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SOME MATHEMATICAL PROPERTIES OF A BAROTROPIC MULTIPHASE
FLOW MODEL

KHALED SALEH! AND NICOLAS SEGUIN?

Abstract. We study a model for compressible multiphase flows involving N non miscible barotopic
phases where N is arbitrary. This model boils down to the barotropic Baer-Nunziato model when
N = 2. We prove the weak hyperbolicity property, the non-strict convexity of the natural mathematical
entropy, and the existence of a symmetric form.
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INTRODUCTION

The modeling and numerical simulation of multiphase flows is a relevant approach for a detailed investigation
of some patterns occurring in many industrial sectors.

In [4481/9,[14], some modeling efforts have been provided for the design of compressible multiphase flow models
allowing unique jump conditions and for which the initial-value problem is well posed. The N-phase flow models
developed therein consist in an extension to N > 3 phases of the well-known Baer-Nunziato two phase flow
model [1]. As in the Baer-Nunziato model, the PDEs are composed of a hyperbolic first order convective part
consisting in NV Euler-like systems coupled through non-conservative terms and zero-th source terms accounting
for pressure, velocity and temperature relaxation phenomena between the phases. It is worth noting that the
latter models are quite similar to the classical two phase flow models in [2}[3}[6].

In [5L/11], two crucial properties have been proven for a class of two phase flow models containing the Baer-
Nunziato model, namely, the convexity of the natural entropy associated with the system, and the existence of a
symmetric form. As recalled in that paper, such properties are well understood for systems of conservation laws
since Godunov [7] and Mock [13], but remain an open question for non conservative and non strictly hyperbolic
models such as those considered here.

In the present paper, we prove the convexity of the entropy and the existence of a symmetric form for a
barotropic multiphase flow model with N - where IV is arbitrarily large - phases. We restrict the study to the
case where the interfacial velocity coincides with one of the phasic material velocities.

1. THE BAROTROPIC MULTIPHASE FLOW MODEL

We consider the following system of partial differential equations (PDEs) which is the convective part of the
system introduced in [9] for the modeling of the evolution of N distinct non-miscible compressible phases in a
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one dimensional space: for k=1,.., N, z € R and t > O:

Oray, +u10,a = 0, (1a)
O (agpr) + Oy (apprur) =0, (1b)
O (akprur) + Oy (wprui + cupr) + Z%i P(U)0paq = 0. (1c)

The model consists in N coupled Euler-type systems. The quantities ay, pr and wuyg represent the mean
statistical fraction, the mean density and the mean velocity in phase k (for & = 1,..,N). The quantity pg
is the pressure in phase k. We assume barotropic pressure laws for each phase so that the pressure py is a
given function of the density py : pr — pr(pr) with the classical assumption that p}(pr) > 0. The mean
statistical fractions and the mean densities are positive and the following saturation constraint, which expresses
the non-miscibility of the phases, holds everywhere at every time:

N
Zak = 1. (2)
k=1

Thus, among the N equations , N — 1 are independent and the main unknown U is expected to belong to
the physical space:

T _ p3N—-1
Qu = {U = (ag,..,an,q1p1, .., aNPN, Q1 p1UL, .., aNpNUN) € R ;

such that 0 < ax, ..,041\/,2,13[:2 ap < 1 and agpg, > 0 for all k=1, ..,N}.

Following |9], we make the following choice for the closure laws of the so-called interface pressures &y, (U):

for k=1, 24U)=p(pm), forl=2,.,N 3)
fOI‘]C;!é 1, :@kl(U) :pk(pk), for [ = 1,..,]\[7 l;ék

Observing that the saturation constraint gives Zl]il 14k Oz = —0zay for all kK = 1,.., N the momentum
equations can be simplified as follows:

O (ar1prur) + 0y (uprud + aapi(p1)) + Zl]iz pi(p1)0z0q =0, (4)
O (oprur) + Ox (awprui + arpr(pr)) — pr(pr)Opar =0, k=2, N. (5)

