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MODULAR ACTIONS AND AMENABLE REPRESENTATIONS

INESSA EPSTEIN AND TODOR TSANKOV

Abstract. Consider a measure-preserving action Γ � (X,µ) of a countable
group Γ and a measurable cocycle α : X × Γ → Aut(Y ) with countable im-

age, where (X,µ) is a standard Lebesgue space and (Y, ν) is any probability
space. We prove that if the Koopman representation associated to the action
Γ � X is non-amenable, then there does not exist a countable-to-one Borel
homomorphism from the orbit equivalence relation of the skew product action
Γ �α X × Y to the orbit equivalence relation of any modular action (i.e.,
an inverse limit of actions on countable sets or, equivalently, an action on the
boundary of a countably-splitting tree), generalizing previous results of Hjorth
and Kechris. As an application, for certain groups, we connect antimodular-
ity to mixing conditions. We also show that any countable, non-amenable,
residually finite group induces at least three mutually orbit inequivalent free,
measure-preserving, ergodic actions as well as two non-Borel bireducible ones.

1. Introduction

Let Γ be a countable, infinite group which acts in a Borel way on a standard
Borel space X. The action gives rise to a Borel orbit equivalence relation EX

Γ with
countable classes. Conversely, every countable Borel equivalence relation is given
by a group action (Feldman–Moore [7]). It is of interest to compare equivalence
relations arising from different groups and different actions of the same group.

Let E, F be equivalence relations on the spaces X, Y , respectively. A homo-
morphism from E to F is a map f : X → Y such that

xE y =⇒ f(x)F f(y)

for all x, y ∈ X. A map is countable-to-one if the preimage of every point is count-
able. Countable-to-one homomorphisms occur in different contexts: examples arise
from orbit equivalences and stable orbit equivalences as well as Borel reductions
between countable equivalence relations. A countable-to-one homomorphism is, in
fact, a combination of an inclusion and a Borel reduction (see Thomas [24, Section
4]). In the Borel setting, one is interested in Borel homomorphisms, while in the
presence of a measure, one usually considers measurable homomorphisms which are
defined only almost everywhere.

Following Hjorth [13], call a Borel group action on a standard Borel space X
modular if there exists a sequence of countable Borel partitions A1 � A2 � · · ·
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of X, each one refining the previous, which separate points in X and are invari-
ant under the action. Note that if there is a Γ-invariant, ergodic measure on X,
then, possibly excluding a null set, all partitions are finite and the action on each
partition is transitive. It is shown in [21] that, on an invariant set of full measure,
every measure-preserving, ergodic, modular action is isomorphic to an action on the
boundary of a rooted, locally finite tree induced by an action by automorphisms
on the tree or, which is the same, an inverse limit of actions on finite sets. Also,
it is not hard to see that a group admits a free, ergodic, modular action iff it is
residually finite (i.e., the intersection of all of its normal subgroups of finite index
is trivial); see [21] again.

Say that a countable Borel equivalence relation is of modular type if it is induced
by a modular action. Hjorth considered equivalence relations of modular type in
order to show that there exist more than two treeable equivalence relations (up
to Borel bireducibility), which was an important problem in the theory of Borel
equivalence relations. (An equivalence relation is treeable if to each equivalence
class can be assigned in a Borel way the structure of a tree.) More precisely, he
proved the following result:

Theorem 1.1 (Hjorth [13]). Let Γ � X be a modular action and E be the orbit
equivalence relation. Let M ⊆ 2F2 be a set of full measure (where F2 is the free
group with 2 generators and 2F2 is equipped with the standard Bernoulli measure
and the shift action of F2). Then there does not exist a countable-to-one Borel

homomorphism from E2F2

F2
|M to E.

The above theorem implies that any free, measure-preserving, modular action
of F2 gives rise to an intermediate treeable equivalence relation. (For more on
the theory of countable Borel equivalence relations and in particular the treeable
ones, see Jackson–Kechris–Louveau [15].) It is interesting to try to generalize The-
orem 1.1 to include actions other than F2 � 2F2 . Kechris [21] defined the notion
of an antimodular action (one whose orbit equivalence relation does not admit a
countable-to-one homomorphism to an equivalence relation of modular type) and,
in the presence of an invariant measure, isolated a representation-theoretic property
which implies antimodularity. Since in most of our considerations below we will
have a measure present, we find it convenient to introduce a notion of a.e. anti-
modularity: we say that a measure-preserving action Γ � (X,µ) is µ-antimodular
if its restriction to any invariant conull subset of X is antimodular (or, equivalently,
for any (not necessarily invariant) conull A ⊆ X, the restricted equivalence relation
EX

Γ |A does not admit a countable-to-one homomorphism to an equivalence relation
of modular type).

Recall that if Γ acts on X preserving a measure µ, the Koopman representation
κ of Γ on the Hilbert space L2(X,µ) is the unitary representation given by

(κ(γ)f)(x) = f(γ−1 · x).
We will usually consider the restriction κ0 of κ to the orthogonal complement of the
constant functions L2

0(X) = {f ∈ L2(X) |
∫
f = 0} and, by abuse of terminology,

also call it the Koopman representation. If σ and π are unitary representations
of the same group, we write σ ≤ π if σ is contained in π (i.e., is isomorphic to a
subrepresentation of π) and σ ≺ π if σ is weakly contained in π. For all necessary
background on unitary representations, an excellent reference is Bekka–de la Harpe–
Valette [1]. The action of Γ on X is called tempered if κ0 ≺ λΓ, where λΓ is the
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left-regular representation of Γ. Kechris [21] adapted Hjorth’s method from [13] to
show that if F2 ≤ Γ, then every tempered action of Γ is antimodular. He also asked
whether the hypotheses of this theorem can be weakened, for example, whether
“F2 ≤ Γ” can be replaced by “Γ is non-amenable” and “the action is tempered”
by “κ0 does not weakly contain a finite-dimensional representation of Γ.” (If Γ is
amenable, then by well-known results of Dye and Ornstein–Weiss (see [17]), the
orbit equivalence relation is hyperfinite, and therefore induced by a modular action
of Z, on a set of measure 1.) In the present paper we answer those two questions,
the first one in the affirmative and the second in the negative (cf. Corollary 1.4
and Proposition 5.2).

