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Therefore, at distance not more than | from each coordinate axis in the
space of exponents there is the exponent of an existing monomial. Taking
a monomial near to each of the axes (which is possible since the second
differential is =0), we obtain a mapping i = j of the set of coordinate
axes to itself. Thus, we have to classify mappings of a finite set to itself.
For n = 3 this is not hard to do. A set with three elements has seven
endomorphisms (apart from a re-naming of points), and this is what gives
the seven classes of the table.

The values of the homogeneous exponents o; and the multiplicity u are
calculated according to the formulae in §4.

11.2. PROPOSITION. 1) A non-degenerate quasithomogeneous function of
class 11 exists if and only if the least common multiple [b, c] of b and c
is divisible by a — 1.

2) A non-degenerate quasihomogeneous function of class V1 exists if and
only if (b — 1)c is divisible by the product of a — 1 and the greatest
common divisor (b, ¢) of b and c,

3) Non-degenerate quasihomogeneous functions of the remaining five
classes exist for arbitrary a, b, c.

PROOF. For the proof of 3) it is enough to add up the monomials
shown in the table. To prove 1) and 2), we note that a quasihomogeneous
function of class III or VI is degenerate if it contains none of the mono-
mials yPz7 (p = 0, ¢ = 0). For the zero level set consists in that case of
two components (one of which is the plane x = 0). This means that the
critical point is not isolated (the set of critical points contains the line of
intersection of the components), and the function is degenerate.

Conversely, it is easy to check that the quasihomogeneous functions

II: 2%+ zy” - 22°+eyPz? and VI: 2% L yPx - 2%z -+ eyPa?
are non-degenerate for almost all .

It remains to prove that a diagonal monomial yPz4 exists under exactly
the above divisibility conditions.

In case III the generalized degree of yPz9 is (pc + gb)(@a — 1)/abc. The
monomial y”z7 is diagonal if and only if the degree is 1, that is,
(pc + gb)(a — 1) = (a — 1)bc + be. Thus, be is divisible by a — 1, and the
quotient (which is pc + gb + bc) is divisible by (b, ¢). In other words, bc¢
is divisible by the product of ¢ — 1 and (b, ¢), that is, [b, ¢] is divisible
by a — 1.

Conversely, suppose that [b, ¢] is a multiple of @ — 1. Then the number

aab_cl = be + Ebfcl is an integer and divisible by bc. But every number greater than

bc and a multiple of (b, ¢) can be written in the form! pct+agb(p =0, qg=0).

1 For there are not less than 2 integral points on the line { p, ¢: pc +gb = bc }in the quadrant p =0,

g = 0. The distance between consecutive integral points on every parallel line pc + gb = m > bc is the
same, so that there is an integral point on the segment of the line within the square (even when
mz(b—1)(c— ).
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Thus, abc /(@ — 1) = pc + gb, and the monomial y?z? is the diagonal.
In case VI the diagonality condition takes the form

(@ — 1)(pc + qb) = (@ — Dbe + (b — e

Thus, (b — 1)c is divisible by (a — 1)(b, ¢). Conversely, if (b — 1)c¢ is divi-

b—1) ¢

sible by (@ — 1)(b, ¢), then bc+( can be written in the form

a—1
pc + gb, where p =2 0, ¢ = 0, as required.

An example of a non-degenerate function of class III is xT+xy? +xz +
+ e£x2y2:and one of class VIis x5y + xy’ + xz* + ex?y?.

We recall that the inner modality u, of a quasihomogeneous function is
the number of monomials in the local ring lying on the diagonal or above.

