . , p − 3 for
which Conjecture 1.3(3) could fail are those where p is an (odd) irregular prime
and vp(Ba) > 0.

Let us discuss the consequences of vp(Ba) = 1, as one finds for an irregular
prime p in practice (i.e., for all p < 12 · 106 as stated in [21, Remark 2.8], or
p < 163 · 106 as stated on [5, p.2439]). If in this case the distinguished polynomial
of Gωap is of degree at least 2, it is Eisenstein because Hωap (T ) = 1, vp(Gωap (ua−1)) =

vp(Lp(Q, ωap , 1 − a)) = vp(Ba) = 1, and Gωap (us − 1) − Gωap (0) is in p2Zp for all s

in Zp because us− 1 is in pZp. Hence it has no root in Zp, and Lp(Q, ωap , s) has no

zero in Zp. In fact, then |Lp(Q, ωap , s)|p = p−1 for all s in Zp, so vp(Bn/n) = 1 for
all positive n congruent to a modulo p− 1 by (3.5).

But as mentioned right after [21, Theorem 3.2], one also finds in practice (again
for all p < 12 · 106) that there is such an n with vp(Bn/n) > 1, so the distinguished
polynomial of Gωap (T ) must have degree 1. It has a unique (simple) root, which is in

pZp, so that Lp(Q, ωap , s) has a unique (simple) root in Dk, which lies in Zp (cf.[21,
Theorem 4.10]). This root is non-zero by [37, Proposition 5.23], so according to
Conjecture 1.3 it should not be in Z.

Remark 3.6. In Proposition 7.4 we shall see that 1
2Gχ(T ) is in Zp[[T ]]∗ for any even

1-dimensional Artin character χ : GQ → Qp of p-power order with conductor pn

for n ≥ 1, thus generalising Lemma 3.4(1). In particular, Conjecture 1.3(3) holds
for such χ.

In the remainder of this section, we first discuss some earlier cases of Conjec-
ture 1.3 in Remark 3.7. We then discuss the ‘missing’ case m = 0 in Remark 3.8,
and conclude this section with an explanation of our motivation for making Con-
jecture 1.4.

Remark 3.7. Parts and/or special cases of Conjecture 1.3 exist in the literature,
almost always for p odd. We mention a few, but this list is certainly not exhaustive.

(1) Conjecture 1.3(2) for m = 1 is equivalent with the Leopoldt conjecture for k
(see [9]). As that is known if k is totally real and Abelian over Q by work of
Brumer [4], one sees that Lp(Q, χ, 1) 6= 0 if χ 6= 1Q is any even Dirichlet charac-
ter [37, Corollary 5.3].

(2) On [2, p. 54], the hypothesis is put forward that Lp(k, ω
i
p,m) 6= 0 for k totally

real, i even, p odd, m 6= 1, and m+ i ≡ 1 modulo the order d of ωp. As m is then
odd, this is implied by part (1) of Conjecture 1.3 if ωip = 1Gk , and by part (3)

if ωip 6= 1Gk .

(3) In [34, 3.4] C. Soulé mentions the thought that Lp(k, ω
1−m
p ,m) is non-zero

for odd m ≥ 3 when k is a totally real Abelian extension of Q, and p is an odd
prime not dividing [k : Q].

(4) For p odd, Conjecture 1.3(2), as well as part (3) for χ = ωip 6= 1Gk with i
even, is considered ‘reasonable’ on page 996 of [26].

Remark 3.8. We discuss the ‘missing’ case m = 0 of Conjecture 1.3, where
one has Conjecture 1.5 instead. If χ is 1-dimensional, then from (1.1) it is clear
that Lp(k, χ, 0) can be zero, with the zeroes coming from the Euler factors on the
right-hand side as L∗(k, χω−1

p , 0) 6= 0, but for a proper discussion we introduce
another L-function.

Let k be a totally real number field, i an integer, E a finite extension of Q,
and ψ : Gk → E an Artin character with ψ(σ) = (−1)iψ(e) for every complex
conjugation σ in Gk. Then one can define a function Lp(k, ψ ⊗ ωip, s) with values

in E ⊗Q Qp by demanding that, for every embedding τ : E → Qp, its image under
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the map E ⊗Q Qp → Qp sending e ⊗ a to τ(e)a is Lp(k, ψ
τωip, s) in Qp, where

we write ψτ for τ ◦ ψ. According to what is stated right after Conjecture 2.6, for
p 6= 2, this function is defined on Dk if ψ does not contain the trivial character,
and on Dk \ {1} if it does; for p = 2 it is defined on Dk except for finitely many
points. In fact, by (the proof of) [3, Lemma 3.5], this function takes values in
E⊗QQp on the points of Dk∩Qp where it is defined. Clearly, for an integer m 6= 1,
Lp(k, ψ ⊗ ωip, s) is defined at s = m and its value there is a unit in E ⊗Q Qp if and

only if, for every τ : E → Qp, Lp(k, ψτωip, s) is defined at s = m and its value is

non-zero in Qp.
Now take i = 1. Using all the embeddings of E into Qp and (1.2), one sees that

there is a Laurent series expansion (and in fact, a power series expansion if p 6= 2)
around 0 in Dk with coefficients in E ⊗Qp.

Let r be the order of vanishing at s = 0 of the truncated complex L-function

L(k, ψτ , s)
∏
p∈P

Eulp(k, ψτ , s) ,

for any embedding τ : E → C. As mentioned above, the vanishing of this function
at s = 0 comes uniquely from the Euler factors. More precisely, this is determined
by when a certain decomposition group is contained in the kernel of ψτ ; see the
discussion before Theorem 6.7. Since this kernel is independent of τ , the order of
vanishing r is also independent of τ . Let U(s)sr

′
with U(s) in E ⊗Q Qp[[s]] and

U(0) 6= 0 be the expansion around 0 of the p-adic L-function Lp(k, ψ⊗ωp, s); thus r′

is the order of vanishing at s = 0 of Lp(k, ψ ⊗ ωp, s). Gross conjectured (see [19,
Conjecture 2.12]) that r′ = r, and gave a precise formula for U(0), which should
be in (E ⊗Q Qp)∗. It follows from the interpolation property of p-adic L-functions
that r′ = r if r = 0. Equality also holds when r = 1 by a result of Gross [19,
Proposition 2.3]. Thanks to this result, we proved numerically that Conjecture 1.5
holds in many cases; see Theorem 6.7. For the general case, Spieß [35] proved
that r′ ≥ r when ψ is 1-dimensional and, recently, the conjectural formula for
1
r!L

(r)
p (k, ψ ⊗ ωp, 0) was proved for ψ 1-dimensional in [11]. However, it is not

known that this value is non-zero in general for 1-dimensional ψ, and therefore the
inequality r′ ≤ r is still open. In these cases, to check that r = r′ and U(0) is in

(E ⊗Q Qp)∗, we just need to compute L
(r)
p (k, ψ ⊗ ωp, 0) with enough precision to

ensure that it is in (E ⊗Q Qp)∗. We refer to Remark 6.8 for an example of such a
verification of the conjecture with r = 2.

We conclude this section with a discussion of Conjecture 1.4. This conjecture is
based on the complex situation. Indeed, assume that ψ : Gk → C is a 1-dimensional

Artin character of k such that Ind
GQ
Gk

(ψ) is irreducible. A consequence of the (classi-

cal) Artin conjecture is that the complex L-function L(Q, Ind
GQ
Gk

(ψ), s) = L(k, ψ, s)
should be a primitive element of the Selberg class. Furthermore, one expects that
a primitive function in the Selberg class has at most one non-trivial zero of mul-
tiplicity > 1, occurring at the point s = 1/2; see for example the discussion after
Conjecture 7.1 in [28, p. 107]. The point s = 1/2 plays a special role in the complex
case because of the functional equation, but it does not have an equivalent in the
p-adic world. Thus, the natural equivalent in the p-adic world is to conjecture that
the p-adic L-function Lp(k, χ, s) has only simple zeroes except for the possible triv-
ial zero at s = 0; see Remark 3.8. In Conjecture 1.4 we used the stronger statement
that Dχ(T ) has only simple zeroes apart from the possible trivial zero at T = u−1.

Remark 3.9. In [12, Conjecture 5.19](1) a related but different conjecture is made
for an even 1-dimensional Artin character Gk → Qp of order prime to p. It states
that in that case the distinguished polynomials gj(T ) among the invariants of the
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corresponding Iwasawa module are square-free. If p 6= 2, or if p = 2 under As-
sumption 4.4 of loc. cit., we have Gχ(T ) =

∏
j gj(T ). Thus, if also Conjecture 1.4

applies, then the gj(T ) can only have a factor T −u+ 1 in common, and this factor
can occur at most once in every gj(T ).

Remark 3.10. Note that the discussion following Lemma 3.4 shows that there is
much numerical evidence for both Conjecture 1.4 and [12, Conjecture 5.19] in the
case that k = Q, p is odd, and χ = ωap for a = 2, 4, . . . , p− 3.

4. Some consequences of Conjecture 1.3 for étale cohomology and
for syntomic regulators

In this section we discuss some very important consequences of Conjecture 1.3,
for étale cohomology groups through Theorems 1.4 and 1.8 of [12], and for p-adic
(syntomic) regulators through Conjecture 3.18 and Proposition 4.17 of [3]. The
latter consequences were in fact the motivation for making Conjecture 1.3.

In order to state the consequences for the étale cohomology groups, we quote
Theorem 1.8(3) of [12] as Theorem 4.1 below. In fact, loc. cit. describes a more
general situation, using a modified Tate twist with a p-adic index 1 − e instead of
an integral 1−m, but we do not need this kind of generality here.