It turns out that another representation-theoretic property of measure-preserving
actions is relevant in this situation, namely the property of κ0 being amenable in
the sense of Bekka [3]. We recall the definition and a few basic facts from [3]. A
unitary representation π of Γ on a Hilbert space H is amenable if there exists a
Γ-invariant state on the C∗-algebra B(H) of bounded linear operators on H, i.e., a
bounded linear functional M on B(H) satisfying M ≥ 0, M(I) = 1, and

M(π(γ)Sπ(γ−1)) = M(S)

for all γ ∈ Γ and S ∈ B(H). The notion of an amenable representation captures
many known instances of amenability in a single framework. For example, a group
is amenable iff all of its representations are amenable, an action of a countable group
on a countable set I is amenable iff the corresponding representation on �2(I) is
amenable (cf. Lemma 3.1 and the remark after it), etc. A useful characterization
of amenability is the following:

(1.1) π is amenable ⇐⇒ 1Γ ≺ π ⊗ π

[2, Theorem 5.1]. The latter condition is sometimes referred to as the absence of
stable spectral gap. For more examples and further discussion, see [3]. (In [3], the
theory is developed for locally compact groups, but we only need the discrete case
here.)

Let (X,µ) be a standard Lebesgue space (i.e., a standard Borel space equipped
with a non-atomic, Borel, probability measure µ) and Γ a countable group acting
by measure-preserving transformations on it. Now consider another (arbitrary)
probability space (Y, ν) and a measurable cocycle α : X × Γ → Aut(Y ), where
Aut(Y ) denotes the group of measure-preserving automorphisms of Y . α gives rise
to a measure-preserving action Γ �α X × Y as follows:

γ · (x, y) = (γ · x, α(x, γ) · y).
Conversely, by a well-known theorem of Rokhlin, every ergodic extension of the
action Γ � X arises in this fashion (see [11, 3.3]).

Now we can state the main theorem of this paper.

Theorem 1.2. Let Γ act by measure-preserving transformations on the standard
Lebesgue space (X,µ). Let (Y, ν) be an arbitrary probability space and α : X ×Γ →
Aut(Y ) a measurable cocycle whose image is contained in a countable subgroup of
Aut(Y ). Then, if the Koopman representation κ0 associated with the action Γ � X
is not amenable, the action Γ �α X × Y is µ× ν-antimodular.

Remark. We do not know whether the condition that the image of α is countable
is necessary.
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Note the following immediate corollary which is obtained in the case when Y
consists of a single point.

Corollary 1.3. Suppose that Γ � (X,µ) is measure-preserving. Then if κ0 is
non-amenable, the equivalence relation EX

Γ is µ-antimodular.

We can apply that to a variety of situations where we know that the Koopman
representation is non-amenable and produce examples of antimodular actions. For
example, if Γ is non-amenable, then its left-regular representation is not amenable
[3, Theorem 2.2] and

(1.2) ρ is non-amenable and π ≺ ρ =⇒ π is non-amenable

[3, Corollary 5.3], so we have:

Corollary 1.4. Every tempered action of a non-amenable group is antimodular.

Recall that an action Γ � (X,µ) is called weakly mixing if the Koopman repre-
sentation κ0 does not contain finite-dimensional subrepresentations and mixing if
κ0 is a c0-representation, i.e.,

〈κ0(γ)f, f〉 → 0 as γ → ∞
for all f ∈ L2

0(X). It is clear that a weakly mixing action cannot be modular and
Kechris [21] asked whether weak mixing (or even mixing) always implies antimodu-
larity. One has to exclude amenable groups from consideration, however, since any
ergodic action of an amenable group is orbit equivalent to a modular action of Z.
We will see in Section 5 that in general weak mixing (and even the stronger condi-
tion that κ0 does not weakly contain a finite-dimensional representation) does not
imply antimodularity. However, such an implication does exist for certain groups
and for special actions of arbitrary non-amenable groups as we see below.

If a group has property (T), then all of its amenable representations contain a
finite-dimensional subrepresentation (the converse is also true; cf. Bekka–Valette [2])
and hence:

Corollary 1.5. Let Γ have property (T). Then every weakly mixing Γ � (X,µ) is
µ-antimodular.

Recall that a group Γ has the Haagerup approximation property (HAP) if it has
a c0-representation π such that 1Γ ≺ π. (For more on groups with HAP, see Cherix
et al. [4].) Since for any representation π, if π is a c0-representation, then π ⊗ π is
also a c0-representation, using (1.1), we obtain:

Corollary 1.6. If Γ does not have HAP, every mixing action Γ � (X,µ) is µ-
antimodular.

A class of actions for which mixing implies antimodularity for arbitrary non-
amenable groups is given by the generalized Bernoulli shifts (cf. Corollary 3.4).
We do not know an example of a mixing action of a non-amenable group which is
not antimodular.

Our final application is to the theory of orbit equivalence and Borel reducibility.
We use Theorem 1.2 to show that every residually finite, non-amenable group ad-
mits at least three non-orbit equivalent actions as well as two non-Borel bireducible
ones. For general non-amenable groups, it is only known that they admit at least
two non-orbit equivalent actions (Schmidt [22], Connes–Weiss [5], Hjorth [13]). For
definitions and further discussion, see Section 4.
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The organization of the paper is as follows. In Section 2, we prove Theorem 1.2;
in Section 3, generalized Bernoulli shifts and actions on compact Polish groups by
automorphisms are considered; in Section 4, we discuss the applications to orbit
equivalence and Borel reducibility; and finally, in Section 5, we give an example
which shows that the hypothesis in Corollary 1.3 cannot be replaced by the weaker
“κ0 does not weakly contain a finite-dimensional representation,” answering the
previously mentioned question of Kechris.

Below Γ will always be a countable, infinite group and Q ⊆ Γ a finite set. All
vector spaces will be complex and all representations unitary.

2. Proof of Theorem 1.2

We argue towards a contradiction. Suppose that the action Γ � X × Y is not
µ× ν-antimodular. Suppose also that the image of α is contained in the countable
subgroup Λ of Aut(Y ). Let MALG(X) denote the measure algebra of (X,µ). Let
Z = N × Y and let σ be the measure on Z which is the product of the counting
measure on N and ν.

The following technical proposition extracts from the combinatorial information
given by the existence of a homomorphism to an equivalence relation of modular
type the data we need to construct a κ0-invariant state on B(L2

0(X)).