11.3. THEQOREM. The inner unimodal quasihomogeneous functions (that
is, those with uy, = 1) of corank 3 in three variables are exhausted (up to
equivalence) by the following list:

Type Normal form o1, o2, o3
1 1 1

Pg 22z yd+tay?zt 28, 4a®4-27 £ 0 3" 3% 3
. 1 1 3

Q10 ad -yt yz® B! &' 8
o . 1 7 2

Q11 zd - y*s -3’ 318 9
‘ . 1 1 2

U2 a3 y® - yz? 3" 5" B
1 ) 3

Sy z - yPz - z2? % 16 8
' 4 ) 3

Sia z2y - y*z+xz? 13 > 13 ° 13
. , 1 1 1
Uiz 3 - y3 - 1 ”3_ ’ E— 7}

Every non-degenerate quasihomogeneous function with quasihomogeneous
exponents shown in the table can be reduced to the indicated normal form
PROOF. By 84, the last and last but one of the generalized degrees of

the basis monomials are dp . and dax

— Onin- The condition pg = 1 can

therefore be rewritten in the form dy,y = 1, dmax — %min < 1. By §4,

dmax

= n — 2Za;. Thus, for n = 3 the condition o = 1 takes the form
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a + oy a3, 204+ 2ay +203 >2 —0a, s=1,2,3.

Now we must sort out the seven classes I-VII of Proposition 11.1, and
choose an « in each case for which the given inequalities hold. We discard
the case when monomials of degree 2 occur, since we are interested in
functions of corank 3. Substituting the values of «, from Table 11.1, we
get the following integral points corresponding to singularities of corank 3:

Class (a, b, ¢) and notation for the function

I | (3,3 3)=Pg (3,8, 4), 3 4 3), (4, 3, 3)=Uys

II | (3, 3,2)=Pg; (4 3, 2)=Uss; (3, 4 2)=Q0; (3, 5 2)= Qs

I | (3,2 2), (2 3,2), (22, 3)=P;

IV 132, 2)=Pg (4 2, 2)=Uyp; (3, 3, 2), (3, 2, 3)=0y

V132 2)=Pg (3, 2, )=Qyy; (4, 2, 2)=5y

VI | (2, 2, 2)—Pg

VII | (2,2, 3), (2, 3,2), (3, 2, 2)=S5y (2, 2, 2)=P,

On the boundary of the domain of permissible o (that is, for
200 + 20, + 203 =2 2 — @), there are some further mmtegral points with
integral a, b, ¢, namely:

Class (a, b, ¢) and notation for the function
11 (3,3, 3)=Ug; (4, 4, 2)=Vy5 (3, 6, 2)=0Qy
111 @ 2, 3y, By, 2)=“U1,t; 4, 2, 3), (4 3, 2)=Vs
v (3, 2, 4)=0Qu; (4 2, 3)=Vi5 (5,2, 2)=8y; (3, 3, 2)=Uy,
Vi (2, 3, 2)=S84; (2, 2, 3)=Uy; (3, 3, D=Vys
-I, IV, VII —
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For classes I11 and VI we have shown here only the integral points
satisfying the divisibility relations of Proposition 112

We show now that non-degenerate quasihomogencous functions of the
types listed really exist, and exhibit normal forms for them.

By Table 11.1, the homogeneous exponents &g correspond to integral
points (a, b, ¢). Sometimes triples (a, b, ¢) in different classes give rise to
the same exponents. Such triples have been denoted in the preceding tables
by the same letters (for instance, (4,3,3) in class 1 and (4, 2, 2) in class IAY
are denoted by Uj,, and both give oy = 1/4, 0 = Q3 = 1/3).

When we know the homogeneous exponents, we can find all diagonal
monomials. For example, for the values of o of type U, just indicated,
the equation of the diagonal T' has the form 3p + 4q + 4r = 12. The
diagonal monomial xP 97" corresponds to a non-negative solution of this
equation in integers. There are five such solutions:

(4,0.0), (0,3,0), (0,2,1), (0,1,2), (0,0,3).

