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We will sketch a work in progress in collaboration with
Emmanuel Paul and Julio Rebelo, based on some results
due to several people, mainly:
Ph. Boalch, S. Cantat, M. A. Inaba, K. Iwasaki, M. Jimbo, F.
Loray, B. Malgrange, T. Miwa, M. van der Put, M-H Saito, K.
Ueno, E. Witten,...

In the present state it is mainly a PROGRAM.
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Painlevé differential equations

PI : d2y
dt2 = 6y2 + t .

PII : d2y
dt2 = 2y3 + ty + α.

PIII :
d2y
dt2 = 1

y (dy
dt )2 − 1

t
dy
dt + 1

t (αy2 + β) + γy3 + δ
y ·

PIV : d2y
dt2 = 1

2y (dy
dt )2 + 3

2y3 + 4ty2 + 2(t2 − α)y + β
y ·

PV : d2y
dt2 = ( 1

2y + 1
y−1)(dy

dt )2 − 1
t

dy
dt

+ (y−1)2

t (αy + β
y ) + γ y

t + δ y(y+1)
y−1 ·

PVI : d2y
dt2 = 1

2 ( 1
y + 1

y−1 + 1
y−t ))( dy

dt )2 − ( 1
t + 1

t−1 + 1
y−t ) dy

dt

+ y(y−1)(y−t)
t2(t−1)2 (α + β t

y2 + γ t−1
(y−1)2 + δ t(t−1)

(y−t)2 ).

With α, β, γ, δ ∈ C.
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Painlevé differential equations

PI :
d2y
dt2 = 6y2 + t .

PII :
d2y
dt2 = 2y3 + ty + α.

PIII :
d2y
dt2 = 1

y (dy
dt )2 − 1

t
dy
dt + 1

t (αy2 + β) + γy3 + δ
y ·

PIV : d2y
dt2 = 1

2y (dy
dt )2 + 3

2y3 + 4ty2 + 2(t2 − α)y + β
y ·

PV : d2y
dt2 = ( 1

2y + 1
y−1)(dy

dt )2 − 1
t

dy
dt

+ (y−1)2

t (αy + β
y ) + γ y

t + δ y(y+1)
y−1 ·

PVI : d2y
dt2 = 1

2 ( 1
y + 1

y−1 + 1
y−t ))( dy

dt )2 − ( 1
t + 1

t−1 + 1
y−t ) dy

dt

+ y(y−1)(y−t)
t2(t−1)2 (α + β t

y2 + γ t−1
(y−1)2 + δ t(t−1)

(y−t)2 ).

With α, β, γ, δ ∈ C.
Non-linear second order O.D.E. whose all
moving singularities are poles (Painlevé property).
Fixed singularities: ∞ for PI , PII , plus 0 for PIII ,PIV ,PV , plus
0,1 for PVI .
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Figure: Paul Painlevé 1863-1933
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Painlevé differential equations

PI , PII , PIII : Painlevé.
PIV , PV : Gambier.
PVI : Richard Fuchs (son of Lazarus Fuchs), in
relation with isomonodromic deformations of linear
O.D.E..
Painlevé equations are (up to equivalence) all the
non-linear second order O.D.E. whose all moving
singularities are poles (Painlevé property) and which are
not reducible to “already known cases” (linear equations,
Riccati equations, differential equation of elliptic
functions).
Property of “irreducibility” : new transcendental functions,
proved by Nishioka (1988) and H. Umemura (1989).

The Painlevé equations except PVI were discovered in
relation with the Painlevé property.
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A misunderstanding
The Painlevé equations, except PVI , were discovered in relation
with the Painlevé property. At Painlevé time there was some
interest in the so-called Painlevé property, in particular (I
think...) in relation with the success of S. Kowalevska for
the problem of the top. Today Painlevé property remains
quite popular, due in particular (I think...) to the fact that
there exists an effective test.
BUT the fact that so important equations (the O.D.E. of
the “special functions of the XX-th century”...) were
discovered starting from Painlevé property is a chance (2
is small !). The really important point is NOT the Painlevé
property but the fact that all Painlevé equations translate
phenomena of isomonodromic (or more generally
iso-irregular: Garnier) deformations of linear O.D.E..
All O.D.E. coming from isomonodromic (or more generally
iso-irregular) deformations have the Painlevé property
(Malgrange, Miwa...) but the converse can be false for
equations of order > 2.
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The dynamics of the Painlevé equations

Our project is to use the “true origin” of the Painlevé
equations, that is the fact that they translate phenomena
of isomonodromic (or more generally iso-irregular)
deformations of linear O.D.E., to understand their
dynamics.
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Our main purpose is to “understand the dynamics” of the
six Painlevé equations, in particular to be able to compute
their non-linear differential Galois groupoids in Malgrange
sense. We conjecture that, for “generic values” of the
parameters, these groupoids are “as big as possible”:
conservation of the area (as for PI , a result of G. Casale).
The results are known for PVI (Cantat, Loray, Iwasaki,
M.H. Saito...) and our idea is to “imitate” the method for
the remaining equations PV , PIV , PIII , ,PII , PI

In the case of PVI one translates, via the Riemann-Hilbert
correspondance, the initial transcendental problem (the
study of the dynamics of the equation, or “equivalently” of
the study of the non-linear monodromy around 0,1,∞)
into a purely topological problem: the study of the
dynamics induced by a braid group on a character
variety. The character variety is an affine algebraic
surface (with a complex Poisson structure) and the action
is polynomial and explicit.
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In the case of PVI one translates, via the Riemann-Hilbert
correspondance, the initial transcendental problem into a
purely topological problem: the study of the dynamics induced
by a braid group on a character variety. The character variety
is an affine algebraic surface (with a complex symplectic
structure) and the action is polynomial and explicit.

In the case of PV , PIV , PIII , ,PII , PI , we can translate, via
the irregular Riemann-Hilbert correspondance (in
Martinet-Ramis style), the transcendental initial problem
into a new one. This new problem is no longer purely
topological. It is necessary to replace the four punctured
sphere by some irregular curves, the braid group by
some wild braid groups and the character varieties by
some wild character varieties (replacing representations
of a fundamental group by representations of a wild
fundamental groupoid ).
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More precisely:

– in the case of PVI , the Painlevé flow is conjugated to the
isomonodromy flow on a fibre bundle of character
varieties;
– in the case of the others Painlevé equations, the wild
Painlevé flow (i.e. the Painlevé flow “plus” the Stokes
actions) is “conjugated” to the wild isomonodromy flow on
a fibre bundle of wild character varieties;

We will explain the mechanism in a quite general situation
and afterwards we will give an idea of what is happening
in the particular case of the irregular Painlevé equations
using some recent results of M. van der Put and M.H.
Saito.
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A dream....
Based on ideas of the Japanese school (Iwasaki...) for the classic case
and of Ph. Boalch for the wild case (using Martinet-Ramis approach)

CLAIM (conjectural)

Many ”interesting” algebraic dynamical systems “express”
iso-irregular deformations of linear connections.
Then it is possible to “compute effectively their dynamics”
(by hand or using computer algebra) as (Poisson) actions
of braid goups or wild braid groups on (Poisson) algebraic
varieties.

This opens the possibility to compute differential
invariants and the Malgrange differential groupoid for
such systems.

Chaos seems to be more or less the rule and to call
“integrable” such systems (it is the “classical”
terminology) is not so appropriate !
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Equations
Invariants of meromorphic O.D.E.
Braid groups and mapping class groups
Reductive groups and generalized braids groups

Wild character varieties, braiding of Stokes data and
iso-irregular deformations
Application to the ”dynamics” of the Painlevé
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equations
Non linear Galois theory and integrability
Open problems



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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CHARACTER VARIETIES

and

THE DYNAMICS OF PAINLEVÉ VI EQUATIONS
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Following:

S. Cantat, M. A. Inaba, K. Iwasaki, F. Loray, M-H Saito,...
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Character varieties
Let X be a compact Riemann surface X (of genus g) and
a1, . . . ,am marked points on it (m = 0 is allowed). Let G
be a linear complex algebraic group G (G = GLn(C),
G = SLn(C),...).
We consider the set of representations
π1(X \ {a1, . . . ,am}, ?)→ G, ? ∈ X \ {a1, . . . ,am} being a
fixed base point, modulo the adjoint action of G
(equivalence of representations):

Hom(π1(X \ {a1, . . . ,am}),G)/G,

Hom := Homgr . It is a character variety.
The quotient is in some algebraic sense (categorical quotient,
Jordan equivalence), I skip the details: for the irreducible case
there is no problem...
We suppose now that X := P1(C) ≈ S2 and m > 0 and we
denote the character variety χ(S2

m). Then the fundamental
group π1(P1(C) \ {a1, . . . ,am}) is the (non abelian) free group
generated by m − 1 (homotopy classes of) loops γ1, . . . , γm−1:
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We suppose now that X := P1(C) ≈ S2 and m > 0 and we
denote the character variety χ(S2

m). Then the fundamental
group π1(P1(C) \ {a1, . . . ,am}) is the (non abelian) free group
generated by m − 1 (homotopy classes of) loops γ1, . . . , γm−1:

we can choose m − 1 points ã1, . . . , ãm−1 (respectively)
“very near” of a1, . . . ,am−1, m − 1 paths δ1, . . . , δm−1
(from ? to ã1, . . . , ãm−1) and m − 1 loops γ̃1, . . . , γ̃m−1
based at ãi and turning ”one time” around ai , then:

γi := δi γ̃i δ
−1
i .

We can identify a representation ρ with:
(M1 := ρ(γ1), . . . ,Mm−1 := ρ(γm−1)) ∈ Gm−1

and the character variety χ(S2
m) with Gm−1/G (adjoint

action).
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There is an alternative description, replacing the
fundamental group based at ?, by a fundamental
groupoid “based at ?, ã1, . . . , ãm−1”. Then a
representation ρ is the data of ρ(δ1) ∈ G, . . . , ρ(δm−1) ∈ G
and ρ(γ̃1) ∈ G, . . . , ρ(γ̃m−1) ∈ G. We can identify the
character variety χ(S2

m) with G2m−2/Gm.

Variant:
We can “add” to X the real blow up of each point
a1, . . . ,am−1, that is m − 1 circles S1 and choose points
ã1, . . . , ãm−1 respectively on each circle (“tangential
points”). We get a m − 1 pointed surface X̃ (with a
boundary).

In order to parametrize the character variety, we can
change the “basis” of the fundamental groupoid, leaving
the γ̃i fixed and changing the choice of the (homotopy
classes) of the δi .
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The case of the four punctured sphere
Let S2

4 = P1(C) \ {a1,a2,a3,a4} and G := Sl2(C).
Let ρ : π1(S2

4)→ Sl2(C). The knowledge of the matrices
ρ(γ1), ρ(γ2), ρ(γ3), ρ(γ4) modulo, for each one, the ad-
joint action of Sl2(C) is equivalent to the knowledge of the
four parameters:
a := Tr (ρ(γ1)), b := Tr (ρ(γ2)), c := Tr (ρ(γ3)), d := Tr (ρ(γ2)).
We can associate to ρ three more parameters:

x := Tr (ρ(γ1γ2)), y := Tr (ρ(γ2γ3)), x := Tr (ρ(γ3γ1)),
invariant under overall conjugation.
We have ρ(γ1)ρ(γ2)ρ(γ3)ρ(γ4) = I, the knowledge of the
representation ρ is equivalent to the knowledge of the
three matrices ρ(γ1), ρ(γ2), ρ(γ3) ∈ Sl2(C). We can
identify Rep(S2

4 ,Sl2(C)) with the affine variety (Sl2(C))3

(of dimension 9).
The polynomial map: χ : Rep(S2

4 ,Sl2(C))→ C7 defined
by ρ 7→ χ(ρ) := (a,b, c,d , x , y , z) is invariant under
(overall) conjugation.
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The case of the four punctured sphere: the
character variety

The polynomial map: χ : Rep(S2
4 ,Sl2(C))→ C7 defined by

ρ 7→ χ(ρ) := (a,b, c,d , x , y , z) is invariant under conjugation.

The components of χ satisfy the quartic equation:
x2 + y2 + z2 + xyz = Ax + By + Cz + D,

where
A := ab + cd , B := bc + ad , C := ac + bd

D := 4− a2 − b2 − c2 − d2 − abcd .

The family C[Rep(S2
4 ,Sl2(C))]Sl2(C) of polynomial

functions on Rep(S2
4 ,Sl2(C)) invariant par Sl2(C) is

generated by the components of χ, the algebraic quotient
Rep(S2

4 ,Sl2(C))/Sl2(C), that is the character variety, is
isomorphic to the hypersurface of C7 defined by the
above equation: a six-dimensional quartic.
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The algebraic quotient Rep(S2
4 ,Sl2(C))/Sl2(C), that is the

character variety, is isomorphic to the hypersurface of C7

defined by the equation:

F (x , y , z) = x2 + y2 + z2 + xyz − (Ax + By + Cz + D) = 0,

a six-dimensional quartic.
If we fix the parameters a,b, c,d (“local monodromies” at
the singular points up to conjugation), and therefore
A,B,C,D, then x , y , z belongs to a cubic surface
S(A,B,C,D) of C3.
There is a volume form:

Ω :=
dx ∧ dy

2z + xy − C
=

dy ∧ dz
2x + yz − A

=
dz ∧ dx

2y + zx − B

on (the smooth part of) this surface
(Ω ∧ dF = dx ∧ dy ∧ dz). It defines a complex symplectic
structure.
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There is an area form:

Ω :=
dx ∧ dy

2z + xy − C
=

dy ∧ dz
2x + yz − A

=
dz ∧ dx

2y + zx − B

on (the smooth part of) the cubic surface S(A,B,C,D). It defines a
complex symplectic structure.