Proposition 2.1. For every finite Q ⊆ Γ and ε > 0, there exists a Borel map
Φ: Z → MALG(X) such that the following are satisfied:

(i) for almost all x ∈ X,∫
Z

χ{x∈Φ(z)}(z) dσ(z) = 1;

(ii) ∫
{µ(Φ(z))>ε}

µ(Φ(z)) dσ(z) < ε;

(iii) for all τ ∈ Q, there exists T ∈ Aut(Z, σ) such that∫
Z

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z) < ε.

To visualize what the proposition claims, it helps to consider the case when Y is a
single point. Then condition (i) says that Φ defines a partition of X into countably
many pieces, condition (ii) says that all pieces have measure smaller than ε, and,
finally, condition (iii) says that the partition is “almost invariant” with respect to
the pair (Q, ε).

Proof. Let ∆ be a countable group which acts modularly on a standard Borel space
W . We suppose that there is a conull C ⊆ X × Y and a countable-to-one Borel
homomorphism θ : C → W from EC

Γ to EW
∆ . By [21, 1.2], we can assume that θ is

injective. Fix a symmetric Q ⊆ Γ containing 1 and 1/2 > ε > 0. Denote by B the
Borel σ-algebra of W and let

B0 ⊆ B1 ⊆ · · · ⊆ Bk ⊆ Bk+1 ⊆ · · · ⊆ B
be atomic (finite or countable) Boolean algebras which witness that the action
∆ � W is modular, i.e., each Bk is invariant under ∆ and

⋃
k Bk generates B. If

B ∈ B and A ⊆ X × Y , denote

B̂ = θ−1(B) and Ay = {x ∈ X | (x, y) ∈ A}.
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Since θ is a Borel homomorphism, there exists a Borel map g : C × Γ → ∆ such
that

g((x, y), τ ) · θ(x, y) = θ(τ · (x, y)).

Lemma 2.2. For any η > 0, there is a Borel set M ⊆ C and k ∈ N such that the
following hold:

(1) µ× ν(M) > 1− η;
(2) for any τ ∈ Q, the functions (x, y) �→ g((x, y), τ ) and (x, y) �→ α(x, τ ) are

constant on B̂ ∩M for each atom B ∈ Bk;
(3) if (x, y) ∈ B̂ ∩M for some atom B ∈ Bk, then µ(B̂y) < η;

(4) the set {B ∈ Bk : M ∩ B̂ �= ∅} is finite.

The lemma and proof are similar to [13, Claim I]. However, we additionally
require that the cocycle α be constant on the atoms and M only intersect atoms
with vertical sections of sufficiently small measure.

Proof. It suffices to find the required pair (M,k) for a single element τ ∈ Q. Indeed,
since Q is finite, in the end, we can take the intersection of the M ’s and the
maximum of the k’s.

Let ∆0 ⊆ ∆, Λ0 ⊆ Λ be finite sets such that off a set of µ× ν-measure less than
η/2, we have g((x, y), τ ) ∈ ∆0 and α(x, τ ) ∈ Λ0. Partition X into A1, . . . , Am ⊆ X
such that µ(Aj) < η/2. Then for δ ∈ ∆0, λ ∈ Λ0, and j ≤ m, let

M(δ, λ, j) = {(x, y) ∈ C | g((x, y), τ ) = δ and α(x, τ ) = λ and x ∈ Aj}.

We have

(2.1)
⋃

δ∈∆0,λ∈Λ0,
j≤m

M(δ, λ, j) ≥ 1− η/2.

By the assumption that θ is injective, the set of θ-preimages of
⋃

k Bk is dense in
the measure algebra of X ×Y . Thus, for any δ ∈ ∆0, λ ∈ Λ0, and j ≤ m, there are
k(δ, λ, j) ∈ N and B(δ, λ, j) ∈ Bk(δ,λ,j) such that

(2.2) µ× ν
(
B̂(δ, λ, j)�M(δ, λ, j)

)
<

η

6m|∆0||Λ0|
.

Also, since M(δ, λ, j) ⊆ Aj and µ(Aj) ≤ η/2,

∫
{y∈Y |µ(B̂(δ,λ,j)y)>η}

µ(B̂(δ, λ, j)y) dν(y) ≤ 2

∫
Y

µ(B̂(δ, λ, j)y �M(δ, λ, j)y) dν(y)

= 2µ× ν
(
B̂(δ, λ, j)�M(δ, λ, j)

)
<

η

3m|∆0||Λ0|

and hence,

(2.3) µ
( ⋃

δ∈∆0,λ∈Λ0,
j≤m

{
(x, y) ∈ B̂(δ, λ, j) | µ(B̂(δ, λ, j)y) > η

})
< η/3.
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Finally, let k = max {k(δ, λ, j)} and

M =
⋃

δ∈∆0,λ∈Λ0,
j≤m

B̂(δ, λ, j) ∩M(δ, λ, j)

\
⋃

δ∈∆0,λ∈Λ0,
j≤m

{
(x, y) ∈ B̂(δ, λ, j) | µ(B̂(δ, λ, j)y) > η

}
.

Then (2), (3), and (4) are satisfied by definition, and by (2.1), (2.2), and (2.3),

µ× ν(M) > 1− (η/2 + η/6 + η/3) = 1− η,

which verifies (1). �
Apply Lemma 2.2 with η = ε2/4 to obtain M and k and fix them from now

on. Let {Bi | i ∈ N} enumerate the atoms of Bk (if Bk contains only finitely many
atoms, add empty sets to the enumeration). The functions (x, y) �→ g((x, y), τ )

and (x, y) �→ α(x, τ ) are constant on each B̂i ∩ M and, abusing notation, we will

write g(i, τ ) and α(i, τ ) (for those i for which B̂i ∩ M �= ∅). Now define the map

Φ: Z → MALG(X) by Φ(i, y) = B̂y
i . Note that {B̂i} is a partition of X × Y and

hence, for almost every y ∈ Y , {Φ(i, y) | i ∈ N} is a partition of X.
That condition (i) is satisfied follows from the fact that for each x, the collection{

{y | x ∈ Φ(i, y)} | i ∈ N
}
forms a partition of Y . We proceed to check (ii). Using

Lemma 2.2 (1) and (3), we have:∫
{µ(Φ(z))>ε}

µ(Φ(z)) dσ(z) =

∫
X×Y×N

χ{(x,y)∈B̂i and µ(B̂y
i )>ε} d(x, y, i)

≤
∫
((X×Y )\M)×N

χ{(x,y)∈B̂i} d(x, y, i)

= µ((X × Y ) \M) < η < ε.

