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MOTIVATION

e Random Geometry framework (“Quantum Gravity")

Zzz D(g]exp (—Sg,[8]) Ni _ Véwk>

topologies
geometries (é ) egeometries

— [ Digles®

» Gravity Quanta — ‘fundamental blocks of space(time)’, simplexes
» Interactions — how to glue those quanta, i.e. gluing simplexes

@ Random matrices do that successfully for 2D. Random tensor models
is a higher-dimensional arena S((p), together with QF T-techniques,
based on this idea
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OUTLINE

@ topology and geometry of random tensor models (~ gravity)
» boundaryless manifolds, vacuum graphs

» manifolds with boundary and sundry graph-encoded topological
operations

e Non-perturbative approach to quantum tensor fields (graph-theory is
ubiquitous, though)

DN

=
(p4—intearction Ao ) ( ‘T}>>A0

7N

=7

L

» full Ward-Takahashi Identities: non-perturbative, systematic approach
» Schwinger-Dyson equations: equations for the multiple-point functions

C. |. Pérez Sénchez (Math. Miinster)

Outline



Random matrix theory: ensembles

@ Nuclear physics: Wigner's model of heavy nuclei
@ Stochastics: E C My(K):

Z:/d

JE -

Statistics of random eigenvalues; study limit N — oo; universality,
p-independence (tensor models too: book by R. Guriu)
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Random matrix theory: ensembles

@ Nuclear physics: Wigner's model of heavy nuclei
@ Stochastics: E C My(K):
z=[d
JE #

Statistics of random eigenvalues; study limit N — oo; universality,
p-independence (tensor models too: book by R. Guriu)

@ usually, for certain polynomial P(x) = Nx2/2 +NV(x),

Z:/dMe—Tr P(M) :/dMe’%Ter —NTr V(M) Z/dplo o~ NTr V(M)
E E‘—df—“ E
Ho

Interesting deviations from this are, for instance:
» Kontsevich's model with Airy function interaction iTrM® and
non-trivial GauBian term, Tr(EM?).
» NCG-models for which the potential is not the trace of a polynomial
TeM? - TrM?
» From noncommutative-QFT: Grosse-Wulkenhaar model
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Power-counting in N: Z :/ dM e 2 Tr(M?*)+NATr (M)
ECMy(R)
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Power-counting in N: Z :/ dM e 2 Tr(M?*)+NATr (M)
ECMy(R)

Mj’i’ .

@ N per vertex
@ N~! factor per propagator } A(G) ~ NV(9-E@)+F(G) — Nx((9)

@ N per Zéabéba
a,b

For generic models models, Feynman diagrams are ribbon graphs:

= D-©
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e An example of ribbon graph of a quartic model:
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e Any ribbon graph uniquely determines a closed, orientable Riemannian
surface, X8:
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e Usual scalar fields fail to generate “faces”
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COLOURED, TENSOR. MODELS

a quantum field theory for tensors @, .a, and @,
the indices transform under different representations of

G= U(Nl) X U(Nz) X ... X U(ND)

forge G, g = (UW,...,uP), u e U(N,),

8 1 2 D
Payay...ap > (qol)ﬂlﬂz--ﬂD = ,glgl Uizgz s UlEDlzD Pby..bp

the complex conjugate tensor Pasay..ap transforms as

— 8 — 770 332 D) —
q)alaz...a[) — ((Pl)ﬂla2~--ﬂD - ua1b1 uazbz te uﬂDhD q)ble...bD

@ G-invariants serve as interaction vertices

Slo,9) = LT (9, @) = Trs, (9, @) + L ATrs, (9, 9)

For D = 2, rectangular matrices, ¢ € My, xn,(C) and
P — U(l)q)(u(z))t and invariants are Tr((@¢")7), g € Z>1

C. |. Pérez Sénchez (Math. Miinster) Coloured Tensors



@ traces Trp are indexed by vertex-bipartite regularly edge-D-coloured graphs
B (“D-coloured graphs”).

