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one generator of (generalized) degree d_ = (1 — 2a); all monomials of
higher degree lie in the ideal (0f/0x,, ..., 0f/0xy).

Here are some more immediate corollaries of Theorem 4.5.

4.10. COROLLARY. The generating polynomial of a semiquasihomo-
geneous mapping is always recurrent:

Wi = Hg—i Where k = ZD, — ZA,.

4.11. COROLLARY. The generalized degree of the penultimate monomial
(according to filtration) in a monomial basis of the local ring of a quasi-
homogeneous function of type (o, ..., o,) and degree 1 is dmax — %min,
where Oqpin = min (0, . . ., Oy).

4.12. COROLLARY. A non-degenerate quasihomogeneous mapping of
type @ = A/N and degree A = D/N can exist only when the polynomial
H(ZDS — 1) is divisible by H(ZAS —1).

4.13. COROLLARY. A non-degenerate quasihomogeneous mapping of
type a (o, = Ag/N) can exist only when H (ZN—AS == L)/ H(ZAS —1)is a
polynomial.

REMARK. In the case of functions of two or three variables, the fact that the fraction
H(ZN_AS = 1)/IT(ZAS — 1) can be cancelled is sufficient as well as necessary for the existence
of a non-degenerate quasihomogeneous function with exponents A/ (see §§ 10, 11). This
is not true for four variables, as can be seen from the following example, which V. M. Izlev

has shown to me:
N=2654, =1,4,=24,4, =33, 4, = 58.

In this example the quotient is a polynomial with non-negative coefficients, while all
quasihomogeneous functions with exponents A,/ are degenerate. '

The results of this section have been rediscovered over and over again. At the time when
this paper is going to press, Gabrielov has informed me that Theorem 4.5 and Corollaries 4.6
and 4.8 can be found in papers of Milnor, Orlik and Wagreich. Saito and Hironaka have given
other proofs of Corollaries 4.7 and 4.9. Kushirenko has told me that all the results, are, in
fact, in Bourbaki [14] (see Proposition 2 in Ch. 5, §5.1, in the section “Poincaré series of a
graded algebra™).

PROOF OF THEOREM 4.5. It is enough to consider the case of a non-
degenerate quasihomogeneous mapping [ (see Corollary 3.6 and Proposition
4.2). We change T as in Proposition 4.3. [t follows from the form of the
generators of the local ring of F'e T that

Xror; 1,18 = Xp. N, o (DX, 1, 1(2), where 1= (1, .. ., 1).
The generating polynomials of 7" and Fo T occurring in this formula are

homogeneous in the usual sense, and can be calculated explicitly. Indeed,

A zA — 1

-1

-n ZAS*-I

s=1

for the mapping x = y* we have x(z) = . It follows that
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(here and later the pair (N, @) = (1, 1) is omitted from the notation for X).

On the other hand, F o 7 is a non-degenerate mapping whose components
are homogeneous functions of degree D;. Thus (by Proposition 4.2 and
Corollary 3.6), it has the same generating polynomial as every other non-
degenerate homogeneous mapping with these degrees. We can take, for
example, the mapping 7' given by the formula

T'Gis ooy yn) = O Py,
Thus,
n DS 1
28
aror (2) =% (2) = ]| 1
s=1

The formula for x is obtained by dividing the formulae for Xpor and
for xy. This proves Theorem 4.5.

§5. Quasihomogeneous diffeomorphisms and quasijets

Several Lie groups and Lie algebras are connected with the filtrations
defined by a quasihomogeneous type a. In the case of ordinary homo-
geneity, these are the full linear group, the group of k-ets of diffeo-
morphisms, the subgroup of k-jets with identity (k — 1)-jets, and their factor
groups. The analogues for quasihomogeneous filtrations are defined as
follows.