L B

When we carry out the analogous computations for all the cases listed
above, we come to the following table (in which the cases reducing to a
permutation of the coordinate axes are omitted):

Type A1, Az, A N Exponents of diagonal monomial xPydz"

Lys—Pg | 1, 1, 1; 3 |(300), (210), (201), (120), (102), (111), (021), (012), (030), (003)

Ham= Q1| 8, 6, 9 24| (300), (040), (012)

Vaps= Qa1 | 6, 7, 4 18 | (300), (021), (103)

ap= Qra | 5, 3, 6;15 | (300), (050), (031), (012)

Viop— Sy | 4, 5, 6716 | (400), (021), (102)

Viigss— S12 | 4, 5, 313 | (210), (021), (103)

Ts—Usz | 3, 4, 4 12| (500), (030), (021), (012), (003)

Here oy = Ag/N, so that A,p + A,q + Asr = N.
The boundary points of the domain of permissible a give four more
types of quasihomogeneity: '
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Type A1, Az, Az N Exponents of diagonal monomials x?y9 2"

Hage=Qy |4, 2, 5 12| (300), (220), (140), (060, (012)

Vige=Su |4, 2, 3 10| (050), (130), (210), (102), (022)

Msss=Upy |3, 3, 2 9| (300), (210), (120}, (030), (103), (013)

Hyo=Vys |2, 2, 3; 8| (400), (310), (220), (130), (040), (102), (012)

We now choose normal forms for the functions with these 11 types of
quasihomogeneity.

CASES Q9. @11, S;1 and S;,. All of these have three diagonal mono-
mials each. The coefficients must be different from 0 (otherwise the
function is degenerate). After magnification of coordinates the function
reduces to a sum of diagonal monomials, that is,

Qo= + 3"+, Qu =2 +ys +as,
Sy =zt +y’z f-az®, Sy = 2y + Y’z 4 27
CASE (. The general linear combination of the diagonal monomials in

the table is
Ax® 4 Byb+ Cy?z + Dyze.

For a non-degenerate function, AD # 0. Replacing z by z + Ay? we reduce
the function to a form in which C = 0. After this, magnification of the
coordinates x, y, z converts the coefficients A, B, C to 1, and we obtain

12 = & +y° 4yt
CASE U;,. According to the table, the general form of a quasihomo-
geneous function of type Uy, is Ax* + By + Cy?z + Dyz? + Ez3. For a
non-degenerate function A # 0, and the cubic form in y and z is non-
degenerate. A non-degenerate binary cubic form can be reduced by a linear

change of variables to y® + z3. The coefficient 4 can be made unity by
magnifying the x-axis. So we obtain

. % 0. 5l
U = 2* + y* 4 2

CASE Pg. It is well known that a non-degenerate ternary cubic form can
be reduced to the Weierstrass normal form

z’z — 4y 4 goyz® + q.2%, gy — 27g; # 0.
Replacing ¥ by y + Az, we reduce the form to x%z — 4y3 + Ay2z + Bz3.

By non-degeneracy, B # 0. By a magnification of the x- and z-coordinates
we can reduce the form to
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Py = 2% + ¥ + ay’z + 2%

This form is non-degenerate if 42> + 27 # 0.

This completes the proof of Theorem 11.3.

11.4. PROPOSITION. Non-degenerate quasihomogeneous functions with
quasihomogeneous exponents Qa, Sia, Uyq and Vys (see above) can be
reduced by a quasihomogeneous diffeomorphism to the following normal
forms:

Type Normal form Non-degeneracy condition
Qu | y22+a3+4-az?y?4-y® 4a3 27 = 0

Sy | 222+ 22y +azyd+yd a?—4 = 0

Uy, | 23+ y3+ 223 4-ayzd ad—1 =0

Vi | z224-ayz? 4zt 4-ba2y2 4yt (b2 —4) (a* 4-a2b+1) £ 0

PROOF. CASE Q4. From the table of diagonal monomials we find
Qs = Ayz® + A2y + Ayt + AyS + Ay

The non-degeneracy condition gives 4, #* 0. Replacement of x by
x + Ay? removes A;. In the expression so obtained, 4345 # 0 (non-
degeneracy). By magnifying coordinates we make 4; = A, = A5 = 1. When
this is done, the non-degeneracy conditions takes the form 443 + 27 # 0.
CASE S;4. From the table of diagonal monomials,

Sy = Az 4+ A2y | Axy® + Ay® + Az

[t follows from non-degeneracy that 4, #* 0. Replacement of x by x + Ap?

removes As. After this, non-degeneracy gives A; 4,4, # 0. We make
A, = A, = A, = 1 by magnifiying coordinates. The non-degeneracy con-
dition then takes the form A2 # 4,

CASE U,,. From the table of diagonal monomials,

Uy, = Ag® + Aoz®y + Agzy® + Ay° + Az + Az,

The cubic form A, x3 + ... + A,y is non-degenerate, and by a linear
change of the variables x, y it can be reduced to the form x¥ + 3. It
follows from non-degeneracy that one of the coefficients A5, 4, is not
zero, say As. We make A5 = 1 by magnifying the z-coordinate. The non-
degeneracy condition then takes the form Ag + 1.