@ In D = 3-colours (with obvious generalization to higher ranks) we associate

Payaray — [7[7 and Ppipaps — [‘[‘[‘(reversed order!)

e Contract: > = Oayp; s = Oaypy s = Oazps

Rank-3-Example: One way (out of 7) to obtain a sixth-order vertex is

Pb1bobs @th q2q3

\/ Tri,33) (9, 9) = )
ab,cpqr
- ‘,j\/Lﬂ ((prﬂzfa qblhqz% ¢P1P2P3 )

0Pajasas

Prirars ©
’ (55!1}71 Oayry 5»13!13 5171‘11 5172P2 51’37‘3
/\ - 5017’1 502112 503;73)

9001 c2C3 SDPIPQPS
: (q)ﬂwzas Pybabs Percacs )

C. |. Pérez Sénchez (Math. Miinster) Coloured Tensors



Feynman diagrams: Choose an action, for instance, the @i-theory,

Sle, @] = Tri, (@, @) + A(Try, (@, @) + Try, (¢, @) + Try, (¢, 9))

and
we ) Lo o T
78 G 78
7] = fD[go, @) eTrBZ(7<P)+Tr32(¢f)—N25[<Pr@, with Trg, 5 P

[ Dlg, §] e~ N*Slo.a]

duc(e,9) := Dle, q—)]e—NZSo[(P@] - H we—NZTI‘BZ((p,q))
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Feynman diagrams: Choose an action, for instance, the @i-theory,

Sle, @] = Tri, (@, @) + A(Try, (@, @) + Try, (¢, @) + Try, (¢, 9))

and
we ) Lo o T
78 G 78
7] = fD[go, @) eTrBZ(7<P)+Tr32(¢f)—N25[<Pr@, with Trg, 5 P

/' Dlg, geslow)
=\ 5leN?Soleg] . dgad@, Nty (¢,9)
duc(¢,9) = Dlg, ple =1l pe ™

o Write g EE; for Wick's contractions w.r.t. the GauBian measure

/dVC(%@(Pa@p =C(a,p) =0dap=a %:::::: |y
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e Example. An O(A*)-contribution (vacuum sector)

C /dVC(Vle [Vs]?)
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Vertex bipartite regularly edge—D-coloured graphs

@ Feynman graphs of a model V, Feynp (V) are (D + 1)-coloured.
Crystallization theory or GEMs [Przzana, ‘74] says all PL-manifolds of
dimension D can be represented as D + 1-coloured graphs, Grph.p_ .

° g(p) = G's p-bubbles = “conn. subgraphs with edges in p colours”
G0 =v(G), ¢V =¢£9), ¢?»=F@),..
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Rank-2 models
For an interaction ATr((@@)?), different connected O(A?)-graphs are

0 0
emT T [ Seog emT T T [ Seog
- - S-S S - - RSN S
1 \ ! \
V2 ! 1 2 ) V2 ! 2 1
- 0 - - 0 - -
S. o 0 _- S. o 0 _-7
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Rank-2 models
For an interaction ATr((@@)?), different connected O(A?)-graphs are

0
,’—— _____ [ - T
/, -7 \\\* \\
U \
L 2 ! 1 2 )
-_0 -
e 0T
Can be drawn on a sphere Can be drawn on T?

(capped twice)

C. |. Pérez Sénchez (Math. Miinster) Ribbon graphs as coloured ones 3rd. February 14 / 44



The complex A(G)

@ for each vertex v € G\ add a D-simplex 0, to A(G) with colour-labelled

vertices {0,1,...,D}
0
S
1

@ for each edge ¢ € gk(” of arbitrary colour k, one identifies the two
(D —1)-simplices () and 0y, that do not contain the colour k.

O @ - .
€k

edges come from either @u, . a;..an 0, Ppy..pp..pp (k #0) or goagop (k=0).
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The complex A(G)

@ for each vertex v € G\ add a D-simplex 0, to A(G) with colour-labelled

vertices {0,1,...,D}
0
S
1

@ for each edge ¢ € gk(” of arbitrary colour k, one identifies the two
(D —1)-simplices () and 0y, that do not contain the colour k.

O @ - .
ek

edges come from either @u, . a;..an 0, Ppy..pp..pp (k #0) or goagop (k=0).

