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Motivations

General wisdom for Entanglement scaling in 1+1d

@ Ground state of a gapped Hamiltonian with local interactions.

Area law: S(£) ~ £971  [Srednicki 1993; Hastings, 2004]

@ There can be mild (log) violations for critical systems

141d CFT S(L) ~ S log L
[Holzhey, Larsen & Wilczek 1994; Calabrese & Cardy 2004]

Systems with a Fermi surface S(L) ~ L% 1log L
[Wolf 2006; Gioev & Klich 2006]



Motivations

After a quantum quench (still critical)

@ Local quench S(t) ~ §logt. [Calabrese, Cardy 2007]
@ Global quench S(t) ~ t. [Calabrese, Cardy 2005]

NB: Those are pure CFT calculations.

Chaotic systems: random circuits calculations [Nahum, Ruhman, Vijay &
Haah 2017] also give S(t) ~ ¢, but have no notion of local quench.



Motivations

This talk

Try to look for examples where the previous considerations do not
apply.

1. What happens in inhomogeneous systems?

2. Do all gapless states in 1d scale at least like log?



Inhomogeneous critical systems
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Inhomogeneous critical systems

Examples of inhomogeneous systems in 1 + 1 =2

Free Fermi gas in a trap
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Spin chain with position dependent couplings (e. g.
Heisenberg).
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Entanglement Hamiltonians of homogeneous systems.

Inhomogeneous quenches.

Arctic circle (2d statistical mechanics).



Inhomogeneous critical systems

What is the arctic circle?
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Inhomogeneous critical systems

Long range correlations: gaussian free field, or coulomb gas, or free
compact boson CFT (¢ = 1), or euclidean Luttinger liquid.
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Dimer coverings on the Aztec diamond
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nogeneous critical systems
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Arctic circle theorem  [Jockusch, Propp and Shor 1998]
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Inhomogeneous CFT [Allegra, Dubail, JMS, Viti 2016]
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Interactions: conjecture for the arctic curves [Colomo & Pronko 2009]



Inhomogeneous critical systems

Fermi gas in a harmonic potential

1,2

"= /dwa(x) [—;ag ~N+ 5 ] ()

Exactly solvable. Single particle states 1,[),1 = [puk(z)cl(z) do
given in terms of Hermite polynomials. Single particle energies
ex=(k+1/2—N), keN

Density profile (Wigner Semicircle law)

p@) = O G yea)) ~ VIE 22 L= VAN > 1

™

Inhomogeneous. Field theory description of correlations?



Inhomogeneous critical systems

Curved CFT approach

[Dubail, JMS, Viti & Calabrese 2017] Imaginary time propagator at short
distances (up to some phases)

1 1 1
i ~— -
(c"(x+dz,y + 0y)c(x,v)) o [590 +iv(x)dy oz — iv(x)éy]

This coincides with the propagator for the following action
! 2 eo@d) (1 5 19
S = o dzdz e”\"Y) | Oz¢R + Yy 0L |,

provided e?@¥)§z(z,y) = 6z + iv(z)dy. Solution:
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Inhomogeneous critical systems

Entanglement entropy

Replica trick [Holzhey, Larsen & Wilczek 1994; Calabrese & Cardy 2004].
Twist fields [Cardy, Castro-Alvaredo & Doyon 2008] with dimension

A, = %(n— %).

Map to the upper half plane through ¢(z) = ellztm/2)
_ -1 —An
Tt = (9 [52] mg(s))

Careful that the UV cutoff € — ¢(z) = eg/kp(x) now depends on
position.



Inhomogeneous critical systems
Entanglement entropy

Bipartition (—oo, z] U [z, 00)

Su(a) = " +n1 In (22 (1~ (2/0)%)""]




Inhomogeneous critical systems

Quantum quenches

L(1) = (ole 7| Wo)

Strategy
(Wol @ Replace it by 7 € R
- @ Compute using stat. mech.
@ “Remember” that 7 = it
[Wo)

[Calabrese & Cardy PRL 2006]
[Cardy PRL 2015]

This is the global quench approach. Similar treatment for local
quenches.