For the notation used in Theorem 4.1, we first recall that the truncated p-
adic L-function Lp,S was discussed at the end of Section 2. For the remainder
of the theorem, suppose k is a (not necessarily totally real) number field, E a fi-
nite extension of Qp, and η : Gk → E the Artin character of some representation
of Gk over E. With OE the valuation ring of E, one can find a finitely generated,
torsion-free OE-module ME(η) on which Gk acts and such that the resulting rep-
resentation of Gk on ME(η) ⊗OE E ' ME(η) ⊗Zp Qp has character η. We then
put WE(η) = ME(η)⊗Zp Qp/Zp.

Theorem 4.1. Let k be totally real, p a prime, E a finite extension of Qp, and
assume the Artin character χ of Gk comes from a representation of Gk over E and
is even. Let S be a finite set of finite primes of k containing the primes above p,
as well as the finite primes at which χ is ramified, and let Ok,S be obtained from
the ring of integers Ok of k by inverting all primes in S. Let m be an integer,
with m 6= 1 if χ contains the trivial character 1Gk . Finally, for p = 2, assume the
slightly weaker version of the main conjecture of Iwasawa theory as formulated in
[12, Assumption 4.4]. Then the following are equivalent.

(i) Lp,S(k, χ,m) 6= 0;
(ii) H1

ét(Ok,S ,WE(χωm−1
p )(1−m)) is finite;

(iii) H2
ét(Ok,S ,WE(χωm−1

p )(1−m)) is finite;

(iv) H2
ét(Ok,S ,WE(χωm−1

p )(1−m)) is trivial.

If these equivalent conditions hold then

(4.2) |Lp,S(k, χ,m)|[E:Qp]
p =

#H0
ét(Ok,S ,WE(χωm−1

p )(1−m))

#H1
et(Ok,S ,WE(χωm−1

p )(1−m))
.

For m 6= 0, part (i) of this theorem is equivalent to Lp(k, χ,m) 6= 0 because the
Euler factors in (2.10) are non-zero for m 6= 0 as mentioned at the end of Section 2.
So if m < 0 then (i) holds by (1.1), and [12, p.2338-2339] then used (4.2) and (2.10)
to prove a (generalisation of a) conjecture by Coates and Lichtenbaum [7] for p odd.

If k is fixed, and m ≥ 2 (or m ≥ 1 if χ does not contain 1Gk), then (i) above is
implied by part (4) (or parts (2) and (4)) of Conjecture 1.3 for the same k and m.
As a consequence of Theorem 4.1, then the conjecture of Coates and Lichtenbaum
in its incarnation (4.2) would hold for such k, m and χ, and odd p.
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The numerical calculations we performed prove that Lp(k, χ,m) 6= 0 for many p, k
and χ, with k equal to Q or a real quadratic field, either for all m 6= 0 or for all
m 6= 0 up to a large positive bound (see Theorem 6.12 for the precise statement).
In particular, in those cases the above equivalent statements (i)-(iv) and (4.2) hold.

Perhaps superfluously, we note that the three previous paragraphs also apply
for p = 2 if we make [12, Assumption 4.4].

We now discuss the consequences of Conjecture 1.3 for a conjecture by Schneider.
He conjectured (see [31, p. 192]) that, for n 6= 1 an integer, and k any number field,
the maximal divisible subgroup of H2

ét(Ok[p−1],Qp/Zp(n)) is trivial if p is an odd
prime, but for simplicity we discuss the case p = 2 as well. By [12, Theorem 1.4(4)]
this is equivalent with this étale cohomology group being finite (and, in fact, trivial
if p 6= 2).

For k totally real and n 6= 0 even, and making the assumption in Theorem 4.1
if p = 2, by that theorem (with E = Qp, ME = Zp, χ = ωnp and m = 1 − n),
this is equivalent to Lp(k, ω

n
p , 1 − n) 6= 0, which is implied by parts (2) and (3) of

Conjecture 1.3. For k totally real and n = 0, under the same assumption if p = 2,
using [12, Remark 5.20(1)] one sees that it is equivalent to ζp(k, s) having a simple
pole at s = 1, i.e., to part of Conjecture 1.3(2). We refer to Remark 6.15 for our
results on Schneider’s conjecture.

In order to discuss the consequences of Conjecture 1.3 for syntomic regulators,
we use the L-functions introduced in Remark 3.8, but only for k = Q. We let E
be a finite extension of Q, m ≥ 2 an integer, and ψ : GQ → E an Artin character
with ψ(σ) = (−1)1−mψ(e) for every complex conjugation σ in GQ.

According to [3, Conjecture 3.18(4)], Lp(Q, ψ ⊗ ω1−m
p ,m) should exist and be

a unit in E ⊗Q Qp. The condition on ψ means that ψτω1−m
p is even for one

(and hence every) embedding τ : E → Qp, so that the statement is equivalent

to Lp(Q, ψτω1−m
p ,m) existing and being non-zero for all m ≥ 2 and even ψτω1−m

p .

Since every even Artin character χ : GQ → Qp is of this form, and ζQ,p(n) 6= 0
for every integer n 6= 1 by Lemma 3.4(1), the statement of loc. cit. is equivalent to
Conjecture 1.3(5) for m ≥ 2.

In fact, [3, Conjecture 3.18(4)] was one of the main reasons for making Conjec-
ture 1.3, as together with part (2) of that conjecture, it implies that certain p-adic
(syntomic) regulators should be units in (a subalgebra of) E ⊗Q Qp, in analogy to
the Leopoldt conjecture (cf. Remark 3.7(1) in the current paper).

According to [3, Proposition 4.17]), parts (1) through (3) of Conjecture 3.18 of
loc. cit. hold if ψ is a 1-dimensional character of GQ for which the parity of ψ and
of 1 −m match. Our calculations prove that part (4) of this conjecture then also
holds for all p, m ≥ 2 and ψ such that all χ = ψτω1−m

p occur in Theorem 6.12(1).

Moreover, for certain even χ : GQ → Qp it follows from the theory that Lp(k, χ, s)
does not have any zero (see Lemma 3.4 and Proposition 7.4.) Hence Conjecture 3.18
of loc. cit. holds for the corresponding ψ in full in those cases, and in particular,
all corresponding regulators are units in the corresponding E ⊗Q Qp. We refer to
Corollary 7.5 for a precise description of those ψ.

5. Power series and Newton polygons

In this section we collect some information about power series and Newton poly-
gons, which will be used in the description of the calculations in Section 6.

Let E be a finite extension of Qp, with valuation ring O and residue field κ.

Let S(T ) =
∑
i≥0 SiT

i in O[[T ]] be such that its reduction S(T ) in κ[[T ]] is non-
zero, and let d ≥ 0 be the lowest index such that Sd is a unit of O. As stated
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just after (1.2), we can write S(T ) = D(T )U(T ) with D(T ) a distinguished poly-
nomial of degree d, and U(T ) in O[[T ]]∗. Moreover, writing S(T ) as a product of a
distinguished polynomial and a unit of O[[T ]] can be done in only this way, so, in
particular, they remain the same if we enlarge E.

We now briefly recall the definition and first properties of Newton polygons
following Koblitz [22, IV.3-4]. Note that Koblitz assumes that the power series
under consideration all have constant term equal to 1, whereas we will only assume
that they have non-zero constant term.

For this, we now assume that S0 6= 0. We refer to [22] for the exact defi-
nition of the Newton polygon of S; loosely speaking it is the “convex hull” of
the points (i, vp(Si)), for i ≥ 0, and is obtained by starting with a vertical half-
line through (0, vp(S0)) and rotating it about this point counterclockwise until it
hits one of the points (i1, vp(Si1)) with i1 > 0 and i1 maximal if several points
are hit, giving the first segment joining (0, vp(S0)) and (i1, vp(Si1)), then rotat-
ing the remainder of the half-line further about (i1, vp(Si1)) until it hits another
point (i2, vp(Si2)) with i2 > i1 and, as above, i2 chosen maximal if several values are
possible, giving the second segment joining (i1, vp(Si1)) and (i2, vp(Si2)), etc. (see
Figure 5.3). This process either goes on indefinitely, or terminates with a segment
of infinite length such that it can be rotated no further without going beyond at
least one point (i, vp(Si)) but not hitting any of those points.

We need some additional definitions and notations. Consider a segment σ of the
Newton polygon joining the points (i, y) and (j, z) with i < j. We call (i, y) the
origin of the segment and (j, z) the end of the segment; the height h(σ) of σ is
defined by h(σ) = z − y; the length l(σ) is defined by l(σ) = j − i; the slope s(σ)
of σ is defined by s(σ) = h(σ)/l(σ).

All the power series and polynomials that we consider have coefficients with
non-negative valuations, non-zero constant term, and at least one coefficient with
valuation zero. We use the convention that the Newton polygon of a power series,
or if it applies, the Newton polygon of a polynomial, ends with the segment that
reaches the horizontal axis. Therefore the Newton polygons we consider all have
finitely many segments, all with negative heights and slopes, and the slopes are
strictly increasing. We will denote by NP(S) the Newton polygon of S, which we
see as the set of its segments.

Assuming that S(T ) is in O[[T ]], has non-trivial constant term, and does not
reduce to zero in κ[[T ]], we want to identify the Newton polygons of S(T ) and D(T ),
together with some additional information (see Lemma 5.2 below). For this we
introduce the following.

Definition 5.1. We shall call (i, vp(Si)) a point on the Newton polygon of S(T ) if
it lies in one of the segments in NP(S).