2. EIGENSTRUCTURE OF THE SYSTEM
The following result characterizes the wave structure of system :

Theorem 2.1. System is weakly hyperbolic on Qu : it admits the following 3N — 1 real eigenvalues:
o1(U) = .. =on-1(U) = w1, on—146(U) = ug — cx(pg) for k = 1,., N and oon—1+5(U) = ug + cx(px) for
k =1,..,N, where cp(pr) = \/P)(pr). The corresponding right eigenvectors are linearly independent if, and
only if,

|ur — ug| # ek(pr), YVk=2,.,N. (6)
The characteristic field associated with o1(U),..,on_1(U) is linearly degenerate while the characteristic fields

associated with on_14%(U) and oan—14£(U) for k =1,.., N are genuinely non-linear. When @ is violated, the
system is said to be resonant.
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Proof. In the following, we denote py and ¢ instead of py(px) and ¢x(px) for K = 1,..N in order to ease the
notations. Choosing the variable U = (ag, .., an, u1,p1, -, un, pn) T, the smooth solutions of system satisfy
the following equivalent system:

oU + o (U)0,U = 0,
where 7 (U) is the block matrix:

[ A 0

Bl Cl
dU = s . (7)

By Cn
Defining My, = (ux, — u1)/cr the Mach number of phase k relatively to phase 1 for & = 2,.., N, the matrices A,

Bi,..,By and C1,..,Cy are given as follows.

A = diag(uy,..,u1) € R(N_l)X(N—l),

N

1

B, = Z(pk —1)0i1 0541,k € R¥>*(V-1),
a1 1<i<2
1<j<N-1

M, ¢3
Bp= 222k 5, . eR»*W-D for k=2 . N,

(672 ’ ’ 1<i<

1<EN-1

Ck:(UkQ l/pk), fork=1,..,N,
PkCy Ul

where 6y, , is the Kronecker symbol: for p,q € N, §, 4 =1 if p = ¢ and §, 4 = 0 otherwise. Since A is diagonal
and Cy is R-diagonalizable with eigenvalues uy — ¢ and uy + ¢, the matrix o/ (U) admits the eigenvalues uq
(with multiplicity N — 1), ug — ¢, and ug + ¢ for k = 1,.., N. In addition, <7 (i) is R-diagonalizable provided
that the corresponding right eigenvectors span R3N 1. The right eigenvectors are the columns of the following
block matrix:

(A 0 \

B’ (44
rRU)=| . | :

By Cy
where A’, BY,.., By and C1,..,C\ are matrices defined by:

A = diag(1 — M3,..,1 — M) € RW-Dx(N=1)

N
1 _
Bl = —— (o —p1)(1 = M})di2 641k e RZ*(V-D,
R 1<i<2
1<j<N-1
My.cx, pi(cuMy,)? _
B = (_ : ’ ) , R2X(N-1)
k ( - di,1 + o Oi2 ) Ojprk | ., € ;
1<G<N-1
for k=2,..,N,
Céz(l ! ), fork=1,..,N.
PrCk  PKCE

The first N—1 columns are the eigenvectors associated with the eigenvalue u;. For k = 1,.., N, the (N+2(k:—1))—
th and (N + (2k — 1))—th columns are the eigenvectors associated with uy — ¢ and ug + ¢ respectively. We
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can see that R(U) is invertible if and only if My # 1 for all kK =2,.., N i.e. if and only if inequations @ hold.
Denote (R;(U))1<j<sn—1 the columns of R(U). If 1 < j < N — 1, we can see that the N-th component of
R;(U) is zero. This implies that for all 1 < j < N —1, R;(U) - Vyy(u1) = 0. Hence, the field associated with
the eigenvalue u; is linearly degenerated. Now we observe that all the acoustic fields are genuinely non linear
since for all k =1,.., N:

dc
Rn+2(e-1)U) - Vu(up — cg) = =1 — pkckﬁTaz # 0,

de
Rntr—1)U) - Vy(ug +cx) =1+ kakaTgi # 0.