We consider the space C", with a fixed coordinate system (X1, - .., X,).
The ring of formal power series' in these coordinates is denoted by
A = Cllxy, ..., x,1]. We assume that a type of quasihomogeneity
a = (o, ..., &) is given. We denote by E; the ideal of 4 generated by
series of filtration d. Further, let £ ; stand for the ideal of E4 consisting
of series of filtration strictly greater than d.

A formal diffeomorphism g: (C", Q) - (C", 0) is given by a collection
of n power series without free terms and gives a ring isomorphism g*:

A — A by the formula g*f = fo g, where o denotes the substitution of a
series in a series.

5.1. DEFINITION. A diffeomorphism g has filtration d'if, for all X,

"= DE\ C Eyyg.

5.2. PROPOSITION. Let d = 0. Then the set Gg = Gg(a) of all diffeo-
morphisms of filtration d is a group under o.

PROOF. We remark, first of all, that g*E, = E, for all A\ when d = 0
(8*EN D E,, since d = 0, and g*™'E, D £y, since the factor space A/F,
1s finite-dimensional). Thus, for a, b in G4 we have

U The greater part of what follows carries over at once to the case when 4 is the ring of convergent
series over C or R, or the ring of germs of smooth functions.
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[(@ob)* — 11 =[b* (@* — 1)+ @* — D] Ex = Ensa,
(@ —1)E,=a" (1—a*) E, Ejtras

as required.

5.3. PROPOSITION. For g > p =2 0, Gy is a normal subgroup of Gp.

PROOF. The definition of G, uses only the filtration {E:}. This filtra-
tion is invariant under G, and a fortiori under G,. Thus, a subgroup
defined in terms of this filtration is normal, as required.

The group G, is especially important, because it plays for the quasi-
homogeneous case the role played by the full group of jets of diffeo-
morphisms in the homogeneous case. It must be stressed that in the quasi-
homogeneous case certain diffeomorphisms have negative filtrations and do
not lie in Gy.

5.4. DEFINITION. The group of d-jets of type a is the factor group of
the group of diffeomorphisms by the subgroup consisting of the diffeo-
morphisms of filtration greater than d,

Jd == Jd(a) == Go/G>d.

It is clear that J; is a finite-dimensional Lie group. There are natural
factorizations m, 4: Jp = Jq (P > q = 0).

Attention should be drawn to the fact that in the ordinary homogeneous
case our numbering differs by 1 from the standard one: our J, is called
the group of l-ets, etc.

5.5. PROPOSITION. The group J, is obtained from Jo by a chain of
extensions with commutative factors. More accurately, let E, be the term
of the filtration immediately following E,. Then the kernel K of the homo-

morphism T, 4 IS commutative.
PROOF. Let A, B € K, we consider any representatives ¢, b € G4. Then

(ab)* — 1 = (a* — 1)+ (b* — 1)+ (b* — 1) (a* —1).

Further, for every A,
0B = Bigeny HG%— 1) Ey < Epips

since the g-jets @ and b are trivial. Thus, [(ab)* — (ba)* £\ C Exsap.
Therefore, ab and ba determine the same element of J,, which is what we
wanted to prove.

The group J, has especial value, because it is the quasihomogeneous
generalization of the full linear group.

5.6. DEFINITION. A diffeomorphism g € G, is said to be guasihomo-
geneous of type a if every space of quasihomogeneous functions of degree
d (and type «) is mapped into itself by g

The set of all quasihomogeneous diffeomorphisms (of fixed type) forms
a group. We denote it by H(= H(x)) and call it the group of quasihomo-
geneous diffeomorphisms.
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We consider the natural embedding i: H - G, and factorization -
Gy — J,.

5.7. PROPOSITION. The group Jy is naturally Isomorphic to the group
of quasihomogeneous diffeomorphisms: in fact, the compound map wi:
H = Jy is an isomorphism of Ije groups.