Note that the origin and end of each segment are points on the Newton polygon.
Clearly, if D(T ) = 1 then NP(D) and NP(S) are both empty, so assume that D(T )
is a distinguished polynomial of positive degree λ. Any irreducible factor in O[T ]
will have roots of the same positive valuation −s for some negative rational num-
ber s. Collecting factors with the same valuation for its roots together, we can
write

D(T ) = Ds1(T ) · · ·Dsl(T )

where s1 < · · · < sl, each sj is a negative rational number, and Dsj (T ) is of positive
degree λj . Note that each Dsj (T ) is again distinguished, and that U(T ) has no roots
of positive valuation, so such roots of S(T ) are precisely the roots of the Dsi(T ).

It is easy to verify that the Newton polygon of each Dsj (T ) is a segment of
length λj , and height sjλj , with vertices (0,−sjλj) and (λj , 0). Now assume that
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the Newton polygon of D≤sj (T ) := Ds1(T ) · · ·Dsj (T ) is known for some j with
1 ≤ j ≤ l − 1, and that it consists of j segments with lengths λ1, . . . , λj and
slopes s1, . . . , sj . We want to obtain from it the Newton polygon of D≤sj+1(T ) =
D≤sj (T )Dsj+1(T ). Note that the Newton polygon of D≤sj (T )Dsj+1(0) is just the
vertical translate of the one for D≤sj (T ) over vp(Dsj+1

(0)). Similarly, the term

Tλ1+···+λjDsj+1(T ) gives the translate of the Newton polygon of Dsj+1(T ) to the
right over λ1+· · ·+λj . Both translates meet at the point (λ1+· · ·+λj , vp(Dsj+1

(0))).
Because sj+1 is larger than the slopes occurring in the Newton polygon for D≤sj (T ),
it is easy to check that other terms are above the concatenation of the two translates.
Therefore, this concatenation is the Newton polygon of D≤sj+1(T ), so the only
slopes that occur are now s1, . . . , sj+1, with lengths λ1, . . . , λj+1. Moreover, this
calculation also shows that the only points on the Newton polygon are the ones
that come from D≤sj (T )Dsj+1

(0) and Tλ1+···+λjDsj+1
(T ), i.e., they are translates

of points on the Newton polygons from D≤sj (T ) and Dsj+1
(T ). By induction, we

see that the only slopes that occur in the Newton polygon of D(T ) are s1, . . . , sl,
with lengths λ1, . . . , λl, and that the only points on it are the ones corresponding
(under the translations) to the ones on the Newton polygons for the Dsj (T ).

Multiplying D(T ) by U(T ) in O[[T ]]∗ does not change the Newton polygon under
our conventions, because D(T )U(0) has the same Newton polygon as D(T ), and
multiplication by anything in TO[[T ]] will gives us points to the right or above the
Newton polygon because all slopes in it are negative. This also shows that the
points on the Newton polygons for D(T ) and S(T ) = D(T )U(T ) are the same.

The following lemma will enable us to rule out multiple roots of S(T ) based on

the points on NP(S) because the roots of S(T ) in Qp
∗

with positive valuation are
exactly those of D(T ).

Lemma 5.2. Let S(T ) in O[[T ]] be such that it has non-trivial constant term,
and does not reduce to zero in κ[[T ]]. Fix a uniformizing parameter π of O and
let e = vp(π)−1 be the ramification index of E. Let σ = σi be one of the segments
of the Newton polygon of S(T ), with length λ = λi and slope s = si. If σ has origin

(c, vp(Sc)) and end (c + λ, vp(Sc+λ)), Let
∑c+λ
j=c S

′
jT

j be the sum of the terms of

S(T ) corresponding to the points on σ, i.e.,

S′j =

{
Sj if vp(Sj)− vp(Sc) = (j − c)s
0 if vp(Sj)− vp(Sc) > (j − c)s .

Consider the polynomial

Pσ(T ) = T−c
c+λ∑
j=c

S′jπ
−evp(S′j)T j

in κ[T ]. If Pσ(T ) has no multiple factors in κ[T ], then Ds(T ) has no multiple

factors, so that, in particular, S(T ) has no multiple roots in Qp
∗

of slope s.

Proof. Write −es = a/b for positive integers a and b. Fix some π̃ in Qp with π̃b = π.

Then Ẽ = E(π̃) is purely ramified of degree b over E, and π̃ is a uniformizing

parameter for its valuation ring Õ. Let ρ = π̃a, so vp(ρ) = a
b vp(π) = −s > 0.

Write D<s(T ) = Ds1(T ) . . . Dsi−1(T ) and D>s(T ) = Dsi+1(T ) . . . Dsl(T ), so
that we have S(T ) = D<s(T )Ds(T )D>s(T )U(T ) with U(T ) in O[[T ]]∗ by our
assumptions. So λ = deg(Ds), c = deg(D<s), the origin of σ is (c, vp(Ds(0)D>s(0)))
and its end (c+ λ, vp(D>s(0))).

Let A(T ) =
∑∞
n=0AnT

n = ρ−c−λD>s(0)−1S(ρT ). From the valuations of the

coefficients of S(T ) one sees that A(T ) is in Õ[[T ]], and that for An 6= 0 we
have vp(An) = 0 if and only if (n, vP (Sn)) is a point on the segment σ of NP(S).
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Hence reducing its coefficients modulo π̃Õ gives the same as reducing the coeffi-

cients of ρ−c−λD>s(0)−1
∑c+λ
j=c S

′
j(ρT )j . For those j = c, . . . , c+λ for which S′j 6= 0

we have vp(S
′
j)− vp(S′c+λ) = s(j − c− λ), so that

ρ−c−λS′jρ
j = S′j π̃

a(j−c−λ) = S′jπ
−es(j−c−λ) = S′jπ

−evp(S′j)πevp(S′c+λ) .

From this we see that reducing the coefficients of A(T ) modulo π̃Õ gives uT cPσ(T ),

with u in κ∗ the reduction modulo π̃Õ of D>s(0)−1πevp(S′c+λ) in Õ∗.
On the other hand, we can write

A(T ) = [ρ−cD<s(ρT )][ρ−λDs(ρT )][D>s(0)−1D(ρT )]U(ρT ) .

Because the roots of D<s(T ) all have valuation larger than −s, the first term here

lies in T c + π̃Õ[T ]. The third term is in 1 + π̃O[T ] because the roots of D>s all

have valuation less than −s. The fourth term is in Õ[[T ]]∗ as vp(ρ) > 0, and

reducing its coefficients modulo π̃Õ gives the same as U(0). The second term

is a monic polynomial Ps(T ) in Õ[T ] with constant term in Õ∗ because all its

roots have valuation 0. So reducing the coefficients of A(T ) modulo π̃Õ results in

T cP s(T )U(0), with P s(T ) obtained this way from Ps(T ).
So, up to multiplication by an element of κ∗, we have Pσ(T ) = P s(T ). Our claim

follows because associating P s(T ) to Ds(T ) is compatible with factorising Ds(T ).
�

•

•

•

•

•

•

•

•

•

•

Figure 5.3. NP(S) with S(T ) = p6 + p5T 3 + p4T 4 + p5T 5 +
p3T 6 + p4T 8 + p2T 11 + pT 12 + p3T 15 + T 16 + · · · . The polynomial
P (T ) associated to the first segment is 1 + T 4 + T 6.

We will have to deal with the case where we only know an approximation, say
S̃(T ), of the power series S(T ) modulo TL1 and we want to deduce information

on NP(S) from NP(S̃). For that, we use the following lemma whose proof is
immediate (see also Figure 5.6 for an example).

Lemma 5.4. Let L1 ≥ 1 be an integer and assume that S̃(T ) ∈ O[[T ]] is such that

S̃(T ) ≡ S(T ) (mod TL1) and that S(T ) has non-trivial constant term and does

not reduce to zero in κ[[T ]]. Denote by σ1, σ2, . . . the ordered segments of NP(S̃).
Let n ≥ 1 be the largest index such that the origin (i, y) of the segment σn satisfies
i < L1 and its slope s satisfies −y/(L1−i) > s. Then the segments σ1, . . . , σn belong
to NP(S). Let (j, z) be the end of σn. If z = 0 then we fully obtain NP(S) in that
way. Otherwise, the remaining segments in NP(S) have slope ≥ −z/(L1 − j). �

Remark 5.5. There is a segment of slope −z/(L1 − j) in the Newton polygon of
S(T ) if and only if the coefficient of TL1 in S(T ) is a unit and then it is the last
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slope of the Newton polygon. Otherwise, all the remaining segments in NP(S)
have strictly larger slope.

•

•

• •

•

L1 = 10

Figure 5.6. NP(S̃) for S̃(T ) = p4 + p3T 2 + p2T 3 + p2T 6 + pT 9.

Assume that S(T ) ≡ S̃(T ) (mod T 10), then a priori only the first

segment of NP(S̃) belongs to NP(S) and the remaining segments
of NP(S) have slope ≥ −2/7.

6. Numerically verification of several conjectures on p-adic
L-functions

In this section, we explain how we computed numerically the zeroes of the p-adic
L-function associated to a 1-dimensional even p-adic Artin character, for many such
characters, in order to prove Conjecture 1.3(3) for many k = Q or a real quadratic
field, χ 6= 1k, and m ≥ 1.

Previous works have been devoted to the computation of zeroes of p-adic Artin
L-functions; see for example the extensive computations in [15] and [16] and the
bibliography quoted in these papers. Similarly to these previous works, we deduce
approximations of these zeroes from computed approximations of the power series
Gχ(T ). However, one important difference is that they computed an approximation
of Gχ(T ) from an approximation of the Taylor expansion at s = 0 of the p-adic
Artin L-function, whereas we compute it directly. In particular, we compute good
approximations of the power series Gχ(T ) and use them to prove Conjectures 1.4
for those χ as well. We also use them to provide evidence for Conjecture 1.7.