O
Proposition 2.2. The linearly degenerated field o1(U) = .. = on_1(U) = uy admits the following 2N indepen-
dent Riemann invariants:
¢1(U) = U1,
N
Yo (U) = Z (cupi(pr) + cupr(ur — u)?),
=1
V14x(U) = awpr(up —w), fork=2,.,N,
1
Unir(U) = ex(pr) + pkl()':k) + §(uk —uyp)?,  fork=2,.,N.
Proof. Denoting U = (az, ..,an, U1, 1, ., un, PN )T, one must check that for p = 1,..,2N, Vi, (U) - R;(U) = 0
for all j =1,..,N — 1 where (R;(U))1<j<n—1 are the eigenvectors associated with the eigenvalue o1 (U) = .. =
on—1(U) = u;. The computation is tedious but straightforward. O

3. MATHEMATICAL ENTROPY

An important consequence of the closure law for the interface pressures 2y (U) is the existence of an
additional conservation law for the smooth solutions of . Defining the specific internal energy of phase k, ey
by e/ (px) = pr(pr)/pi and the specific total energy of phase k by Ey = ut /2 + ex(px), the smooth solutions of
satisfy the following identities:

O (a1p1Er) + 0 (1 pr Evus + arpi(pr)ur) + us Zi\;g pi(p1)0rcy = 0, (8)
Ot (arprBy) + O0x (o pr Exug + axpr(pr)ur) — uipk(pr)0zar =0, k=2,..,N. 9)

Summing for k£ = 1,.., N the smooth solutions of are seen to satisfy the following additional conversation
equation which expresses the conservation of the total mixture energy :

Oy (Zszl akPkEk> + 0y (ij:l (arprErur + akpk(ﬂk)uk)) =0. (10)

As regards the non-smooth weak solutions of , one has to add a so-called entropy criterion in order to
select the relevant physical solutions. For this purpose, we prove the following result.

Theorem 3.1. For all k =1,..,N, the fractional specific energy of phase k defined by
(akpkEk) U (OékpkEk)(U)v

s a non strictly convex function of U. Consequently, the total mizture energy, defined by (Zszl akpkEk)(U)

18 also a mon strictly convex function of U. In the light of , the total mizture energy is a mathematical
entropy of system .
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Proof. For all k = 1,..,N, define Vi, = (px, prur)? the monophasic state vector of phase k and define Uy =
(e, ki, apprur)’ = (g, aV;I')T. The monophasic mathematical entropy of phase k is given by:

2

u
Sk(pr, prur) = Sp(Vi) = Pk<(p§p§)
p

+ 6k(ﬂk)>-

Defining % (Ux) = xSk (O"‘V’“), we have (agppFEr)(U) = S (Uyg) for k = 1,.., N. Without loss of generality,

we can rearrange the components of U and assume that: U = (alpl,alplul,UQT,Ug, ..,U]:\F,)T. Thus, for
k=2,..,N, (arprEy)(U) solely depends on Uy while (ayp1 F1)(U) depends on (aqp1, a1piuy) and on all Uy, for
k =2,..,N through its dependence on oy =1 — Zszz Q.

Case 1: Convexity of (agprEyr)(U) for k =2, .., N: The matrix (axprFx)” (U) has the following block-diagonal
structure for k = 2,.., N:

(OékpkEk)N(U) = block—diag (OR2><2,O]R3><37 eey 0]Rs><3, y;é/(Uk), Oszs, ..,ORsxs) .

Hence, (agprEr)”’(U) is a positive matrix if and only if #}(Uy) is a positive matrix. Since . (Uy) =

Sk (O‘"V’“> differentiating twice, we obtain that the matrix .#}/(Uy) is the 3 x 3 matrix given by:

Ay | BT

‘ylé/(Uk) = C),

with
1
A = —VIS!(Vi)Vk €R,
Qg
1
By = —a—S,;’(Vk)Vk € RZXl, (11)
k
1
Cr = fS];/(Vk) S R2%2,
ok
Let be given (a,b”)” € R3*! with a € R and b € R2*!. Then, we easily see that:

(a7 bT)ylé/(Uk)(aﬂ bT)T
= aQAk +2aB{b +bTCyb

1 1
= > —VI'S!(Vi)Vi, — 2a—DbTS] (Vi)Vie + —bT S (V)b
(052 Q.