PROOF. a) Kermi = e. For Ker j = H N G, Hence for 4 Ker i
and for every monomial [ of degree d, (h* — 1) f lies in the space of homce
geneous functions of degree ¢ and also has filtration greater than 4. Thus,
(h* — 1)f =0 for cvery monomial f, and so 4 = e,

b) Im@i = J,. For this proof we construct the inverse mapping J, - [
explicitly. Let x,, .. ., X be coordinates in C" and let a diffeomorphism
g € Gy be a representative of the jet j € J,. We consider the series
g*x; € E,;,. We select in it the homogeneous component y; of degree o,
so that g*x; = y; + Zin ity E 5 «;- We define a polynomial mapping 4 !:
C" - C” by the relation h*x; = y;. To check that h is a diffeomorphism,
we calculate the Jacobian:

0 (it+zi)|__ 5 .| dy; )
det[——a};—- _deLJWj“—B.

The term R containing the derivatives with respect to z is 0 at the origin,
For every summand of the determinant Y 1s homogeneous of degree 0 in

x. All other summands containing z have positive filtration since z; 6E>di,
Therefore, R € Es o and R(0) = 0. Thus, the Jacobians of gand A at 0
are the same, so that the Jacobian of & at zero is different from 0, which
means that 4 is a diffeomorphism. The ring automorphism #* preserves
degrees of all monomials, because it preserves the degrees of the coordinates
X;. Thus, h € H. It is clear that mih = j, and this proves the assertion.

5.8. PROPOSITION. Suppose that d = 0. Then the group Jg of djets of
diffeomorphisms acts as 4 group of linear transformations on the space
A/Es 4 of dets of functions.

PROOF. Let g € G~ 4. Then application of g does not change the
a-jet of a function [, since fog— 1€ Esq. Thus, (h, f) = foh gives a
mapping J; X (A/E<y) - A/E~ 4, as required.

5.9. REMARK. In the case of ordinary homogeneity, even the group
of (d — 1)-jets of diffeomorphisms acts on the space of d-jets (all this in
our notation). This fact has an analogue in the quasihomogeneous case in
the action of the group of (d — min q)-jets.

§6. Quasihomogeneous vector fields

The infinitesimal analogues of the concepts we have introduced run as

follows.
6.1. DEFINITION. A formal vector field v = 2v;0/0x; has filtration d

if the directional derivative of v raises the filtration by not less than
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d: LyEy C Exgq. We denote the set of all vector fields of filtration d by
8- Our filtration in the module of vector fields (that is, derivation of A4)
is compatible with the filtration of the ring:

a€ by, VEGs = avE gars, Lva € Egys.

6.2. PROPOSITION. Suppose that d = 0. Then 1) the Poisson bracket
of vector fields defines on ¢4 a Lie algebra structure; 2) the Poisson bracket
of elements gq, and @4, lies in ga,yay, SO that each g4 is an ideal in the
Lie algebra g.

PROOF. If f = EJ\, Viegdn VzGQdZ then (Lvl ng B va Lvl)f S E7\+d1+d'2 )
as required.

The filtration of a vector field is connected with the filtrations of its
components in the following manner.

6.3. PROPOSITION. The field v = Zv;0/0x; has filtration d (and type «)
if and only if each component v; is a function (series) of filtration d + «;.

For the proof we introduce the following notation. A vector field of the
form x¥9/0x; is called a vector monomial. The degree of such a vector
monomial (for given quasihomogeneous type) is the (possibly negative)
rational number (k, a» — o = (k — 1;, &) in the arithmetical progression
containing the degrees of the ordinary monomials. A vector field is said to
be homogeneous of degree d if all vector monomials occurring in it with
non-zero coefficients are of degree d.

PROOF OF PROPOSITION 6.3. If v € g4, then v; = Lyx; € Egia;, since

xi €E, . Let v, = X vl-,kxk. For every monomial f = x! we have
L o . af o _1l I+k—1,
vf——zvz EZT'HAZI Vi X i,

Here, (k, a) = d + o if v; € Egyq;. Thus, (1 + k — 1;, a)> (1, @) + d, that is,
LyE, C E,.q, as required.