This is a particular case of a very general result: there is
a complex canonical Poisson structure on the character
varieties and on the irregular character varieties and the
corresponding symplectic foliations corresponds to the
fixation of local data at the singular points: Ph Boalch,...
The dynamics induced by braiding groups and wild
braiding groups on the character varieties respects these
foliations, they induces algebraic symplectic dynamics on
algebraic varieties (in the present case cubic surfaces).
One our main projects is a systematic study of such
dynamics, beginning with the “simplest cases” (!!!) related
to the Painlevé équations PV , PIV , PIII , ,PII , PI .
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Monodromy of a linear differential system
Let (∆) : dY

dz = A(z)Y be a complex linear differential
system of rank n on a Riemann surface X (z local
coordinate), with A an holomorphic matrix. More
generally we can suppose A meromorphic and replace X
by X \ S, S being the singular set of A.
If a,b ∈ X and if γ is a continuous path from a to b, we
can extend analytically along γ any local solution at a and
we get a local solution at b, the result depends only on
the homotopy class [γ] of γ. We get a linear isomorphism
Mγ : Sola → Solb. If γ is a loop (a = b), then Mγ is a
linear automorphism of the complex vector space Sola,
the monodromy of γ. We get a map:

ρ : π1(X ,a)→ GL(Sola)

It is an homomorphism of groups (opposite structure on π1),
the monodromy representation associated to the system
(∆).
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The easiest way to make the problem nontrivial is
to let the constant mapG (the jump matrix) become
piecewise constant. The Riemann-Hilbert problem
that arises in this way is exactly the kind of fac-
torization problem that appeared in the classical
work of Plemelj devoted to solving Hilbert’s twenty-
first problem. Figure 2 depicts the Fuchsian (i.e.,
piecewise-constant) Riemann-Hilbert problem in
more detail. There, the contour Γ is a polygonal path,
Γ = [a1, a2]∪ [a2, a3]∪ . . . ∪[an−1, an]∪ [an, a1] ,
and the jump matrix G(λ) is defined by

G(λ) =M1M2 · · ·Mk, λ ∈ (ak, ak+1),

where {M1,M2, . . . ,Mn} is a given set of nonsin-
gular constant matrices. For generic Mk satisfying
the cyclic relation M1M2 · · ·Mn = I, the unique 
solution Y (λ) of this Riemann-Hilbert problem 
exists (Plemelj). Moreover, it satisfies a Fuchsian 
differential equation whose poles are ak and whose
monodromy group is generated (see Figure 2) by 
the matrices M1, . . . ,Mn; that is,

τγk (Y )(λ) = Y (λ)Mk,

where τγ denotes the operator of analytic contin-
uation along the loop γ. This relates the Riemann-
Hilbert problems with piecewise-constant jump
matrices to the theory of Fuchsian systems. Plemelj
used this relation in his near solution of Hilbert’s
twenty-first problem. A principal difficulty arises
when we drop the word “generic” in the descrip-
tion of the given matrices Mk . In the general
case, as was shown by Kohn and by Arnold and
Il’yashenko, Plemelj’s proof has gaps. The very 
surprising fact that these gaps cannot be closed 
was shown by Bolibruch by a counterexample (see
[2] for further details).

(iii) As already indicated in the introduction, the
modern theory of integrable systems began with
the discovery of the Inverse Scattering Transform
method. The essence of the method is a lineariza-
tion of a nonlinear (integrable) PDE via a direct
scattering transform generated by the spatial part

Later we will illustrate this statement by an exam-
ple from the modern theory of integrable ODEs.

In summary, our major point is that to have a
solution to a (nonlinear) problem represented in
terms of the function Y (λ) defined via the factor-
ization of a given matrix function is just as good 
as to have the solution written in terms of contour
integrals. In other words, the Riemann-Hilbert rep-
resentation extends the notion of “integral repre-
sentation” to the nonlinear, noncommutative case.

We conclude this section with a few additional
general remarks concerning Riemann-Hilbert prob-
lems.

(i) The following simple observation strengthens
the idea of viewing the Riemann-Hilbert formalism
as a noncommutative analog of contour integral
representation. Let

(3) L =
∫

Γ
g(λ)dλ

be a contour integral, and define the matrix 
function

(4) Y (λ) =









1
∫

Γ

g(µ)
µ − λ dµ

0 1









.

Assuming that all the integrals and limits make
sense (e.g., g(λ) and Γ are continuous, and Γ is
bounded), we can write

(5) L = − lim
λ→∞

[λY12(λ)]
(

= resλ=∞ Y12(λ)
)

.

On the other hand, the matrix function Y (λ) can 
alternatively be defined (again by the Cauchy-
Plemelj-Sokhotskii formula) as the unique solution
of the Riemann-Hilbert problem determined by the
pair (Γ , G) , where

(6) G(λ) =




1 2π ig(λ)

0 1



 .

Hence the evaluation of the contour integral (3) 
is equivalent to the analytic factorization of the 
matrix function (6).9 Since the matrices G(λ) for 
different values of λ commute with each other,
the equation (4) is just the integral representation
(2) in the triangular case.

(ii) Let Γ be a closed Jordan curve that divides
the λ-plane into two open connected sets: the in-
terior domain Ω+ and the exterior domain Ω− . Let
G be a constant map, say G(λ) ≡ G0. Then the
Riemann-Hilbert problem can be solved immedi-
ately: namely,

Y (λ) =
{

I for λ ∈ Ω−,
G−1

0 for λ ∈ Ω+.

9The reader might find it amusing to try to evaluate, via
the factorization of the relevant triangular matrices, stan-
dard integrals of the form 

∫ b
a R(x)dx and 

∫+∞
−∞ R(x)eix dx ,

where R(x) is a rational function.

 

Figure 2. Fuchsian Riemann-Hilbert problem.

Figure: Monodromy
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Fuchsian systems on the Riemann sphere,
Riemann-Hilbert map

We consider a logarithmic connection ∇ on a trivial rank
n complex vector bundle on the Riemann sphere with
singurarities at a1, . . . ,am (m ≥ 2). Choosing a
coordinate z on the sphere, with am =∞, this amounts to
giving a differential system:

(∆) :
dY
dz

= A(z)Y , with A(z) :=
∑

i=1,...,m−1

Ai

z − ai
,

the matrices Ai (residues) being constant. The residue at
am =∞ is Am := −A1 − . . .− Am−1.
The Riemann Hilbert map associates to the Fuchsian
system (∆) its monodromy representation

ρ : π1(P1(C) \ {a1, . . . ,am}, ?)→ GLn(C).
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Riemann-Hilbert map, Riemann-Hilbert
problem

We choose simple loops γi around ai , based at ?, such
that γ1 . . . γm is contractile.
We set a := (a1, . . . ,am), A := (A1, . . . ,Am),
then RHa amounts to the map:
{A |A1 + · · ·+ Am = 0} → {(M1, . . . ,Mm)|Mm · · ·M1 = I},
where Mi := ρ(γi).
If an irreducible representation ρ is given, by
M := (M1, . . . ,Mm), with Mm · · ·M1 = I, then there exists
A, with A1 + · · ·+ Am = 0, such that RHa(A) = M. The
(strong) Riemann-Hilbert problem admits a solution.
It is important to notice that the Riemann-Hilbert map is in
general transcendental (cf. the case of m = 3: the
hypergeometric functions). Therefore it is not so
surprising that, as we will see, RH can transform a
transcendental dynamics into an algebraic dynamics.
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Isomonodromic deformations

If we move a ∈ P1(C), the points a1, . . . ,am remaining
distinct, the topology of P1(C) \ {a1, . . . ,am} does not
change, but, if m ≥ 4, the complex structure changes,
there are moduli. The basis of the deformation is
B := Cm \⋃i 6=j ∆ij , where ∆ij := {xi = xj}.

Schlesinger studied the following problem, the problem of
isomonodromic deformations: is it possible to vary the
matrices A as one move a ∈ B in order to realise “the
same monodromy data” M (up to overall conjugation).
Locally this makes sense, starting from a0 := (a0

1, . . . ,a
0
m)

one can use the same loops to generate:
π1(P1(C) \ {a0

1, . . . ,a
0
m}, ?) and π1(P1(C) \ {a1, . . . ,am}, ?),

if a is “sufficiently near” of a0.
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Isomonodromic deformations and
Schlesinger equations

Schlesinger discovered that if the matrices Ai satisfy the
following differential equations, then the monodromy data
is localy preserved (up to overall conjugation):

∂Ai

∂aj
=

[Ai ,Aj ]

ai − aj
,

∂Ai

∂ai
= −

∑

j 6=i

[Ai ,Aj ]

ai − aj

Conversely, in the generic case, an isomonodromic
deformation satisfies the Schlesinger equations.
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Figure: Ludwig Schlesinger 1864-1933, follower and son-in-law
of Lazarus Fuchs
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Schlesinger equations and PVI

We suppose that m = 4 and that the Ai are trace free
rank two matrices: Ai ∈ sl2(C).
Using the action of the Möbius group on P1(C), we can
suppose that a1 = 0,a2 = t ,a3 = 1,a4 =∞. Then the
Schlesinger equations are:

∂A1

∂t
=

[A2,A1]

t
∂A2

∂t
=

[A1,A2]

t
+

[A3,A2]

t − 1
∂A3

∂t
=

[A2,A3]

t − 1
.

This is a differential system with the unknown function
(A1,A2,A3) (9 scalar unknown functions).
The Schlesinger system preserves A4 = −A1 − A2 − A3.
We fix the eigenvalues of Ai : ±θi/2 (i = 1,2,3) and we
suppose that A4 = −A1 −A2 −A3 is diagonalizable. Then
we can conjugate the system such that

A4 = Diag (θ4/2,−θ4/2).
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Schlesinger equations and PVI

The Schlesinger system preserves A4 = −A1 − A2 − A3. We fix
the eigenvalues of Ai : ±θi/2 (i = 1,2,3) and we suppose that
A4 = −A1 − A2 − A3 is diagonalizable. Then we can conjugate
the system such that

A4 = Diag (θ4/2,−θ4/2).

It is possible to choose a pair (y , x) of conjugate
coordinates on the space of the entries of A1,A2,A3 such
that the Schlesinger system is equivalent to a differential
system on (y , x). There is a good choice such that,
eliminating x , we get an equivalent second order
differential equation which is a Painlevé VI equation with
a convenient choice of parameters.
Explicitly, using the fact that the (1,2) entry of A4 is 0, we
see that the (1,2) entry of z(z − 1)(z − t)

∑3
i=1

Ai
z−ai

is a
degree one polynomial in z. We define y(t) as the unique
zero of this polynomial (Jimbo-Miwa).
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Another parametrization of PVI

PVI(θ):

d2y
dt2 =

1
2

(
1
y

+
1

y − 1
+

1
y − t

))(
dy
dt

)2 − (
1
t

+
1

t − 1
+

1
y − t

)
dy
dt

+
y(y − 1)(q − t)

t2(t − 1)2 (
(θ4 − 1)2

2
−θ

2
1

2
t

y2 +
θ2

3

2
t − 1

(y − 1)2 +
1− θ2

2
2

t(t − 1)

(y − t)2 ),

θ := (θ1, θ2, θ3, θ4).

Each solution t 7→ y(t) extends analytically as a meromorphic
function on the universal covering of P1(C) \ {0,1,∞}: the
Painlevé property.
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The space of initial conditions of PVI

The naive phase space of PVI(θ) is
(P1(C) \ {0,1,∞})× C2:

(t ,q(t),q′(t)) ∈ P1(C) \ {0,1,∞})× C2

The “good” phase space is a convenient
semi-compactification, a fiber space

M(θ)→ P1(C) \ {0,1,∞},

whose fiber at any point t0 ∈ P1(C) \ {0,1,∞} is the
Okamoto space of initial conditions: the Hirzebruch
surface F2 blown-up at 8 points minus some divisor, a
union of 5 rational curves (Kazuo Okamoto 1979).
The Painlevé foliation gives a local analytic trivialisation of
the bundle (which is not algebraically locally trivial).
Then the non-linear monodromy of PVI(θ) is given by a
representation:



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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The Painlevé foliation gives a local analytic trivialisation of
the bundle:

M(θ)→ P1(C) \ {0,1,∞},

Then the non-linear monodromy of PVI(θ) is given by a
representation:

π1(P1(C) \ {0,1,∞}, t0)→ Diff (M(θ), t0)

We get a dynamics on the space of initial conditions. The
main idea is, using the Riemann-Hilbert correspondence,
to replace this transcendental dynamics by a simple
algebraic dynamics.
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Character varieties and PVI: comparison of
dynamics
The Okamoto space of initial conditionsM(θ) can be
interpreted as the moduli space of rank 2, trace free,
meromorphic connections having simple poles at
0, t ,1,∞ with prescribed residual eigenvalues

±θ1

2
,±θ2

2
,±θ3

2
,±θ4

2
.

The Riemann-Hilbert correspondence provides an
analytic diffeomorphismM(θ)→ Ŝ(A,B,C,D), where
Ŝ(A,B,C,D) is the minimal desingularization of S(A,B,C,D).
The Painlevé foliation corresponds to the Schlesinger
foliation and the Schlesinger foliation corresponds to the
natural isomonodromic connection on the bundle of
character varieties S(A,B,C,D) → P1(C) \ {0,1,∞}.
Therefore the monodromy of PVI(θ) corresponds to the
before described representation :

π1(P1(C) \ {0,1,∞}, ?)→ Aut(S(A,B,C,D)).