1 7
= oTk(aV’“ —b)T'S! (Vi) (aVi — b).

Since S}/ (Vi) is a positive matrix by the strict convexity of the monophasic mathematical entropy Sy, the right
hand side is positive, which yields the positivity of the matrix .7} (Uy) and hence the (non-strict) convexity of
(akprEr)(U) for k=2,..,N.

Case 2: Convezity of (c1p1E1)(U): We have

N a1V
(cp1 En)(U g S L S—
Z ) 1 _ Z;CV:2 o

k=2
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Thus, the Hessian matrix (a1p1E1)”(U) has the following structure:

/ C1 -By - _Bl\
“B:T| A e A
(apB)' @) =| | '
—B1T A, - Ay

Defining A;, B; and C; as in , the matrices A; and B; are given by:

A 0 0
A;=|0 0 0] eR¥>3, —Bl—(—31
0 0 0

0 0 2x3
-

Let be given x = (b{,aq, b3 a3, bk, .., an,by)T € REN=UX1 with a5 € R for k = 2,.., N and by, € R**! for
all k=1,.., N. An easy computation gives:

N N
x"(a1p1E1)"(U)x = b] Ciby + Z ((%,bT ~-B1"by) + Z ap, b)) A1 (ay, bf) ) :
p=2 k=2

We easily check that
(a5, 1) (~B1"1) = (4, b]) (=BT B1,0,0)7 = a,b] (~B1),
(ap,bg)Al(ak,bk) (ap,bp)(akAl,O 0)" = aparA;.
Hence,

N N N
XT(OélplEl)N(U)X = b{Clbl + Z Clpb,{(—Bl) + Z Z apakAl

p=2 p=2k=2

N
_ 1 T QN 1 T QI
= bS] (V)b + afl(Zap)bl S/ (Vi)

1 p=2N 1;:2 N
- ((Z Vi +b1> Sy(V1) ((Zak)vl +b1> :
k=2 k=2

Since Sy (V1) is a positive matrix by the strict convexity of the monophasic mathematical entropy Sy, the right
hand side is positive, which yields the positivity of the matrix (a1p;E1)”(U). Since xT (a1p1E1)" (U)x does not
depend on by, for k =2,.., N, (a1p1E1)"(U) is not positive definite and («1p1FE1)(U) is non strictly convex.

The convexity of the total mixture energy is a direct consequence of the convexity of all the fractional specific
energies and we have:

N
T
xT(Z appkER) (U)x =0+ x= ( — (Zak)vlT,ag,aQVQT, ..,aN,aNVJg) with (ag,..,ay) € RV 7L
- k=2

Thus, the total mixture energy in non strictly convex. U
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4. SYMMETRIZABILITY

Definition 4.1. The system is said to be symmetrizable if there exists a C'-diffeomorphism R3N—1 —
R3N=L U+ U, a symmetric positive definite matriz P(U), and a symmetric matriz Q(U) such that the smooth

solutions of satisfy:
PU)OU + QU)0:U = 0.

Since system admits no conservative form and since the total mixture energy defined in the previous
section is not strictly convex, we cannot use it to prove the symmetrizability of the system by multiplication by
its hessian matrix. However we can find a suitable positive definite matrix P(U) which symmetrizes the system.

Theorem 4.1. System 18 symmetrizable as long as the non resonance condition @ holds.