We are left with verifying (iii). Fix τ ∈ Q. We will construct T ∈ Aut(Z) such
that ∫

Z

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z) ≤ 7ε.

Set

G =

{
(i, y) ∈ Z | µ(Φ(i, y) \M

y)

µ(Φ(i, y))
< ε

}
.

We have ∫
Z\G

µ(Φ(i, y)) dσ(i, y) ≤ 1

ε

∫
Z\G

µ(Φ(i, y) \My) dσ(i, y)(2.4)

≤ 1

ε
µ× ν(X × Y \M) ≤ ε/4.

Define

N0 =
{
(x, y) ∈ M | ∃i (i, y) ∈ G and x ∈ Φ(i, y)

}
,

N = N0 ∩ τ−1 ·N0.

By (2.4),
µ× ν(N0) ≥ 1− µ× ν(C \M)− ε/4 ≥ 1− ε/2

and hence,
µ× ν(X × Y \N) ≤ 2(ε/2) = ε.
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Let Z0 = {(i, y) ∈ Z | Φ(i, y) ∩Ny �= ∅}. Notice that∫
Z\Z0

µ(Φ(z)) dσ(z) =

∫
Y

∑
{i|Φ(i,y)∩Ny=∅}

µ(Φ(i, y)) dν(y)(2.5)

≤
∫
Y

µ(X \Ny) dν(y)

≤ µ× ν(X × Y \N) ≤ ε.

Define the partial automorphism T0 : Z0 → Z by

T0(i, y) = (j, α(i, τ ) · y) ⇐⇒ g(i, τ ) ·Bi = Bj .

Lemma 2.3. Given (i, y) = z ∈ Z0, the following hold:

(1) τ · (Φ(i, y) ∩My) ⊆ Φ(T0(i, y));
(2) τ−1 ·

(
Φ(T0(i, y)) ∩Mα(i,τ)·y) ⊆ Φ(i, y);

(3) µ(Φ(z))
µ(Φ(T0z))

∈ [1− ε, 1
1−ε ] ⊆ (1− 2ε, 1 + 2ε);

(4) µ
(
τ · Φ(z)�Φ(T0z)

)
≤ 3ε · µ

(
Φ(T0z)

)
;

(5) T0 is injective and measure preserving.

Proof. (1). Take x ∈ Φ(i, y) ∩My. Then

θ(τ · (x, y)) = g(i, τ ) · θ(x, y) ∈ g(i, τ ) ·Bi = Bj

for some j. So τ · (x, y) ∈ B̂j . Also, τ · (x, y) = (τ · x, α(i, τ ) · y). By our definition
of T0, τ · (x, y) ∈ Φ(T0(i, y)).

(2). Let x ∈ Φ(T0(i, y))∩Mα(i,τ)·y and let j be such that T0(i, y) = (j, α(i, τ ) ·y).
Then (x, α(i, τ ) · y) ∈ B̂j . Let x1 ∈ Φ(i, y) ∩Ny. From (1),

τ · x1 ∈ Φ(T0(i, y)) ∩Mα(i,τ)·y .

Note that
τ−1 · (τ · (x1, y)) = (x1, y) ∈ B̂i.

This implies that g(j, τ−1) ·Bj = Bi. So then

(2.6) (τ−1 · x, α(x, τ−1)α(i, τ ) · y) = τ−1 · (x, α(i, τ ) · y) ∈ B̂i.

Also, α(i, τ ) = α(x1, τ ) and α(j, τ−1) = α(τ · x1, τ
−1). By the cocycle identity,

α(x, τ−1)α(i, τ ) = α(j, τ−1)α(i, τ ) = α(τ · x1, τ
−1)α(x1, τ ) = 1,

and hence, combining with (2.6), τ−1 · x ∈ Φ(i, y).
(3). From (1), we have that µ(My ∩ Φ(i, y)) ≤ µ

(
Φ(T0(i, y))

)
. Since Φ(i, y) ∩

Ny �= ∅, (i, y) ∈ G, and we obtain

µ
(
Φ(T0(i, y))

)
≥ µ(My ∩ Φ(i, y)) ≥ (1− ε)µ(Φ(i, y)),

which then allows us to conclude that

µ(Φ(i, y))

µ
(
Φ(T0(i, y))

) ≤ 1

1− ε
.

Similarly, by (2) and the fact that T0(i, y) ∈ G,

µ(Φ(i, y)) ≥ µ
(
Φ(T0(i, y)) ∩Mα(i,τ)·y) ≥ (1− ε)µ

(
Φ(T0(i, y))

)
,

which then leads to
µ(Φ(i, y))

µ
(
Φ(T0(i, y))

) ≥ 1− ε.
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(4). Using the fact that the action of Γ on X is measure-preserving and also
using (1) and (3), we have

µ
(
τ · Φ(i, y) \ Φ(T0(i, y))

)
= µ

(
Φ(i, y) \ τ−1 · Φ(T0(i, y))

)
≤ µ(Φ(i, y) \My)

< ε · µ(Φ(i, y))
< ε(1 + 2ε)µ

(
Φ(T0(i, y))

)
< 2ε · µ

(
Φ(T0(i, y))

)
.

Similarly, using (2), µ
(
τ−1 · Φ(T0(i, y)) \ Φ(i, y)

)
< ε · µ

(
Φ(T0(i, y))

)
.

(5). Suppose that T0(i1, y1) = T0(i2, y2) for some (i1, y1), (i2, y2) ∈ Z0. Take
x1 ∈ Φ(i1, y1) ∩Ny1 , x2 ∈ Φ(i2, y2) ∩Ny2 . Let

Bj = g(i1, τ ) ·Bi1 = g(i2, τ ) ·Bi2 .

τ · (x1, y1), τ · (x2, y2) ∈ B̂j ∩M , so

Bi1 = g(j, τ−1) ·Bj = Bi2 .

Hence i1 = i2 and

y1 = α(i1, τ )
−1(α(i1, τ ) · y1) = α(i2, τ )

−1(α(i2, τ ) · y2) = y2.

Now let A ⊆ Z0. We claim that σ(T0(A)) = σ(A). Indeed, we have

T0(A) =

∞⋃
i=1

{(j, α(i, τ ) · y) | (i, y) ∈ A and g(i, τ ) ·Bi = Bj}.