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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INVARIANTS OF MEROMORPHIC O.D.E.
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Transformations

In order to study a differential system we can use two
types of transformations:

1 Transformations of the independant variable z, that is
analytic automorphisms φ of U: z := φ(u). We
replace the infinitesimal automorphism d

dz by
d
du = dz

du
d
dz = φ′(u) d

dz .
2 Linear transformations of the unknown vector func-

tion Y .

In the two cases we can use only “known” transforma-
tions. In the first case we will use Möbius transformations
(homographies), in the second we will use “rational”
transformations Y = PZ , with P ∈ GLn(K ), K ⊂M(U)
being a field of “known” functions, containing the entries
of the matrix A of the given system, the “rationality field”.
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Painlevé equations

Non-linear Galois
theory

Open problems

Rationality fields: differential fields

We can work with various rationality fields, we need on K
(or K̂ ) a structure of differential field.

Global cases:
K := C(z), K :=M(C), K :=M(U), U ⊂ P1(C);
d/dz;
Local cases:
K := C({z}) (the field of fractions of convergent
power series C{z}) K := C({(z − a)});
Formal cases:
K̂ := C((z)) (the field of fractions of C[[z]]);
K̂ := C((1/z)) (the field of fractions of C[[1/z]])...
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Rationality fields: differential fields

We can work with various rationality fields, we need on K
(or K̂ ) a structure of differential field.

Global cases:
K := C(z), K :=M(C), K :=M(U), U ⊂ P1(C);
d/dz;

Local cases:
K := C({z}) (the field of fractions of convergent
power series C{z}) K := C({(z − a)});
Formal cases:
K̂ := C((z)) (the field of fractions of C[[z]]);
K̂ := C((1/z)) (the field of fractions of C[[1/z]])...
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According to the cases we need on K (or K̂ ) a structure
of differential field.
More generally we introduce the notions of differential
ring.
A commutative ring (with an unity 1) with an operator
(R, ∂), ∂ : R → R (resp. (R, ψ), ψ : R → R) is a
differential (resp. difference) ring if:

∂ is additive: if f ,g ∈ R, then
∂(f + g) = ∂f + ∂g;
∂ is a derivation: if f ,g ∈ R, then ∂(fg) = (∂f )g + f∂g
(resp. ∂ is a homomorphism: if f ,g ∈ R, then
∂(fg) = (∂f )(∂g)).

Constants: CR := {f ∈ R|∂f = 0}. Here in all the cases
the constants field is C.
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Gauge transformations

We consider a differential field (K , ∂) and a differential
system:

∂Y = AY , A ∈ Mn(K ).

If we introduce a linear transformation Y = PZ on the
unknown vector Y : P ∈ Gln(K ), whose entries belong to
the “rationality field” K , we get:

AY = ∂Y = ∂(PZ ) = (∂P)Z + P∂Z

APZ = ∂Y = ∂(PZ ) = (∂P)Z + P∂Z

∂Z = (P−1AP − P−1∂P)Z

or
∂Z = BZ , with B := P−1AP − P−1∂P.

We can replace the gauge group Gln(C) by a linear
algebraic group G: P ∈ G(K ).
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Following Birkhoff (1913) we consider some problems of
classification of differential systems that is the study of
the quotients of Gln(K ) by the corresponding equivalence
relations. More precisely the purpose of Birkhoff was to
identify each equivalence class by a set of invariants (the
analysis) such that conversely to a set of invariants
corresponds an unique equivalence class (the synthesis).

There are two classes of invariants: algebraic invariants
(computable by hand or using computer algebra) and
transcendental invariants.
If the matrix A of the system is constant (i.e. if its entries belong
to CK ) then we can choose the matrix P constant and we get:

B := P−1AP − P−1∂P = P−1AP

and the corresponding equivalence class is the similitude class
of the matrix A.
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Riemann-Hilbert Problems

The direct problem of the classification is to get a
complete set of invariants, characterizing the class. The
inverse problem is to start from a set of “invariants” and to
build an equation (up to equivalence).
The main tool of Birkhoff for the solution of the inverse
problem is a theorem of factorization of matrix functions
(Birkhoff factorization theorem 1911). The problem was
initially stated by Riemann (posthumous note, 1876),
anterior results are due to Hilbert (1905) and Plemelj
(1906, 1908). Birkhoff result was later improved by
Garnier (1951).
A weaker version is equivalent to a theorem of
classification of fibre bundles on the Riemann sphere
(Grothendieck 1957).
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Fundamental solutions

Let Y ′ = AY be a meromorphic differential system on
P1(C) (or more generally on a Riemann surface X ).
Let S be its singular set (a finite subset of P1(C)). Let ?
be a regular point, due to Cauchy theorem there exists a
holomorphic fundamental solution F in a neighborhood of
? (we can choose F (?) = I), extending it by analytic
continuation, we get an holomorphic matrix F on the
universal covering of (P1(C)− S; ?) (or (X − S; ?)) which
is a solution (in the evident sense).
If F1 is another fundamental solution, then F1 = FC,
where C ∈ Gln(C) is a constant matrix and conversely.

Let G be a connected linear algebraic group and let g be
its Lie algebra. We suppose A ∈ g(K ), if F (z0) = I, then F
takes its values in G. If F1 is another fundamental solution
taking its values in G, then F1 = FC, where C ∈ G(C).
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An example: the hypergeometric differential
equations
The first solution of the classification problem is due to B.
Riemann in the case of the hypergeometric differential
equations:

(Eα,β,γ) z(1− z)y ′′ + [γ − (α + β + 1)z]y ′ − αβ = 0,

α, β, γ ∈ C. Hypergeometric series:

2F1(α, β; γ; z) :=
+∞∑

n=0

(α)n(β)n

(γ)nn!
, (a)n = α(α−1) · · · (α−n+1).

Fundamental system of solutions at the origin:

2F1(α, β; γ; z), z1−γ
2F1(α− γ + 1, β − γ + 1; 2− γ; z).
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Fundamental system of solutions at the origin (generic
case):

2F1(α, β; γ; z), z1−γ
2F1(α− γ + 1, β − γ + 1; 2− γ; z).

Monodromy around the origin: z → e2iπz (analytic
continuation along a simple loop around 0):

M0 :=

(
1 0
0 e−2iπγ

)
.

Monodromy exponents:
– at 0: 0,1− γ

– at 1: α, β
– at∞: 0, γ − α− β.

We can put the hypergeometric equation in system form,
then starting from a fundamental solution F in a small
neighborhood of the point ?: z = 1/2, we get, by analytic
continuation along a loop ` at 1/2 a linear permutation of
the solutions (monodromy transformation):
M` ∈ Gl(Sol1/2), and, using F , a monodromy matrix M`:

F 7→ FM`.
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The map ` 7→ M` induces a map (the monodromy
representation):

π1(P1(C)− {0,1,∞}; 1/2)→ Gl(Sol1/2)

and, using F (equivalently a basis of Sol1/2) a map:

π1(P1(C)− {0,1,∞}; 1/2)→ Gl2(C),

defined up to conjugation.
Using a “good choice” for F , B. Riemann computed this
representation for the hypergeometric differential equa-
tions using only trigonometric functions. More generally
we can compute it from “natural choices” for F using
trigonometric functions and Γ function. The monodromy is
(generically) a transcendental function of α, β, γ.
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If F = PF1, with P ∈ Gl2(C(z)) (gauge transformation),
then P is invariant by the monodromy. As FM` = PF1M`,
F1 is transformed by the monodromy into F1M`, therefore
the monodromy is invariant by equivalence (local mono-
dromy or global monodromy).
This remains true in the general case: Y ′ = AY with
A ∈ Gln(C(z)). If S ⊂ P1(C) is the set of poles of A, then
we have a monodromy representation:

π1(P1(C)− S; z0)→ Gl(Solz0),

z0 being a regular point (z0 ∈ P1(C)− S), and using a
fundamental solution F at z0 (Cauchy existence theorem)
we get a map:

π1(P1(C− S; z0))→ Gln(C)

This monodromy representation is invariant by
equivalence.
There is also a local version and a formal version (using
the formal monodromy).
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In the global, local, formal cases, the monodromy
representation gives some invariants. It is natural to ask
the following questions:

Is it possible to deduce “all the invariants” from the
knowledge of the monodromy (is the monodromy a
“complete set of invariants”) ?
Is it possible from the knowledge of a finite dimensio-
nal representation of the fundamental group π1 to get
a differential system up to equivalence ?

For the hypergeometric differential equations and the
complex linear two-dimensional representations of the
free group Z ∗ Z the answers are yes. It is due to
Riemann.
In the general case it can be no. The simplest example is
y ′ − y = 0 on P1(C): the monodromy is trivial, it is the
same than the monodromy of zy ′ − y = 0 and the two
equations are not equivalent.
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There is a nice class of linear differential systems such
that the answers are yes, the regular singular systems.
The condition is local at the singularities.
A system Y ′ = AY is Fuchsian at z1 if A admits a simple
pole at z1, it is regular singular at z1 if it is locally
meromorphically equivalent to a Fuchsian system at z1.
If z1 = 0, if A0

z is the polar part of A at 0 and if A0 ∈ Mn(C)
is non resonant (i.e. the difference of the eigenvalues are
never positive integers), then the system Y ′ = AY is
locally equivalent to the system:

zY ′ = A0Y .

For differential equations there is no difference between
Fuchsian and regular singular, the condition (at z1) is:
it is possible to write the equation:

y (n) + bn−1y (n−1) + · · ·+ b0y = 0
with b0, . . . ,bn−1 holomorphic at z1.



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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In the non regular singular case there are other invariants
than the monodromy. A non regular singular singularity is
said irregular. The question is essentially local at the
irregular singularities and it is related to the divergence of
the fundamental solutions.
If 0 is an irregular singularity of the system Y ′ = AY , then
this system admits a formal fundamental solution
(Hukuhara-Turrittin), x local coordinate:

F̂ = Ĥ(t)xLeQ(1/t),

with x = tν , ν ∈ N∗, Ĥ ∈ Gln(C((t)), L ∈ Mn(C),
Q = Diag(q1, . . . ,qn), q1, . . . ,qn ∈ 1

t C[1
t ].

“In general” Ĥ is divergent.
For simplicity we will describe only the unramified case:
ν := 1.
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The archetypal example is the Euler equation:

x2y ′ + y = x

or its “homogeneous version”: (x−1(x2y ′ + y))′ = 0.
Euler equation admits a divergent formal power series
solution:

+∞∑

n=0

(−1)nn!xn+1.
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We return to a formal fundamental solution:

F̂ = Ĥ(x)xLeQ(1/x),

Formal monodromy M̂ := e2iπL (ν = 1), we have

F̂ (e2iπx) = F̂ (x)M̂.

The formal invariants (in particular the formal
monodromy) are obtained from L, Q (and ν).
The meromorphic invariants for a fixed normal formal
form stems from the divergence of Ĥ (Stokes
phenomena). Intuitively they correspond to a “branching”
of the “sum” of Ĥ, a (purely unipotent) “monodromy”
around “infinitely near singularities” defined by Q.
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Summability and Stokes phenomena
“Generically” the entries of the matrix Ĥ are k-summable
(Ramis), where k is the Katz rank of the system (∆) (the
biggest slope of the Newton polygon of (∆)). More
generally they are multisummable (Martinet-Ramis...).
Therefore, for all d ∈ S1, it is possible to define two
summation operators S+

d and S−d associating to Ĥ two
matrices H+

d and H−d which are holomorphic on a “small”
sector bisected by d .
In general H+

d = H−d , they differ only for a finite number of
directions: the singular directions (or Stokes-lines, or
anti-Stokes lines ...). Choosing a branch of the
Logarithm, that is d ∈ R above d ∈ S1, we get two actual
fundamental solutions F+

d := S+
d F̂ and F−d := S−d F̂ .

There exists a unique constant matrix Std such that:

F+
d = F−d Std,

Std 6= I if and only if d is a singular direction.
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There exists a unique constant matrix Std such that:

F+
d = F−d Std,

Std 6= I if and only if d is a singular direction. In that case
Std is the Stokes matrix associated to d. It is unipotent.
There is a relation between the formal monodromy M̂, the
Stokes matrices and the actual monodromy M̂:

M = M̂ Stdm · · ·Std1

(d1 < · · · < dm < d1 + 2π).

For the Stokes matrices, a change into the choice of a
branch of the logarithm corresponds to a conjugation by a
power of M̂.
Intuitively a Stokes matrix corresponds to a loop around a
singularity (or a pack of singularities) “infinitely near” of 0
on d .
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Generalized Riemann-Hilbert
correspondance, local version

To a germ of irregular meromorphic system, in the
unramified case, we can associate:

Q ∈ 1
z

[
1
z

], M̂, and the Std.

We will say that these data defines a representation of
the wild local fundamental group π1,w (C,0). (It is possible
to give precise definitions at the price of some abstraction...)

Conversely to such data (satisfying some compatibility
conditions), it is possible to associate a germ of
meromorphic system. It is the generalized (or wild)
Riemann-Hilbert correspondance (Birkhoff,
Balser-Jurkat-Lutz, Sibuya, Malgrange...) in the local case.
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Generalized Riemann-Hilbert
correspondance, global version
Let X be a Riemann surface.
In the regular singular-case we associate to a meromor-
phic differential system (∆) on X its monodromy
representation:

ρ : π1(X \ S; ?)→ Gl(Sol?(∆)
RH : (∆)→ ρ.