Inhomogeneous critical systems

Quantum quench from domain wall in the XX chain

Field theory may be identified. [Allegra, Dubail, JMS & Viti 2016]
T

2,
) — i arctanh =2

7@V = \/(7/2)2 — 22 — 42

z(x,y) = arccos(




Inhomogeneous critical systems

Entanglement entropy [Dubail, JMS, Viti & Calabrese 2017]

Sp(z,t) = n In [t(l B (x/t)2)3/2}

Recovers the numerical guess made in [Eisler & Peschel 2014]
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Inhomogeneous critical systems

Caveat: Integrability and non Integrability
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CFT binding

2. The book of the CFT |




CFT binding
Ground state wave function
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CFT binding
Ground state wave function

W}(J)|2q = picture below
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CFT binding

Free compact field (¢ = 1)

87TK/ dx/ dr(V) —1—2 /\COSp(p

irrelevant if p2 >2kK

Can show: K — K/q for the ¢ binding.
[JMS, Misguich & Pasquier 2011]

If ¢ becomes too large irrelevant operators might become relevant,
and trigger a phase transition.



CFT binding

Initial motivation in the XXZ spin chain [JMS, Furukawa, Misguich &
Pasquier 2009] [JMS, Misguich & Pasquier 2011]

1/q
Zg = (Z ¢(0)2q>

Here pmin = 2, K = f(A), g. = 4K at half filling

Zy = P Z,(1 + o(1))

with
2 K1/2—1/2qq1/2q . q<qe
1 21/4\/K . 4> Qe

q = 00, exact lattice computation [Brockmann & JMS 2017]

sinh(Z — 1)ksinh &k g
Zo = VK —L |1 2—/ 1 — 1+o(1
P ( [og R 2sinh %k cosh2k k (1+o(1))




CFT binding

A simple example: the XX chain at half filling

Wave function has Jastrow-type form
(spins <> particles)

Y(x1, ..., xn) = H (zi — 25)°

1<i<j<n

considered in [Cirac & Sierra 2009]

a =1 for the XX chain. “Binding procedure” just changes «.
Note v = 2 is gives the ground state of the Haldane-Sastry chain

RG analysis [Narayan & Shastry 1998] of the classical particle system
also compatible with the previous slide.



CFT binding

The point

Even if some correlations gap out for n > n., in the book picture
the spins are still connected through the bulk, which is critical.

Bozonization S¥ ~ dy¢ + (—1) cos ¢
S;f ~ €' ((=1)7 cos ¢ + cst)

For ¢ > q., ¢ = w1 + @R locks to Dirichlet (Néel) at the
boundary, but the dual field ¢ = ¢, — g still fluctuates!
This point was also made in [Kumano, Misguich & Oshikawa, unpub. 2014]



CFT binding

Correlation functions
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What about entropy?



CFT binding

Back to entanglement scaling

So can be efficiently computed in Monte Carlo
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CFT binding

Back to entanglement scaling

S1/2 is less easy, smaller system sizes

S1/2




CFT binding

Approximability by MPS

Usual logic is that if S;,<1 saturates, then the wave function can
be approximated by an MPS with finite bond dimension.

But all correlations decay exponentially for an MPS with finite
bond dimension.

[Hastings 2007] showed that if S7 saturates for the ground state of a
local Hamiltonian, then approximability follows. So the states we
consider are not ground states of local Hamiltonian for a > 4.



CFT binding

Summary

1. Inhomogeneous systems.

Field theory: dzdz, x + iy — ¢”@¥dzdz, = = & + iy. Easy to
work out the extra contributions for free fermions. Interacting
more complicated, but logic is the same.

Careful about quantum quenches, where integrability plays a role.
Quenches of domain wall type are neither local nor global, and in
this case S(t) is a chaos detector (logt vs t).

2. lt is possible to cook up critical states in 1d with .S ~ const.



Thank you!
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