[Gurgu, '09] and [Bonzom, Guriu, Riello, Rivasseau, '11];

D(D-1)

4 g/] = exp(—Sregge[N, D, A])

=:D—

A(G) = AV(G)/2n F(9)

2 o . . : . .
oow(@) generalizes ¢; not topol JRIVEIGEGT
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Invariants of the associated complex.

@ Graph-homology Hl*’bl. Chain groups are generated by p-bubbles (p < D)

3 3

() - 1) - D b () £ wl©)

3
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Invariants of the associated complex.

@ Graph-homology Hl*’bl. Chain groups are generated by p-bubbles (p < D)

ws((F7)) =) = (@) e (£ et

@ Zero—Gurau-degree graphs are called melons.
@ Fundamental group. Gagliardi's algorithm (here 4-coloured crystallizations).

Choose two colours i,j. To each face Q’,i’j ~ X, (generator).

for the other two colours k,[ to each face g@l but one

~ R(gﬁ/’) = alt'd product of the generators touching the vertices of g@’
Presentation: 71 (G) = (x1,...xg|xE, {R(gif)}) m|AG)| = m(9)

C. |. Pérez Sénchez (Math. Miinster) Homology & 71y



Invariants of the associated complex.

@ Graph-homology Hl*’bl. Chain groups are generated by p-bubbles (p < D)

_— ==
HEb1(11> = H,($%) = HEbl(@) but w() #w(&)
S p—
@ Zero—Gurdu-degree graphs are called melons.
@ Fundamental group. Gagliardi's algorithm (here 4-coloured crystallizations).

Choose two colours i,j. To each face Q’,i’j ~ X, (generator).

for the other two colours k,I to each face g@l but one

~ R(g@l) = alt'd product of the generators touching the vertices of g@’
Presentation: 71 (G) = (x1,...xg|xE, {R(gif)}) m|AG)| = m(9)

; ; 23 1.~1,+1,.~1,+1,-1
i=0,j=1 R(I7)=x/"x"ox"0x"x;

|
|
q Ty
— 3 ° Xt\;
v !
-7 1
SEEEE— = 0 L3

mi(T) = (x1, 22 |22, ROP)) = (w1 ]27) = Zs = mi(Ls;.).
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Dipole reduction (1-dipole example)

e Given a model V, how to go backwards? Algorithm?
e probably [A(Grph.p1)]| L |A(Feynp(V))|, for V sufficiently
simple, e.g. (p‘f;/m.

v
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“Connected sum” is additive with respect to w

R R Q
@ t(e)
e e#f
e,f of the same colour: >
f
or @
Q
o [(Re#Q)®| =R®| +]Q?| - D
1/D 2w(R)
o |R®| = < )R(O) N
| | 2\2 (D—-1)! e for coloured-0 edges
‘Q(Z)’ _ 1<D> 00 1 p_ 2w(Q) e and f i restric.ts
2\2 (D—-1)! to a binary operation
o W(RHQ)=w(R)+w(Q) on Feynp (V)
@ P. Cristofori: dipole moves lead to the

known # of the crystallization-theory.

v
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The cone C : Grph. p — Grph. 4

C adds one colour. In the QFT-context, it is the O-colour.

C. |. Pérez Sénchez (Math. Miinster) Cone & connected sum




The cone C : Grph. p — Grph. 4

C adds one colour. In the QFT-context, it is the O-colour.

>
9
+

C. |. Pérez Sénchez (Math. Miinster)

Cone & connected sum



IRAPHS OF closed closed open

CTMp V(®) | connected disconn. conn.
D-coloured 1. Observables  Boundary gr.
graphs (2. Boundaries)  imd %) %)
Grph, p C OGrph. p
(D+1)-  Vacuum gr. Feynp(V) C
col. graphs = Feyn (V) %) Uy Grphg;)+1 %)

S o
‘>/_\\ D=2 D=5

3rd. February 20 / 44
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IRAPHS OF closed closed open