In the irregular case we can imitate this process, repla-
cing the fundamental group by a wild fundamental group
(Martinet-Ramis, Bolibruch-Malek-Mitschi), however the
correspondance it not “perfect”, it is in fact necessary to
use a wild fundamental groupoid. What are missing are
some “links” between the base point ? and each irregular
singular point ai , more precisely a continuous path
between ? and a (generic) direction ãi at ai , followed by
an “antisummation path” along ãi (Jimbo-Miwa-Ueno,
Boalch, Witten, van der Put-Saito).
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14 EDWARD WITTEN

q
p

p1

W U

V

Figure 2. A Riemann surface C, here taken to be of genus gC = 1,
with an irregular singularity at a point p. A basepoint is taken at
q. Show are the Stokes rays near p and the important paths in
defining the generalized monodromy data.

parameters to account for the local behavior near p. These parameters comprise
the monodromy M̂ on a small loop circling the singularity in the disc C∗, as well
as the Stokes matrices Mα that involve the asymptotic behavior near p. So the
total number of extra complex parameters required to describe the situation in the
presence of an irregular singularity is

(2.35) ĉn = dim(G) + cn = n dim(G) − (n− 1)r.

The monodromy data Ui, Vj , and W , together with the local data at the singu-
larity, obey one relation, as was the case in the absence of the singularity. But now,
instead of (2.33), this relation is more complicated:

1 =U1V1U
−1
1 V −1

1 · · ·UgVgU
−1
g V −1

g WM̂W−1

(2.36)

=U1V1U
−1
1 V −1

1 · · ·UgVgU
−1
g V −1

g W exp(−2πT1)M2n−2M2n−1 · · ·M1W
−1.

We have written this relation both in terms of the monodromy M̂ around the
singular point, and more explicitly in terms of the formal monodromy and the Stokes
matrices. And now, the group of equivalences that acts on this data is GC × TC,
where the first factor acts by gauge transformations at q and the second by gauge
transformations at p1. An element g ∈ GC acts by Ui → gUig

−1, Vi → gVig
−1, and

W → gW . And an element S ∈ TC acts by W →WS−1, Mα → SMαS−1.

2.7. Topological Interpretation. As above, we write Y for the moduli space of
GC-valued flat connections on C, up to gauge transformation. And we write Y∗
for the space that parametrizes the generalized monodromy data in the presence of
an irregular singularity at p (or more generally in the presence of several irregular
singularities).

Y can be defined purely topologically, since it can be interpreted as a moduli
space of representations of the fundamental group of C. The topological nature
of Y is explicit in the equation (2.33), which does not depend on the complex
structure of C. A flat connection up to gauge transformation is equivalent to a set
of elements Ui, Vj ∈ GC obeying (2.33), up to conjugation. So Y can be defined
purely in topological terms.

The same is true of Y∗, though this may be surprising at first. To describe, up
to isomorphism, the generalized monodromy data of a flat connection on C\p with

Figure: Wild fundamental groupoid: g=1, m=1
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Representations of the wild fundamental
groupoid, global version
(The idea)

Links: Li : Sol? → Solai , i = 1, . . .m.

X := P1(C), genus g := 0:

I = L−1
m MmLm . . . L−1

1 M1L1,

Mi = M̂i Stdi,ri
. . .Stdi,r1

i = 1, . . .m.

X := Xg , genus g:

I = U1V1U−1
1 V−1

1 . . .UgVgU−1
g V−1

g L−1
m MmLm . . . L−1

1 M1L1,

Mi = M̂i Stdi,ri
. . .Stdi,r1

, i = 1, . . .m.
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Gauge group

Let G be a connected linear algebraic group and let g be
its Lie algebra.

Let (∆) : dY
dz = A(z)Y , we suppose A ∈ g(K ), where

K := C({z}) (A is a meromorphic matrix taking its values
in the vector space g), then:

Q ∈ 1
z g[ 1

z ], M̂ ∈ G, and the Std ∈ G

(Kolchin, Babbitt-Varadarajan, Martinet-Ramis, Boalch).

We say that G is a gauge group for the system (∆).
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BRAID GROUPS AND MAPPING CLASS GROUPS



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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Figure: Braids
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E. Brieskorn (1988):

The beauty of braids is that they make ties between so
many different parts of mathematics: combinatorial
theory, number theory, group theory, algebra, topology,
geometry and analysis, and, last but not least,
singularities.

Figure: E. Brieskorn
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Description using braiding of strands
The group law

1 Introduction

In a review article, one is obliged to begin with definitions. Braids can be defined by very
simple pictures such as the ones in Figure 1. Our braids are illustrated as oriented from left
to right, with the strands numbered 1, 2, . . . , n from bottom to top. Whenever it is more
convenient, we will also think of braids ‘vertically’, i.e., oriented from top to bottom, with
the strands numbered 1, 2, . . . , n from left to right. Crossings are suggested as they are in a
picture of a highway overpass on a map. The identity braid has a canonical representation in
which two strands never cross. Multiplication of braids is by juxtaposition, concatenation,
isotopy and rescaling.

Figure 1: Examples of 4-braids X,Y and their product XY

Pictures like the ones in Figure 1 give an excellent intuitive feeling for the braid group,
but one that quickly becomes complicated when one tries to pin down details. What is
the ambient space? (It is a slice R2 × I of 3-space.) Are admissible isotopies constrained
to R2 × I? (Yes, we cannot allow isotopies in which the strands are allowed to loop over
the initial points.) Does isotopy mean level-preserving isotopy? (No, it will not matter
if we allow more general isotopies in R2 × I, as long as strands don’t pass through one-
another.) Are strands allowed to self-intersect? (No, to allow self-intersections would give
the ‘homotopy braid group’, a proper homomorphic image of the group that is our primary
focus.) Can we replace the ambient space by the product of a more general surface and an
interval, for example a sphere and an interval? (Yes, it will become obvious shortly how to
modify the definition.)

We will bypass these questions and other related ones by giving several more sophisti-
cated definitions. In §1.1, §1.2 and §1.3 we will define the braid group Bn and pure braid
group Pn in three distinct ways. We will give a proof that two of them yield the same
group. References to the literature establish the isomorphism in the remaining case. In
§1.4 we will demonstrate the universality of ‘braiding’ by describing four examples which
show how braids have played a role in parts of mathematics which seem far away from knot
theory.

1.1 Bn and Pn via configuration spaces

We define the topological concept of a braid and of a group of braids via the notion of a
configuration space. This approach is nice because it gives, in a concise way, the appropriate
equivalence relations and the group law, without any fuss.

The configuration space of n points on the complex plane C is:

C0,n̂ = C0,n̂(C) = {(z1, . . . , zn) ∈ C× . . .× C | zi #= zj if i #= j}.

3

Figure: Braids
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Braid groups, following E. Artin (1925)

The Artin braid group on n strands Bn is the group
generated by n − 1 elements σ1, . . . , σn−1 satisfying the
relations:

σiσj = σjσi , if |j − i | ≥ 2;

σiσi+1σi = σi+1σiσi+1, i = 1, . . . ,n − 2, if n ≥ 3.

Figure: Emil Artin 1898-1962
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Generators of braid groups: geometric
interpretation with strands

Figure: Generators σ1, σ2, σ3 of B4
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The braid group B1 is trivial and the braid group B2 is
isomorphic to Z.
For n = 3, the Artin braid group B3 is generated by σ1 and
σ2 with only one relation σ1σ2σ1 = σ2σ1σ2.
The center of B3 is the subgroup generated by

(σ1σ2)3 = (σ1σ2σ1)2.

Let S1 :=

(
1 1
0 1

)
, S2 :=

(
1 0
−1 1

)
, σ1 7→ S1, σ2 7→ S2

induces a group homomorphism:

B3 → PSL2(Z).

There is an exact sequence:

I → ((σ1σ2)3)→ B3 → PSL2(Z)→ 1
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Permutation groups and pure braid groups

Let Sn be the permutation group of n elements.

Taking account only of the origin and the extremity of the
strands, we get a group homomorphism: Bn 7→ Sn. This
homomorphism is onto and, by definition, its kernel is the:

pure braid group Pn.
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Braid groups and configuration spaces

The configuration space of n points on the complex plane
C is, by definition,

Confn := {z := (z1, . . . , zn) ∈ Cn | zi 6= zi , if i 6= j}.

The permutation group Sn acts on Confn by permutation
of the coordinates of z.
There is an interpretation of the groups Bn and Pn as
fundamental groups:

Pn = π1(Confn, ?), Bn = π1(Confn/Sn, ?).

Let γ := (γ1, . . . , γn) : [0,1]→ Confn be a continuous
loop. The graphs of γ1, . . . , γn form a subset of [0,1]× Cn

which can be interpreted as a geometric (pure) braid.
Variants. We can replace the complex plane C by the disk
D. We can also interpret Bn as a mapping class group.
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40 5. LE GROUPE DE TRESSES ET SES AVATARS

(ii) Pour tout t ∈ [0j , 1j ], b(t) ∈ {t} ×D.

L’image de chaque intervalle est un brin de la tresse. Deux tresses géométriques
b, b′ sont isotopes s’il existe une famille lisse de tresses géométriques (bt)t∈[0,1] telles
que b0 = b and b1 = b′.

Les points importants à retenir : 1) Les extrêmités sont fixées pendant toute l’iso-
topie ; 2) L’application t #→ b(t)1 is strictement croissante.

Deux observations faciles :

1. Une tresse géométrique induit une permutation des piqûres.

2. Des tresses géométriques isotopiques induisent la même permutation.

Une tresse est une classe d’isotopie de tresses géométriques.

Fig. 5.1. Une tresse géométrique à quatre brins.

On ajoute une structure algébrique en observant que l’on peut concaténer les tresses
(avec un nombre de brins fixé) :

• ’Etant donné deux tresses représentées par b, b′, on compresse l’image de b
dans le cylindre [0, 1/2]×D et l’image de b′ dans le cylindre [1/2, 1]×D ;
le résultat est une nouvelle tresse représentée par la tresse géométrique
b · b′ = bb′.

• Il y a un élément trivial : il est représenté par la tresse dont les brins sont
des segments verticaux sans enlacement entre eux.

• L’inverse d’une tresse est induit par la réflection par rapport au disque
{1/2} ×D.

On vérifie sans difficulté que la concaténation est associative au niveau des classes
d’isotopie. On en déduit le

Lemme 5.1. Les tresses à n brins forment un groupe Bn.

Figure: Braids and punctured disks
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Figure: Pure braid and loop on the configuration space
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Braid groups and mapping class groups

Let Dn be the closed unit disc with n marked points
a1, . . . ,an. The braid group Bn is isomorphic to the group
M(Dn) of diffeotopies of Dn that is the subgroup of the
group of diffeotopies of the closed disc leaving fixed the
boundary ∂D = S1 and the set of marked points.

Idea of a proof

Let f ∈M(Dn), we represent it as a diffeomorphism φ

preserving the orientation. Interpreting φ as a diffeomorphism
of D, we know that it is isotopic to idDn . If t ∈ [0,1] 7→ φt is an
isotopy, the n maps (t ,ai ) 7→ (t , φt (a1)) ∈ [0,1]× D
(i = 1, . . . ,n) define a geometric braid and we get a map
M(Dn)→ Bn. It is clearly an homomorphism of group,
exhibiting the inverse one can prove that it is an isomorphism.
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The group M(Dn) induces an automorphism of the
fundamental group π1(Dn). It acts on the “natural”
systems of generators of π1(Dn) (such a system identifies
the fundamental group with a free group Fn := Z ∗ · · · ∗Z).

We are interested in the subgroup of M(Dn) fixing each
ai , i = 1, . . . ,n. It is isomorphic to the pure braid group Pn
and also to the mapping class group of the n + 1 punctu-
red sphere S2

n+1.
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t′
i

tj tk

βi

t′
j t′

k

ti

Figure 10: Basic braid βi, where (i, j, k) is a cyclic of (1, 2, 3)

ti tj tk

γi γj γk

t′
j t′

kt′
i

γ′
kγ′

i

γ′
j

Xt

Xt

Xt

Figure 11: The braid action βi : (γi, γj, γk) !→ (γ′
i, γ

′
j, γ

′
k)

30Figure: Half-monodromy and braiding (Iwasaki...)
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Basic facts
Modular group actions

Finite Λ̄ orbits

Solutions of Painlevé VI
Schwarz list
Isomonodromy approach
Reconstruction

Painlevé VI ↔ linear system dictionary:

PVI independent variable t = (ux − uy )/(ux − uz ); w(t) is a combination of
matrix elements of Ax,y,z

to each branch of a solution of PVI corresponds a (conjugacy class of) triple of
monodromy matrices; eigenvalues of Mx , My , Mz , M∞ = MzMyMx give PVI

parameters θx,y,z,∞; the other two correspond to integration constants

analytic continuation induces an action of the pure braid group P3 on the space
M = G3/G , G = SL(2, C) of conjugacy classes of G -triples

u
x

u
y

u
z

u
x u

z
u

y

ux

Mx M My x

uz
ux

uy uz

-1

My

uy

Oleg Lisovyy Part 1: Algebraic solutions of Painlevé VIFigure: Monodromy and braiding (O. Lisovyy)
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The pure braid group P3 and the dynamics of
the Painlevé equation PVI

Using the Riemann-Hilbert map, it is possible to interpret
the (analytic) dynamics of PVI as a dynamics on the
character variety χ(S2

4 ,Sl2(C)) corresponding to the
action of the mapping class group of S2

4 , or equivalently
to the pure braid group P3. Hence we get a polynomial
action of PSL2(Z) on the cubic surfaces S(A,B,C,D).