For our computations, we use the computer system PARI/GP [36]. Many tools
for computations in class field theory are available in this system. Thus it makes
more sense to work with Hecke characters than with 1-dimensional Artin characters;
of course, these are essentially the same thing as we now explain.

Let k be a number field. Recall that a Hecke character χ̂ of k is a (multiplicative)
character on some ray class group Clk(m) of k of modulus m. The character is
primitive if it cannot be factored through a ray class group Clk(n) with n | m and
n 6= m; the modulus m is then the conductor of χ̂.

Let χ : Gk → Q be a 1-dimensional Artin character. Let m be the conductor
of χ, that is the smallest modulus (for division) such that kχ ⊂ k(m), where k(m)
denotes the ray class field of m. Denote by Artm : Clk(m)→ Gal(k(m)/k) the Artin
map, which is an isomorphism in this case. Then χ̂ = χ ◦Artm is a primitive Hecke
character of k of conductor m. We say that the Artin character χ and the Hecke
character χ̂ are associated. It is immediately seen that this construction, for all m,
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yields a 1-to-1 correspondence between the set of 1-dimensional Artin characters of
Gk of conductor m and the set of primitive Hecke characters of k of conductor m.

Assume now that k is totally real. Let χ be a 1-dimensional Qp-valued Artin
character of Gk, let χ̂ be the associated Hecke character, and let m be their conduc-
tor. Then χ is even if and only if m has no infinite part, that is m = f where f is an
integral ideal. Moreover, we have that Lp(k, χ, s) = Lp(k, χ̂, s), where Lp(k, χ̂, s) is
the p-adic Hecke L-function of χ̂ constructed in [6] or [13]. For many such primitive
p-adic Hecke characters χ̂ defined over Q (that is p-adic Dirichlet characters) or over
some real quadratic field, we compute an approximation of the power series Gχ(T )
for the associated Artin character χ.

We now explain which Hecke characters χ̂ we considere and how we construct
them. The computation of the p-adic L-functions Lp(k, χ̂, s) is done using the
method of [30]. Although the method works for any totally real number field k, it
is at the moment practical only when the degree of k is at most 2. Therefore we
restrict to k = Q or k a real quadratic field. Furthermore, if k is a real quadratic
field, we consider only characters χ̂ such that the field kχ̂ corresponding to the
kernel of χ̂ by class field theory, thus kχ̂ = kχ, is not Abelian over Q. Indeed,
if kχ̂/Q is Abelian then the p-adic L-function of χ̂ is the product of distinct p-adic
L-functions of characters of Q and thus the validity for χ̂ of Conjecture 1.3, 1.5,
and 1.7, reduces to the case k = Q. Note that Conjecture 1.4 does not apply in this

case since Ind
GQ
Gk

(χ) is reducible. We can identify the characters χ̂ such that kχ̂/Q
is Abelian thanks to the following lemma.

Lemma 6.1. Assume k is a quadratic field. Denote by τ the non-trivial automor-
phism in Gal(k/Q). Let χ̂ be a primitive Hecke character of k of conductor f with f
an integral ideal. Then kχ̂/Q is Abelian if and only if τ(f) = f and the kernel of χ̂
contains Clk(f)τ−1.

Proof. Fix τ̄ an element of GQ extending τ . Then kτ̄χ̂ is an Abelian extension

of k of conductor τ(f). Therefore, if kχ̂/Q is Galois then τ(f) = f. Assume that

τ(f) = f. Denote by k̃(f) the maximal subextension of k(f)/k that is Abelian over Q
where k(f) denotes the ray class field of f. The extension kχ̂/Q is Abelian if and

only if kχ̂ ⊆ k̃(f), that is if and only if the kernel of χ̂ contains the subgroup

H̃ of Clk(f) corresponding to k̃(f) by class field theory. The Galois group of the

extension k(f)/k̃(f) is the commutator subgroup of Gal(k(f)/Q) = 〈Gal(k(f)/k), τ̄〉.
It is equal to 〈τ̄ gτ̄−1g−1 : g ∈ Gal(k(f)/k)〉 where, by abuse, we still denote by τ̄
its restriction to k(f). For g ∈ Gal(k(f)/k), we have τ̄ gτ̄−1 = Artf(C

τ ) where Artf :
Clk(f) → Gal(k(f)/k) is the Artin map, and C ∈ Clk(f) is such that g = Artf(C).

We conclude that H̃ = Clk(f)τ−1 and the lemma is proved. �

We also use the following reduction. For s in Zp, it is immediate from the
construction of p-adic Hecke L-functions that Lp(k, χ̂, s) takes value in E = Qp(χ̂),
the field generated over Qp by the values of χ̂, and that Lp(k, χ̂

σ, s) = Lp(k, χ̂, s)
σ

for σ in Gal(E/Qp). Therefore, Conjecture 1.3 is satisfied for χ̂σ if and only if it is
satisfied for χ̂. The same is true for Conjectures 1.4, 1.5, and 1.7. Therefore it is
enough to consider primitive Hecke characters up to conjugation over Qp.

Henceforth we consider primitive, non-trivial p-adic Hecke characters χ̂ over the
field k = Q(

√
d), where d = 1 (for k = Q) or a positive square-free integer, such that

the conductor of χ̂ does not have an infinite part, kχ̂/Q is not Abelian when d > 1,
and up to conjugation over Qp. For fixed d, we consider for different primes p all
the characters satisfying the above conditions and whose conductor is of norm less
than a bound B. The precise values of p and B when k = Q are given in Table 6.2.
The values of p and B when k is a real quadratic field are listed in Table 6.3, where
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we give the value of the discriminant of k rather than the value of d. We also give
the number (of conjugacy classes) of characters for each discriminant in Table 6.4.

Table 6.2. Values of p and B for k = Q.

p B p B
2, 3, 5, 7 4999 11, 13 3999

17, 19 3499 23, 29 2999
31, 37 1499

Table 6.3. Values of p and B for k a real quadratic field.

disc. of k p B
5, 8 2, 3, 5, 7 499

12, 13, 17, 21, 24, 28 2, 3, 5, 7 299
29, 33, 37, 40, 41, 44 2, 3, 5, 7 299

Table 6.4. Number of examples.

disc. # disc. # disc. # disc. # disc. #
1 1 285 104 12 309 21 308 29 388 40 854
5 460 13 306 24 336 33 393 41 481
8 480 17 385 28 498 37 550 44 469

Assume p, d and B are fixed. We now explain the construction of all the corre-
sponding characters, up to conjugation over Qp. We use the methods and results
of [8, Chap. 4]. All the computations were performed using PARI/GP [36] and, in
fact, most of the algorithms described in [8, Chap. 4] are implemented in PARI/GP.
The first step is to list all the integral ideals f of k with norm at most B that are
conductors. For each such f, we compute the ray class group Clk(f) and list the
subgroups H of Clk(f). We keep only the subgroups H that are primitive and such
that Clk(f)/H is cyclic. Indeed, there exists a Hecke character of Clk(f) having H
as kernel if and only if Clk(f)/H is cyclic, and this character is primitive if and
only if H is primitive. If k is a real quadratic field and f is such that τ(f) = f,
where τ is the non-trivial automorphism in Gal(k/Q), we discard the subgroups
H containing Clk(f)τ−1. For each remaining subgroup H, we construct a complex
primitive Hecke character of conductor f whose kernel is H in the following way.
We use the notations and results of [8, §. 4.1]. Assume that the group G is given
by generators G and relations DG, where G = (g1, . . . , gs) is a vector of elements
of G and DG is an s × s matrix with integral coefficients. That is, the following
sequence is exact

Zs DG // Zs G // G // 1

where Zs is the group of column vectors, the first map sends V ∈ Zs to DGV ,
and the second map sends V ∈ Zs to G(V ) where G(V ) = gv11 · · · gvss for V =
(v1, . . . , vs)

t ∈ Zs. Note that we can always assume that DG is in Smith Normal
Form (SNF), that is DG is a diagonal matrix diag(d1, . . . , ds) with di+1 | di for
i = 1, . . . , s − 1. We can also assume that ds 6= 1, i.e., the set G is a minimal
set of generators of G. The subgroups of H of G are in 1-to-1 correspondence
with the integral matrices M in Hermite Normal Form (HNF) such that M−1DG

has integral coefficients. To such a matrix M corresponds the subgroup H with
generators (G(M1), . . . ,G(Ms)), where M1, . . . ,Ms are the columns of M , and re-
lations M−1DG. Using the SNF reduction algorithm, we compute two invertible
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matrices U and V with integral coefficients and such that UMV = E where E is
in SNF. Then the quotient group G/H has generators (η̄1, . . . , η̄s) and relations E,
where G(U−1) = (η1, . . . , ηs) and the bar ¯ denotes the reduction modulo H. Thus
G/H is cyclic if and only if s = 1 (that is G itself is cyclic) or e2 = 1 where
E = diag(e1, . . . , es). We assume now that G/H is cyclic and let n = e1 be its or-

der. Let ζ0 be a primitive d1-th root of unity. The group Ĝ of complex characters
of G has generators C = (ψ1, . . . , ψs) and relations DĜ = diag(d1, . . . , ds) with

ψi(gj) =

{
ζfi0 if i = j,

1 otherwise

where fi = d1/di. Let F = diag(f1, f2, . . . , fs) and set

C = (d1/e1, 0, . . . , 0)UF−1.