CTMp V(®) | connected disconn. conn.
D-coloured 1. Observables  Boundary gr.
graphs (2. Boundaries) imd %) %)
Grph. p C OGrph. p
(D+1)-  Vacuum gr. Feynp(V) C
col. graphs = Feyn (V) %) Uy GrthZL]‘)+1 %)

(2k)

Feynz((q)(p) ) C U/\Grph 21 (2k = number of external legs)
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GRAPHS OF closed closed open

CTMp V(®) | connected disconn. conn.
D-coloured 1. Observables  Boundary gr.
graphs (2. Boundaries) imd %) %)
Grph. p C OGrph. p
(D+1)-  Vacuum gr. Feynp(V) C
col. graphs = Feyn (V) %) Uy GrthZL]‘)+1 %)

4
Feyns(¢~) C Grph ‘H
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IRAPHS OF closed closed open

CTMp V(®) | connected disconn. conn.
D-coloured 1. Observables  Boundary gr.
graphs (2. Boundaries) imd %) %)
Grph. p C HGrph, p
(D+1)-  Vacuum gr. Feynp(V) C
col. graphs = Feyn (V) %) Uy Grphg;)+1 %)

Boundary sector imd C IIGrph,

(D = 3)-example.

LG

e 20 N .
dG has as vertices the external legs of G. And has a i-coloured edge
between them for each 0i-bicoloured edge in G

V.
C. |. Pérez Sénchez (Math. Miinster) Table vs. confusion 3rd. February 20 / 44




WARD-TAKAHASHI IDENTITY

@ motivated by the WTI for matrix models by [DGMR];
o WTI fully exploited by [Gw]

e for T% a hermitian generator of the a-th summand of Lie(U(N)P),
dlogZ[],]] 0
é(Tg)mana .
@ this implies
S
Z E(myg,ng) 0 ZU_’”
pi€Z 5]P1*“F’a—lmal’anPD]Pl---Pa—l”aﬁa+1---PD
- 0 1) -
= Z {]pl~~~pnlmapa+l~npD57 _Ipl-npa—lnnpn+l---pD57] }ZU/” .
pPi€Z P1---Pa-1Mq...pD P1ePa1Mg...pD

with E(1mg, 1) = Epl---pn—lmapa+l~~~pD - Epl---pu—lnapa+l~~~pD'

C. |. Pérez Sénchez (Math. Miinster) The full WTI for tensor models



J,

q1---9a—1Maqa+1---9D J‘I1~“qa—1naQa+l~“qD JQI---Qa—lmraQa«f»l---qD

Jql..Aqu,lnEanrl.‘.qD Jql...qa_lnaqa+1...qD Jql...qa_lmaqa+1...qp

where the LHS is

Jpl...pa,lmu...po Jql...qa_11na.4.qD

Z (Epl---pu—lmapa+l---pD - Epl---Pa—l”upa+1---PD) :
pieZ

<

P1.--Pa—1Ma...-PD thmqaflna...qD

Aims: understand the combinatorics of the correlation functions recover the
(g, nq)-symmetric part.
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Expansion of the free energy

= 1 (2K)
=) Y 7 Gg o * J(B) .
k=1 BedFeynp(V(¢,9)) |Aut(B)|
2k=#(B)

v
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Expansion of the free energy

@ dFeynp(V) is the \/oft%

. 1 (2K)
WII=)Y, ) Gy * J(B).
k=1 BeoFeynp(V(¢p,p)) |Autc(8>‘
2k=#(Vertices of B)

v
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Expansion of the free energy
@ dFeynp (V) is the boundary sector of the model V
. 1 (2K)
= —— G B) .
]] Z Z |AutC(B)| B * 1]( )

k=1 BeaFeynD( (gogb))

2k=#(B! y
@ Coloured automorphisms of B

v
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Expansion of the free energy

@ dFeynp (V) is the boundary sector of the model V

. 1 (26)
wil=y, T -
il BeaFeynD( (qogb)) |Aute(B)]

A—#(BO0)

@ Coloured automorphisms of B

Jat o1
Ja%\ \\\ /// ,wjp2
C E/Q\ : <H(B))(a1/"'/af) :]al"‘]a’jpl
T o (ZD)k

C. |. Pérez Sdnchez (Math. Miinster) Boundary-graph-expansion of W[J,]]
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Expansion of the free energy
@ dFeynp (V) is the boundary sector of the model V