Since the map Bi �→ g(i, τ ) ·Bi is injective and α(i, τ ) is measure-preserving for all
i, we have

σ(T0(A)) =
∞∑
i=1

ν
(
{α(i, τ ) · y | (i, y) ∈ A}

)

=
∞∑
i=1

ν
(
{y | (i, y) ∈ A}

)

= σ(A). �

Note that by Lemma 2.2 (4), Z0 ⊆ {0, 1, . . . , n} × Y for some n ∈ N and,
in particular, σ(Z0) < ∞. This also implies that T0 can be extended to a full
measure-preserving automorphism T of Z. Use Lemma 2.3 (4) to obtain

∫
Z0

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z) ≤

∫
Z0

3ε · µ(Φ(Tz)) dσ(z)(2.7)

≤ 3ε

∫
Z

µ(Φ(z)) dσ(z) ≤ 3ε.
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Also, by Lemma 2.3 (3) and (2.5),∫
Z\Z0

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z)(2.8)

≤
∫
Z\Z0

µ(Φ(Tz)) dσ(z) +

∫
Z\Z0

µ(τ · Φ(z)
)
dσ(z)

=

∫
Z

µ(Φ(Tz)) dσ(z)−
∫
Z0

µ(Φ(T0z)) dσ(z) +

∫
Z\Z0

µ(Φ(z)) dσ(z)

≤ 1− (1− 2ε)

∫
Z0

µ(Φ(z)) dσ(z) + ε

≤ 1− (1− 2ε)(1− ε) + ε ≤ 4ε.

Finally, combine (2.7) and (2.8) to obtain∫
Z

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z)

=

∫
Z0

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z) +

∫
Z\Z0

µ
(
Φ(Tz)� τ · Φ(z)

)
dσ(z)

≤ 7ε. �

Now we proceed to construct an invariant state onB(L2
0(X)). For A∈MALG(X),

let

ηA = χA − µ(A),

where χA denotes the characteristic function of the set A. Then ηA ∈ L2
0(X) and

‖ηA‖2 = µ(A)− µ(A)2. Also, for any S ∈ B(L2
0(X)),

|〈SηA, ηA〉 − 〈SηB , ηB〉| ≤ ‖S‖ (‖ηA‖+ ‖ηB‖) ‖ηA − ηB‖

≤ ‖S‖ (
√
µ(A) +

√
µ(B))

√
µ(A�B),(2.9)

as is verified by direct computation.
Enumerate Γ = {γn} and set Qn = {γ1, γ2, . . . , γn}. For each n, let n, Φn : Z →

MALG(X) be a (Qn, 1/n)-invariant map as given by Proposition 2.1. Let Mn ∈
B(L2

0(X))∗ be the positive linear functional defined by

Mn(S) =

∫
Z

〈
SηΦn(z), ηΦn(z)

〉
dσ(z).

Note that by (i) and an application of Fubini,∫
Z

µ(Φn(z)) dσ(z) = 1.

Hence,

|Mn(S)| ≤
∫
Z

|
〈
SηΦn(z), ηΦn(z)

〉
| dσ(z)

≤
∫
Z

‖S‖
∥∥ηΦn(z)

∥∥2 dσ(z)

≤ ‖S‖
∫
Z

µ(Φn(z)) dσ(z) = ‖S‖ .
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Therefore ‖Mn‖ ≤ 1. Now let M be any weak∗ limit point of the set {Mn}. We will
show that M is a κ0-invariant state on B(L2

0(X)) which will complete the proof of
the theorem. M is clearly positive. Let I denote the identity operator on L2

0(X).
We have

Mn(I) =

∫
Z

〈
ηΦn(z), ηΦn(z)

〉
dσ(z)

=

∫
Z

µ(Φn(z))− µ(Φn(z))
2 dσ(z)

= 1−
∫
Z

µ(Φn(z))
2 dσ(z) → 1 as n → ∞.

Indeed, by (ii),

∫
Z

µ(Φn(z))
2 dσ(z) =

∫
{µ(Φn(z))>1/n}

µ(Φn(z))
2 dσ(z)

+

∫
{µ(Φn(z))≤1/n}

µ(Φn(z))
2 dσ(z)

≤ 1

n
+

1

n

∫
Z

µ(Φn(z)) dσ(z) =
2

n
.

Hence, M(I) = 1.
To show that M is invariant, it suffices to check that for all τ ∈ Γ and S ∈

B(L2
0(X)),

Mn(κ0(τ
−1)Sκ0(τ ))−Mn(S) → 0.

Indeed, since M is a weak∗ limit point of the Mn’s, for every ε > 0 there exist
infinitely many n such that

|M(S)−Mn(S)| < ε and |M(κ0(τ
−1)Sκ0(τ ))−Mn(κ0(τ

−1)Sκ0(τ ))| < ε.

Then

|M(S)−M(κ0(τ
−1)Sκ0(τ ))| ≤ |M(S)−Mn(S)|+ |Mn(S)−Mn(κ0(τ

−1)Sκ0(τ ))|
+ |Mn(κ0(τ

−1)Sκ0(τ ))−M(κ0(τ
−1)Sκ0(τ ))|

≤ |Mn(S)−Mn(κ0(τ
−1)Sκ0(τ ))|+ 2ε,

which shows that M(S) = M(κ0(τ
−1)Sκ0(τ )).
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Fix τ ∈ Γ and S ∈ B(L2
0(X)). For all n big enough that τ ∈ Qn, apply

Proposition 2.1 to obtain Tn ∈ Aut(Z), satisfying (iii). Using (2.9) and Cauchy–
Schwartz, we have

|Mn(κ0(τ
−1)Sκ0(τ ))−Mn(S)|

=

∣∣∣∣
∫
Z

〈
κ0(τ

−1)Sκ0(τ )ηΦn(z), ηΦn(z)

〉
dσ(z)−

∫
Z

〈
SηΦn(z), ηΦn(z)

〉
dσ(z)

∣∣∣∣
=

∣∣∣∣
∫
Z

〈
Sητ ·Φn(z), ητ ·Φn(z)

〉
dσ(z)−

∫
Z

〈
SηΦn(Tnz), ηΦn(Tnz)

〉
dσ(z)

∣∣∣∣
≤

∫
Z

∣∣〈Sητ ·Φn(z), ητ ·Φn(z)

〉
−
〈
SηΦn(Tnz), ηΦn(Tnz)

〉∣∣ dσ(z)
≤ 2 ‖S‖

∫
Z

(
µ(Φn(z))

1
2 + µ(Φn(Tnz))

1
2

)
µ
(
τ · Φn(z)�Φn(Tnz)

) 1
2 dσ(z)

≤ 2 ‖S‖
((∫

Z

µ(Φn(z)) dσ(z)
) 1

2

+
(∫

Z

µ(Φn(Tnz)) dσ(z)
) 1

2
)

·
(∫

Z

µ
(
τ · Φn(z)�Φn(Tnz)

)
dσ(z)

) 1
2

≤ 2 ‖S‖ 2√
n
→ 0 as n → ∞

This completes the proof of the theorem.