and χ̂ = C(C) ∈ Ĝ. For g = G(X) ∈ G with X ∈ Zs, we have

χ̂(g) = ζCFX0

and thus χ̂(η1) = ζ and χ̂(ηi) = 1, for i = 2, . . . , s, where ζ = ζ
d1/n
0 is a primitive

n-th root of unity. Thus, the kernel of χ̂ is H as desired.
Recall that we want to get exactly one character for each class of conjugation

of characters of kernel H under the action of Gal(Qp/Qp). The construction of
the character χ̂ depends on the value of the primitive n-th root of unity ζ. In
the complex case, the different characters obtained for the different choices of ζ ∈
C× form a complete class of conjugation of Hecke characters under the action
of Gal(Q/Q) since the group Gal(Q/Q) acts transitively on the set of (complex)
primitive n-th roots of unity. The situation is different in the p-adic case. In this
case, let Φn(X) be the n-th cyclotomic polynomial and let F1(X), . . . , Ft(X) be
the irreducible factors of the factorization of Φn(X) in Qp[X]. Then the set of

p-adic primitive n-th roots of unity splits under the action of Gal(Qp/Qp) into t
disjoint subsets; each one being the set of roots of one of the factor Fi. Therefore,
the set of p-adic Hecke characters with kernel equal to H splits under the action
of Gal(Qp/Qp) into t different classes and a representative of each class is obtained

by choosing, for i = 1, . . . , t, the value of ζ to be one of the roots of Fi(T ) in Qp.
Therefore, the computation of a system of representatives of the conjugacy classes
of the p-adic characters with kernel H over Qp boils down to the computation of
the irreducible factors F1(X), . . . , Ft(X) in Qp[X] of the cyclotomic polynomial
Φn(X). Using the fact that the factorization of Φn, when p - n, is easily computed
from the factorisation of Φn modulo p thanks to Hensel’s lemma, and that Φp is
irreducible over Qp, one can compute these factors recursively by means of the
following lemma.

Lemma 6.5. Let n ≥ 1 be an integer. Assume that Φn(X) = F1(X) · · ·Ft(X) is the
factorization of Φn over Qp. Then Φnp(X) = G1(X) · · ·Gt(X) is the factorization
of Φnp(X) over Qp where

Gi(X) =

{
Fi(X

p) if p | n,
Fi(X

p)/Fi(X) if p - n. �

We now turn to the numerical verification of the conjectures. Let χ̂ be one of
the Hecke characters constructed by the above method and let χ be the associated
1-dimensional Artin character. We explain the method we use to verify Conjec-
ture 1.5. Denote by rp(χ) the order of vanishing at s = 0 of the truncated complex
L-function

L(k, σ ◦ χω−1
p , s)

∏
p∈P

Eulp(k, σ ◦ χω−1
p , s) ,
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where P is the set of primes ideals of k lying above p and σ : Qp → C is any
embedding. By [19, (2.8)], rp(χ) is equal to the number of prime ideals p ∈ P
such that Dp is included in the kernel of σ ◦ χω−1

p where Dp is a decomposition
group of p in Gk; note that the condition does not depend upon the choice of the
decomposition group Dp. Since the kernel of σ ◦ χω−1

p is equal to the kernel of

χω−1
p , we have rp(χ) = #Rp(χ) where

Rp(χ) = {p ∈ P : χ(δ) = ωp(δ), ∀δ ∈ Dp}.
Let χ̂ be the primitive Hecke character of k associated to χ, and denote by f

its conductor. Let ω̂p be the primitive Hecke character of k associated to ωp; its
conductor is wz where w is a divisor of (q) and z is the set of infinite (real) places
of k. In our situation w is easy to compute thanks to the following result whose
proof is left to the reader.

Lemma 6.6. Let k = Q(
√
d) be a real quadratic field where d > 1 is a square-free

integer. For p in P , we have that p divides w if and only if one of the following
cases applies:

• p > 3;
• p = 3 and 3 - d;
• p = 2 and d ≡ 2 (mod 4).

Let m be the lcm of f and w. Thus, by composing with the natural surjections
Clk(mz) � Clk(f) and Clk(mz) � Clk(wz) respectively, we can and will, from now
on, consider χ̂ and ω̂p as (not necessarily primitive) Hecke characters on Clk(mz).
Thus, we have

Rp(χ) = {p ∈ P : χ̂(C) = ω̂p(C), ∀C ∈ Dp(mz)}
where Dp(mz) ⊂ Clk(mz) is the inverse image of Dp by the Artin map. Fix p ∈ P .
Write m = m0p

a with a ≥ 0 an integer and p - m0. Then Dp(mz) is the inverse
image by the canonical surjection Clk(mz) � Clk(m0z) of the subgroup of Clk(m0z)
generated by the class of p. This provides us with an efficient way to compute the
value of rp(χ). In all our examples, we found that rp(χ) ≤ 1 and thus Conjecture 1.5
follows in these cases by a result of Gross [19, Proposition 2.3].

Theorem 6.7. Conjecture 1.5 is satisfied for every 1-dimensional Qp-valued even
Artin character χ of a real quadratic field k for the p, k, and χ with conductor of
norm at most B such that kχ/Q is non-Abelian, as listed in Table 6.2.

Remark 6.8. Although we have rp(χ) ≤ 1 in all our examples, there exist examples

of 1-dimensional Qp-valued even Artin characters χ of real quadratic fields k such
that kχ/Q is non-Abelian and for which rp(χ) = 2. To find such an example,
start with a totally complex quartic field K that is not Galois over Q and contains
a real quadratic field k. Let p be a prime number that is totally split in K/Q
and let ψ : Gk → Qp be the only non-trivial Artin character of k whose kernel

contains GK . Then the Artin character χ = ψωp : Gk → Qp is an example
of such a character. For example, for K = Q(α), with α a root of the polynomial

X4−X3−6X2−8X+64, which has real quadratic subfield k = Q(
√

89), and p = 2,
we obtain as χ the unique character of Gk of order 2 and conductor 4p where p is
the prime ideal above 17 generated by 28 + 3

√
89.

As we discussed in Remark 3.8, Spieß [35] has proved that the order of vanishing
of Lp(k, χ, s) at s = 0 is at least rp(χ). Thus, in our example u − 1 is a root of
order at least r2(χ) = 2 of Gχ(T ), where u is the unit such that (1.2) applies. We

computedGχ(T ) and checked numerically thatG
(3)
χ (T ) does not vanish at T = u−1.

Therefore, the order of vanishing of L2(k, χ, s) at s = 0 is indeed equal to r2(χ)
and Conjecture 1.5 is satisfied for this example.
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We now explain the methods used to numerically investigate Conjecture 1.3. We
start with the following result.

Proposition 6.9. Let w = vp(u − 1) . Then, the map s 7→ u1−s − 1 yields a
bijection between the zeroes of Lp(k, χ, s) in Zp and the roots of Gχ(T ) in pwZp.

Proof. Let expp and logp denote respectively the p-adic exponential and logarithmic

functions. Observe that, since logp(u) ∈ pwZp, we have u1−s = expp((1−s) logp(u))
for any s ∈ Zp. By the properties of the exponential and logarithmic functions, the
maps s 7→ u1−s − 1 and t 7→ 1− logp(1 + t)/ logp(u) are inverse bijections between

Zp and pwZp. Furthermore, by (1.2), a is a zero of Lp(k, χ, s) if and only if u1−a−1
is a root of Gχ(T ). The result is proved. �

Using the methods of [30] and the fact that Lp(k, χ, s) = Lp(k, χ̂, s), we compute

a polynomial G̃χ(T ) with coefficients in Zp[χ] such that

G̃χ(T ) ≡ Gχ(T ) (mod pM0 , TL)

for some positive integers M0 and L. In fact, we start with L small, say L = 3,
and M0 quite big, say such that pM0 ≈ 1010 with the extra condition that M0 ≥
w(L + 1) + 3 if rp(χ) = 1. If necessary, we increase the value of L until we find

a coefficient in G̃χ(T ) with p-adic valuation as small as possible according to the
“µ = 0” conjecture, i.e., with valuation 0 when p is odd, and [k : Q] when p = 2.
When we increase the value of L, we also increase that value of M0 if needed in the
case where rp(χ) = 1. We find that it is always possible to find such a value of L
and thus we proved in passing the following result on the “µ = 0” conjecture. (We
recall that this conjecture was proved when k = Q; see [17].)

Theorem 6.10. Conjecture 1.7 is satisfied for every 1-dimensional Qp-valued even
Artin character χ of a real quadratic field k for the p, k, and χ with conductor of
norm at most B such that kχ/Q is non-Abelian, as listed in Table 6.2.

It follows from Proposition 6.9 that the non-zero zeroes of the p-adic L-function
of χ in Zp correspond to the roots of Gχ(T ) in pwZp distinct from u− 1. Set

G]χ(T ) = cp
Gχ(T )

(T − (u− 1))rp(χ)

with cp = 1 if p is odd and cp = 2−[k:Q] if p = 2. Since Conjecture 1.5 is satisfied
for all the characters χ that we consider (see Theorem 6.7), G]χ(T ) does not vanish

at u− 1 and the roots of G]χ(T ) are exactly the roots of Gχ(T ) distinct from u− 1.
Furthermore, since

1

(T − (u− 1))
=
∑
n≥0

(u− 1)−(n+1)Tn

we can deduce from our approximation G̃χ(T ) of Gχ(T ), an approximation G̃]χ(T )

of G]χ(T ) such that G̃]χ(T ) ≡ G]χ(T ) (mod pM , TL) with M = M0 − [k : Q]v2(p) if
rp(χ) = 0 and M = M0 − wL − [k : Q]v2(p) if rp(χ) = 1. In any case, we always
M > w, though it is much larger in general.2

We compute approximations modulo pM of the roots of G̃]χ in pwZ. In many
cases, we find that it has no such root and thus Gχ(T ) has no root in pwZ distinct
from u − 1 and Conjecture 1.3 is satisfied for the character χ. Otherwise, we use
the following result which is a direct application of Hensel lifting.