Z 1

k=1 BeaFeynD( (

c2)
o)) 1AUE(B)]
)

B * J(B)
T
2k=#(B( \
\
e Coloured automorphisms of B \‘\
Jar Tt \\
Ja%\ \\\ /// ,w‘]Pr" \\
y - 1 k -
C f/ | : <]I(B))(a/"'/aJ):]a1"
T~ T

‘]ak]pl g ]pk
(ZP)k /
@ Green's function GE; = aZkWU/ﬂ/a]]( )|] J=0 """

C. |. Pérez Sénchez (Math. Miinster)
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Expansion of the free energy

@ dFeynp (V) is the boundary sector of the model V

. 1 (2K)
WL = ). L Gg * J(B).
k=1 BedFeynp(Vi(9.9)) | Aute(B))
2k=#(BO))

@ Coloured automorphisms of B

Ja} szl
JSZ)\ \\\ ,/ )jpz
C O OB ) =T S Ty
Ja;J’/ \\)jpk (ZDP)k

@ Green's function Gg) oW1, 7]/0J(B =10
o F:(ZP) —C; *:(FJ(B) — FxJ(B) = YF(a) - J(B)(a)

a

v
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Green's functions

Jar jpl
Jaz) /’F ,jp2
°G=: | |+ B=03G ~ J(B){a'} =[]y
g ’ Pk =1

@ One can derive a functional X[J,]] with respect to a graph. For instance:

oX[]] _ °X[J,J]

@ ) :% a t@c N a]a a]b a]C ajﬂ1C2b387b1a2C3ajC]b2ﬂ3

a e

( @g) = 3S0£08 + 08080 + 056802 > Aut (D) ~ Z,
f
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Green's functions

oG=: [ ) i~ B=0G ~ J(B{a'} =[],
. ~ i=1

oX[]] _ °X[J,J]

a t@c B a]a a]b a]C ajﬂ1C2b387b1a2C3ajC]b2ﬂ3

° So: a (%) — 525558 + 080208 + 555858 & Auto (D) ~ Zs
f
0 t@c
Lemma
2%k =
ng)(al, ; k) 0~ WI,J] are all non-trivial, B € imo

T ABEL. A |
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Boundary graphs and bordisms

@ The correlation functions G%;k support a 1/N-expansion in sectors of
the same value of w:

) = Y G, w e (D=1)!1/2)-Zso (D >3)

as matrix models do in the genus..

@ since d represents the ‘boundary of a simplicial complex’, one can give
a bordism-interpretation to the Green's functions

e for instance, if |A(B)| =S*US* xS LUL3,

(2] g '77'\ g '7«:"‘\
5 Wmma v \Zw)} :1 wmm:l
/ 4D-bulk / 4D-bulk 4D hulk
e* \ W e ’ = \
> ‘® & \é e e
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The boundary sector of rank-D quartic melonic models is all of I1Grph, p.

Lemma J

@ For D = 3, all quartic vertices are melonic. The lowest order boundary
connected graphs are:




@ D = 4-connected boundary graphs

Aut (M) = {x} Aut.(V;)

Aut(N;;)

No counting For any colour Since N;; = Nj;
needed i one imposes ? -

Aut(C;) = Zs

arbirary colour ¢




coloration
dependent

Aut(F'y) = {x}

k arbitrary, but
pairwise i, # i,




Wpa[],]]

WD:4U/7]

4
= QU@+ 7001 @I19) + L 560 I )
1 R 1
Lo () +560es 1 @1010)
4

+%ZG SwI(©100)+3 ch@\@\*ﬂ @|@
+ L6 S (T00) + 2oy (-

§ ST w<>+;icgg;w@>
rEret, o(¢E)+1red (48)

£ {0 (ERED)

+O(4 T
{injia is }={k}e




Theorem (Full Ward-Takahashi Identity for arbitrary tensor models)