Let Γ±2 ⊂ PSL2(Z) be the subgroup whose elements
coincide with identity modulo 2. Then (El’-Huti):
the morphism Γ±2 → Aut(S(A,B,C,D)) is injective, the index
of its image is bounded by 24 and it is generically an
isomorphism.
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Let Γ±2 ⊂ PSL2(Z) be the subgroup whose elements
coincide with identity modulo 2. Then (El’-Huti):
the morphism Γ±2 → Aut(S(A,B,C,D)) is injective, the index
of its image is bounded by 24 and it is generically an
isomorphism.

Using this result it is possible to prove that the
non-commutative Galois differential groupoid,
of PVI , in Malgrange sense, is
the groupoid of transformations conserving the area,
except in the Picard-Painlevé case (Cantat-Loray).

The irreducibility of PVI in Nishioka-Umemura sense
follows (Casale).
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Let, as above, S2
4 = P1(C) \ {a1,a2,a3,a4} and

G := Sl2(C).
Let ρ : π1(S2

4)→ Sl2(C) be a representation.
We set:

M1 := ρ(γ1), M2 := ρ(γ2), M3 = ρ(γ3).

We consider
Λ := {(sx , sy , sz)| s2

x = s2
y = s2

z = 1} = Z2 ∗ Z2 ∗ Z2.

sx =

(
−1 −2
0 1

)
, sy =

(
1 0
0 −1

)
, sz =

(
1 0
−2 −1

)

The group Γ±2 can be identified with Λ and the standard
modular group Γ2 corresponds the subgroup (of index 2)
of Λ containing the words of even length in the involutions
sx , sy , sz .
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sx : (M1,M2,M3)→ (M−1
1 ,M−1

2 ,M1M−1
3 M−1

1 )

sy : (M1,M2,M3)→ (M2M−1
1 M−1

2 ,M−1
2 ,M−1

3 )

sz : (M1,M2,M3)→ (M−1
1 ,M3M−1

2 M−1
3 ,M−1

3 )

The traces a,b, c,d (and therefore A,B,C,D) are fixed by
Λ = Γ±2 .
The action of Λ = Γ±2 on the cubic surface S(A,B,C,D) is
(Loray-Cantat, Lisovyy):

sx (x , y , z) = (A− x − yz, y , z)

sy (x , y , z) = (x ,B − y − zx , z)

sz(x , y , z) = (x , y ,−z − xy)



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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The standard modular group Γ2 ⊂ PSL2(Z) is generated
by the three elements:

gx = szsy =

(
1 0
−2 1

)
= S2

1

gy = sxsz =

(
1 2
0 1

)
= S2

2

gz = sysx =

(
1 −2
2 3

)
= S−2

1 S−2
2

This corresponds, modulo the Riemann-Hilbert map, to
the Painlevé VI non-linear monodromy (t turning around,
0, 1,∞). We have gxgygz = 1.
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From PVI to the other Painlevé equations

Our aim is to find a similar mechanism for the other
Painlevé equations.

It is necessary (and, we hope, sufficient...) to replace,
mutatis mutandis,

tame objects (regular singularities)
by

wild objects (irregular singularities).
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Painlevé equations

Non-linear Galois
theory

Open problems

REDUCTIVE GROUPS

and

GENERALIZED BRAID GROUPS
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Motivation: Infinitely near points and how to
use them

As we have said it is possible to interpret an irregular
singular point as a “pack of infinitely near singularities” in
some “transcendental sense” (Garnier 1919, and later
Ramis, Deligne, Martinet-Ramis...).
It is possible to give rigourous definitions, using in
particular roots on sub-tori of algebraic groups
(Martinet-Ramis)1 then one can generalize the notion of
configuration space for such packs of infinitely near
singularities and the corresponding fundamental groups
are:

generalized braid groups,
more precisely G-braid groups, G being a reductive
algebraic group (cf. E. Brieskorn).

1An algebraic version of Ecalle pointed alien derivations,



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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Reductive groups

Let G be a complex linear algebraic group, by definition it
is reductive if it does not contain an invariant algebraic
subgroup isomorphic to Ga (i. e. to the additive group
(C,+)). It is equivalent to say that the unipotent radical
Ru(G) of G is trivial, or that the radical R(G) of G is an
algebraic torus.
The following conditions are equivalent:

G is reductive;
G contains a compact group (in the sense of the
usual topology) which is Zariski dense;
every rational representation of G (morphism of
algebraic groups G→ GL(V )) is semi-simple.
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Let G be a complex linear algebraic group, by definition it
is reductive if it does not contain an invariant algebraic
subgroup isomorphic to Ga (i. e. to the additive group
(C,+)). It is equivalent to say that the unipotent radical
Ru(G) of G is trivial, or that the radical R(G) of G is an
algebraic torus.
The following conditions are equivalent:

G is reductive;

G contains a compact group (in the sense of the
usual topology) which is Zariski dense;
every rational representation of G (morphism of
algebraic groups G→ GL(V )) is semi-simple.
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Reductive groups

Let G be a complex linear algebraic group, by definition it
is reductive if it does not contain an invariant algebraic
subgroup isomorphic to Ga (i. e. to the additive group
(C,+)). It is equivalent to say that the unipotent radical
Ru(G) of G is trivial, or that the radical R(G) of G is an
algebraic torus.
The following conditions are equivalent:

G is reductive;
G contains a compact group (in the sense of the
usual topology) which is Zariski dense;

every rational representation of G (morphism of
algebraic groups G→ GL(V )) is semi-simple.
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Reductive groups

Let G be a complex linear algebraic group, by definition it
is reductive if it does not contain an invariant algebraic
subgroup isomorphic to Ga (i. e. to the additive group
(C,+)). It is equivalent to say that the unipotent radical
Ru(G) of G is trivial, or that the radical R(G) of G is an
algebraic torus.
The following conditions are equivalent:

G is reductive;
G contains a compact group (in the sense of the
usual topology) which is Zariski dense;
every rational representation of G (morphism of
algebraic groups G→ GL(V )) is semi-simple.
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Let G be a connected complex reductive group, We fix a
maximal torus T ⊂ G (Cartan sub-group), we denote the
corresponding Lie algebras t ⊂ g. Let R ⊂ t∗ be the set of
roots of G relative to T (non zero weights). To α ∈ R, we
associate the root space gα ⊂ g:

gα := {x ∈ g | [h, x ] = α(h)x , ∀h ∈ t}.
Then dimC gα = 1. We have g = t⊕⊕α∈R gα.
Let N(T ) : be the normalizer of T :
N(T ) := {g ∈ G |gT = Tg}, then W := N(T )/T is the
Weyl group of G. It can be interpreted as a finite group of
complex reflections on the complex space t. To each root
α is associated a reflection hyperplane ∆α.
If G := Sln(C), then we can choose for T the group of
invertible diagonal matrices. Then t ≈ Cn, the roots are
x 7→ xi − xj , the roots hyperplanes are ∆ij := {xi = xj}
and the Weyl group is the permutation group Sn.
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Regular elements of a Cartan sub-algebra,
generalized pure braid groups

Let G be a connected complex reductive group, We fix a
maximal torus T ⊂ G (Cartan sub-group), we denote the
corresponding Lie algebras t ⊂ g. Let R ⊂ t∗ be the set of
roots of G relatively to T .
By definition, the regular subset of the Cartan Lie-algebra
t is:

treg := t \⋃α∈R∆α.
We have A ∈ treg if and only if α(A) 6= 0 for all α ∈ R.
If G := Sln(C), then treg = Cn \⋃i 6=j ∆ij (configuration
space).
By definition the generalized pure braid group associated
to the complex algebraic Lie-algebra g is π1(treg). If
G := Sln(C), then we get the classical pure braid group.
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Reductive groups and deformations of O.D.E.

In order to have a “good theory” of iso-irregular
deformations, we will suppose in the following that the
local gauge groups at the irregular singularities of our
O.D.E. are connected reductive groups.
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Reductive groups, positive roots, Borel
subgroups
Let G a connected complex reductive group, T ⊂ G a
maximal torus and R ⊂ t∗ the corresponding set of roots.
We say that R+ ⊂ R is a subset of positive roots if:

– for all α ∈ R, α ∈ R or −α ∈ R
– for all α, β ∈ R+, α 6= β, if α + β is a root, then
α + β ∈ R+.
If R+ is a subset of positive roots, then R− := −R+

is also a subset of positive roots.
The one-parameter subgroups Uα := exp gα,
α ∈ R+, generate a unipotent subgroup U+ of G, the
unipotent radical of a Borel subgroup B+ of G.
Replacing R+ by R−, we get U− and the opposite
Borel subgroup B−.
Using convenient coordinates, this corresponds to
triangular subgroups.
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WILD CHARACTER VARIETIES

BRAIDING OF STOKES DATA

and

ISO-IRREGULAR DEFORMATIONS
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Irregular points
Let D be a germ of complex disc and a local coordinate z
vanishing at the center. We denote K̂ := C((z)) and
Ô := C[[z]] (intrinsic differential algebras).
An (unramified) irregular point is the following data set:

a connected complex reductive group G (with Lie
algebra g),
a maximal torus T ⊂ G (with Lie algebra t ⊂ g),
a positive integer r ∈ N, r > 0 (Katz rank),
an irregular type, that is:

Q :=
Ar

zr + . . .+
A1

z
,

where Aj ∈ t (j = 1, . . . , r ).
Intrinsically Q ∈ t(K̂ )/t(Ô).
We denote by H ⊂ G the normalizer of Q.
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a connected complex reductive group G (with Lie
algebra g),

a maximal torus T ⊂ G (with Lie algebra t ⊂ g),
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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If X is a Riemann surface, we will denote an irregular
point “at a ∈ X ” by (a,Q) (omitting G and T ). If Q = 0,
(a,Q) = (a,0) is, by definition, a regular singular point.
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Irregular curves or wild Riemann surfaces
We consider a Riemann surface X with m ≥ 1 marked
points a1, . . . ,am. For each ai , i = 1, . . . ,m, we fix:

a connected complex reductive group Gi ,
a maximal torus Ti ⊂ Gi , with Lie algebra ti ⊂ gi ,
a positive integer ri ∈ Q, ri > 0 (Katz rank),
an irregular type at ai , that is:

Qi :=
Ai,ri

zri
+ . . .+

Ai,1

z
,

where z is a local coordinate vanishing at ai and
Ai,j ∈ ti , (j = 1, . . . , rj ).

These data define an irregular curve or wild Riemann
surface. Equivalently such a curve is the data of a
Riemann surface with m marked irregular points
(ai ,Qi) (i = 1, . . . ,m).
We denote by Hi ⊂ Gi the normalizer of Qi .
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Irregular curves or wild Riemann surfaces
We consider a Riemann surface X with m ≥ 1 marked
points a1, . . . ,am. For each ai , i = 1, . . . ,m, we fix:

a connected complex reductive group Gi ,

a maximal torus Ti ⊂ Gi , with Lie algebra ti ⊂ gi ,
a positive integer ri ∈ Q, ri > 0 (Katz rank),
an irregular type at ai , that is:

Qi :=
Ai,ri

zri
+ . . .+

Ai,1

z
,

where z is a local coordinate vanishing at ai and
Ai,j ∈ ti , (j = 1, . . . , rj ).

These data define an irregular curve or wild Riemann
surface. Equivalently such a curve is the data of a
Riemann surface with m marked irregular points
(ai ,Qi) (i = 1, . . . ,m).
We denote by Hi ⊂ Gi the normalizer of Qi .
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Irregular curves or wild Riemann surfaces
We consider a Riemann surface X with m ≥ 1 marked
points a1, . . . ,am. For each ai , i = 1, . . . ,m, we fix:

a connected complex reductive group Gi ,
a maximal torus Ti ⊂ Gi , with Lie algebra ti ⊂ gi ,

a positive integer ri ∈ Q, ri > 0 (Katz rank),
an irregular type at ai , that is:

Qi :=
Ai,ri

zri
+ . . .+

Ai,1

z
,

where z is a local coordinate vanishing at ai and
Ai,j ∈ ti , (j = 1, . . . , rj ).

These data define an irregular curve or wild Riemann
surface. Equivalently such a curve is the data of a
Riemann surface with m marked irregular points
(ai ,Qi) (i = 1, . . . ,m).
We denote by Hi ⊂ Gi the normalizer of Qi .
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Irregular curves or wild Riemann surfaces
We consider a Riemann surface X with m ≥ 1 marked
points a1, . . . ,am. For each ai , i = 1, . . . ,m, we fix:

a connected complex reductive group Gi ,
a maximal torus Ti ⊂ Gi , with Lie algebra ti ⊂ gi ,
a positive integer ri ∈ Q, ri > 0 (Katz rank),

an irregular type at ai , that is:

Qi :=
Ai,ri

zri
+ . . .+

Ai,1

z
,

where z is a local coordinate vanishing at ai and
Ai,j ∈ ti , (j = 1, . . . , rj ).

These data define an irregular curve or wild Riemann
surface. Equivalently such a curve is the data of a
Riemann surface with m marked irregular points
(ai ,Qi) (i = 1, . . . ,m).
We denote by Hi ⊂ Gi the normalizer of Qi .
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Irregular curves or wild Riemann surfaces
We consider a Riemann surface X with m ≥ 1 marked
points a1, . . . ,am. For each ai , i = 1, . . . ,m, we fix:

a connected complex reductive group Gi ,
a maximal torus Ti ⊂ Gi , with Lie algebra ti ⊂ gi ,
a positive integer ri ∈ Q, ri > 0 (Katz rank),
an irregular type at ai , that is:

Qi :=
Ai,ri

zri
+ . . .+

Ai,1

z
,

where z is a local coordinate vanishing at ai and
Ai,j ∈ ti , (j = 1, . . . , rj ).

