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Introduction
String theory: 

!"#$%& g '&&(!)'*%"+,-.,!'*.,'*#%/.!!"#$%&,0"1+/

[Romans ‘86; 
Polchinski ‘95]!"#$%&'()*+%&, F0 (-#)%++./ 0123%"-#3%--0

!"" #$%&'! Fk ∈ ΛkT ∗M10
!!"# k $%$&
!!'# k ())

!"# F0 = 0$ %&#"'()*+,"-.)/0+112 0/3/)".% 11&4 056/'%5"' [Witten ‘95]

!"# F0 != 0$



!"# $%&4'
• they are easier to find than Minkowski solutions

!"#$%&'#$()*#+,#'$-./ F00'#,1,2$'#3" 2)(''&2() 4.54 ×M6 '3)-$&3"'6

• they have CFT (holographic) duals  

In particular, we will study 
supersymmetric solutions



!"#$ F0= 0% All vacua come from 
11d supergravity

S1 ! " !! M11

""
M10

!!"#$%&'()%*$#%*M11

with
• c1 = F2 !"" #$%&'(
[Chern class]

• !"#$%&' S1 = eφ

[dilaton]

!"#$%&'()*&+%$&+M10

←
→



N = 3

N = 2

N = 1

hyperKähler

Calabi-Yau

hol.Spin(7)

8d cone 7d horizon 

!"#$%& G2

!"#"$%&'%(#)*%(

3!"#$#%&#'

near-horizon limits 
of M2-branes

8d cone 7d horizon

(AdS4)×M6

the 11d solutions originate 
from “M2” membranes:



!"#$ F0 != 0% &'()*+$(,(-./,#"'&(#'(001

!"#"$%&'( )$%*+,-#)$. F0 /0123*+,-#", 40$' $"521+&-%)+$1

F0 = 0

F0 != 0

An example of 
a phenomenon 

we’ll see:

[with 11d interpretation]

[no 11d interpretation]



Plan

• (Generalized Complex) Geometry of AdS 
supersymmetric solutions 

• Comments on the general case

• !"#!"$%&'( )*(3) $&+,-&,+.#$/0,&1/"$



We look for solutions AdS4 ×M6 in type II supergravity

• metric is 'warped product': ds2
10 = e2Ads2

AdS4
+ ds2

M6‘Vacuum’:

such that (d−H∧)f = 0 .

• fluxes don't break symmetries: F = f + volAdS4 ∧ ∗6f

and closed three!form H

Supersymmetry

di!. forms on M6



susy equations contain susy parameters ε1,2

type II

6d4d

decompose: ε1,2 = ζ ⊗ η1,2 + c.c.

metric

• I is hermitian: gI ≡ J is antisymmetric.

• Chern class c1(I) = 0 ⇔ ∃ Ω3,0 Ωmnp = ηtγmnpη

• they also satisfy 3iΩ ∧ Ω̄ = 4J3 .

Im
n = η†γm

nη

!I2 = −1"
• each η defines almost complex structure:

!U(3) structure on M6."

!SU(3) structure on M6."



better to 
work with: SU(3)× SU(3) structure on TM6 ⊕ T ∗M6

Two di!erential forms Φ1,2 obeying algebraic conditions:

=
[Hitchin ’02;Gualtieri ’04]

!"# SU(3) $%&'(%'&)$ η1* η2 #+ TM6

1. each Φ is pure: !Ann(Φ) ⊂ T ⊕ T ∗ has dimension 6"

2. Compatibility:
(Φ1,X · Φ2) = 0

(Φ1,X · Φ̄2) = 0
∀X ∈ T ⊕ T ∗

!X· = {1− form∧, vector !}"



The map 

! η1, η2) !→ (Φ1, Φ2)
Φ1 = η1 ⊗ η†2

Φ2 = η1 ⊗ ηt
2

is given by

Φ1 = e−iJ

Φ2 = Ω

Ann(Ω) = {T ∗
1,0∧ , T0,1!}

2. ! Ω,α ∧ e−iJ) = −iΩ ∧ v ∧ J = 0 .

!"#$%& η1 = η2 '
Example:

!" #$(3) %&'()&('*"+

two-form

three-form

1. Ann(e−iJ ) = {v!+i(v!J)∧ ,∀v ∈ T}



the susy equations on Φ1,2 now read

dHImΦ2 = −3µ ImΦ1 + ∗f

dHΦ1 = −2µReΦ2

[suppressed a few details]

{ !recall: H , f fluxes"

dH = d−H∧

for some constant µ(= −
√

ΛAdS4 )

[Graña,Minasian,Petrini,AT ’06]



!"(3) #$%&'$&%(
We now use 

!" #$(3) %&'()&('*"+

dHImΦ2 = −3µ ImΦ1 + ∗f

dHΦ1 = −2µReΦ2{in
Φ2 = Ω

Φ1 = eiθe−iJ

H + idJ = 2µe−iθ!"Ω

F0 = 5µ !"#(θ)



F0 = 5µ !"#(θ)

!"# F0 !=0 $%%&'()$*+ θ

Example: (round)AdS4 × S7

(Fubini-
Study)

AdS4 × CP3

[Nilsson,Pope’84;
Watamura’84;

Sorokin,Tkach,Volkov’85]

[Hopf]

we know we should have a 
IIA solution on this space.