3. Amenable Koopman representations and almost invariant vectors

In this section, we describe two situations in which the amenability of the
Koopman representation is equivalent to the existence of almost invariant vectors
(1Γ ≺ κ0). Note that by (1.2), 1Γ ≺ π implies that π is amenable for any represen-
tation π, but the converse is not true in general, even for Koopman representations
(consider, for example, a modular, ergodic action of a property (T) group). A
special situation when it is true is given by the lemma below.

Let I be a countable set and let Γ act on I. Recall that the action is called
amenable if there is a Γ-invariant mean on �∞(I).

Lemma 3.1. Let Γ be a countable group, let π be a unitary representation of Γ on
a separable Hilbert space H and let {ξi}i∈N

be an orthonormal basis for H invariant
under π. Then

π is amenable =⇒ 1Γ ≺ π.

Proof. Set I = {ξi : i ∈ N}. We can identify H with �2(I) and the representation
π with the representation of Γ on �2(I) induced by the action of Γ on I. Let B(H)
denote the space of bounded operators on H. π amenable implies that there is a
state M on B(H) invariant under π, i.e.,

M(π(γ)Sπ(γ)−1) = M(S), for all γ ∈ Γ, S ∈ B(H).

For each φ ∈ �∞(I) consider the multiplication operator Tφ ∈ B(H) defined by

Tφf = φf

and notice that

π(γ)Tφπ(γ)
−1 = Tγ·φ,
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where (γ · φ)(ξ) = φ(π(γ−1) · ξ). Hence φ �→ M(Tφ) defines a Γ-invariant mean on
�∞(I) and the action of Γ on I is amenable. But this implies that 1Γ ≺ π. �
Remark. The proof of Lemma 3.1 also shows that if Γ acts on a countable set I,
the corresponding representation is amenable iff the action is amenable.

Now let (X0, µ0) be a probability space. If I is countable and Γ � I, we have a
measure-preserving action Γ � XI

0 by permuting the coordinates, which is called
a generalized Bernoulli shift.

Proposition 3.2. Let Γ � XI
0 be a generalized Bernoulli shift. Let κ0 be the

corresponding Koopman representation of Γ. Then the following are equivalent:

(i) the action Γ � I is amenable;
(ii) κ0 is amenable;
(iii) 1Γ ≺ κ0.

Proof. The equivalence of (i) and (iii) follows from [18, Theorem 1.2]. From the
analysis of the Koopman representation of generalized Bernoulli shifts carried out in
[18, Section 3], it follows that there is a basis of L2

0(X
I
0 ) invariant under κ0. Hence

Lemma 3.1 applies and we have (ii) ⇒ (iii). Lastly, the implication (iii) ⇒ (ii)
follows from (1.2). �
Corollary 3.3. Let Γ � (X0, µ0)

I be a generalized Bernoulli shift. If the action
Γ � I is non-amenable, then the action Γ � XI

0 is µI
0-antimodular.

Corollary 3.4. Let Γ � (X0, µ0)
I be a mixing generalized Bernoulli shift. Then

if Γ is non-amenable, the action Γ � XI
0 is µI

0-antimodular.

Proof. Γ � XI
0 mixing implies that for each i ∈ I, the stabilizer Γi is finite (see,

e.g., [18, Proposition 2.3]). Let λI be the representation of Γ on �2(I), let λΓ denote
the left-regular representation of Γ, and for H ≤ Γ, let λΓ/H be the quasi-regular

representation on �2(Γ/H). Let A ⊆ I be a transversal for the action Γ � I. Then

λI =
⊕
i∈A

λΓ/Γi
.

It is not hard to see that λΓ/Γi
≤ λΓ (cf. [18, Lemma 3.3]) and hence, λI ≺ λΓ.

By Theorem 1.2 and Proposition 3.2, if the action Γ � XI
0 is not antimodular, λI

is amenable. Hence by (1.2), λΓ is amenable, contradicting the non-amenability of
Γ. �

Hjorth’s Theorem 1.1 can now be obtained as a special case of either Corollary 3.3
or Corollary 3.4 if we put Γ = I = F2, X0 = 2 and let Γ act on I by left translation.

Now consider the case of an action on a compact Polish group (equipped with
its normalized Haar measure) by (topological group) automorphisms.

Proposition 3.5. Let Γ act on the compact Polish group G by automorphisms and
let κ0 be the corresponding Koopman representation of Γ on L2

0(G). Then

κ0 is amenable =⇒ 1Γ ≺ κ0.

Proof. Fix an invariant state M on B(L2
0(G)). We adopt the notation from Fol-

land [8, Chapter 5] (see also Kechris [21]). Let Ĝ0 denote the set of (equivalence
classes of) non-trivial irreducible representations of G. Recall that{

πij : i, j ≤ dπ;π ∈ Ĝ0

}
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is an orthogonal basis for L2
0(G), where dπ = dim π and the πij ’s are the matrix

coefficients of π. For φ ∈ �∞(Ĝ0), define the operator Tφ ∈ B(L2
0(G)) by

Tφπij = φ(π)πij.

Notice that

Tγ·φ = κ0(γ)Tφκ0(γ)
−1

and hence φ �→ M(Tφ) defines a Γ-invariant mean on �∞(Ĝ0).

Let I = {χπ : π ∈ Ĝ0} (where χπ denotes the character corresponding to π)

and notice that I is invariant under κ0. We can also identify �∞(I) and �∞(Ĝ0)
and conclude that the action of Γ on I is amenable. Denote ZL2

0(G) = span{χπ :

π ∈ Ĝ0} and σ = κ0|ZL2
0(G). We can identify ZL2

0(G) with �2(I), and by the
amenability of the action of Γ on I, 1Γ ≺ σ. But σ ≤ κ0, and we are done. �

Remark. Note that generalized Bernoulli shifts with a homogeneous base space (i.e.,
X0 non-atomic or purely atomic with atoms of the same measure) are a special case
of actions on abelian compact groups by automorphisms. However, for arbitrary
X0, this is not the case. It is shown in Kechris–Tsankov [18] that for generalized
Bernoulli shifts, 1Γ ≺ κ0 implies the existence of almost invariant sets, while it
is open as to whether the same holds for actions on compact Polish groups by
automorphisms.

