ON THE LOCAL STRUCTURE OF MAHLER MODULES

JULIEN ROQUES

ABSTRACT. Despite the numerous recent works devoted or related to
Mahler equations, very few is known on the classification of these equa-
tions. In this paper, we give the classification of the Mahler equations
(or, better, Mahler modules), locally at 0 and oo, over the field of Hahn
series.
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1. INTRODUCTION

The theory of linear /-Mahler equations over Q(z), i.e., of functional
equations of the form

(1) an(2) f(2") + an1 () f( )+ ap(2) f(z) = 0

for some ag(z),...,an(2) € Q(z) and ¢ > 2, has attracted the at-
tention of many mathematicians, from the seminal work of Mahler in
[Mah29, Mah30a, Mah30b] in the early 1930s to the recent works by
Nguyen [Ngull, Ngul2], Adamczewski and Bell [AB13b], Dreyfus, Hardouin
and Roques [DHR15], Adamczewski and Faverjon [AF15], Philipon [Phi],
Shaéfke and Singer [SS16], through those of Mendes France [MF80], Randé
[Ran92], Becker [Bec94], Nishioka [Nis96], Dumas and Flajolet [DF96], Al-
louche and Shallit [AS03], to name just a few. Nevertheless, at the time
being, very few is known on the structure of these equations, even locally
at 0. (We remind that it is natural to look for the local structure of the
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¢-Mahler equations at 0,1 and oo because they are the fixed points of the
endomorphism z — z¢ of P'(Q). The change of variable z = e* transforms
the local study of the ¢-Mahler equations at z = 1 into the local study of
g-difference equations (with ¢ = ¢) at u = 0, which is well understood; see
[RSZ13, Sau00, Sau04, vdPRO7]. Moreover, the local study of the ¢-Mahler
equations at 0 and oo are equivalent : one switch between 0 and oo by the
change of variables z —+ z~!.) Roughly speaking, the aim of this note is to
show that, after extension of scalars to the field . of Hahn series over Q
and with value group Q, the local structure of these equations becomes very
simple.

We shall now describe more precisely the content of this paper. We let &
be the field of Puiseux series over Q and . be the field of Hahn series over
Q and with value group Q (see Section 2). For K = & or J#, we denote
by Dk the non-commutative algebra of /-Mahler operators with coefficients
in K. This means that Dg = K¢y, qbzl] is the non commutative algebra
of non commutative Laurent polynomials in the indeterminate ¢, and with
coefficients in K such that ¢pa = ¢p(a)py for all a € K, where ¢y acts on
a=>a,2" € K by ¢s(a) =Y a,z". By “¢-Mahler module” (or, simply,
“Mahler module”) over K = & or ¢, we mean “left Di-module of finite
length” (it is equivalent to require that the K-vector space obtained by
restriction of scalars has finite dimension).

The study of the formal structure at 0 of the equation (1) amounts to the
study of the structure of the /-Mahler module over & given by D4 /DL
where L = a,(2)¢) + an_1(2)¢} ' + -+ + ag(z) € Dyp. Actually, any /-
Mahler module over & is isomorphic to Dy /D4 L for some L € Dy (this
result is known as the cyclic vector lemma), so that, in a sense, the study of
the structure of the £-Mahler equations with coefficients in & is equivalent
to the study of the structure of the ¢-Mahler modules over &2. Our main
result gives a complete description of such modules after extension of scalars
to .

Theorem 1. Let M be a £-Mahler module over &2. Then, the {-Mahler
module M ® g F over F obtained from M by extending the scalars to
is isomorphic to a direct sum of modules of the form Dy /Dy (de — c)F for

some ce Q" and k € Z>q.

This result can be restated in terms of difference systems as follows. For

any A € GL,(Z2), there exists F € GL, () and Ay € GL,(Q) such that

In other words, the ¢-Mahler system ¢,(Y) = AY is transformed into
oe(Z) = AoZ by the linear change of variables Y = F'Z.

This paper is organized as follows. Section 2 contains a preliminary re-
sult about inhomogeneous Mahler equations of order 1. Section 3 is con-
cerned with the factorization of the Mahler operators according to their
exponents. Section 4 is devoted to the proof of Theorem 1. In Section 5, we
state a variant of Theorem 1 and outline an application to an analogue of
Grothendieck’s conjecture.
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2. INHOMOGENEOUS EQUATIONS OF ORDER 1 WITH CONSTANT

COEFFICIENTS
We let o
P =Ug>1Q((22))
be the field of Puiseux series.
We recall that the field
A =Q((z9)

of Hahn series over Q and with value group Q is made of the formal expres-
sions of the form f = Z%Q fy27 with f, € Q such that the support of f
defined by

supp(f) ={v € Q| f, # 0}
is well-ordered (as a subset of Q endowed with the total order <). The sum
and product of f = Zye@ fy27 and g = ZWEQ g,2" are given by

F+9=Y (Fy+9)7"

veQ

and

fo=>_ | 2 frov|#
7€Q \V' "=y
(Note that there are only finitely many (7/,7”) € Q x Q such that v'++" = v
and ffylg,y// 7é 0.)
Of course, one can see &2 as a subfield of 77.