2The coefficients of G̃]χ(T ) are actually obtained with decreasing p-adic precision; although we

use this fact in our computations, we will not take it into account here to simplify the exposition.
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Lemma 6.11. Let r ∈ pwZ be such that G̃]χ(r) ≡ 0 (mod pM ) and let m be the

p-adic valuation of (G̃]χ)′(r). Assume that m < M/2. Then there exists a unique

root t of G]χ(T ) in pZp such that t ≡ r (mod pM−m). �

We compute the elements ri ∈ pwZ such that G̃]χ(ri) ≡ 0 (mod pM ). For each

element ri, let mi be the p-adic valuation of (G̃]χ)′(ri). If mi < M/2 for all i’s,

then we store the ri’s as the approximations to the precision pM−mi of the roots of
G]χ(T ) in pwZp. If mi ≥M/2 for some i, then we increase the precision M (and L
if necessary) and start over. Eventually, we get to a large enough precision M such

that all the elements ri ∈ pwZp such that G̃]χ(ri) ≡ 0 (mod pM ) satisfy mi < M/2
and thus we deduce approximations of all the roots of Gχ(T ) in pwZp distinct from
u − 1. Note that, for this method to work and not end up in an infinite loop, it
is necessary that the roots of Gχ(T ) in pZp, distinct from u − 1, are simple. We
find that it is indeed the case in all the examples that we consider. (In fact, we
have the stronger statement that Conjecture 1.4 holds for all the characters that
we consider, see Theorem 6.18.)

In the cases where we find that G]χ(T ) admits some root in pwZp, and thus
Gχ(T ) admits some root in pwZp distinct from u − 1, we cannot decide this way
if Conjecture 1.3 is satisfied or not. Indeed, it is impossible computationally to
distinguish between the approximation of a p-adic integer and a rational integer.
Thus, we need to convince ourselves that these roots are actually approximations
of elements of Zp that do not lie in Z. For that, we use the following criterion.
For x ∈ Zp and E ≥ 1, denote by (x mod pE) the unique non-negative integer
less than pE such that x − (x mod pE) ∈ pEZp. Assume that a ∈ Zp, a 6= 0, is a
zero of Lp(k, χ, s). Then a does not lie in Z if and only if the p-adic expansion a =∑
i≥0 aip

i, with ai ∈ {0, . . . , p−1}, is infinite (since, if a ∈ Z then a ≥ 0 as observed

in Section 3). In the computations, once we have computed an approximation (a
mod pE) of the zero a ∈ Zp by the above method, we compute in the same way a

new approximation (a mod pE
′
) with E′ = E + 3. Assuming that a 6∈ Z and that

the coefficients ai are randomly distributed, we expect (a mod pE) 6= (a mod pE
′
)

with probability 1 − 1/p3 ≥ 87% (and in fact ≥ 96% for p ≥ 3). If this is not the
case, we increase the value of E′ and test the condition again. We have verified in
all our examples that indeed (a mod pE) 6= (a mod pE

′
) for E′ = E + 3 in most

cases and, in some few cases, for E′ = E + 6. Of course, as mentioned above, this
does not prove that a is not a rational integer as the same thing could happen if
a was an integer greater than pE . It does show however that any non-zero zero of
Lp(k, χ, s) is either an element of Zp \ Z or a huge positive integer.

Theorem 6.12. Let k = Q or a real quadratic field, and χ a 1-dimensional Qp-
valued even Artin character of k such that kχ/Q is non-Abelian if k 6= Q.

(1) If k = Q, and (p,B) occurs in Table 6.2, then the function Lp(k, χ, s) has
no root m = 1, 2, . . . , 108 if the conductor of χ is at most B.

(2) If k is a real quadratic field such that it and (p,B) occur in Table 6.3, then
the function Lp(k, χ, s) has no root m = 1, 2, . . . , 108 if the norm of the
conductor of χ is at most B.

Furthermore, for 1 283 351 of the 1 291 321 conjugacy classes over Qp of the χ
considered here, the function Lp(k, χ, s) has no non-zero zero in Zp and thus satis-
fies Conjecture 1.3.

Remark 6.13. The precise number of classes considered for which the L-function
does not have a non-zero zero in Zp for each field discriminant is listed in Table 6.14.
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Table 6.14. The number of classes with no non-zero zero in Zp.
disc. # disc. # disc. # disc. # disc. #

1 1 277 552 12 276 21 288 29 367 40 803
5 438 13 292 24 314 33 357 41 444
8 440 17 371 28 460 37 518 44 431

Remark 6.15. As noted in Section 4, part of a conjecture by Schneider (see [31,
p. 192]) holds if, for p odd, k totally real and m even, one has Lp(k, ω

m
p , 1−m) 6= 0

for m 6= 0 and ζp(k, s) having a pole of order 1 at s = 1 for m = 0.

By Frobenius reciprocity we have Ind
GQ
Gk
ωmp = ωmp +ωmp χk with χk the non-trivial

character of GQ that is trivial on Gk, so Lp(k, ω
m
p , s) = Lp(Q, ωmp , s)Lp(Q, ωmp χk, s),

and this is Lp(Q, χk, s)ζp(k, s) precisely when one of ωmp and ωmp χk equals 1Q. So
from Lemma 3.4 we see that Lp(k, ω

m
p , s) has the desired behaviour for s = m if

and only if Lp(Q, ωmp , 1−m) 6= 0 if ωmp 6= 1Q as well as Lp(Q, ωmp χk, 1−m) 6= 0 if
ωmp χk 6= 1Q.

By (1.1) we have that Lp(Q, χ,m) 6= 0 for any even 1-dimensional character χ
of GQ when m < 0, and it holds for many p, χ and m > 0 by Theorem 6.12(1),
and for many p, χ and all m by the last statement of that theorem. Therefore, our
calculations prove many instances of Schneider’s conjecture.

Finally, we turn to proving Conjecture 1.4 in many cases by means of computer
calculations. First, we prove that the conjecture applies to all the Artin characters
that we consider.

Proposition 6.16. Let χ be a 1-dimensional even Artin character of k with k = Q
or a real quadratic field, such that kχ̂/Q is non-Abelian if k 6= Q. Then Ind

GQ
Gk

(χ)
is irreducible.

Proof. The result is clear if k = Q. Assume now that k is a real quadratic field. Let

χ′ = Ind
GQ
Gk

(χ) and assume that χ′ is reducible. Since χ′ is of dimension 2, it is the

sum of two 1-dimensional characters, say χ′ = ν1 +ν2, with ν1ν
−1
2 = χk, the unique

character of GQ with Gk, and the νi restricting to χ on Gk. Therefore ker(χ) =
ker(ν1)∩ker(χk) = ker(ν1)∩ker(ν2) = ker(χ′). But the GQ/ ker(νi) are Abelian (in
fact cyclic), so GQ/ ker(χ′) = GQ/ ker(χ) is also Abelian, a contradiction. Hence

Ind
GQ
Gk

(χ) is irreducible. �

The statement of Conjecture 1.4 is true for the character χ if and only if the
series G]χ(T ) has only simple roots of positive valuation. Fix a valuation ring O
in a finite extension of Qp such that G]χ(T ) lies in O[[T ]]. In our computations,
we always take O to be the smallest valuation ring satisfying this condition. Let
π be a uniformizing parameter of O and let κ = O/πO be its residue field. The
series G]χ(T ) has only simple roots of positive valuation if at least one of the two
following conditions holds:

(G1) λ(G]χ) = 0 or 1;

(G2) vp(G
]
χ(0)) = vp(π).

Condition (G1) is clear since in this case G]χ has at most one root of positive

valuation. For condition (G2), the distinguished polynomial D]
χ(T ) of G]χ(T ) lies

in O[T ] and, since vp(D
]
χ(0)) = vp(G

]
χ(0)) = vp(π), it is an Eisenstein polynomial

at π; in particular, it is irreducible and thus has only simple roots. Both conditions
are easy to check on the computed approximation G̃]χ of G]χ.

These two conditions are not enough in general to prove that the roots of pos-
itive valuation of G]χ(T ) are simple. For the remaining cases, we use conditions
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on the Newton polygon of G]χ(T ) and possibly that of its derivative (G]χ)′(T ). In-
deed, since Conjecture 1.7 is satisfied for all the characters χ that we consider (see
Theorem 6.10), the power series G]χ(T ) has integral coefficients and at least one
coefficient with zero valuation, so that the methods of Section 5 apply. Information
on these Newton polygons is deduced from the Newton polygons of the computed
approximations G̃]χ(T ) of G]χ(T ), and its derivative, using Lemma 5.4.

The roots of positive valuation of the power series G]χ(T ) are simple if, for every

segment σ ∈ NP(G]χ), at least one of the following conditions holds, where the
polynomial Pσ in (S1) and (S3) is defined in Lemma 5.2:

(S1) Pσ(T ) = T l(σ) + u with u 6= 0 and p - l(σ), where l(σ) is the length of σ;
(S2) the integers l(σ) and eh(σ) are relatively prime where l(σ) and h(σ) are

the length and the height of σ and e ≥ 1 is such that vp(π) = 1/e;
(S3) p = 2 and Pσ(T ) = T 2 + u1T + u0 with u0, u1 6= 0;
(S4) there is no segment in NP((G]χ)′) of slope equal to s(σ);
(S5) there exist two polynomials A,B ∈ O[T ], with B 6= 0, such that there is no

segment in NP(AG]χ +B(G]χ)′) of slope equal to s(σ).