4. Applications to orbit equivalence and Borel reducibility

Recall that two measure-preserving actions Γ � X and ∆ � Y are called orbit
equivalent if there exist conull, invariant sets A ⊆ X and B ⊆ Y and a measurable
bijection f : A → B such that

∀x, y ∈ X xEX
Γ y ⇐⇒ f(x)EY

∆ f(y).

In this section, we use modular actions and Theorem 1.2 to show that residually
finite groups have at least three non-orbit equivalent, free, ergodic actions.

Dye started the theory of orbit equivalence by showing that all ergodic actions of
Z are orbit equivalent. Later, Ornstein and Weiss showed that, in fact, all ergodic
actions of amenable groups are orbit equivalent. For all of this, see [17]. In the other
direction, Schmidt [22] and Connes–Weiss [5] showed that for non-property (T),
non-amenable groups have at least two non-orbit equivalent, free, ergodic actions.
The invariant they used was E0-ergodicity (called strong ergodicity by them) which
we proceed to define. E0 is the equivalence relation on 2N given by

(xn)E0 (yn) ⇐⇒ ∃n∀m > n xm = ym.

A measure-preserving group action Γ � X (or the orbit equivalence relation it
defines) is said to be E0-ergodic if for every homomorphism from EX

Γ to E0, there
exists a single E0 equivalence class whose preimage is conull. For a measure-
preserving, ergodic action Γ � X, not being E0-ergodic is equivalent to possess-
ing almost invariant sets, i.e., a sequence of measurable sets {An} with measures
bounded away from 0 and 1 satisfying for each γ ∈ Γ,

µ(γ ·An�An) → 0 as n → ∞
(Jones–Schmidt [16]). The definition shows that E0-ergodicity is an invariant of
orbit equivalence, while the existence of almost invariant sets is usually easier to
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verify in particular cases. For more information on the topic, see Hjorth–Kechris [12,
Appendix A].

Many non-amenable groups are now known to have a continuum of non-orbit
equivalent actions: for example, property (T) groups (Hjorth [13]) and non-abelian
free groups (Gaboriau–Popa [9]). The latter result was recently extended by Ioana
[14] to include all countable groups containing a copy of F2. It is not known whether
all non-amenable groups admit a continuum of non-orbit equivalent actions. For
more information on orbit equivalence and related topics, see the surveys Gabo-
riau [10] and Shalom [23] as well as the book Kechris–Miller [17].

First we note the following simple corollary of Theorem 1.2.

Corollary 4.1. Let Γ � (X,µ) and Γ � (Y, ν) be two measure-preserving actions
where the measure µ is non-atomic. Then if the Koopman representation κ0 corre-
sponding to the action Γ � X is non-amenable, the product action Γ � X × Y is
µ× ν-antimodular.

Proof. The action Γ � Y defines a homomorphism φ : Γ → Aut(Y ), and we can
take α(x, γ) = φ(γ) in Theorem 1.2. �

Theorem 4.2. Suppose that Γ is a countable, non-amenable, residually finite
group. Then Γ has at least three non-orbit equivalent, free, measure-preserving,
ergodic actions.

Proof. It is already known that countable groups with property (T) admit con-
tinuum many such actions (Hjorth [13]). We thus assume that Γ does not have
property (T). First we construct two antimodular actions of Γ that are not orbit
equivalent to each other. Since Γ does not have property (T), there is a measure-
preserving, ergodic action Γ � (Y, ν) that is not E0-ergodic (see Connes–Weiss [5]).
Consider the shift action Γ � 2Γ. It is ergodic, free a.e., and E0-ergodic (Jones–
Schmidt [16]; cf. Proposition 3.2). By Corollary 3.3, it is also antimodular. Now
consider the diagonal action Γ � 2Γ × Y . It is free a.e. and ergodic. Corollary 4.1
implies that it is also antimodular. Since Γ � Y is not E0-ergodic, Γ � 2Γ × Y is
not E0-ergodic either (almost invariant sets in Y lift to the product). Finally, since
Γ is residually finite, there exists a free, modular, ergodic action Γ � Z.

Now our three actions are Γ � 2Γ, Γ � 2Γ × Y , and Γ � Z. E0-ergodicity
distinguishes the first two, and by antimodularity, they are not orbit equivalent to
the third. �

An equivalence relation E on a standard Borel space X is Borel reducible to an
equivalence relation F on Y (written as E ≤B F ) if there exists a Borel homomor-
phism π from E to F such that

xE y ⇐⇒ π(x)F π(y) ∀x, y ∈ X.

E ≤B F expresses that, in some sense, the equivalence relation F is more compli-
cated than E. We say that E and F are Borel bireducible if E ≤B F and F ≤B E.
For more on the subject of Borel reducibility of countable Borel equivalence rela-
tions, we refer the reader to Jackson–Kechris–Louveau [15], Hjorth–Kechris [12],
and, for motivation and more general background, to Kechris [19].

We have the following application of Theorem 1.2.
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Theorem 4.3. Suppose that Γ is a countable, non-amenable, residually finite
group. Then Γ has two free, measure-preserving actions whose orbit equivalence
relations are not Borel bireducible.

Proof. In the terminology of the proof of Theorem 4.2, we just consider the equiv-

alence relations E2Γ

Γ and EZ
Γ . �

5. A counterexample

In this section, we construct an example of a group action orbit equivalent to a
modular action (of another group) such that its Koopman representation does not
weakly contain any finite-dimensional representation (and, in particular, is weakly
mixing).

Let Γ be a residually finite group, {Hi}i∈I be a countable family of normal
subgroups of Γ of finite index such that

⋂
i∈I Hi = {1} and X = lim←−Γ/Hi be the

profinite completion of Γ with respect to this family. Let µ be the (normalized)
Haar measure on X. Γ embeds as a dense subgroup of X and the left translation
action of Γ on X is free, ergodic, and modular (see [21, 5G]). Denote by λ the
left-regular representation of X on L2(X) and notice that by the density of Γ in X,
a subspace of L2(X) is invariant under λ iff it is invariant under λ|Γ. Hence, by the
Peter–Weyl theorem, any irreducible subrepresentation of λ|Γ is finite-dimensional
and has finite multiplicity in λ|Γ.