We obtain immediately from Proposition 5.5:

6.4. COROLLARY. The Lie algebra i; of the group J; of d-ets of
diffeomorphisms is the factor algebra i; = go/9_q- The mapping m, 4:
Jp = Jg induces a homomorphism 'wp, g+- §p—iq Of Lie algebras. The
kernel of the mapping of i, into the algebra of jets that immediately pre-
cedes it in filtration is commutative. .

Finally, from Proposition 5.7:

6.5. COROLLARY. The quasihomogeneous vector fields of degree O form
a finite-dimensional Lie subalgebra V) of the Lie algebra of all vector fields.
The Lie algebra Yy is naturally isomorphic to the Lie algebra of the group j,
of O-jets of diffeomorphisms.

In what follows we sometimes identify the vector field v with the set of
n functions (or series) v;. The next two propositions are used later in the
reduction of semiquasihomogeneous functions to normal form.
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6.6. LEMMA. Let F be a power series of filtration d, and let v be a
formal vector field of positive filtration §. Then the Taylor series

F(x+‘f(x)):F(x)+—g§ v+ R

has remainder term R of filtration strictly greater than d + §.

PROOF. In view of the linearity of R relative to F, it is enough to show
this for the case when F is a monomial. Let F = xX, = Zv;0/0x;. We
consider the term of the Taylor series containing a‘mJF/axm (m = (my, ..., m,)

The monomials occurring in this term have exponents p=k-—-—m+ > I,
i=1
where J; is the exponent of one of the monomial functions V7', Thus,
i

P = Z l; ;, where I; ; is one of the exponents 1 in the decomposition
< y

v; = EUI" ]XI. So

But (k, a) = d, d;; — 1;, a) =6 > 0, by assumption. Therefore,
(p, @) = d + Im 18, where Im|=m, + ...+ m,. Hence all monomials
occurring in terms of degree higher than 1| in the Taylor series relative to
v have filtration not less than d + 25, as required.

6.7. COROLLARY. Suppose that F = Fo + Fy + Fy, wWhere Fy € F,
Fy Bl &y © B lin:™ = Vo t vy, where v, € g5, Vi€ g5, 00,

Then

F(x+v(x))=Fo(x)+ [ Fy (x) —=—d—F°—V0] +R', R'€L-qts.

PROOF. We set £y + [y = F' We have R'"=R, + R, + R, + R
where

ar’

[{1: o (in*V (X)) 0 (X)— % v €E>d+6

(Lemma 6.6),

ary
X

(}FI

Vi= inf"oEL>d4~6,

5 = —

Ry —
Ry, = Fz (X +v(x)) €Esays,

V——L F1FE>(-PL§,

as required.
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§7. The normal form of a semiquasihomogeneous function

We consider the local ring of a quasihomogeneous or semiquasihomo-
geneous function f of degree d. We fix a system of monomials forming a
basis for this ring.

7.1. DEFINITION. A monomial is said to be upper or to lie above the
diagonal (or lower, or diagonal) if it has degree greater than d (or less than
d, or equal to d) for given quasihomogeneous exponents.

Note that the number of upper, diagonal, and lower basis monomials
does not depend on the basis of the local ring (see Remark 3.5).

Let e,, ..., ¢, be the system of all upper basis monomials in a fixed
basis of the local ring of the function f.

7.2. THEOREM. Every semiquasihomogeneous function with quasi-
homogeneous part fo, is equivalent to a function of the form fo + Zcgeg,
where the cy are constants.

The proof of Theorem 7.2 is obtained on application of the following

]Dmmn
Avliiilid.