Lemma 2. For any subset E of Q, we set
Satg(E) = {2 | 2 € FNQ<p,k >0 YU {ffz | € ENQs0,k >0 }.

If E is a well-ordered subset of Q, then Saty(E) is a well-ordered subset of
Q.

Proof. Let F be a subset of Saty(E).

Assume that FNQ-g # 0 and consider v € F NQq. Since E is bounded
from below, there exists M such that, for all k > M, forallz € E, v < {Fz.
Therefore, in order to prove that F has a least element, it is sufficient to
prove that {{*z | x € ENQ<g, k € {0,..., M —1} }NF has a least element.
This follows from the facts that the latter set can be rewritten has the finite
union U]k\i?)l(f_kE N Q<o) N F and that each (¢7*E N Q<) N F has a least
element (because F and, hence, ~kEN Q<o are well-ordered).

The case F' N Q.o =  is similar. O

Proposition 3. For allc,d € Q~, for all g = Zwe@ 9427 € H with go = 0,
there exists f € A such that g = (cop —d) f.

Moreover, if ¢ # d, then, for all g = Z%Q gy27 € F, there exists f € A
such that g = (cop — d) f.
Proof. Dividing by c, it is clearly sufficient to consider the case ¢ = 1.

We first assume that gg = 0.

We set g7 = > . cq_, 92" € H and gt = > reQao 9177 € H, so that
g =g +gt. We are going to prove that there exist f* € J# such that
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gt = (¢¢ — d) f*. This will imply the desired result because f = f~+ fT €
A satisfies g = (¢p — d) f.

For all v € Qg such that ZyNsupp(g) # 0, we set v~ = min £ZyNsupp(g)
(it exists because supp(g) is well-ordered). We let (£ )yeq., be the unique

element of @Q<O such that, for all v € Q¢ such that ¢“y N supp(g) # 0,

{ f;/gm = df;w + gy fori >0,

f;—/@'ﬂ =0 fori < —1

and, for all 4 € Qg such that #Zy Nsupp(g) = 0,
Iy =0.

Then, f~ = > cq., fy 27 € JH satisfies (¢, — d)f~ = g~. The fact
that f~ belongs to . is a consequence of Lemma 2 because supp(f) C

Sate(supp(g))-
The construction of f* is similar.

We now assume that ¢ = 1 # d. We set ¢~ = Z%Q@ 942" € A and
g = ZVEQ>0 927 € S, so that g = g~ + go + g7. We have already
proved that there exist f* € J# such that g© = (¢, — d)f*. Moreover,
fo = 25 satisfies go = (¢ — d) fo. So, f = f~ + fo+ [T € A satisfies
g= (¢ —ad)f. O

+

3. FACTORISATION OF THE MAHLER OPERATORS BY THE EXPONENTS

3.1. Exponents. In this section, we recall the definition of the exponents
introduced in [Roql5a, Section 4.2] and their basic properties.

Theorem 4 ([Roqlba, Theorem 24]). Let M be a Mahler module over &
of rank n > 1.
(i) The module M is triangularizable, i.e., there exists a filtration

{O}:M()CMlC"'CMn:M

by submodules of M such, for alli € {0,...,n—1}, the quotient module
M; 11 /M; has rank 1 and, hence, is isomorphic to Do /Do (pe—c;) for
an unique c¢; € @X.

(ii) The list c1,. .., c, does not depend (up to permutation) on the choosen
filtration.

Definition 5 ([Roqlba, Definition 25]). The exponents at O of the Mahler
module M over & are the non zero complex numbers ci,...,c, introduced
in Theorem 4. The multiplicity of an exponent of M is its number of occur-
TENCES 1M Cl,...,Cpn.

Definition 6 ([Roqlba, Definition 26]). The exponents at 0 of L € Dy are
the exponents of the Mahler module D5 /Do L over &. The multiplicity of
an exponent of L is its multiplicity as an exponent of Dy /Do L.

3.2. Factorisation of the Mahler operators by the exponents. The
aim of this section is to prove the following result.
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Proposition 7. Letcy,--- , ¢ be the pairwise distinct exponents of L € D,
with multiplicities ny, - - - , n, respectively. Then, L admits a factorization of
the form
L=alL, - L1
with
Li = (¢¢— Cz)fz,_nlz (e — Ci)fial

for some fi1,..., fin, € H*.
We first prove a lemma.