These data define an irregular curve or wild Riemann
surface. Equivalently such a curve is the data of a
Riemann surface with m marked irregular points
(ai ,Qi) (i = 1, . . . ,m).
We denote by Hi ⊂ Gi the normalizer of Qi .
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Irregular curves or wild Riemann surfaces
We consider a Riemann surface X with m ≥ 1 marked
points a1, . . . ,am. For each ai , i = 1, . . . ,m, we fix:

a connected complex reductive group Gi ,
a maximal torus Ti ⊂ Gi , with Lie algebra ti ⊂ gi ,
a positive integer ri ∈ Q, ri > 0 (Katz rank),
an irregular type at ai , that is:

Qi :=
Ai,ri

zri
+ . . .+

Ai,1

z
,

where z is a local coordinate vanishing at ai and
Ai,j ∈ ti , (j = 1, . . . , rj ).

These data define an irregular curve or wild Riemann
surface. Equivalently such a curve is the data of a
Riemann surface with m marked irregular points
(ai ,Qi) (i = 1, . . . ,m).
We denote by Hi ⊂ Gi the normalizer of Qi .
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An irregular curve or wild Riemann surface

Figure: From Ph. Boalch
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We will associate to an irregular curve a moduli of repre-
sentations. In order to have a good notion of deforma-
tion (some kind of flatness) we will suppose that the
coefficient Ai,ri of the most polar part

Ai,ri
zri of Qi is regular :

Ai,ri ∈ (ti)reg (i = 1, . . . ,m).
Intuitively an irregular point is a pack of infinitely near
points and the regularity hypothesis allows the deforma-
tion of this pack “without crossing”. The homotopy class
of a deformation loop of the pack corresponds to an ele-
ment of a generalized braid group. This element will acts
naturally on the classes of wild representations.
According to E. Witten, we can interpret the positions of
the ai and the Qi as the non topological data of a wild
representation and, on the contrary, the Stokes matrices
and the actual (or equivalently the formal ) monodromy as
the generalized topological data. In an iso-irregular
deformation the non topological data move but the
generalized topological data remain fixed.
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We have several (pack of) “times”. One is controlling the
deformations of the set of singularities (ai) (modulo the
action of the Möbius group), the others control the
deformations of the most polar part

Ai,ri
zri of each Qi .
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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Stokes data and monodromy associated to
an irregular point
Following Martinet-Ramis, Ramis, Boalch. Cf. van der Put-Singer book

Let (a,Q) be an (unramified) irregular point. We choose a
coordinate z vanishing at a and set a = 0. We will define
the Stokes data associated to (0,Q).
For each root α ∈ R ⊂ t∗, we may define qα := α ◦Q,
using z we can interpret qα as a polynomial without
constant term qα ∈ 1

z C[ 1
z ] of degree deg qα = rα.

We interpret the real blow up of the origin as the circle S1,
a direction d ∈ S1 will be said to be a singular direction
(or Stokes line) supported by α if the holomorphic
function eqα has a maximal decay as z → 0 in the
direction d .
We denote by R(d) ⊂ R the non empty finite subset of
the roots supporting d ∈ S1. It is a subset of some subset
of positive roots.
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Stokes data and monodromy associated to
an irregular point

We denote by R(d) ⊂ R the non empty finite subset of
the roots supporting d ∈ S1. It is a subset of some subset
of positive roots. By definition, the Stokes group associa-
ted to a singular direction d ∈ S1 is the algebraic sub-
group Std of G generated by the one parameter sub-
groups exp gα, α ∈ R(d). The Stokes groups are
unipotent. The Lie algebra std of Std is:

⊕

α∈R(d)

gα ⊂ g,

it is nilpotent.

The Stokes groups Std are normalized by H.
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Stokes data and monodromy associated to
an irregular point
Let (0,Q) be an irregular point, we denote by H the
normalizer of Q in G. We can define:

a formal monodromy M̂ ∈ H
a set of Stokes multipliers Sd ∈ Std , d ∈ S1 being a
singular direction; we call this set: Stokes data..

These data form “by definition” a representation ρ of the
(local) wild-fundamental group:

M̂ = ρ(µ̂), Sd = ρ(σd )

Let Λ ∈ h such that M̂ = exp 2iπΛ. The preceding
representation is associated to a meromorphic
connection formally equivalent (modulo the gauge action
of G(K̂ )) to the connection d − (dQ + Λdz

z ).
Starting from a base point on S1 (a non singular
direction) and indexing the singular directions
counterclockwise, we get the actual monodromy M:

M = M̂Sd1 . . .Sdn .
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Starting from a base point on S1 (a non singular
direction) and indexing the singular directions
counterclockwise, we get the actual monodromy M:

M = M̂Sd1 . . .Sdn .
Therefore it is natural to define an element µ of the wild
fundamental group by

µ = µ̂σd1 . . . σdn ,
and to identify it with a generator of π1(S1). Then π1(S1)
is identified to a subgroup of the wild fundamental group
π1,w (0,Q).

Be careful, there are subtle constraints on the generators
µ̂, σd of π1,w (0,Q). It is possible to build “free generators”
(in alien derivations style): Martinet-Ramis.
There are also constraints on the representations, they
disappear in Martinet-Ramis construction.
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Deformations leaving the Stokes data and
monodromy “constant”

We want to move an irregular point with Stokes data and
monodromy in such a way that Stokes data and
monodromy remain “constant” in a reasonable sense.
We start from an irregular point (0,Q) and we “move it a
little bit”: (a,Qa), with Qa := Ar (a)

(z−a)r + . . .+ A1(a)
z−a , such that

Ar (a) ∈ treg (we allow only deformations such that the
order of the pole of Qa dos not change).
We work with matrices: G ⊂ GLn(C), T diagonal. Starting
from a system of Stokes data at (0,Q), we can associate
to it a set of effective singular directions: the singular
directions d such that Sd 6= I. When we move, it can
happen that an effective direction “splits” in two or more
effective directions (two different roots can support the
same direction...).
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Deformations leaving the Stokes and
monodromy data “constant”

We work with matrices: G ⊂ GLn(C), T diagonal. Starting
from a system of Stokes data at (0,Q), we can associate
to it a set of effective singular directions: the singular
directions d such that Sd 6= I. When we move, it can
happen that an effective direction “splits” in two or more
effective directions, therefore the good definition is to
keep the local products of Stokes matrices constant
(Ueno-Miwa-Jimbo, Boalch).
In terms of data associated to a family of germs at 0 of
irregular connection, this corresponds to fix the action of
S−1

d ′′ ◦ Sd ′ , d ′, d ′′ being two fixed regular directions,
d ′ < d < d ′′ “sufficiently near” d .
Supposing moreover that the formal monodromy remains
constant, we define a local version of iso-irregular
deformation.
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Wild character varieties: the local case

We start from an irregular point (0,Q). The group H ⊂ G
(normalizing Q) acts by adjoint action on the Stokes data
and the monodromy (formal or actual), by definition the
set of classes is the wild character variety associated to
(0,Q), equivalently it is the set of equivalence classes of
representations of the wild fundamental group associated
to (0,Q).
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Wild fundamental groupoid: the global case

We start from an irregular curve (X , (a1,Q1), . . . , (am,Qm)).
We suppose that all the Gi are equal: Gi = G and, for
simplicity, that G is an algebraic subgroup of GLn(C), T
being diagonal.

We define an associated wild fundamental groupoid,
“adding” some irregular data to the fundamental group
π1(X \ {a1, . . . ,am}, ?), ? ∈ X \ {a1, . . . ,am}.

As explained before, it is possible to define a wild
fundamental group but in order to have a “good RH
correspondence” it is necessary to define a groupoid
(Jimbo-Miwa, Boalch, Witten, van der Put-Saito).
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In X we replace each ai by its real blow up ∂i (∂i ≈ S1),
we get a “partial compactification” X̃ of X \ {a1, . . . ,am}:

X̃ := X \ {a1, . . . ,am} ∪
⋃

i=1,...,m

∂i .

For each i , we choose ãi ∈ ∂i (a direction at ai ). We
consider the space X̃ with m + 1 (resp. m) base points:
? ∈ X \ {a1, . . . ,am}, ã1, . . . , ãm (resp. ã1, . . . , ãm). We
will define “the” wild fundamental groupoid

π1,w ((X , (a1,Q1), . . . , (am,Qm)); ?, ã1, . . . , ãm)

(resp. π1,w ((X , (a1,Q1), . . . , (am,Qm)); ã1, . . . , ãm)) of the
irregular curve.
The idea is to “add” irregular data to the classical funda-
mental groupoid, with m + 1 base points:

π1(X̃ ; ?, ã1, . . . , ãm) ,
more precisely at each point ãi we “add” the wild
fundamental group π1,w (ai ,Qi):
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The idea is to “add” irregular data to the classical funda-
mental group, with m + 1 base points:

π1(X̃ ; ?, ã1, . . . , ãm) ,
more precisely at each point ãi we “add” the wild
fundamental group π1,w (ai ,Qi):

we glue π1,w (ai ,Qi) with π1(X̃ ; ?, ã1, . . . , ãm) “in van
Kampen style”:

π1(X̃ ; ?, ã1, . . . , ãm) ∗π1(∂i ,ãi ) π1,w (ai ,Qi).
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14 EDWARD WITTEN

q
p

p1

W U

V

Figure 2. A Riemann surface C, here taken to be of genus gC = 1,
with an irregular singularity at a point p. A basepoint is taken at
q. Show are the Stokes rays near p and the important paths in
defining the generalized monodromy data.

parameters to account for the local behavior near p. These parameters comprise
the monodromy M̂ on a small loop circling the singularity in the disc C∗, as well
as the Stokes matrices Mα that involve the asymptotic behavior near p. So the
total number of extra complex parameters required to describe the situation in the
presence of an irregular singularity is

(2.35) ĉn = dim(G) + cn = n dim(G) − (n− 1)r.

The monodromy data Ui, Vj , and W , together with the local data at the singu-
larity, obey one relation, as was the case in the absence of the singularity. But now,
instead of (2.33), this relation is more complicated:

1 =U1V1U
−1
1 V −1

1 · · ·UgVgU
−1
g V −1

g WM̂W−1

(2.36)

=U1V1U
−1
1 V −1

1 · · ·UgVgU
−1
g V −1

g W exp(−2πT1)M2n−2M2n−1 · · ·M1W
−1.

We have written this relation both in terms of the monodromy M̂ around the
singular point, and more explicitly in terms of the formal monodromy and the Stokes
matrices. And now, the group of equivalences that acts on this data is GC × TC,
where the first factor acts by gauge transformations at q and the second by gauge
transformations at p1. An element g ∈ GC acts by Ui → gUig

−1, Vi → gVig
−1, and

W → gW . And an element S ∈ TC acts by W →WS−1, Mα → SMαS−1.

2.7. Topological Interpretation. As above, we write Y for the moduli space of
GC-valued flat connections on C, up to gauge transformation. And we write Y∗
for the space that parametrizes the generalized monodromy data in the presence of
an irregular singularity at p (or more generally in the presence of several irregular
singularities).

Y can be defined purely topologically, since it can be interpreted as a moduli
space of representations of the fundamental group of C. The topological nature
of Y is explicit in the equation (2.33), which does not depend on the complex
structure of C. A flat connection up to gauge transformation is equivalent to a set
of elements Ui, Vj ∈ GC obeying (2.33), up to conjugation. So Y can be defined
purely in topological terms.

The same is true of Y∗, though this may be surprising at first. To describe, up
to isomorphism, the generalized monodromy data of a flat connection on C\p with

Figure: Wild fundamental groupoid: g=1, m=1
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Painlevé equations

Non-linear Galois
theory

Open problems

Wild character varieties: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
The space of “group homomorphisms”:
Homgr (π1,w ((X , (a1,Q1), . . . , (am,Qm)); ?, ã1, . . . , ãm),G)

is a smooth affine variety, it has an action of Gm+1, the
quotient (in an algebraic sense) is a wild character
variety.
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Wild character varieties and deformations

We interpret the wild character variety associated to an
irregular curve as a fiber above a “point” corresponding to
this irregular curve, then we get a fiber space above the
moduli of irregular curves (X is fixed and we move the
regular and irregular singularities respecting the “non crossing”
restrictions). Iso-irregular deformation defines a
connection on this bundle, that is a way to identify cano-
nically the fibres above a small “simply-connected” open
subset of the basis. Hence the “fundamental group of the
basis” acts on the fibres, that is on each wild character
variety.
It remains to understand the “fundamental group of the
basis”, that is the global wild braid group, and its action.
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Wild braids: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
There are some actions on the corresponding wild
character variety :

of a classical pure braid group Pm−1;
of m copies of the wild braid group associated to G;
It remains to “put the things together”. I conjecture
that there is a:

“braiding of braids”,

a G-braid is “hidden” in an “infinitesimal neighbor-
hood” of each classical strand (of Pm−1).
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Wild braids: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
There are some actions on the corresponding wild
character variety :

of a classical pure braid group Pm−1;

of m copies of the wild braid group associated to G;
It remains to “put the things together”. I conjecture
that there is a:

“braiding of braids”,

a G-braid is “hidden” in an “infinitesimal neighbor-
hood” of each classical strand (of Pm−1).
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Wild braids: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
There are some actions on the corresponding wild
character variety :

of a classical pure braid group Pm−1;
of m copies of the wild braid group associated to G;

It remains to “put the things together”. I conjecture
that there is a:

“braiding of braids”,

a G-braid is “hidden” in an “infinitesimal neighbor-
hood” of each classical strand (of Pm−1).
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Wild braids: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
There are some actions on the corresponding wild
character variety :

of a classical pure braid group Pm−1;
of m copies of the wild braid group associated to G;
It remains to “put the things together”. I conjecture
that there is a:

“braiding of braids”,

a G-braid is “hidden” in an “infinitesimal neighbor-
hood” of each classical strand (of Pm−1).
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Wild braids: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
There are some actions on the corresponding wild
character variety :

of a classical pure braid group Pm−1;
of m copies of the wild braid group associated to G;
It remains to “put the things together”. I conjecture
that there is a:

“braiding of braids”,

a G-braid is “hidden” in an “infinitesimal neighbor-
hood” of each classical strand (of Pm−1).
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Wild braids: the global case

Let G be a complex reductive linear algebraic group.
Let (X , (a1,Q1), . . . , (am,Qm)) be an irregular curve, with
Gi = G, forall i = 1, . . . ,m.
There are some actions on the corresponding wild
character variety :

of a classical pure braid group Pm−1;
of m copies of the wild braid group associated to G;
It remains to “put the things together”. I conjecture
that there is a:

“braiding of braids”,

a G-braid is “hidden” in an “infinitesimal neighbor-
hood” of each classical strand (of Pm−1).
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Figure: Braiding of braids
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Braiding of braids and wild mapping class
groups

The global wild braid group is described as a (pure) brai-
ding of (generalized) braids group.

