Perturbative methods in Algebraic QFT with

applications to Thermal Field Theory

Nicolo Drago
Pavia University

07.04.2017

Nicold Drago (Pavia University) pAQFT and Thermal FT 07.04.2017



o The AQFT approach is based on the identification of a x-algebra A of
physical observables. [Haag & Kastler '64]

o For free theories this construction is well under control. [Brunetti,
Duetsch & Fredenhagen '09, F. & Rejzner '12-'14]

o Interacting theories are treated perturbatively and A is identified up
to renormalization freedom. Physical requirements give restrictions on
the possible choices. [Brunetti & Fredenhagen '00, Hollands & Wald '01-'02-'05,
B., Duetsch & F. '09]

@ The Principle of the Perturbative Agreement (PPA) [Hollands & Wald '05,
Zahn '13] provides an example of such a requirement:

g + m*e =Ogp + mp.

@ The generalized PPA [D., T-P. Hack, N. Pinamonti, '16] provides a
generalization to PPA in case of higher order polynomial interactions:

Oge + m?o 4+ \p® = Ugp + m?p + A3
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@ Free theories

@ Interacting theories

© Perturbative Agreement

@ Applications: thermal mass (in a nutshell)
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Globally hyperbolic spacetimes

o M globally hyperbolic: M~Rx ¥  g=—3dt?>+ h;.
o P=0g+ m? is normally hyperbolic.
o JIGMH retarded/advanced propagators that is

G C(M) = C®(M)
PG'* =GP =idcoequy,  supp(G'/*F) € S ¥supp(f).

o G = G — Gt is the causal propagator.
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Local Functionals

Generators of A are F € Foc ie. F: € := C>®(M) — C such that:
(i) Smooth:

! — EO[1( O -
D P+ D) )\:O_F [l (") ;
(i) Local:
supp(F) = U supp(FM[y]) is compact
pet

supp(FM[¢]) € {(x,...,x) € M"}.
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(FxR)(¢) = F(o)F(e) + 6" (I AL + ..

= e (L Al
n>0

where G1 is an Hadamard distribution.

ooy
@l@

V. [Ff, Frle = iRG(f, h)  for Fe(p) = [ fo
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(FxR)(¢) = F(o)F(e) + 6" (I AL + ..

= e (L Al

n>0

where G1 is an Hadamard distribution.

() - @@-
IOBOEE

A = Alg(Fioc, *, %) is the free *x-algebra associated to the free p-theory.
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o Gt € C>*(M?) is such that
G*(f, k) - G* (R A)=iG(A, k),  G*(f,f)>0,
Hadamard WF(GT) = {(¢,&) € T*M?\ {0}] ¢£~¢ £n0}.

o G* is not unique: different choices G*, G* give to *-isomorphic
algebras

awi Ao A, wo= Gt -Gt e C®(M)

wF(e) = Fle)+ 3 ()7 (FeOfe)) |
n>1

- @ )+ Ao -

0 Freg = {F: €= C| WE(FM[g])=0 Vn,Vy}

AFE = Alg(fﬂeg N Flocs *, *) CA,
is the x-algebra generated by regular functionals.
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Quantum Mgller map: ideal world

Interacting dynamics: Py = Pp + VM[p], V € Fqe.

What about ﬁ:v?

o Exploit the quantum Mgller map
Ri\i/ .AVV — A.
o Operations on jfy are implicitly defined as

RY (Fixy Fa) := RY(F1) R (R), RY(F*v) := R (F)*.
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(1) Time-ordered product: symmetric product -7 such that
Fi-rFa=FiFy if supp(F1)N Msupp(Fa) =0.

(ii) For Fl, F € EFreg

(Fi 7 F2)(9) = F@)Fale) + 3 6r e (FPl], Fle])

n>1

with GF := Gt 4 G} is the Feynman propagator.

(iii) -7 can be extended as a map

T Fireg € FTmloe — A, Fmg = P F"

Fior....trFp == T(TYHRA)®-- @ T YF)) .

Non-uniqueness is controlled by renormalization freedom.
. i -1 i
(iv) RU(F) := (expr [$AV]) " (expr [$AV] -7 F) € A[[A]].
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Criteria for the extension of T: Fyreg C Tnioe — A -

T is symmetric and T(F) = F on linear functionals;

Causality T(F1,...,Fy) = T(F1, ..., Fk) * T(Fxs1,--., Fn);

Field independence T(F,..., F)® =Y, T(F1,....FY .. F);
Covariance i.e. (M, g) — T(M, g) is functorial;

Microlocal spectrum condition: bound on WF(wr ) where
wrn(fL, - ) == T(F1,. .o, Fn)lp=0. Fi(@) = [ fip.

Unitarity T(F1, F2)* = T(F{) = T(Fy) — T(F{, FQ*)
Leibniz rule (Action Ward Identity): T(F) =0 if F(¢) = [ dB(¢).

Suitable scaling properties and a suitable smooth or analytlc
dependence on the metric;

The Principle of Perturbative Agreement (see later).

Non-uniqueness is controlled by renormalization freedom.
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Quantum Mgller map: reality

Interacting dynamics: Pyy = Po + VD[y], V € Fq..