Lemma 8. Consider c,d € @X with ¢ # d and f € H°*. There exist
g, h, k € 7> such that

(e — ) f(¢e — d) = g(¢e — d)h(¢p¢ — C)k.

Proof. In order to prove this lemma, it is convenient to introduce a difference
ring extension of the difference field (J#, ¢;) in which any equation of the

form (¢¢ — ¢)y = 0 with ¢ € Q" has non zero solutions. Let (Xc)ce@x be
indeterminates over ¢, and consider the quotient ring

U = %[(XC)CE@X]/I
of the polynomial ring %[(Xc)ce@x] by its ideal I generated by {X. X4 —
Xeq | c,d € @X} U{X1 — 1}. Let e. be the image of X, in %, so that
U = %”[(ec)ce@x].
We endow % with its ring automorphism ¢ such that ¢, = ¢, and,

Vee Q”, o(ec) = cee.

Hence, (%, ¢) is a difference ring extension of (7, ¢;). We will denote ¢ by
b1
Arguing as in [Roqlba, Theorem 35], it is easily seen that the ring of
constants ¢ = {f € A | ¢(f) = f} of % is equal to Q.

We are now ready to prove the lemma. The operator (¢, —c) f(¢y —d) has
a basis of solutions in % of the form (eq, ae.) where a € J#* is such that
(¢ — d)(ae.) = fte., i.e., such that chp(a) — da = f~1. Such a a exists in
virtue of Proposition 3.

On the other hand, for any h,k € %, the operator (¢¢ — d)h(¢py — c)k
has a basis of solutions given by (k~'e., k~'bey) where b € 7> is such that
(¢o — c)(beg) = h™ ey, i.e., such that depe(b) — cb = h~'. Such a b exists in
virtue of Proposition 3.

So, if k71b = 1 and k! = a, the operators (¢; — ¢)f(d¢ — d) and (¢, —
d)h(¢¢ — c)k have the same spaces of solutions, and, hence, coincide up to
some left factor g € 7 (indeed, let g € 7 be such that P := (¢y —
c)f(¢e — d) — g(¢pp — d)h(¢y — ¢)k has order 1; then P has at least two
Q-linearly independent solutions in % and, hence, is equal to 0).

In order to do so, we first choose a as above (which is necessarily non
zero), we then take k = a~!, and h~! = dg,(b) — cb with b = k (note that
dgy(b) — cb is nonzero because b # 0 and ¢ # d). O
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Proof of Proposition 7. It follows from [Roql5a, Theorem 22] that L admits
a factorization of the form

L=a(gs—cn)fp’ - (de—c)fy"

where c1,...,¢c, € @X and f1,..., fn € @*. Lemma 8 allows us to permute
the factors (¢; — ¢;), up to changing the f; by other elements of J#*. O

4. CLASSIFICATION OF THE MAHLER MODULES OVER . : PROOF OF
THEOREM 1

The proof of Theorem 1 will easily follow from the following lemma.
Lemma 9. Consider L € Dy and L1, Ly € Dy such that L = L1 Lo with
Li = (¢r = cin) fim, - (0 — cin) fi ]
where ¢i1,...,Cin; € @X and fi1,..., fin, € JC*. We assume that c1; #

co forallje{l,...,n1} and k € {1,...,n2}. Then,
Dw/DyL=Dy/DyLi ®Dy/DyLs.

Proof. We are going to prove that the following exact sequence splits

(2) 0= Dy /Dyls 22 Dy /Dyl ™ Dy )DL — 0.

Using Lemma 8, we see that we also have a decomposition L = Ezle where

= (60— im) (D0 — cia) i

for some fi1,..., fin, € 7. We consider the corresponding exact sequence

0= Dy /Dyls 25 Dy /Dyl = Dy )Dywly — 0.

In order to prove that the exact sequence (2) splits, we have to prove that
there exists a submodule N of D,z /DL such that m induces an isomor-
phism between N and Dz /D Ly. We claim that N = DLy /D L has
the expected property. In order to prove this claim, it is sufficient to prove
that

~ .
Y : Dy /DLy —% Dy /Dy L ™ Dy /Dy Ls

is an isomorphism. Since Dz /D ;gj/vg and Dy /Dy Lo have the same di-
mensions, it is sufficient to prove that 1 is injective. Let P € D, be a
representative of an element of the kernel of ; by euclidean division, we
can assume that the order of P is < to the degree of L2 So, PL1 € DyylLo,
i.e., PL, = QLy =: R for some @ € Dy. Assume that P # 0. Then, there
exists a Jordan-Holder filtration of M = D /DR = Dﬂ/D%le of the
form

{0} =My C M, C-+C My, CMp41C-CMy=M

by submodules of M such, for all j € {0,...,n1 — 1}, M /M; =
Dy /Dw(¢e — c1,5). We have another Jordan-Holder filtration of M =
Dw/DyR =Dy /DyQLs of the form