Using “natural generators” of braids of braids groups, it is
“easy” to compute the action of these groups on “natural
generators” of the wild fundamental groups (the action of
“wild mapping class groups”). Then we can see that the
corresponding actions on the wild character varieties are
polynomial (they are computed using matrix multiplications).
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Braiding of braiding of... braiding of braids

For more degenerate cases of irregular points, there are
multi-levelled Stokes phenomena (several slopes), I
conjecture that in such cases we get a multi-scale
braiding, in Russian dolls style (cf. Boalch).

Figure: Russian dolls: a multiscale metaphor...
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Generalized isomonodromic systems
Following Y. Sibuya

Let U be an open set in C and V a polydisc in Cn. We
consider an holomorphic parametrized differential
system:

(∆) : dY
dz = A(z, t)Y on U × V ((z, t) ∈ U × V ).

We will say that the system (∆) is isomonodromic if there
exists a covering (Ui)i∈I of U by simply connected open
sets and fundamental systems of solutions Yi on Ui × V
such that the connection matrices Cjk := Y−1

j Yk are
independant of t ∈ V .
The system (∆) is isomonodromic if and only if there
exists n holomorphic invertible matrices B1 . . . ,Bn on
U × V such that the Pfaffian system:

∂Y
∂z

= A(z, t)Y ,
∂Y
∂th

= Bh(z, t)Y , h = 1, . . . ,n

is completely integrable.
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The system (∆) : dY
dz = A(z, t)Y is isomonodromic if and

only if there exists n holomorphic invertible matrices
B1 . . . ,Bn on U × V such that the Pfaffian system:

∂Y
∂z

= A(z, t)Y ,
∂Y
∂th

= Bh(z, t)Y , h = 1, . . . ,n

is completely integrable, that is if we have (∗):

∂Bh

∂z
− ∂A
∂th

= [A,Bh], h = 1, . . . ,n

∂Bh

∂tk
− ∂Bk

∂th
= [Bk ,Bh], h, k = 1, . . . ,n

Equivalently, if Ω := Adz +
∑n

h=1 Bh dth, dΩ− Ω ∧ Ω = 0.

Using summation in sectors at each irregular singular
point, we can define a notion of iso-irregular deformation.
Using wild RH it can be translated in terms of natural
connections on wild character varieties. Then:

RHw : transcendental dynamics of (∗)→ algebraic dynamics
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APPLICATION TO THE DYNAMICS

OF THE PAINLEVÉ EQUATIONS

(Conjectures...)
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The rules of the game
following van der Put and Saito

We consider local families of rational linear systems of
rank two on P1(C), with structure group SL2(C) (i. e.
trace-free matrices):

dY
dz

= A(z, t)Y

(regular or irregular singularities, ramified or not),
t ∈ U ⊂ Cm is a parameter. We denote S the singular set
and |S| ∈ N∗ its cardinal. We denote r(a) the Katz rank
(slope of the Newton polygon) at a singular point a,
r(a) ∈ N or r(a) ∈ 1

2 + N.
We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
the following possibilities:
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Painlevé equations

Non-linear Galois
theory

Open problems

We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
the following possibilities:

1 |S| = 4, then S = {0,1,∞, t}, only regular singular
points;

2 |S| = 3, then S = {0,1,∞}, only one irregular point
∞ with r(∞) ∈ {1, 1

2};
3 |S| = 2, then S = {0,∞}, one regular point and one

irregular point or two irregular points;
4 |S| = 1, then S = {∞}, one irregular point.

There are relations with Heun equations (ordinary,
confluent, biconfluent, doubly-confluent and
triconfluent).
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We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
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1 |S| = 4, then S = {0,1,∞, t}, only regular singular
points;

2 |S| = 3, then S = {0,1,∞}, only one irregular point
∞ with r(∞) ∈ {1, 1

2};
3 |S| = 2, then S = {0,∞}, one regular point and one

irregular point or two irregular points;
4 |S| = 1, then S = {∞}, one irregular point.

There are relations with Heun equations (ordinary,
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INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
the following possibilities:

1 |S| = 4, then S = {0,1,∞, t}, only regular singular
points;

2 |S| = 3, then S = {0,1,∞}, only one irregular point
∞ with r(∞) ∈ {1, 1

2};

3 |S| = 2, then S = {0,∞}, one regular point and one
irregular point or two irregular points;

4 |S| = 1, then S = {∞}, one irregular point.
There are relations with Heun equations (ordinary,
confluent, biconfluent, doubly-confluent and
triconfluent).
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We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
the following possibilities:

1 |S| = 4, then S = {0,1,∞, t}, only regular singular
points;

2 |S| = 3, then S = {0,1,∞}, only one irregular point
∞ with r(∞) ∈ {1, 1

2};
3 |S| = 2, then S = {0,∞}, one regular point and one

irregular point or two irregular points;

4 |S| = 1, then S = {∞}, one irregular point.
There are relations with Heun equations (ordinary,
confluent, biconfluent, doubly-confluent and
triconfluent).
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We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
the following possibilities:

1 |S| = 4, then S = {0,1,∞, t}, only regular singular
points;

2 |S| = 3, then S = {0,1,∞}, only one irregular point
∞ with r(∞) ∈ {1, 1

2};
3 |S| = 2, then S = {0,∞}, one regular point and one

irregular point or two irregular points;
4 |S| = 1, then S = {∞}, one irregular point.
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We ask that the dimension of the fibers of RH (or RHw is
one (working up the action of the Mobius group or a
subgroup). Then |S| > 4 is excluded and there are only
the following possibilities:

1 |S| = 4, then S = {0,1,∞, t}, only regular singular
points;

2 |S| = 3, then S = {0,1,∞}, only one irregular point
∞ with r(∞) ∈ {1, 1

2};
3 |S| = 2, then S = {0,∞}, one regular point and one

irregular point or two irregular points;
4 |S| = 1, then S = {∞}, one irregular point.

There are relations with Heun equations (ordinary,
confluent, biconfluent, doubly-confluent and
triconfluent).
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The ten families of “Painlevé systems”
MODULI FOR DIFFERENTIAL EQUATIONS AND PAINLEVÉ EQUATIONS 19

Dynkin Painlevé equation r(0) r(1) r(∞) r(t) dimP
D̃4 PVI 0 0 0 0 4
D̃5 PV 0 0 1 - 3
D̃6 PVdeg= PIII(D6) 0 0 1/2 - 2
D̃6 PIII(D6) 1 - 1 - 2
D̃7 PIII(D7) 1/2 - 1 - 1
D̃8 PIII(D8) 1/2 - 1/2 - 0
Ẽ6 PIV 0 - 2 - 2
Ẽ7 PII 0 - 3/2 - 1
Ẽ7 PII - - 3 - 1
Ẽ8 PI - - 5/2 - 0

Table 1. Classification of Families

complete space of all connections. For each type there are many possibilities. We
will make choices that are helpful for the computation of the Painlevé equations
and are moreover close to classical formulas.

It turns out that R → P is a family of affine cubic surfaces. There are two
sources for the singularities of the fibres. The first one is reducibility of systems
and is connected with the singularities of R itself. The other source is resonance,
i.e., at least one of the matrices involved in the construction of R has a difference
of eigenvalues belonging to Z \ {0}. Section 3 provides the computations of the
families R → P . We will also describe the corresponding one-dimensional families
of differential modules M(t). This subsection ends with a list indicating the families
of connections and presenting the families R → P of affine cubic surfaces by an
equation. The monodromy space R for (0, 0, 0, 0) is classical(cf.[FK, Iw1]), the
others seem to be new.

(0,0,0,0). PVI. d
dz + A0

z + A1
z−1 + At

z−t , all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + x2
3 − s1x1 − s2x2 − s3x3 + s4 = 0, with

si = aia4 + ajak, (i, j, k) = a cyclic permutation of (1, 2, 3),
s4 = a1a2a3a4 + a2

1 + a2
2 + a2

3 + a2
4 − 4 with a1, a2, a3, a4 ∈ C.

(0,0,1). PV. d
dz + A0

z + A1
z−1 + t/2 ·

(−1 0
0 1

)
, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 − (s1 + s2s3)x1 − (s2 + s1s3)x2 − s3x3 + s2
3 + s1s2s3 + 1 = 0 with

s1, s2 ∈ C, s3 ∈ C∗.

(0,0,1/2). PVdeg. d
dz + A0

z + A1
z−1 +

(
0 t2

0 0

)
, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + s0x1 + s1x2 + 1 = 0 with s0, s1 ∈ C.

(1,-,1). PIII(D6). z d
dz + A0z

−1 + A1 +
( t

2 0

0 − t
2

)
z, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + (1 + αβ)x1 + (α + β)x2 + αβ = 0 with α, β ∈ C∗.

Figure: Following van der Put and Saito, r(.) is the Katz rank

at the singular points. There are ramified cases
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Table of the systems and of the (wild) characteristic
varieties

MODULI FOR DIFFERENTIAL EQUATIONS AND PAINLEVÉ EQUATIONS 19

Dynkin Painlevé equation r(0) r(1) r(∞) r(t) dimP
D̃4 PVI 0 0 0 0 4
D̃5 PV 0 0 1 - 3
D̃6 PVdeg= PIII(D6) 0 0 1/2 - 2
D̃6 PIII(D6) 1 - 1 - 2
D̃7 PIII(D7) 1/2 - 1 - 1
D̃8 PIII(D8) 1/2 - 1/2 - 0
Ẽ6 PIV 0 - 2 - 2
Ẽ7 PII 0 - 3/2 - 1
Ẽ7 PII - - 3 - 1
Ẽ8 PI - - 5/2 - 0

Table 1. Classification of Families

complete space of all connections. For each type there are many possibilities. We
will make choices that are helpful for the computation of the Painlevé equations
and are moreover close to classical formulas.

It turns out that R → P is a family of affine cubic surfaces. There are two
sources for the singularities of the fibres. The first one is reducibility of systems
and is connected with the singularities of R itself. The other source is resonance,
i.e., at least one of the matrices involved in the construction of R has a difference
of eigenvalues belonging to Z \ {0}. Section 3 provides the computations of the
families R → P . We will also describe the corresponding one-dimensional families
of differential modules M(t). This subsection ends with a list indicating the families
of connections and presenting the families R → P of affine cubic surfaces by an
equation. The monodromy space R for (0, 0, 0, 0) is classical(cf.[FK, Iw1]), the
others seem to be new.

(0,0,0,0). PVI. d
dz + A0

z + A1
z−1 + At

z−t , all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + x2
3 − s1x1 − s2x2 − s3x3 + s4 = 0, with

si = aia4 + ajak, (i, j, k) = a cyclic permutation of (1, 2, 3),
s4 = a1a2a3a4 + a2

1 + a2
2 + a2

3 + a2
4 − 4 with a1, a2, a3, a4 ∈ C.

(0,0,1). PV. d
dz + A0

z + A1
z−1 + t/2 ·

(−1 0
0 1

)
, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 − (s1 + s2s3)x1 − (s2 + s1s3)x2 − s3x3 + s2
3 + s1s2s3 + 1 = 0 with

s1, s2 ∈ C, s3 ∈ C∗.

(0,0,1/2). PVdeg. d
dz + A0

z + A1
z−1 +

(
0 t2

0 0

)
, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + s0x1 + s1x2 + 1 = 0 with s0, s1 ∈ C.

(1,-,1). PIII(D6). z d
dz + A0z

−1 + A1 +
( t

2 0

0 − t
2

)
z, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + (1 + αβ)x1 + (α + β)x2 + αβ = 0 with α, β ∈ C∗.

Figure: Following van der Put and Saito
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Equations

Invariants of
Meromorphic
O.D.E.

Braid groups and
mapping class
groups

Reductive groups
and generalized
braids groups

Wild character
varieties, braiding
of Stokes data and
iso-irregular
deformations

Application to the
dynamics of the
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20 MARIUS VAN DER PUT AND MASA-HIKO SAITO

(1/2,-,1). PIII(D7). z d
dz + A0z

−1 + A1 +
( t

2 0

0 − t
2

)
z, all tr(A∗) = 0.

x1x2x3 + x2
1 + x2

2 + αx1 + x2 = 0 with α ∈ C∗.