7.3. LEMMA. Let fo be a quasihomogeneous function of degree d and
e, ..., e the set of all basis monomials of fixed degree d > d in the
local ring of fo. Then every series of the form fo + [, where the filtration
of f, is greater than d, can be brought by a formal diffeomorphism to the
form fo + f1, where the terms in f{ of degree less than d' are the same as
in [, and the terms of degree d' reduce to cieq + ...+ cpe,.

PROOF. Let g denote the sum of the terms of degree d' in f;. There
exists a decompostion (if convenient, as far as the terms of filtration higher
than d', but certainly without them)

g= 2 g_i%'”f (X) +-cie1+ - . -+ crery
since ¢;, ..., ¢, are basis monomials. The vector field v occurring in this
formula can be replaced by a homogeneous one of degree § = d —d > 0
without invalidating the formula (to prove this it is enough to decompose
v 1nto its homogeneous parts).

We consider now the formal substitution x =y — v(y), where v is the
vector field with components v; as defined above. We claim that this is a
formal diffeomorphism. For the field v has positive degree 6, so that if the
coordinates are numbercd according to decreasing exponents ¢;, the
Jacobian matrix of the substitution at O is unitriangular. Applying
Corollary 6.7, we find that

FOY—v@)=fo(¥)+Tf1(y) + (e (3) + - - Ferer (¥) —g (DI 17 ()

(in the old notation). Since the filtration of R' is greater than d’, this

proves Lemma 7.3.
PROOF OF THEOREM 7.2. Applying Lemma 7.3 to the function f, and
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the monomials next to those of highest degree d’, we come to the desired
form of the term of degree d'. Applying the same lemma to the series

fo + fi so obtained and the monomials following those of degree d’, we
come to the desired form of the term of degree d' without changing the
terms of degree d and d'. Continuing in this way, we obtain the desired
normal form up to terms of degree as high as required (and even, if con-
venient, we can reduce the formal series completely to formal normal form
by a formal diffeomorphism; this follows from the fact that the degrees of
fields v that arise at various stages grow).

Up to this moment we have not used anywhere the finiteness of the
multiplicity u, so that the formal assertion has been proved without this
assumption. If u is finite, then a fairly long section of the Taylor series
(of length bounded in terms of u; see, for example, [5]) of the function
1s equivalent to the function itself, so that reduction to normal form is
realized by a genuine diffeomorphism.

§8. The normal form of a quasihomogeneous function

Let f, be a non-degenerate quasihomogeneous function. We consider the
linear space £ of all quasihomogeneous functions of the same type and
degree of quasihomogeneity as f,.

8.1. THEOREM. Every quasihomogeneous function of the type and
degree of fo and sufficiently near to [, is equivalent to a function of the
form fo + ciey + ...+ e, Where ey, ..., e is the collection of all
diagonal basis monomials of the local ring of f,.

PROOF. We consider a diffeomorphism of the form x = x + @(x), where
¢ is a quasihomogeneous vector field of degree 0. All such diffeomorphisms
form a Lie group. This group acts (linearly) on E. An orbit through f,
and one through any nearby point have one and the same dimension (see
fi‘;; Remark 3.2 and Lemma 3.4). They intersect the plane f; + Ce; + ... + Ce,
transversally at the point f; and neighbouring points. Thus, the union of
the orbits intersecting this plane near f, contains a neighbourhood of f, in
the whole space £, as we wanted to show.

8.2. EXAMPLE. We show that every non-degenerate binary form of
degree n = 4 reduces to a normal form with n — 3 parameters:

2" y+ ezt 4+ ... - o2yt - ay™

For the non-degeneracy of this form yields the existence of two simple
linear factors, which can be taken as the coordinates x and y. Then the
terms x” and y" are absent from the expression of the form: after this we
make the coefficients of x"7 'y and xy"~ ! equal to 1. In this way the form
reduces to the one above.