{0} =NoCN;C---CNp,C---CM
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by submodules of N such, for all j € {0,...,no — 1}, N;;;/N; =
Dy /Dy (¢¢ — c25). Using the Jordan-Holder theorem and the fact that,
for all j € {0,...,n1 — 1} and k € {0,...,n2 — 1}, M;41/M; is not
isomorphic to Ngi1/Nk, we see that up to isomorphism the list of mod-
ules N1/No, ..., Nu,/Np,—1, occurs (counting multiplicities) as a sublist of
My s1/Myy, ..oy My /My —q. Tt follows that the degree of P, which is equal
to the dimension of M/M,,, is greater than or equal to ny = the degree of
Lo. Whence a contradiction. Therefore, P = 0 as expected. O

Proof of Theorem 1. Straightforward consequence of Proposition 7 and
Lemma 9. O

5. A VARIANT AND AN APPLICATION

5.1. Controlling the denominators. For K = & or JZ, we let K; be
the subfield of K made of the f = > f,z7 € K whose coefficients (f,),
belong to some finitely generated Z-subalgebra of Q.

If we assume that M is a Mahler module over &%, then, one can check
that, in all the previous results of the present paper, the field # can be
replaced by 77, and that, in particular, the following variant of our main
result holds true.

Theorem 10. Let M be a Mahler module over &2,. Then, the Mahler
module M ® z, 7, over 74, obtained from M by extending the scalars to 74
is isomorphic to a direct sum of modules of the form Dy /D s (d¢ — ) for

some ¢ € @X and k € Z>.

This result can be restated in terms of difference systems as follows. For

any A € GL, (%), there exists F' € GL,(74) and Ay € GL,(Q) such that
AF = 6y(F) Ao,

In other words, the Mahler system ¢4(Y) = AY is transformed into ¢4(Z) =

AoZ by the linear change of variables Y = FZ.

5.2. An application to an analogue of Grothendieck’s conjecture.

We shall now indicate briefly how one can use Theorem 10 in order to give a

variant of the proof of Theorem 11 below which was first proved in [Roq15b].
Fix ¢ € Z>2 and n € Z>1. Consider a Mahler equation of the form

(3) an(2) f(2") + a1 () f(") + o+ ap(2) f(2) = 0

with coefficients ag(2), ..., an(2) € Q(2) such that ag(z)an(z) # 0.
For almost all ' prime numbers p, we can reduce the coefficients of equa-
tion (3) modulo p, and we obtain the equation

(4) anp(2)F (") + an-1p(2) FE") + -+ agp(2)f(2) = 0

with coefficients agp(2),...,anp(2) € Fp(z), where F), is the field with p
elements.

1. “For almost all” means “for all but finitely many”.
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Theorem 11 ([Roql5b, Theorem 1]). Assume that, for almost all prime p,
the equation (4) has n Fp-linearly independent solutions in Fy((2)) algebraic
over Fp(2). Then, the equation (3) has n Q-linearly independent solutions

in Q(2).

Proof. We consider the difference system associated to the equation (3) :

0 1 0 - 0
0 0 1
(5)  6u(Y) =AY, with A= C
0 o --- 0 1
_a _ a1 _On-1

According to Section 5.1, there exist F' € GL,(74) and Ay € GL,(Q)
such that
AF = ¢o(F) Ap.
Let K be a number field containing the entires of Ag and the entries of the
coefficients of F' and A. We have, for almost all prime p of K,

Apr = Qbe(Fp)AO,p,

where the subscript p means that we have reduced the coefficients modulo
p. Hence, the entries of A, and of the coefficients of A, and F}, belong to
the residue field x, of K at p.

On the other hand, according to [Roql5b, Theorem 2], our hypotheses
imply that, for almost all prime p, the equation (4) has n Q-linearly inde-
pendent solutions in F,(z). So, for almost all prime p of K, there exists
Gy € GL,(ky(2)) such that

A,Gp = ¢i(Gy).
Therefore, Hy = G|, 1Fp satisfies

Hy = ¢o(Hp) Ao p-
Setting Hy = > cq Hpy2" with Hy, € My(kp), we get Hy py = Hp 4 Ag p for
all v € Q. The support of Hy being well-ordered, this implies that H, , = 0
for all v € Q* (provided that Ag, is invertible, which is true for almost all
prime p of K). So, Agp = Ip.

It follows that Ag = I,,. It follows also that, for almost all prime p of K,
F, = GyH, = GyH, has entries in k,(z). But, the first line of F' is made
of n Q-linearly independent solutions (f1,..., f,) in % of the equation (3).
These f; actually belong to Q((z)) because, for almost all prime p of K,
the reductions modulo p of the f; are elements of k,(2) C kp((2)). Then,
[AB13a, Lemma 5.3] ensures that the f; actually belong to Q(z). O
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