!"#$" F0 = 0 ⇒ θ = π
2

∆ReΩ = β ReΩ
iΩ ∧ Ω̄ =

3
4
J3

dJ = α ReΩ

All the geometric conditions:



It can’t be useful for us:

not integrabledJ ∝ ReΩ

(1, 1) (3, 0) + (0, 3)

susy

has no globally defined (3,0)-form: ! ΩFS

Usually on : Fubini-Study (Kähler, Einstein) IFS , gFSCP3

We need a di!erent almost complex structure I.



not but

integrable not integrable
S4

S2

CP3 is a sphere fibration.

[Eells,Salamon ’85]



parameter
in the metric

σ

In[482]:= expReCubo@n_D := SelectBSelect@expCubo@nD, Ò@@1DD Ò@@2DD Ò@@3DD =!= 0 &D,
Ò@@2DD

HÒ@@1DDL
1ê3

 HÒ@@3DDL
2ê3

< 0.1050909453169894` &F

In[493]:= expst@n_D := Transpose@8s, tanq< ê. s Ø Flatten@Apply@sigma, ÒD & êü expReCubo@nDDD;

In[521]:= expst10 = expst@10D;

Select::normal :  Nonatomic expression expected at position 1 in Select@s, Ò1 œ Reals &D. à

Select::argt :  Select called with 0 arguments; 2 or 3 arguments are expected. à

Select::normal :  Nonatomic expression expected at position 1 in Select@s, Ò1 œ Reals &D. à

Select::argt :  Select called with 0 arguments; 2 or 3 arguments are expected. à

Select::normal :  Nonatomic expression expected at position 1 in Select@s, Ò1 œ Reals &D. à

General::stop :  Further output of Select::normal will be suppressed during this calculation. à

Select::argt :  Select called with 0 arguments; 2 or 3 arguments are expected. à

General::stop :  Further output of Select::argt will be suppressed during this calculation. à

The 'nonatomic' error message is because NSolve (wrongly) returns no solutions at all when the rhs 
n4

n0
1ê3

 n6
2ê3

 < -1000 or so -- it

must be a numerical fluke. Then Select complains that it has no input at all.  

In[522]:= ListPlot@proj@expst10D, PlotRange Ø All,

AxesOrigin Ø 80, 0<, Axes Ø False, PlotStyle Ø RGBColor@.8, .1, .1DD

Out[522]=

8   KKreduction.nb

S4

S2

CP3 is a sphere fibration.

nearly Kähler
[Behrnd-Cvetic ‘04]

supersymmetry equations 
boil down to:

[AT ’07]

tan(θ) =

√
(σ − 2

5 )(2− σ)

σ + 2
!"#(θ)



nearly Kähler
[Behrnd-Cvetic ‘04]

σ

dJ = α ReΩ

dImΩ = −2
3
α J2{nearly Kähler:

in a sense, this is the closest 
one can get to a Calabi-Yau



!"##"$%&'() *"+ ,-.4 × CP 3
/

F0 = 0

[AT ’07]

F0 != 0

Another example:

F0 = 0

two relevant parameters 
in the metric

F0 != 0

[AT ’07; 
Koerber,Lüst,Tsimpis ‘08]

AdS4 × F(1, 2; 3)!
“flag manifold”

!"#$%&'( )"*4 × S7+

!"#$%&'( )"*4 ×Nk,l+

!"# 3$%&'&()&*
+&*),!"#- %.(3)/.(1)

Does this happen for all 3-Sasakian manifolds?Open
question:



The general case

dHImΦ2 = −3µ ImΦ1 + ∗f

dHΦ1 = −2µReΦ2{Supersymmetry:

Φ2 = Ω

Φ1 = eiθe−iJ
!"# $%(3) &'()*')(#+,-&.'/ is not exhaustive.

For example:
F0 != 0

&
!"#!$%!% &'(!( N> 1)*+,+-

{

!"# $%(3)



generalized !non" SU(3) structure#

metric deformations

so far, only 
perturbative analysis

[Gaiotto,AT ’09]
!"!#$%&$ AdS4 × CP3'

!"#$%&'()#*($&#+&,$-)". /",".*( Φ10 Φ2 123(3)× 23(3) $4.'+4'."5

Example:

General solution to algebraic conditions is known; 
but differential equations are hard



[Petrini,Zaffaroni ’09]

• !""#$%&'%()*+,-'%./!"0 N = 2 ($",1.$+

↓
CP2

S2 ↪→M111

!" AdS4 ×M111

• !"#$%&"' ()")&*+!,)-#$. AdS4 × Y6
SE5 ↪→ Y6

↓
I

[Lüst, Tsimpis ’09]

Fortunately, there is an argument 
that predicts many such solutions!



In string theory,

are dual to
!"#4 ×M6 $%&'()%*$

conformal field theories in
Minkowski3

It has been found recently that these CFTs are

!"#$%&'()*%+,-"#*$(#+,.(-" G/01/# = Πn
i=12(Ni)

[+ various matter fields]

[Aharony, Bergman, 
Jafferis, Maldacena ‘08]

!"#$ F0 =
∑n

i=1 ki
[Gaiotto,AT ’09;

Fujita,Li,Ryu,Takayanagi ’09]

!"#$%&'#()&*&+ F0 != 0 ,%*&#"%'#&**$#'%#,*&'-%.#'/*#0123



Conclusions

• F0 !"#$"%!&'(#!'&)*!+&,--!(+.%'/!0-!(+,'01'223 &)/+$4

• !"#$%&' ())*(+,-+./)"01,+/012+*345+4)6+)73*.8)(9

• !"#$%$&'#()$*%$&()+,+-).%/0"102


