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Introduction
AdS/CFT to Gauge/Gravity correspondences

AdS/CFT correspondence: String theory on AdS spaces ⇔
CFT on the boundary of AdS

ZCFT[φ0] = Zstring
−−−−−−−−−−→
small curvature ZSUGRA = e−SSUGRA[φ0] (1)

Generalization to gauge/gravity correspondence:
(super) gravity theory in the bulk ⇔ (super) QFT on the
boundary

Original AdS5/CFT4: strong coupling “real” world 4D CFT

2D CFT structure is well-known ⇒ AdS3/CFT2 correspondence
is interesting.
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Introduction
Gauge/Gravity correspondences from gauged supergravity and RG Flows

Original version: near horizon of D-brane configurations ⇒
AdS × M

Gauged supergravity viewpoint: D-brane ⇒ domain wall

Solutions to lower dimensional SUGRA uplifted ⇒ D-branes.

Asymptotically AdS: background interpolating between vacua

⇓

RG Flow between conformal fixed points of QFT
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Introduction
C-theorem and its holographic dual

C-theorem:

Theorem

In an RG flow from a UV to IR fixed points, the central charge is
monotonically decrease along the flow.

Remarkably, the holographic RG flow (from gravity dual) can be
proved to obey this theorem. (D.Z. Freedman, S. Gubser, N.
Warner and K. Pilch, 1999)

Holographic RG flows in CFT2 ⇒ 3D gauged supergravity
theories.

Some examples of these 3D flows have been studied in M.
Berg and H. Samtleben, 2001 and N. S. Deger, 2002.
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3D gauged supergravity
ungauged supergravities

Ungauged supergravity (Bernard de Wit, Ivan Herger and
Henning Samtleben, 2003):

L0 = −1
2

iεμνρ(ea
μRνρa + ψ̄I

μDνψ
I
ρ) −

1
2

egij(g
μν∂μφ

i gμν∂νφ
j

+
1
N
χ̄iID/χjI) +

1
4

egij χ̄
iIγμγνψI

μ(∂νφ
j + ∂̂νφ

j)

− 1
24N2 eRijkl χ̄

iIγaχ
jIχ̄kJγaχlJ +

1
48N2 e(3(gij χ̄

iIχjI)2

−2(N − 2)(gij χ̄
iIγaχjJ)2) (2)

where

Dμψ
I
ν = (∂μ +

1
2
ωa

μγa)ψ
I
ν + ∂μφ

iQIJ
i ψ

J
ν ,

Dμχ
iI = (∂μ +

1
2
ωa

μγa)χ
iI + ∂μφ

j(Γi
jkχ

kI + QIJ
j χ

iJ). (3)

Parinya Karndumri karndumr@sissa.it AdS3 Vacua and RG Flows in Three Dimensional Gauged Supergr



3D gauged supergravity
Gauged supergravities

After gauging: g( fermionic mass-like terms) + g2(scalar
potential)
Gauged Lagrangian: (Bernard de Wit, Ivan Herger and
Henning Samtleben, 2003)

L = L0 +
1
4

igεμνρAM
μ ΘMN (∂νAN

ρ − 1
3

gf̂ N
PQ AP

ν AQ
ρ )

+eg
{1

2
AIJ

1 ψ̄
I
μγ

μνψJ
ν + AIJ

2j ψ̄
I
μγ

μχjJ +
1
2

AIJ
3ij χ̄

iI χ̄jJ}
+

4eg2

N
(AIJ

1 AIJ
1 − 1

2
NgijAIJ

2iA
IJ
2i) (4)

with “derivative” → “derivative” +gΘMNAM
μ XN i

We are interested in the N = 4 theory with symmetric scalar
target spaces SO(4,4)/SO(4) × SO(4).
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3D gauged supergravity
Symmetric target spaces

Coset space G/H can be described by L(φi(x)), transforming

as L(x) → gL(x)h(x), with the decompositions

L−1∂i L =
1
2

QIJ
i X IJ + Qα

i Xα + eA
i Y A,

L−1tML =
1
2
VMIJX IJ + VM

α Xα + VM
A Y A. (5)

In the gauged theory, we have

L−1DμL = L−1D(∂μ+ΘMNAM
μ tN )L =

1
2

QIJ
μ X IJ +Qα

μXα+eA
μY A.

(6)
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SO(4) � T6 gauged N = 4 3D supergravity
Gauging and parametrization of SO(4, 4)/SO(4) × SO(4) cosets

The target space of the N = 4 theory is a product of two
quaternionic manifolds, SO(4,4)

SO(4)×SO(4) × SO(4,4)
SO(4)×SO(4) in our case.