It is easy to check that the monomials x"72y2 ... x2y"~? form a
diagonal basis for every form of the type indicated (even in the degenerate case).
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8.3. PROPOSITION. A non-degenerate binary form of degree 4 can be
reduced by a linear transformation to the (Legendre) normal form Xg:
x4 + ax?y? + 3y, a2 #4.

PROOF. By Proposition 8.2, the form reduces to xy(x2 + 2cxy + y?).
This is the product of the quadratic forms @ = xy, b = x* + 2cxpy + P,
There are two independent degenerate forms among the linear combinations
pa + gb of a and b (p:q is defined from the characteristic equation
p? + 2cpg + (¢* — 1)g* = 0, whose discriminant is not 0). Taking the
square roots of these degenerate forms as coordinates, we reduce the
original form to ¢, x* + ¢,x%p? + c3y*. The condition for such a form to
be non-degenerate is ¢y c3(4c,cs gcg) # 0. By a magnification of co-
ordinates we reduce the form to that indicated in Proposition 8.3, which
is thereby proved.

8.4. PROPOSITION. A non-degenerate quasihomogeneous function of
degree 1 with quasihomogeneous exponents 1/3, 1/6 can be reduced by a
quasihomogeneous diffeomorphism to the normal form Jyg: x> +ax?y? + y®,
where 4a> + 27 #0.

PROOF. By definition, the function has the form ¢, x> + ¢, x?y? + c3xy* + c,v°.
From the non-degeneracy it follows that ¢; # 0. By changing x to x + \p?
we can achieve ¢; = 0. Then ¢, # 0 as a consequence of non-degeneracy,
and after a magnification of coordinates the form reduces to that in
Proposition 8.4, which is thereby proved.

8.5. PROPOSITION. Every non-degenerate quasihomogeneous function of

degree 1 with exponents (%, .3%) i (3;;1 , 3;_{_1) , (_[1 , 21_:%) , (H]fﬁ’ %—iﬂ)

can be reduced by a quasihomogeneous diffeomorphism to one of the
respective normal forms:
B tax®yt + Pt 2y ety PN (dat+ 2754 0);
$4_E_ax2yh_i_yzk’ x4y—I"ax2ykﬂ—|—y2h+1 (a2m4 :/;Q)'

The proof repeats the calculations in Propositions 8.3 and 8.4.

8.6. DEFINITION. The inner modality of a quasihomogeneous function is
the total number of diagonal and superdiagonal monomials in some (and
thus in any) monomial basis of the local ring.

8.7. THEOREM. The modality of any semiquasihomogeneous function (in
particular, of a non-degenerate quasihomogeneous function) is not less than
the inner modality of its quasihomogeneous part.

For suppose that /' = f, + f, is the function in question and that
ey, ..., e 1is the set of all diagonal and superdiagonal monomials in any
basis of the local ring. Then the same monomials form the diagonal and
superdiagonal part of a basis of the local ring of each of the functions
f+ce + ...+ ce, at least for sufficiently small ¢ (see Corollary 3.3
and Lemma 3.4). Thus, there exists an s-dimensional plane through f in the
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space of functions with critical point and critical value 0 having the
property that all non-zero tangent vectors to the orbits of points of the
plane near f do not lie in the plane. Thus, the modality of f is not less
than s.

8.8. REMARK. Gabrielov has shown that the modality is equal to the
dimension of the submanifold of a base of versal deformations along which
p does not change. In all the examples of semiquasihomogeneous functions
I know this dimension is the total number of diagonal and superdiagonal
basis monomials.

89. Piecewise filtrations

[t often turns out to be useful to consider filtrations in which the tole
of the diagonal is played by a Newton open polygon (or, in the case of
several dimensions, by a polyhedron convex towards 0). The formal
definition is as follows.