(1/2,-,1/2). PIII(D8). z d
dz +

(
0 0
−q 0

)
z−1 +

( p
q − t

q

1 − p
q

)
+

(
0 1
0 0

)
z.

x1x2x3 + x2
1 − x2

2 − 1 = 0.

(0,-,2). PIV. z d
dz + A0 + A1z +

(
1 0
0 −1

)
z2.

x1x2x3 + x2
1 − (s2

2 + s1s2)x1 − s2
2x2 − s2

2x3 + s2
2 + s1s

3
2 = 0 with s1 ∈ C, s2 ∈ C∗.

(0,-,3/2). PIIFN. z d
dz + A0 +

(
0 t+q
1 0

)
z +

(
0 1
0 0

)
z2

x1x2x3 + x1 − x2 + x3 + s = 0, with s ∈ C.

(-,-,3). PII. d
dz + A0 + A1z +

(
1 0
0 −1

)
z2, all tr(A∗) = 0.

x1x2x3 − x1 − αx2 − x3 + α + 1 = 0 with α ∈ C∗.

(-,-,5/2). PI. d
dz +

(
p t+q2

−q −p

)
+

(
0 q
1 0

)
z +

(
0 1
0 0

)
z2.

x1x2x3 + x1 + x2 + 1 = 0.

Table of the equations of the monodromy spaces for the 10 families.

3. Computation of the monodromy spaces

3.1. Family (0, 0, 0, 0) and Painlevé PVI. For completeness we describe this
classical family. The family of differential modules is represented by d

dz +A(z, t) :=
d
dz + A0

z + A1
z−1 + At

z−t with constant 2× 2 matrices having trace 0. Dividing by the
action, by conjugation, of PSL2 one finds a moduli space M (say the categorical
quotient) of differential modules with dimension 7.

The monodromy data are given by the tuples (M1, M2, M3, M4) ∈ SL4
2 satisfying

M1 · · ·M4 = 1. This defines an affine space of dimension 9. The categorical quotient
R of this space under the action, by conjugation with PSL2, has dimension 6. The
fibres of RH : M→R are parametrized by t ∈ P1 \ {0, 1,∞}.

The coordinate ring of R is generated over C by x1, x2, x3, a1, a2, a3, a4 with
ai = tr(Bi) and x1 = tr(B2B3), x2 = tr(B1B3), x3 = tr(B1B2). There is only one
relation ([FK, Iw2]), namely (as in the list)

x1x2x3 + x2
1 + x2

2 + x2
3 − s1x1 − s2x2 − s3x3 + s4 = 0 .

The morphism R → P := C4, given by (x1, . . . , a4) &→ (s1, . . . , s4), is a family of
affine cubic surfaces with ‘three lines at infinity’. For information concerning the
singularities of R and of the fibres we refer to [[Iw1], [Iw2], [IISA]].

Figure: Following van der Put and Saito
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The case of PIII (D6)
(following van der Put-Saito)

Two irregular singularities: 0, ∞, with Katz rank 1
(r(0) = r(∞) = 1), no regular singularity.
We have a family of differential systems:
z d

dz + A0z−1 + A1 + A∞z, up to a scaling z 7→ λz, we can
suppose that:

Q0 = ( t
2z−1,− t

2z−1) and Q∞ = ( t
2z,− t

2z).

Choosing adapted basis for the spaces of formal
solutions at 0 and∞, say (e1,e2) for Ŝol0 and (f1, f2) for
Ŝol∞ , we get:

M̂0 :=

(
α 0
0 α−1

)
, S0,2 :=

(
1 0
a1 1

)
, S0,1 :=

(
1 a2
0 1

)
,

M̂∞ :=

(
β 0
0 β−1

)
, S∞,2 :=

(
1 0
b1 1

)
, S∞,1 :=

(
1 b2
0 1

)
.
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We have:

M0 = M̂0S0,2S0,1 =

(
α αa2

α−1a1 α−1(1 + a1a2)

)

M∞ = M̂∞S∞,2S∞,1 =

(
β βb2

β−1b1 β−1(1 + b1b2)

)
.

The matrice of the link L : Ŝol0 → Ŝol∞ in the choosen

basis is
(
`1 `2
`3 `4

)
∈ Sl2(C). We set M0 =

(
m1 m2
m3 m4

)
.

Using M∞L = LM0, we eliminate the data at∞. Then the
coordinate ring for the variety of representations is the
localization of:

C[m1, . . . ,m4, `1, . . . , `4]/(m1m4−m2m3−1, `1`4−`2`3−1)

given by:
0 6= α = m1 and 0 6= β = `1`4m1 + `2`4m3 − `1`3m2 − `2`3m4.
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We quotient by the action of C∗ × C∗ on the basis
(algebraically):

e1,e2, f1, f2 7→ λe1, λ
−1e2, µf1, µ−1f2.

The corresponding ring of invariants is a localization of a
quotient of C[m1,m4, `1`4,m2`1`3,m3`2`4]. It is the wild
character variety.
Setting y1 := `1`4, y2 := m2`1`3, y3 := m4, we get, for
fixed α, β, a cubic surface:
y2(β − αy1 + y2 + (y1 − 1)y3) + y1(y1 − 1)(1− αy3) = 0,
and, after some simple transformations the cubic surface:

Sα,β := {x1x2x3+x2
1 +x2

2 +(1+αβ)x1+(α+β)x2+αβ = 0}.

The wild braid groups at 0 and∞ are isomorphic to
π1(C∗) ≈ Z, they acts polynomially on the wild character
variety Sα,β.
As B1 is trivial, following a conjecture above (braiding of braids)
the wild group must be isomorphic to Z ∗ Z.
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INTEGRABILITY AND NON-LINEAR GALOIS THEORY
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Non-linear differential Galois theory

At the end of XIX-th century and at the beginning of XX-th
century, J. Drach and afterwards E. Vessiot tried to create
a non-linear differential Galois theory (which seduced P.
Painlevé who used it to “prove that the solutions of PI are
“new transcendental functions” ). Unfortunately their
definitions were quite imprecise and there were important
gaps in some of their proofs.

Recently H. Umemura (1996) and B. Malgrange (2001)
returned to the problem. Their approaches are a priori
quite different (they are equivalent in some sense in the
algebraic case). Malgrange approach is similar to one of
the approaches proposed by Vessiot.

We must replace the notion of group by the notion of
groupoid (small category whose all the arrows are
isomorphisms).
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Non-linear differential Galois theory

B. Malgrange:
La théorie de Galois différentielle est ce que l’algèbre voit
de la dynamique.
Differential Galois theory is what algebra sees from the
dynamics.

More formally, the differential Galois groupoid is the
Zariski closure of the dynamics.

It remains to precise this definition...
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Figure: E. Vessiot. Groupe de Galois différentiel: groupe de
rationalité et groupe spécifique, irréductibilité de PI



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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Galois-Malgrange groupoid

For sake of simplicity M is a smooth complex affine
algebraic variety.
Let G(M) be the groupoid of formal diffeomorphisms

ˆ(M,a)→ ˆ(M,b). roughly speaking a D-groupoid is a
sub-variety of G(M) defined by PDEs (differential ideal)
whose projections on the jet spaces of finite order form an
algebraic groupoid on M \ Z (Z being an hypersurface).
The Galois-Malgrange groupoid of an autonomous
system ẋ = X (x) is, by définition (Malgrange), the
smallest D-groupoid “containing” the flow of X .
This makes sense (Malgrange). Il y a version for foliations
and a discrete: the smallest D-groupoid “containing” an
automorphism2 or, more generally, a subgroup of
automorphisms.

2Similarly a dominant morphism
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Galois-Malgrange groupoid

A D-groupoı̈de admits a Lie algebra.

The Galois-Malgrange groupoid of an autonomous
system ẋ = X (x) is the smallest D-groupoid whose Lie
algebra contains X .

In the algebraic case, one can define a D-groupoid by the
conservation of some differential invariants (Drach ?, P.
Gabriel, J.F. Pommaret).
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Intégrability and non-linear differential Galois
theory

There is a non-linear variant of Morales-Ramis theorem.

Theorem (Ramis 2002)
If an Hamiltonian system is integrable in Liouville sense
by meromorphic first integrals, then the Lie algebra of its
Galois-Malgrange groupoid G is abelian.

This result follows easily from a symplectic lemma.
In the algebraic case one can deduce from the above
result Morales-Ramis-Simó theorem (and a fortiori
Morales-Ramis theorem) using Artin theorem: Casale
2009.
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Integrability: a change of point of view

In the spirit of Drach and Vessiot, it is possible to define
some notions of integrability using the Galois-Malgrange
groupoid G.

Some possible definitions ?

More and more restrictive definitions of integrability.
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1 A dynamical system (continuous or discrete) on a
complex analytic manifold M is said integrable if its
Galois-Malgrange groupoid is strictly smaller than
G(M).

2 A Hamiltonian dynamical system (continuous or
discrete) on a symplectic complex analytic manifold
(M, ω) is said integrable if its Galois-Malgrange
groupoid is strictly smaller than the invariance
sub-groupoid of ω in G(M).

3 A dynamical system (continuous or discrete) on a
complex analytic manifold M is said integrable if its
Lie Galois-Malgrange algebra G is solvable.

4 A dynamical system (continuous or discrete) on a
complex analytic manifold M is said integrable if its
Lie Galois-Malgrange algebra G is abelian.
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Painlevé equations

Non-linear Galois
theory

Open problems

1 A dynamical system (continuous or discrete) on a
complex analytic manifold M is said integrable if its
Galois-Malgrange groupoid is strictly smaller than
G(M).

2 A Hamiltonian dynamical system (continuous or
discrete) on a symplectic complex analytic manifold
(M, ω) is said integrable if its Galois-Malgrange
groupoid is strictly smaller than the invariance
sub-groupoid of ω in G(M).

3 A dynamical system (continuous or discrete) on a
complex analytic manifold M is said integrable if its
Lie Galois-Malgrange algebra G is solvable.

4 A dynamical system (continuous or discrete) on a
complex analytic manifold M is said integrable if its
Lie Galois-Malgrange algebra G is abelian.



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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More precisely there is a whole hierarchy of notions of
integrability according to the list of D-subgroupoids of
G(M). It is an old idea of Drach and Vessiot.

Integrability in the sense 3 is strongly related to the notion
of integrability by quadratures (Casale, Malgrange).
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Non-integrability of Painlevé équations

To a Painlevé equation y ′′ = d2y
dt2 = f (t , y), we associate

the vector field

X :=
∂

∂t
+ y ′

∂

∂y
+ f (t , y)

∂

∂y ′

on the extended phase space (t , y , y ′) ∈ C3. We consider
the 2-form γ := iX dt ∧ dy ∧ dy ′.
The Galois groupoid of a Painlevé équation is a
sub-groupoid of the invariance groupoid Gγ of the form γ,
whose solutions are {Γ|Γ∗γ = γ}.
In the case of PI , the Galois groupoid is Gγ (Casale). It is
the same for PVI , except for the Picard-Painlevé case
(Loray-Cantat). We conjecture that it is also the same for
all the Painlevé équations for generic values of the
parameters.
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A problem

The Riemann-Hilbert map is analytic but not algebraic,
therefore the algebra is not the same on the two sides
and, even if the two dynamics are conjugated, “what
algebra sees from the dynamics” (therefore the Malgran-
ge-Galois groupoid) could be different.
We conjecture that they “coincide” in the generic case (it
is true for PVI , according to Loray-Cantat).
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OPEN PROBLEMS
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Open problems

1 Fill the gaps in what I sketched before (easy ?).
2 Find the “good algebraic universal structure” for

irregular deformations in the spirit of “algebraic alien
derivations”.

3 Understand the relations with some works on the
“non linear Stokes phenomena” for Painlevé
equations (Its, Kitaev, Garoufalidis...). Resurgence ?

4 Understand the “confluence” of character varieties
towards irregular character varieties (Cayley cubic
surfaces ?). Understand the dynamics of Painlevé
equations by “confluence” of the dynamics of PVI .

Introduction
Isomonodromy picture

CFT picture
Conformal blocks and special PVI solutions

Applications

Properties:

singularities at 0, 1,∞ for τ(t) + movable poles for w(t)

non-autonomous hamiltonian system

confluence cascade PIV

!!!!!

PVI "" PV

##"""

$$!!! PII "" PI

PIII

%%"""

Solutions:

Riccati/Chazy (hypergeometric)

Hermite

&&####

2F1
"" Whittaker

''$$$$$

((%%%%% Airy "" ∅

Bessel

))&&&&

Picard (elliptic)

algebraic

transcendental

Oleg Lisovyy Part 2: Conformal field theory of Painlevé VI
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INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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Open problems

1

2

3

4

5 Understand the (certainly strong) relations with the
gauge theoretic approach to the geometric
Langlands program introduced by Witten in relation
with many topics in mathematical physics (conformal
fields theory, electric-magnetic duality...).

6 Search for possible analogies with the Langlands
program in number theory via some analogies
between wild phenomena in complex foliations and
wild phenomena in number theory: two-scaled
infinitesimals (A. Weil, Deligne, Katz, André, Ramis...).

7 Develop similar discrete theories: q-analog theories
...
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7 Develop similar discrete theories: q-analog theories
...



INVARIANTS I...

J.P. Ramis

Presentation
Contents

Character varieties
and the dynamics
of Painlevé VI
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THE END
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