The gauge group is SO(4) � T6 with generators

tA =

(
a 0
0 a

)
, tB =

(
b b
−b −b

)
. (7)

We parametrize the coset by

Li =
1
2

(
Xi + et

i Yi + et
i

−Xi − et
i et

i − Yi

)
, i = 1,2, (8)

where Xi = Ei + Biet
i , Yi = −Ei + Biet

i and Ei = e−1
i .
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SO(4) � T6 gauged N = 4 3D supergravity
The embedding tensor, T-tensors and consistency conditions

The embedding tensor: TgaugeM = ΘMN tN

Components: ΘAB and ΘBB subject to some constraints
imposed by closure of gauge algebra

SO(4) ∼ SU(2) × SU(2) ⇒ 4 SU(2) factors for the two
gaugings, AB and BB.

⇓
Four coupling constants: g1s,g1a,g2s, and g2a

T-tensor:
TAB = VM

AΘMNVN
B (9)

Supersymmetry ⇒ Constraint on T ⇒ g2a = −g2s
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SO(4) � T6 gauged N = 4 3D supergravity
Supersymmetry transformations and scalar ansatz

Supersymmetry transformations:

δψI
μ = Dμε

I + AIJ
1 γμε

J ,

δχiI =
1
2
(δIJ 1 − f IJ)i

jD/φjεJ − NAJIi
2 ε

J , (10)

where

Dμε
I = (∂μ +

1
2
ωa

μγa)ε
I + ∂μφ

iQIJ
i ε

J + ΘMNAM
μ VN IJεJ ,

Dμφ
i = ∂μφ

i + AM
μ VN iΘMN (11)

Ansatz B1 = B2 = 0,

e1 = (a1(r),a2(r),a3(r),a4(r)) and

e2 = (a1(r),a2(r),a3(r),a4(r)). (12)

Also, define g1s = gp + gn and g1a = gp − gn.
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SO(4) � T6 gauged N = 4 3D supergravity
Conventions

We use non compact generators of SO(4,4) of the form

Y ab =

(
0 εab

(εt )ab 0

)
. (13)

SO(4) generators:

JIJ
+ = JIJ +

1
2
εIJKLJKL and JIJ

− = JIJ − 1
2
εIJKLJKL (14)

where JIJ = εIJ − εJI , with (εIJ)KL = δIK δJL. Finally, the tensor f IJ

is given by
f IJ
± ab,cd = Tr((εt )abJIJ

± ε
cd ). (15)

Now, we can find critical points of the potential and flow
equations coming from δχIi = 0.
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SO(4) � T6 gauged N = 4 3D supergravity
Conventions and Scope of the presentation

Number of supersymmetries: N = (nL,nR) ⇔ number of ±
eigenvalues of A1 tensor

This is equivalent to the number of supersymmetries in the dual
2D field theories.

Results:

N = 4 vacua

Flows between (3,1) and (2,0)

Vacua of N = 8, SO(8,8)/SO(8) × SO(8) scalar manifold
and (SO(4) � T6)

2 gauging

Only (3,1) flows and the vacua involved will be discussed.
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Vacua of N = 4 theory
(3,1) vacua

I. N = (3,1)

e1 =

√
−2(gn + gp)

g2s
I4×4

e2 =

√
−2(gn + gp)

g2s
(−1,1,1,1)

A1 =
32(gn + gp)2

g2s
and V0 =

−4096(gn + gp)
4

g2
2s

. (16)

II. N = (3,1)

e1 =

√
2(gp − gn)

g2s
(1,−1,−1,−1)

e2 = −
√

2(gp − gn)

g2s
I4×4 (17)
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Vacua of N = 4 theory
(3,1) vacua

A1 =
−32(gn − gp)2

g2s
and V0 =

−4096(gn − gp)
4

g2
2s

. (18)

III. N = (3,1)

e1 =

√
gn(g2

p − g2
n)

g2sg2
n

(gn

gp
,−1,−1,−1

)

e2 = −
√

gn(g2
p − g2

n)

g2sg2
n

(gn

gp
,1,1,1

)

A1 =
−8(g2

n − g2
p)2

g2sgngp
and V0 =

−256(g2
n − g2

p)4

g2
2sg2

ng2
p

. (19)
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Flow solutions
BPS equations

Supersymmetry variations(10)

The ansatz for the metric is

ds2 = e2A(r)(−dt2 + dx2) + dr2. (20)

Preserving 2D Poincare symmetries.