CASE V,s. From the table of diagonal monomials,

Vis = Ay2%x + Axgly + Agx* + A2% + Ay + Agry® 4 Aqyt



Normal forms of function in neighbourhoods of degenerate critical points 47

By non-degeneracy, the binary 4-form A;x* + ... + A,p% is itself non-
degenerate. By a linear change of x and ¥y we can annihilate A, and 44 (see
8.3). By non-degeneracy, one of Ay, A, is not 0, say 4,. By a magnifica-
tion of coordinates we achieve that 4, = A3 = A, = 1. The non-degeneracy
condition then assumes the form 42 # 4, A3 + AsA; + 1 #0. This proves
Proposition 11.4.

11.5. PROPOSITION. The following sets of monomials are bases for the
local rings of the functions in Theorem 11.3:

Type Normal form Basis monomials and their weights
PB fzz_i‘_y3<+,,ay2z_+_23 17 L, ¥, 2, TY, Yz, 221 yzz
4a3 27 +0 N=3 0,1,1,1, 2, 2, 2, 3
Q10 Eret I =i 1, ¥, =, z, ¥?, zy, yz, y3, =y?, xy3
N =24 0, 6, 8, 9, 12, 14, 17, 18, 20, 26
o 23 ylz i ox23 1, z, z, y, 22, zz, 38, zy, xz2, z%, 2%
—18 0, 4, 6, 7, 8,10, 12, 13, 14, 16, 20
Q12 a3 yd 4 yz? L, y, z, 2z, ¥2, zy, y*, xz, zy2, y4, zy3, a2yt
N=15 0.8, & 6, 6, 8 G4, 11: 12, 44, 17
Si x4 y2z L xz2 1, z, y, z, 22, ay, zz, 23, 22y, 22z, x3z
N —16 0,4, 5,6, 8, 9,10, 12, 13, 14, 18
Sy 2y -t y2z -l xz3 1, z, , y, 22, 2z, yz, zy, 222, yz2, 2%, 35
N—=13 0,3,4,5, € 7, 8 9, 10, 11, 12, 15
Uiz 23 - y3-+ 51 1, 2, 2, y, 22, 2z, yz, zy, =22, ys2, 2yz, ayz2
Nee=A2 0,3, 4,4, 6, 7, 7, 8, 10, 10, 11, 14

Here the number below the monomial denotes its weight: xP y9z" has
weight 7 = A, p + A,q + A,r, where the g = Ag/N are the homogeneous
exponents (the values of A, and N are shown in pages 44/5).

The proof is based on the formula in §4 for the number y; of
monomials of weight i. The choice of M#; monomials out of all solutions of
the equation i = A, p + 4,q9 + Asr proceeds by means of the “crossword
solution” as described in 9.6.

Similar calculations for the functions Qs — Vys lead to the following
result:

11.6. PROPOSITION. The Jollowing sets of monomials are bases Jor the
local rings of the functions in Proposition 11.4:
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Type Monomials below the diagonal On Above
e
014 1, ¥y, x, yzy 2, 5’3, zy, y4y -73!:'2, xz, y5! ‘Iya !/6 y7
0, 2, 4, 4, 5, 6, 6, 8, 8, 9, 10, 10 12 14
Slfn 1; ¥, 2, T, yZ, vz, 5'3, ry, yZZ, 5‘5!/21 y4s ySz 53,1/3 ‘T'y'l
0, 2, 3, 4, 4, 5, 8, 6, 7, 8, 8, 9 10 12
Uﬂ; 1: Zy, Xy ¥y, ZZ’ Iry Yz, Xy, 531 yzzr 24: Tyz y’ZS yz4
»2,3,3, 4, 5,5 6, 6 7. 8 g 9 i
Vis Loz, gy, 2, 22, ay, y2, yz, 22y, zy?, 2%, yz yz2, z2y2 y2z2
0.2,2,3, 4 4, 4, 5 6 6 g 7 8, 8 10