Observe that (S4) is a special case of (S5), with A = 0 and B = 1. However, we
specify both conditions in order to emphasise the fact that we do test (S4) before
testing (S5). The condition (S5) is used as a last resort when all the other conditions
fail.

•

•

•
•
•

• •
•
•
• •

•
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•
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• •
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•
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Figure 6.17. An example of Newton polygon (k = Q, p = 2,
conductor 508, order 2)

We justify the different conditions.
If condition (S1) is satisfied, then Pσ(T ) is square-free and thus all the roots

of G]χ(T ) of valuation −s(σ) are distinct.
For condition (S2), we shall prove that the distinguished polynomial Ds(T ) cor-

responding to σ is irreducible in O[T ], where s = h(σ)/l(σ), so that G]χ(T ) can have
no multiple roots of valuation −s. Normalizing vp(π) = 1/e to 1, we see that any
such root has normalized valuation −se = eh(σ)/l(σ), so that by our assumption
it generates a field extension over the fraction field of O of degree divisible by l(σ).
As it is a root of Ds(T ), which has degree l(σ), it follows that Ds(T ) is irreducible.

For condition (S3), one verifies readily that any polynomial over a finite field of
characteristic 2 of the form T 2 + u1T + u0, with u0, u1 6= 0, is square-free.

For conditions (S4) and (S5), observe that any multiple root of G]χ(T ) of val-

uation −s(σ) is also a root of (G]χ)′(T ) and thus NP(AG]χ + B(G]χ)′) contains a
segment of slope s(σ).

The polynomials we use for (S5) are constructed in the following way. Fix two
integers M1 and L1 with 0 < M1 ≤ M and 0 < L1 ≤ L. Let G1 be a polynomial
in O[T ] such that G1 ≡ G]χ (mod pM1 , TL1). Using, for example, the sub-resultant
algorithm, we compute two polynomials A and B such that

AG1 +BG′1 = δ
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for some δ ∈ O with minimal valuation. Then, we check to see ifNP(AG]χ+B(G]χ)′)
contains a segment of slope equal to s(σ). As noted above, since we only know
an approximation of G]χ(T ), we cannot always deduce the full Newton polygon

NP(AG]χ+B(G]χ)′). Still, using Lemma 5.4 we can get enough information on the

slopes of NP(AG]χ + B(G]χ)′) to conclude in many cases. In the remaining cases
where we cannot find by this method two polynomials A and B for which (S5)
applies, we resort to choosing random polynomials A and B. In a few examples, we
could not find after a reasonable amount of time two suitable polynomials A and
B. Quite often, these were examples for which the λ-invariant λ(Gχ) is slightly
less than the precision L in T . For these examples, we recomputed approximations
of Gχ(T ) and G]χ(T ) to a larger precision L in T and tested again. In all cases,

eventually, we could conclude that all the roots of positive valuation of G]χ(T ) in

Qp are simple and thus obtained the proof of the following theorem.

Theorem 6.18. Let k = Q or a real quadratic field, and χ a 1-dimensional Qp-
valued even Artin character of k such that kχ/Q is non-Abelian if k 6= Q.

(1) If k = Q, and (p,B) occurs in Table 6.2, then the character χ satisfies
Conjecture 1.4 if the conductor of χ is at most B.

(2) If k is a real quadratic field such that it and (p,B) occur in Table 6.3, then
the character χ satisfies Conjecture 1.4 if the norm of the conductor of χ
is at most B.

7. Numerical study of λ-invariants of p-adic L-functions

From the large set of Iwasawa power series that we computed as described in the
previous section, we tried to understand the behaviour of the resulting coefficients
in the various Zp,χ. Our first thought was that they should behave essentially
randomly, but this hope was quickly dashed by the appearance of distinguished
polynomials of, for such random behaviour, extraordinarly large degree (see, e.g.,
Example 7.7). But those exceptions all had the conspicuous property that the order
of the character χ was divisible by p. In order to understand the behaviour in this
case, we below derive Corollary 7.2 from a special version of the Riemann-Hurwitz
genus formula of Kida due to Sinnott. We quote this essential tool for the study
of λ-invariants of characters of order divisible by p as Theorem 7.1 below.

After imposing the condition that χ is of order not divisible by p, the behaviour
appears to be more random. In order to have enough data available and simplify
the setup, we consider only the constant term in the Iwasawa power series and
always use k = Q. More precisely, we consider the case when the constant term
is in the maximal ideal which is equivalent to the fact that the λ-invariant of χ
is positive. Under our hypothesis that the behaviour of this constant coefficient
should be random and since the extension Qp(χ)/Qp is unramified, we expected

therefore the λ-invariant of χ to be positive with probability p−[Qp(χ):Qp].
In this case, we found that in the numerical data the probability that λ(χ) is

positive was in general significantly higher than predicted by our model. However,
after investigating, it turned out that, for an odd prime p, if we take the character
of the form ωipψ with ψ of conductor and order prime to p, and i and ψ both even,
then the numerical data appears to be more in accordance with our model. This
leads us to making Conjecture 7.16, which is the same as Conjecture 1.8 formulated
in the introduction. We corroborate this by means of the graphs presented at the
end of this section. In the case p = 2, or when the character χ is not of the form
mentioned above, we were not able to find a suitable model for when the λ-invariant
of χ is positive.
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We now investigate the case when the order of χ is divisible by p, returning to the
‘randomness’ of the constant term of the Iwasawa power series after Example 7.15.

The following result is due to Sinnott [33, Theorem 2.1].

Theorem 7.1. Let k be a totally real number field and let p be any prime number.
Let θ and ψ be two even 1-dimensional characters of Gal(kab/k) satisfying the
“µ = 0” conjecture (see Conjecture 1.7). Assume that the order of ψ is a power of
p and the order of θ is prime to p. Then

λ(θψ) = λ(θ) +N(θ, ψ) ,

where N(θ, ψ) is the number of prime ideals of the ring of integers Ok∞ of k∞
that divide the conductor of ψ but not p, and are totally split in the compositum
of kθωp−2

p
and k∞. �

As a direct application of the result of Sinnott, we give a formula for the λ-
invariant of characters of p-power order.

Corollary 7.2. Let k be a totally real number field and let p be any prime number.
Let e ≥ 0 be the integer such that k∩ Q∞ = Qe where Qn denotes the n-th layer in
the Zp-extension Q∞/Q. For an ideal m of the ring of integer Ok of k, prime to p,
define

am = vp

( 〈N (m)〉 − 1

q

)
where N (m) = card(Ok/m) is the norm of the ideal m and x 7→ 〈x〉 is the projection
of Z×p onto 1+qZp. Then for any even 1-dimensional Artin character χ : Gk → Qp
of conductor f and p-power order, under the assumption that χ and the trivial
character 1k of k satisfy the “µ = 0” conjecture (see Conjecture 1.7), we have

λ(χ) = λ(1k) +
∑
q|f

N (q)∈1+pZ

paq−e

where the sum is over the prime ideals q of Ok dividing f and N (q) in 1 + pZ.

Proof. We apply Theorem 7.1 with ψ = χ and θ = 1k. Denote by L the compositum
of kωp−2

p
and k∞ and by A the set of prime ideals of Ok∞ that divide the conductor f

of χ, are not above p, and are totally split in L. Therefore N(1k, ψ) = #A by the
theorem and it remains to compute #A.

Let Q be a prime ideal of Ok∞ and let q be the prime ideal of Ok below Q.
Observe that Q divides f and is not above p if and only if the same is true for q.

Also note that Q is totally split in L/k∞ if and only if the same holds for all
primes of k∞ above q as they are conjugate, so that Q is totally split in L/k∞ if
and only if the number of primes of L above q is divisible by [L : k∞] as this degree
does not contain a factor p. Using the tower L/k(µp)/k instead, one sees similarly
that this number of primes is divisible by [L : k∞] = [k(µp) : k] if and only if q
splits completely in k(µp). So we have to count the number of Q such that the
corresponding q divides f, is not above p, and splits completely in k(µp).

A prime q of k that is not above p splits completely in k(µp) precisely when
N (q) ≡ 1 modulo p. In order to see this, note that µp injects into Ok/q as q is not
above p. So if q splits completely in k(µp) then N (q) ≡ 1 modulo p. Conversely,
assume N (q) ≡ 1 modulo p, and let ζp be a primitive pth root of unity. Then q
splits into [k(µp) : k] different ideals inOk[ζp] ⊆ Ok(µp) already because the minimal
polynomial of ζp over k factors into different linear factors if we reduce its coefficients
from Ok to Ok/q, hence q splits completely in Ok(µp).
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Because a prime q with N (q) ≡ 1 modulo p is not above p, we now know that

A =
⋃
q|f

N (q)∈1+pZ

A(q)

where A(q) is the set of prime ideals of k∞ above q. Let n ≥ 0. Because q does
not ramify in kn/k, the number of prime ideals of kn above q is the index of the
decomposition group of such a prime in Gal(kn/k). This decomposition group maps
isomorphically to the Galois group of the residue field extension, and the action
on kn(µq) of a generator corresponding to the Frobenius is determined by N (q)
in µϕ(q) ·(1+qZp), its action on kn by 〈N (q)〉 in 1+qZp. (Note that N (q) = 〈N (q)〉
for p 6= 2 but that for p = 2 they may not be the same.)