If the kinetic form E in Try (@, E@) of a rank-D tensor model is such that

Epy . poittapasiotp = Eptopainapasipp = E(mg,n,) foreacha=1,...,D

then its partition function Z[J,]], as a consequence of unitary invariance of the
measure (6Z[],]]/6(T*)mn, = 0, T* a generator of u(N)), satisfies

piez 5]p1"'pa1mapn+15-.2.li[£%zl]...pa1nnpa oy (5’”“””%) U/ﬂ) -Z[],]]
_EZ Elmn o) (7p1...nza...ppfjmmnampD —Ipl...na..‘pD;]m mu.,.pD> Z[1,7]
where
Y5 7] = LI Auti — (G2, By,
- £ ¥ ey 1 (46,68°) +3(80).

v
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Defining B+— B O el and AS

Mg,r *

Locally:

.eezz’ \/
(\/(

v
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Defining B — B & el and A;/:z . (C)ZA b

Locally:
xE(risa)

Y= ez \_/
—_—
Let

xE(rda)

w = (Ma, {qn}nei(es), {xg(r'g'a)}geA(eg)) (colour-ordered);

® g, is a dummy variable for each colour-h removed edge other than ¢
° x?r’g’a) colour-g entry of x¢("84)

Set for F: (ZP)F — C,
(AB F)(x 1,...,)?’,...,xk) = ZF(xl,...,x’fl,w(mﬂ,x,q),...,xk) and

Mg,

{4}
\ k
(G, B, : Z( B.GEY) *J(BOe)

v
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Examples of <<G(b’2k), B)) m,

@ for instance, forD =3, a =2

@) _ @) _ @)
<<G6’ @>>m2 — Aﬂlz,lG@ *]I(®) — 0 qZ%:EZ G@ (qhme q3) .

v
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Examples of << J\ , B))

@ for instance, for D=3 a=2

<<Ggr @»mz - Amz,ng Z G 41/7’12/@3) ’

IS

@ InD =4, for F. =

—
(G2, P2y = Bnaa G I ()
F I ‘- Amu,Z G(}%) (y’ Z)

(6
+ Ay 2 G H(m ) :ZG(;C,)(y, (Ma, Yy, 9c,24), Z)
+ 8,568 I ()
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Singling out a in each graph, Wp_4[],]] reads:
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Expansion of \'z‘ﬂ [J,]] for D

Ao G2 >*1+ Z AmﬂsG‘(@)‘@|+ Z BmsGY 47 Am“,SG(H% }*]1(@)
j= p

5:1,2

(One needs only * in order to derive the equation for the 2-pt function;
for the 4-pt functions one also needs...)
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(D = 4) Equation for the 2-point function

For Ex = m* 4 |x|? a Laplacian on T*
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CONCLUSIONS & OUTLOOK

-] (CO|OUI’ed) tensor field theories [Ben Geloun, Bonzom, Carrozza, Guriu, Krajewski,
Oriti, Ousmane-Samary, Rivasseau, Ryan, Tanasa, Vignes-Tourneret,. . .] provide a
framework for 3 < D-dimensional random geometry

» A new Ward-Takahashi identity (bare parameters) based on
[Disertori-Gur§u-Magnen-Rivasseau] and [Grosse-Wulkenhaar] has been found

*

* %

non-perturbative

universal: same for each interaction vertices

full (information has been recovered)

provides a method to systematically obtain exact equations for
correlation functions

» Eq. for the 2-point function was obtained. Correlation function
there can be expanded in Gur3u-degree’s sectors (~ decouple?)
» A bordism interpretation of the correlation functions was given.

@ Apply this techniques for SYK-like ([Sachdev-Ye-Kitaev]) models [Witten]

o Outlook.

The tensor model graphs are not canonically simplicial

complexes. Aiming at gauge theories on a random (quantum)
spacetime, representations of graphs directly in categories of
(almost-commutative) spectral triples should be possible.

C. |. Pérez Sénchez (Math. Miinster) Dipole reduction



NON-CLASSICAL GEOMETRY OF CLASSICAL FIELDS

Brute-force summary of NCG-approach to SM: The ‘geometry’ determines

the form Dg, thus of interactions
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