What about ﬁv?

o Exploit the quantum Mgller map
RE: Ay — A[[N].
o Operations on flv are implicitly defined as
RU(Fixv B) ==Ry(F)«Ry(F),  RU(FY):=Ry(F)*.

@ An explicit description of jlvv(M) is not at disposal.
For all practical purposes, one refers to a concrete realization of Ay

Ay = Alg(RY (Froc), %, %) € A[[N]].
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Principle of Perturbative Agreement

Prp + QW[g] = Op + mi + (m5 — mi)p = Op + myp = Priqp.
A14+@, A1, provide the same physical information.
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Principle of Perturbative Agreement

Prp + QW[g] = Op + mip + (m5 — mi)p = Op + myp = Priqp.
A14q, A1, provide the same physical information.

Principle of Perturbative Agreement

.A]_’Q = A1+Q .
Ri.q
Ariq W)
LN M
S N 2 oh
’YQ’]_ = RI,Q o Rl:Q \\ // Rl,Q
ALQ
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Principle of Perturbative Agreement

Prp + QW[g] = Op + mip + (m5 — mi)p = Op + myp = Priqp.
A14q, A1, provide the same physical information.

Principle of Perturbative Agreement (Hollands & Wald '05)

Tir@ =710 T1 on Fpye defines a time-ordered map for Ay g .

Fmloc —) ?mloc[[)‘]]

Q1 = RlQORh A@

mloc
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Classical Mgller operator

The classical Mgller operator intertwines the dynamics of A; 1o and A; by
identifying them in the past.

RioF(p) = Free), Preone =P neflwm e =

Theorem (D., Hack, Pinamonti, 2016)

o G o(f,h):= GfL(RI’Qf, RI,Qh) is Hadamard for A1 q;

° Ry q: A1+ — A1 is a *-isomorphism.

We consider the x4 g-product on A;q induced by 1 via Ry .
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PPA for Fieq

RiQ
A1yq > A1[[A]]
F\ ,’l
. -1 \\ /, h
Q1 =Rigo Rifli,Q « 7 Rig
A1
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PPA for Fieq

Ares Riq reg

1+Q > Ay [[Al]

701 :=Rigo R’f,o\ Riq
ALo

Proposition (D., Hack, Pinamonti, 2016)

o Areg : Alg(?rega*l Q> *LQ);

° YQ1: AieQ — AyFq is a x-isomorphism.
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Characterization of g1 on Fyeg

Fe(p) == [fo, vq1: ﬁf‘% — .A;e_EQ.
Theorem (D., Hack, Pinamonti, 2016)

[+) RfiQFf = R]_’QFf <~ "YQ’]_Ff = Ff;

o [Fr, Fil1o = vg1lve1Frv@1Fhlite = ihGiio(f, h).

o The %1 g-product on ﬁie% is given by an exponential formula with
+ -t F_ F
Gl,Q =GLot6G1 —Giig-

° YQ1=ap,, where Dy g = Gf+Q — Gf.

@ The Principle of Perturbative Agreement holds on J,.

() @ <@ L@
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Extension on F,10c

YQ1F = ap, o F for F € Floc?
Dio(x,y) = (G1+Q GI)(x,y) —x—y 00 logarithmically divergent .

Perturbative expansion:
Rio = (d+AGIQW)~ =3 (-aGlQW)"
G1+Q GF Z i"GF(QMGEH)" 4+ smooth terms.

@CQO‘.Q

It is enough to renormalize Gf.
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Extension on F,10c

Theorem (D., Hack, Pinamonti, 2016)

© 7Q,1: Fmloc = Fmioc is the deformation ap, .
o Ti4Q =@, © Ty defines a time ordered map for A q.

o It holds the cocycle condition

YQs5,1 = VQ3,1+Q2 © V@1 -

o Fixing T the map

T(Q) = YQ,1 0 T1 .

satisfies the Perturbative Agreement for mass/curvature variation.

The perturbative construction is “exact”.
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Generalized PPA

Pro + QW] + VW [g] = Prp + QW] + VW[y].

R
Az QlIN] — =2 As ]

A~ F ,’|4~

1
' RA
Rig+v
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Generalized PPA

P+ QU] + V“’[w] =

Prp+ QW[p] + VW [y].

?mloc[[)\]] —) ‘rfmloc[[)‘]]

h
Ritov

F mloc €

\AQ

mloc

h
R1,Q+v

7Q.1

F mloc

Theorem (D., Hack, Pinamonti 2016)

Rilin-l-V = Rl,Q © Rili—i-(,'),V °7Q,1 Ol S il o
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Applications: thermal mass (in a nutshell)

@ On Minkowski spacetime the x-product is usually induced by the
so-called vacuum Gy .

States for massive theories (i + m?p = 0) are more suitable for
perturbative constructions of interacting theories

(Op + m?p + \¢* = 0).

o Constructions for interacting massless theories ((lp + \p® = 0) can
be achieved in presence of temperature 7:

aw, Ao — A W, = GTJF—G(;"
Do+ X =0— 0o+ m2p+Ap>=0.

m2 ~ 72 is the so-called thermal mass.

The gPPA provides a solid mathematical background for the folklore

“In presence of temperature a massless theory can be treated as a
massive one”.
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