Since Gal(kn/k) ' (1 + qpeZ)/(1 + qpe+nZ), with the image of our generator
corresponding to the class of 〈N (q)〉, the decomposition group has order pe+n−aq

for n ≥ aq − e, so there are pn/pe+n−aq = paq−e prime ideals above q in kn for n
large enough. Thus #A(q) = paq−e and the result is proved. �

Remark 7.3. When k = Q, we have λ(1Q) = −1 since 1
2G1Q(T ) is a unit of Zp[[T ]]

by [37, Lemma 7.12] and H1Q(T ) = T . When k is a real quadratic field, then the
p-adic zeta function of k is the product of the p-adic zeta function of Q and of the
L-function Lp(Q, χk, s) where χk is the non-trivial character of GQ that is trivial
on Gk. Therefore λ(1Q + χk) = λ(χk) − 1 and one computes λ(1k) from this by
comparing generators of Gal(k∞/k) and Gal(Q∞/Q) as around (2.3), so that λ(1k)

equals λ(χk)−1 if e = 0 or 1
2 (λ(χk)−1) if e = 1 (this is the case only if k = Q(

√
2)).

Note that we can have λ(1k) ≥ 0 (see, e.g., Example 7.12).

The following generalises Lemma 3.4(1).

Proposition 7.4. Let p be a prime number. If χ : GQ → Qp is an even 1-

dimensional Artin character of p-power order with conductor pl for l ≥ 1, then
λ(χ) = −1 and 1

2Gχ(T ) is in Zp[[T ]]∗. In particular, Conjecture 1.3(3) holds for χ.

Proof. Conjecture 1.7 holds for k = Q by Ferrero and Washington [17] so we can
apply Corollary 7.2. Because λ(1Q) = −1 by Lemma 3.4(1), we have λ(χ) = −1 as
well. Since χ is of type W , we have λ(Hχ) = 1, hence λ(Gχ) = 0. The power of p
in Gχ(T ) is again determined by [17]. �

Corollary 7.5. If p is a prime number, then [3, Conjecture 3.18] holds in full
for all n ≥ 2 and 1-dimensional Artin characters ψ = ψπ : GQ → Q(µ∞) in the
following cases:

• ψ is of type W and n ≡ 1 modulo the order ϕ(q) of ωp;

• ψ = ψ̃η with ψ̃ of type W , η the character of order 2 of Gal(Q(µq)/Q)
viewed as character of GQ, and n ≡ 1 + ϕ(q)/2 modulo ϕ(q).

In particular, the p-adic regulator in the conjecture is a unit in those cases.

Proof. Because of [3, Proposition 4.17], we only need to verify part (4) of the

conjecture. Note that the characters ω
ϕ(q)/2
p and ητ coincide for every embedding

τ : Q(µ∞) → Qp. Therefore the 1-dimensional characters ψ such that all ψτω1−n
p

for a given n are of type W include the ones given, and one sees easily using the same
train of thought that those are all. It follows from Lemma 3.4 or Proposition 7.4
that all resulting Lp(Q, ψτω1−n

p , s) have value a unit at n (and, in fact, at every
point of its domain where they are defined). That the regulator in part (4) of the
conjecture is a unit then follows from part (2) of the conjecture. �
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We determine some λ-invariants using Corollary 7.2. In all cases where k 6= Q,
Conjecture 1.7 was verified for these characters, see Theorem 6.10, so the corollary
applies. All λ-invariants agree with the values found in the computations.

Example 7.6. Let k = Q and p = 2. Consider the conductor 3247 = 17·191. Let χ
be a character of order 16 and conductor 3247. We find that λ(χ) = 22+24−1 = 19.

Example 7.7. Let k = Q and p = 3. Consider the conductor 2917. It is a prime
number and 2916 = 22 · 36. Any character χ of conductor 2917 and order 3, 9,
27, 81, 243 or 729 satisfies λ(χ) = 35 − 1 = 242. This is the largest value of
the λ-invariant that we found in our computations.

Example 7.8. Let k = Q and p = 2. Consider the conductor 3855 = 3 · 5 · 257.
Any character χ of conductor 3855 and order 4, 8, 16, 32, 64, 128 or 256 satisfies
λ(χ) = 20 + 20 + 26 − 1 = 65.

In Examples 7.9 through 7.12 below, we computed λ(1k) as in Remark 7.3.
With notation as in that remark, we computed in Example 7.9 that λ(χk) = −1

with k = Q(
√

2) using Corollary 7.2, so that λ(1k) = 1
2 (λ(χk − 1) = −1 because

Q(
√

2)/Q is the first layer in the 2-cyclotomic tower of Q.

Example 7.9. Let k = Q(
√

2) and p = 2. Consider the conductor f = p257

where p257 is one of the two prime ideals above 257 in k. The ray class group of k
modulo f has order 2. Let χ be the character of conductor f. We have k = Q1, the
first layer of the cyclotomic Z2-extension of Q, thus e = 1. We find that λ(1k) = −1,
and therefore λ(χ) = 25 − 1 = 31.

Example 7.10. Let k = Q(
√

5) and p = 5. Consider the conductor f = p11p31

where p11, respectively p31, is one of the two prime ideals above 11, respectively 31,
in k. The ray class group of k modulo f has order 5. Let χ be a character of
conductor f and of order 5. We have e = 0 and λ(1k) = −1, thus we find that
λ(χ) = 50 + 50 − 1 = 1.

Example 7.11. Let k = Q(
√

5) and p = 3. Consider the conductor f = 2p109

where p109 is one of the two prime ideals above 109 in k. The ray class group
of k modulo f has order 3. Let χ be a character of conductor f and order 3. We
have e = 0 and λ(1k) = −1, and thus λ(χ) = 30 + 32 − 1 = 9.

Example 7.12. Let k = Q(
√

33) and p = 2. Consider the conductor f = p3p31

where p3 is the only prime ideal above 3 in k and p31 is one of the two prime ideals
above 31 in k. The ray class group of k modulo f has order 2. Let χ be the character
of conductor f. We have e = 0 and λ(1k) = 0, thus we find that λ(χ) = 20 +23 = 9.
(This is an example with λ(1k) ≥ 0 as explained in Remark 7.3.)

Remark 7.13. The careful reader will have noticed that, in all these examples, the
prime numbers, resp. prime ideals, dividing the conductor but not the prime p are
congruent to 1 modulo p, resp. have their norm congruent to 1 modulo p. This is
because they divide exactly the conductor. Indeed, let q be a prime dividing f with q
not dividing p. (q and f are either rational integers or integral ideals depending on
whether k = Q or a real quadratic field.) Assume that f = qg with g not divisible
by q. We have a natural surjection Clk(f) → Clk(g) whose kernel is a quotient,
say (Ok/q)×/H, of (Ok/q)×. Since f is the conductor of χ, this quotient is not
in the kernel of the associated Hecke character χ̂. But χ̂ is non-trivial of p-power
order, therefore (Ok/q)×/H contains an element of order divisible by p. It follows
that p divides N (q)− 1 and thus N (q) ∈ 1 + pZ.

One can also use the theorem of Sinnott when the order of the character is
divisible by p but is not a p-power.
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Example 7.14. Let k = Q and p = 2. Consider the conductor 889 = 7 ·127. Let χ
be a character of conductor 889 and of order 6. Write χ = ψθ where ψ has order 2
and θ has order 3. Then the conductor of ψ is 889 and the conductor of θ is 7. One
can check that λ(θ) = 0. Since 127 ≡ 1 mod 7, the prime 127 is totally split in Qθ.
Therefore N(θ, ψ) is the number of prime ideals above 127 in Q∞, that is 25 = 32.
In conclusion, we find that λ(χ) = 32.

Example 7.15. Let k = Q and p = 5. Consider the conductor 1255 = 5 · 251.
Let χ be a character of conductor 1255 and order 10. (A similar reasoning can be
done for the characters of conductor 1255 and of order 50 or 250.) Write χ = θψ
where ψ has order 5 and θ has order 2. As θ and ψ are even, the conductor of ψ is
251 and the conductor of θ = ω2

5 is 5. One can check that λ(θ) = 0. Since 251 ≡ 1
mod 5, the prime 251 is totally split in Qθω3

5
= Q(µ5). Therefore N(θ, ψ) is the

number of prime ideals above 251 in Q∞, that is 52 = 25. In conclusion, we find
that λ(χ) = 25.

Now, we go back to the case where p is odd and the order of χ is prime to p. As
mentioned in the introduction, our data leads us to make the following conjecture.

Conjecture 7.16. Let p be an odd prime and let d ≥ 1. Define Xd to be the set of
even 1-dimensional Artin characters χ : GQ → Qp of the form χ = ωipψ with ψ of
conductor and order prime to p, both ψ and i even, and such that [Qp(χ) : Qp] = d.
For N ≥ 1, let Xd(N) be the subset of those characters in Xd whose conductor is
at most N . Then we have

lim
N→+∞

#{χ ∈ Xd(N) : λ(χ) > 0}
#Xd(N)

= p−d.

To provide some support for the conjecture, we show below graphs for all odd
primes up to 37. Each graph displays two lines, one blue and one red, joining the
following points of coordinates (x, y). For both blue and red points, the value of x
goes from 0 to B, the upper bound on the conductor (see Table 6.2). For the blue
points, for a given x, the corresponding value of y is the number of characters in
X(x) with positive λ-invariant where X(N) =

⋃
d≥1 Xd(N). For the red points, for

a given x, the corresponding value of y is∑
χ∈X(x)

p−[Qp(χ):Qp].

Indeed, under the conjecture, the probability that a random character χ in X(x)
has λ(χ) > 0 tends to p−[Qp(χ):Qp] when x→∞.

It can be seen on these graphs that the model fits the experimental data quite
well for most primes, but is sometimes a bit off for 17 and 37, and more so for
19, 23 and 29. This could be due to an incorrect model or simply the fact that
our sample set is not large enough since we have some bound on the conductor.
Still, the behaviour of both graphs as x grows seems to generally match well for all
primes.
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