Proof. Let us define U = (aa,..,an,u1,p1,..,un,pn)" . The smooth solutions of system satisfy
WU + o (U)DU = 0,

where the matrix .« () is given in (7). Let us seek for a symmetric positive definite matrix P(U) that sym-
metrizes the system. We seek for P(U) in the form:

/HHN_l\ DI ... D% \
D P 2
PU) = :1 ! . , with P, = <(pk(c)k) (1)) ,
DN PN

where € RT, Iy _1 is the (N — 1) x (N — 1) identity matrix and for k¥ = 1,.., N, Dy, is a 2 X (N — 1) matrix.
The associated convection matrix is Q(U) = P(U)«/ (U) with:

/QulﬂN_l + Zévzl D]{Bk ‘ D?Cl e DJI\}CN \
U1D1 + P1B1 P101
o) = .
u1 Dy + Py By PnCyN

We can easily see that the matrix P,C} is symmetric for all £k = 1,.., N. A necessary and sufficient condition
for Q(U) to be symmetric is:

(i) (CF —wuilo)Dy = PyBy,  forallk=1,..,N,
N

(i) Z D] By, is symmetric.
k=1

The matrix C —uplz is a 2 x 2 matrix the determinant of which is ¢Z(M2 — 1) where M, = (uy —u1)/cy, is the
relative Mach number of phase k. Hence, the matrices C’,CT — w1l are invertible if and only if the non resonance
condition @ holds. Assuming @, the matrix Dy, is therefore given by:

Dk = (C;{ - ullg)_lPkBk.
An easy computation shows that the matrix (C} —u;l5) ! Py is symmetric and we get that D} B, = B (CT —

ul]Ig)_lPkBk is also symmetric. Thus, condition @ is a necessary and sufficient condition for matrix Q(U) to
be symmetric. The matrix P(U) is clearly symmetric. Therefore, it remains to prove that there exists 6 > 0
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such that P(U) is positive definite. Let x = (a”,bl,...b%)7T € REN=UXI\{0} with a € RWV=D*1 and for
k=1,..,N, b, € R?*! We have:

N N
x"PU)x =6a"a+2a" Y Dby + > b] Piby
k=1 k=1

N N
> 0laf? — 2Jal| Y DIbi| + 3 bl Pib.
k=1 k=1

by the Cauchy-Schwarz inequality. The right hand side of this inequality is a polynomial of degree 2 in |a| and
its second discriminant A’ is given by:

N 5 N
A =[ 3 Db -0 bl Piby
k=1 k=1

N N
<N |DFbi|* 6> bl Py
k=1 k=1

N N
=N biDyD/by — 0> b Pby,
k=1 k=1

again by the Cauchy-Schwarz inequality. Since DkaT is symmetric and Py is symmetric positive definite, there
exists an invertible 2 x 2 matrix ) which simultaneously diagonalizes the two associated quadratic forms. More
precisely, we have Qf P,Qr = I> and QF Dy D Qi = &), where &, is a diagonal matrix. Defining by, = Q;lbk
we obtain:

N
A" <> b (N6 — 0l)by.
k=1

Hence, choosing 6 larger than the two eigenvalues of Ny, for all k = 1,.., N (observe that these eigenvalues only
depend on U and not on the vector x), we get that A’ < 0 and therefore x” P (U)x > 0 for all x € RGN\ {0},
O

CONCLUSION

We have proven the weak hyperbolicity, the existence of a convex mathematical entropy as well as the
existence of a symmetric form. This last property is valid only far from resonance, i.e. as long as the model
remain in its domain of hyperbolicity. These properties have been obtained for any admissible phasic equations
of state (increasing phasic pressure laws). What is more, the proven properties can be extended to the two and
three dimensional version of the model thanks to the frame invariance.

An important consequence of the symmetrisability and Kato’s theorem on quasi-linear symmetric systems
( |12]) is that, far from resonance, there exists a unique local-in-time smooth solution to the Cauchy problem.
The loss of regularity in finite time still holds, but with the additional restriction due to the non resonance
condition @

It is worth mentioning that the techniques developed herein can be extended to similar systems modelling
miscible compressible mixtures. We refer to [10] where symmetrisability results have been obtained for a three-
phase flow model where two of the present phases are miscible.
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