Let oy, ..., @, be a fixed collection of p quasihomogeneous types. We
recall that the monomial x¥ is of degree (oy, k) = 9;(k) in the i-th filtra-
tion. We define the piecewise degree of x¥ to be o(k) = min[pAk), .. - ep (K]

9.1. DEFINITION. A power series has piecewise filtration d if all its mono-
mials have piecewise degree d or higher.

Note that the equation ¢(k) = | defines a hypersurface I" in the space
of exponents k that is convex towards 0. We call T an open polyhedron.
In these terms we can say that a monomial has (piecewise) degree d if and
only if its exponent vector lies on the open polyhedron dI" obtained from
I' by a homothety with the coefficient d. In exactly the same way a series
has (piecewise) filtration d if the exponent vectors of all its monomials lie
on or outside d T .

The sum of the terms of lowest (piccewise) degree in a given power
series is called the principal part of the series. A (piecewise) homogeneous
Junction of degree d is a polynomial whose monomials all have (piecewise)
degree d.

Analogous concepts are defined for vector fields; the degree of the mono-
mial x'9/0x; is defined to be

¢ (1—1;)= min (e, 1—1;).
1<i<p
Note that for all functions f, g and every vector field v we havel
filtration of fg = filtration of f + filtration of g,

filtration on% v; = filtration of f + filtration of wv.

The filtration y is naturally connected with the filtration arising naturally from the Koszul complex
constructed from the derivative of a piecewise-homogeneous function; this was pointed out to me by
Kushirenko.
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The group of diffeomorphisms of filtration d, the group of d-jets of
diffecomorphisms and the corresponding Lie algebras are defined just as in
the case of quasihomogenecous filtrations. There is no analogue for piece-
wise filtrations, except for the group of quasihomogeneous diffeomorphisms.

9.2. DEFINITION. A piecewise-homogeneous function fo of degree d
satisfies condition A if for every function g of filtration d + § > d in the
ideal spanned by the derivatives of f, there is a decomposition

: af ,
&= zﬁ%l’i-"—g ’

where the vector field v has filtration §, and the function g’ has filtration
greater than d + §.

Note that a quasihomogeneous function always satisfies condition A.

We consider a basis of the local ring of a piecewise-homogeneous function
fo of finite multiplicity u.

9.3. DEFINITION. A basis e, ..., e, of homogeneous elements is said
to be regular if, for each D, the elements of the basis of degree D are
independent modulo the sum of the ideal / = (9f/0x0) and the space E-
of functions of filtrations greater than D,

9.4. PROPOSITION. There always exists a regular basis, in fact, one con-
sisting entirely of monomials.

PROOF. The monomials whose exponent vectors lie on DI’ generate
Ep mod £+ p. Thus, their images in Epl(Ep NI + Fxp generate this
linear space, hence a basis for the factor space can be extracted from their
images. The inverse images of the basis vectors so chosen are monomials in
Ep, and we include these monomials in a basis of the local ring.

For large enough D we have Ep C [ (since u < <o), Therefore, the
system of monomials constructed is finite. [t is clear from the construction
that every vector in A is representable as a linear combination of the
chosen monomials and of elements of this ideal. Finally, if the least degree
of a monomial occurring in a relation c,e, + ... € I with non-zero coef-
ficient is D < oo, then the images of monomials ¢; of degree D in the
factor space Ep/(Ep N 1) + Evp would be dependent, against the choice
of the e;. Thus, {e;} is a basis of the local ring, as required.

The number of elements in a regular monomial basis having given (piece-
wise) homogeneous degree does not depend on the choice of a basis of the
local ring. A monomial in a regular basis is said to be diagonal (super-
diagonal) if its degree is equal to (greater than) the degree of the function
fo under discussion.

9.5. THEOREM. If the principal part fo of a function f satisfies condition
A and has finite multiplicity u, then f can be reduced by a diffeomorphism
fo the form fo + cyeq + ...+ cye,, where €y, ..., € are the superdiagonal
monomials in a regular basis.

The proof of Theorem 9.5 repeats that of Theorem 7.2.

9.6. EXAMPLE. We consider the function fo = x% + Xx%y? + 2 where