AdS3: A(r) = r
L

Scalar current is zero for diagonal ei

⇓

AM
μ = 0

The full truncation is consistent.
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Flow solutions
BPS equations of the (3,1) flow

Taking a1(r) = −b1(r) = b(r) and
a2(r) = a3(r) = a4(r) = b2(r) = b3(r) = b4(r) = a(r), we find

db
dr

= 24gnab2 + 16gpb3 − 8a3(gn − g2sb2) (21)

da
dr

= 16gpa3 + 8gna2b +
8a4(gn + g2sb2)

b
. (22)

and δψI
μ = 0 gives

dA
dr

= − 1
f 2(g2s + (gngp − g2

nf )c1)2
[8gn(f 2 − 1)(3f 2(c1gn(g2

n + g2
p)

+g2sgp) − 2gnf 3(2c1gngp + g2s) − 2gnf (2c1gngp + g2s)

+c1g3
nf 4 + gp(c1gngp + g2s))]. (23)
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Flow solutions
(3,1) flow solutions

Solutions:

b = ±
√

gn(f 2 − 1)

g2sf 2 + (g2
nf 3 + gngpf 2)c1

, a = fb

r = c2 +
1

64gn

[
2(−fg2sgn + g2sgp + gn(g2

p − g2
n)c1)

(f 2 − 1)(g2
n − g2

p)

−g2sgn ln(1 − f )
(gn + gp)2 +

g2sgn ln(1 + f )
(gn − gp)2

−4g2sg2
ngp ln(fgn + gp)

(g2
n − g2

p)2

]
and

A = c3 +
1
2

ln f − ln(1 − f 2) +
1
2

ln(gp + fgn)

+
1
2

ln(g2s + gn(gp + gnf )c1). (24)
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Flow solutions
flow between I and III

Choosing c1 = − g2s
gn(gn+gp) , gngp < 0,

b =

√
−(gn + gp)(1 + f )

g2sf 2

a =

√
−(gn + gp)(1 + f )

g2s

r =
1
64

[
− 2g2s

(1 + f )(g2
n − g2

p)
− g2s ln(1 − f )

(gn + gp)2

+
g2s ln(1 + f )
(gn − gp)2 − 4g2sgngp ln(fgn + gp)

(g2
n − g2

p)2

]

A =
1
2

ln f − 1
2

ln(1 − f ) − ln(1 + f ) +
1
2

ln(gp + fgn) (25)
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Flow solutions
flow between I and III

With g2s < 0:

I: f = 1, ⇔ UV point where A, r → ∞ and

III: f = −gp
gn

, ⇔ IR point where A, r → −∞
The ratio of the central charges, c = 3L

2G , is given by

cUV

cIR
= −(gn − gp)2

4gngp
> 1. (26)

We see the agreement with the c-theorem.
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Flow solutions
flow between II and III

Choosing c1 = g2s
gn(gn−gp) , gngp > 0,

b =

√
(gn − gp)(f − 1)

g2sf 2

a =

√
(gn − gp)(f − 1)

g2s

r =
1
64

[
2g2s

(1 − f )(g2
n − g2

p)
− g2s ln(1 − f )

(gn + gp)2

+
g2s ln(1 + f )
(gn − gp)2 − 4g2sgngp ln(fgn + gp)

(g2
n − g2

p)2

]

A =
1
2

ln f − ln(1 − f ) − 1
2

ln(1 + f ) +
1
2

ln(gp + fgn). (27)
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Flow solutions
flow between II and III

With g2s < 0:

II: f = −1, ⇔ UV point where A, r → ∞ and

III: f = −gp
gn

, ⇔ IR point where A, r → −∞
The ratio of the central charges is given by

cUV

cIR
=

(gn + gp)
2

4gngp
> 1. (28)

We see again the agreement with the c-theorem.

Recall mass dimension relation:

m2L2 = Δ(Δ − 2) (29)
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Flow solutions
Asymptotic behavior of the scalar fields

The analysis of mass spectra indicates that the two flows are
driven by a relevant operator of dimension Δ = 1. For Δ = d

2 ,
the scalars behave near r = ∞ as (Wolfgang Mück, 2002)

φ(r , x) = e−r/R( r
R
φ̂(x) + φ̌(x)

)
+ . . . . (30)

From our solutions, we have

a(r) ∼ e−r/R , b(r) ∼ e−r/R (31)

at the UV points. Both of the flows are called vev. flows driven
by a vacuum expectation value of an operator of dimension 1.
At the IR point, we have

a(r) ∼ er/R , b(r) ∼ er/R (32)

meaning that the operator becomes irrelevant with dimension 3.
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Conclusions
Conclusions and comments

We have found some supersymmetric AdS vacua of the
N = 4 3D gauged supergravity and studied the RG flow
solutions between them. The flows are vev. flows driven by
a vacuum expectation value of a relevant operator of
dimension 1.
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Conclusions
Conclusions and comments

We have found some supersymmetric AdS vacua of the
N = 4 3D gauged supergravity and studied the RG flow
solutions between them. The flows are vev. flows driven by
a vacuum expectation value of a relevant operator of
dimension 1.

Gc � Tdim(Gc) CS gauging ⇔ Gc YM gauging (on-shell)
(H. Nicolai and H. Samtleben, 2003)

Dimensional reduction from higher dimensional theories
gives YM gaugings. It is interesting to find a higher
dimensional description to the model we have studied in
the context of string or M theories.
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