We need the following preliminary lemma.

Lemma 5.1. Let π be a finite-dimensional, irreducible representation of a countable
group Γ with property (T). Then for every normalized positive definite function φ
on Γ associated to π, the following holds: whenever 0 ≤ ak ≤ 1, ψk and θk are
normalized positive definite functions on Γ, the cyclic representations corresponding
to the θk’s do not contain π, and (1− ak)ψk + akθk → φ pointwise, it is always the
case that ak → 0.

The following proof, simpler than our original one, was suggested by the referee.

Proof. Let P1 be the set of normalized positive definite functions on Γ considered as
a subset of �∞(Γ) equipped with the weak∗ topology which coincides on P1 with the
pointwise convergence topology. Since Γ is discrete, P1 is compact. For a positive
definite function β on Γ, denote by ρβ the cyclic representation associated to β.
We have π = ρφ.

Suppose that ak does not converge to 0. Then, by the compactness of P1, we
can find ψ, θ ∈ P1 and a > 0 such that ψkn

→ ψ, θkn
→ θ pointwise, and akn

→ a
for some subsequence {kn} ⊆ N. This implies that (1 − a)ψ + aθ = φ. Since ρφ
is irreducible and a > 0, we conclude that ρθ = ρφ = π (see [1, C.5.1]). Now,
since θkn

→ θ pointwise, it follows that ρθkn
→ ρθ = π in the Fell topology. Hence

π ≺
⊕

n ρθkn
, and by property (T) and the irreducibility of π, we conclude that

π ≤ ρθkn
for some n, a contradiction. �

Proposition 5.2. Let Γ and X be as in the beginning of the section. If moreover
Γ has property (T), there exists a group ∆ and an action ∆ � X by measure-
preserving transformations generating EX

Γ such that the Koopman representation
of ∆ on L2

0(X) does not weakly contain any finite-dimensional representation of ∆
(and, in particular, is weakly mixing).
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Proof. Recall that for a measure-preserving equivalence relation E, the full group
of E (denoted by [E]) is the group of all measure-preserving transformations T
preserving E, i.e., satisfying T (x)E x for almost all x ∈ X. If T is a measure-
preserving transformation, [T ] denotes the full group of the equivalence relation
generated by T .

Let E be the equivalence relation induced by the action of Γ. Since E is ergodic,
there is an ergodic T ∈ [E] (see [20, 3.5]). Hence, [T ] ≤ [E]. Let Λ be a non-trivial,
countable, amenable group which does not have non-trivial finite-dimensional repre-
sentations (for example, SL(2;F 2), where F 2 is the algebraic closure of the field with
two elements; cf. Dye [6]). By Dye’s theorem and Ornstein–Weiss (see [17, Theo-
rem 10.7]), we can embed Λ in [T ] (and therefore in [E]) so that the resulting action
Λ � X is ergodic. Let ∆ be the subgroup of [E] generated by Γ and Λ. ∆ inherits
a natural action on X from [E]. Denote by κ0 the Koopman representation of ∆
on L2

0(X).
Suppose, towards contradiction, that π ≺ κ0 for some finite-dimensional repre-

sentation π of ∆ on a Hilbert space Hπ. Without loss of generality, we can assume
that π is irreducible. By the properties of Λ, π|Λ is trivial and hence π|Γ is irre-
ducible. We have π|Γ ≺ κ0|Γ and, since Γ has property (T), π|Γ ≤ κ0|Γ. Let Kπ be
the sum of all subspaces of L2

0(X) invariant under κ0|Γ on which κ0|Γ is equivalent
to π|Γ. Then, by the above observations, dimKπ < ∞.

Fix a unit vector ξ ∈ Hπ. There exists a sequence {ηk} of unit vectors in L2
0(X)

such that
〈κ0(δ) · ηk, ηk〉 → 〈π(δ) · ξ, ξ〉 for all δ ∈ ∆.

Set φ(g) = 〈π(g) · ξ, ξ〉 for g ∈ Γ. Write ηk = η1k + η2k where η1k ∈ Kπ and η2k ∈ K⊥
π ,

and
∥∥η1k∥∥2 + ∥∥η2k∥∥2 = 1. Now we have, for all g ∈ Γ,

∥∥η1k∥∥2
〈
κ0(g) ·

η1k
‖η1k‖

,
η1k
‖η1k‖

〉
+
∥∥η2k∥∥2

〈
κ0(g) ·

η2k
‖η2k‖

,
η2k
‖η2k‖

〉
→ φ(g),

and Lemma 5.1 allows us to conclude that η2k → 0.
On the other hand, κ0|Λ does not have invariant vectors and hence

∀0 �= η ∈ Kπ ∃g ∈ Λ | 〈κ0(g) · η, η〉 | < ‖η‖2

(|〈κ0(g) · η, η〉| = ‖η‖2 for all g implies that κ0|Λ restricted to Cη is a one-dimen-
sional representation of Λ, hence trivial, and hence η is an invariant vector). By
compactness (of the unit sphere in Kπ), there exists a finite Q ⊆ Λ and ε > 0 such
that

(5.1) ∀0 �= η ∈ Kπ ∃g ∈ Q | 〈κ0(g) · η, η〉 | < (1− ε) ‖η‖2 .
Let k be so large that

∥∥η2k∥∥ < ε/4. Then we calculate, for any g ∈ Λ,

| 〈κ0(g) · ηk, ηk〉 | = |
〈
κ0(g) · (η1k + η2k), η

1
k + η2k

〉
|

≤ |
〈
κ0(g) · η1k, η1k

〉
|+ |

〈
κ0(g) · η2k, η2k

〉
|+ 2

∥∥η1k∥∥ ∥∥η2k∥∥
≤ |

〈
κ0(g) · η1k, η1k

〉
|+

∥∥η2k∥∥2 + 2
∥∥η1k∥∥ ∥∥η2k∥∥

≤ |
〈
κ0(g) · η1k, η1k

〉
|+ 3ε/4.

But by (5.1), for each η1k, there exists g ∈ Q such that |
〈
κ0(g) · η1k, η1k

〉
| < 1 − ε.

Therefore there exists g0 ∈ Q such that for infinitely many k’s,

| 〈κ0(g0) · ηk, ηk〉 | < 1− ε/4
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and, in particular,

〈κ0(g0) · ηk, ηk〉 � 1 = 〈π(g0) · ξ, ξ〉 ,
a contradiction. �
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