Thus, in all the cases listed we have succeeded in giving a single system
of monomials furnishing a basis of the local ring for all values of the para-
meters for which the function is non-degenerate. The possibility of such 3
choice of normal forms and bases in the cases £y O, Sia, Uis, Vis has
not been clear up to now,

I1.7. COROLLARY, Every semiquasihomogeneous function wWith
quasihomogeneous part of any of the types Ps — Uy, (or with quasihomo-
geneous exponents as in Taple 11.3) reduces under diffeomorphism to one
of the following normal forms:

Type Normal form 5
Ps 3z 4-y3 L ay2y 23, 4a34-27 =L 0 3
Q1o T3yt Ly g3 4
O | 234 y2 23 g 5
C12 70 ydLya2 Ly o
Sy - y2z 452 -+ ax3z 4
S 2%y 4 y2z 153 g5 53
U - y3 24 Lagyz2 4

11.8. COROLLARY. Every semiquasihomogeneous Jfunction with quasi-
homogeneous exponents of the singularities Qua, Sia, Uns, Vis can be
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reduced by a diffeomorphism to one of the following normal forms:

Type Normal form Non-degfn‘leracy s
condition
Qu | y22—a3—azly® + yb by? 40327 £ 0 7
Sy | 222+ 22y Lary3 5 bryt a2—4 £ 0 6
Uy | 23— y3+ 223 L ayzd — byzt ad—1 £ 0 5
Vis | w2 -ays 4 ot b2yt cytat br—4 0 5
atLa?p -1 == 0

Proofs of these corollaries are obtained from Theorem 7.2 and Tables
11.3, 11.4, 11.5, 11.6. The number s is computed on the basis of 9.10
(the proof of the equation s(S,,;) = 4 uses the fact that x5 lies in the ideal
for arbitrary a).

11.9. COROLLARY. Each of the singularities in the list 11.7 has inner
modality uo, = 1 and modality not less than 1. Singularities of the types
Qia, Sia, Uiy have py = 2 and modality not less than 2; the type Vs has
o = 3 and wmodality not less than 3.

11.10. REMARK. In fact the modalities of the singularities listed in 8810
and 11 are the same as the corresponding inner modalities Mo (see [3]):
however, we do not prove this here.

11.11. THEOREM. Every quasihomogeneous function of inner modality
Mo = 1 is stably equivalent to a function of one of the 17 types in
Theorems 10.3 (part 2) and 11.3.

PROOF. The finiteness of u follows from that of u,. By a theorem of
Saito (1.3 of [13]), every quasihomogeneous function with finite p 1s stably
equivalent to a quasihomogeneous function (possibly in fewer variables)
whose second differential is identically 0. The inner modality of the new
function is the same as that of the original one. The new function is noet a
function of a single variable, or else to = 0. If it 1s a function of two
variables, then by Theorem 10.3(2), the function can be reduced to one of
the 10 forms shown in this theorem. If it is a function of three variables,
Theorem 11.3 says that it can be reduced to one of the seven forms shown
in this theorem.

For corank greater than 3 there are no functions of inner modality 1.
For Saito proved that the (generalized) degree of a basis monomial of
highest degree in the local ring of any quasihomogeneous function of genera-
lized degree 1 with zero second differential is not less than that of a non-
degenerate cubic form in the same number of variables (Theorem 2.11 of

(LY o = 18 —8 0 o= 1 — -g—n On the other hand, it follows from

this inequality that X« < n/3, which means that min & 1s not more than
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1/3. On the other hand, for n > 4 we have dpgy = n — 23 o, > 4/3.

Thus, for n > 4 we have not only dy,, = 1, but Amax ~ Cmin = 1. There
fore, uy = 2 by Corollary 7.11. This proves the theorem.
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