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Finite dimension — w(w; T) has poles of order 1 at the eigenvalues of T
with residues the multiplicities.
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Jim [ d(T) LTAT] = [ dhFO) o)



THE GAUSSIAN 2—SPIN MODEL

For ¢, € RN Gaussian field:

Z(w;T) = /[d¢] exp{ - %gba(aab - %)m} = ﬁ

S(#)
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@ Tensors (real and symmetric)



TENSORS AND EIGENVALUES

T real symmetric tensor of order p has N real components
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TENSORS AND EIGENVALUES

T real symmetric tensor of order p has N real components

Ta1.4.ap = Ta0(1)4.4a0(P) ) Tb1...bp = E 0a1b1 oo Oapby Ta14.4ap
1---ap

P _ p—1 _
<Tx = E Ta],,,apxlh <o+ Xap, Tx = g Tal,,,apxaz...xap>
ay...ap

a...ap

Eigenvectors x; — critical points of { Tx?| x* = 1}. Eigenvalues \; = Tx”

A, x) eigenpair of T iff TxP~! = Ax, x> =1
genp

Real symmetric tensors have:

e at least two real eigenvalues (a continuous function on a compact set
with no boundary attains its extrema which are critical points)

e at most [(p — 1)Y — 1]/(p — 2) complex eigenvalues



TRACE INVARIANTS
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TRACE INVARIANTS

Invariants in correspondence with p valent graphs B:

Trs(N) =Y [ Tww ] e

{a} v vertices (v,w) edges

Many graphs with n vertices...

Balanced trace invariant I,
— sum connected rooted P
maps with weight 1 D ‘9 Q

p = 2 balanced invariant I, = Tr(T")
p > 3 more complicated

=3 Z Taah Taap + 2 Z Tabe Tabe

a,b,c






THE p—SPIN MODEL, p > 3

Partition function of the Gaussian p—spin model:

1 1
Z(w,T) = /[d¢]e—5(¢) : S(¢) = Ed,z - %}: Ta...q,%a - - - P,

TP

Directional Borel Leroy sum of its perturbative series w = |w|e' ¥:

Ze(w;T) = /miRN[d‘f’] W b= (v])

Cuts along R, dominated by the largest and smallest real eigenvalues of T

e pz;!’z(*y )E—&- y >0
Zi(yiT) = Z-(y;T) ~ :

e_pz;pz(xriin)pfz_k.“ y <0









@ The generalized Wigner law



THE GENERALIZED WIGNER LAW

Take T a real symmetric random tensor, distributed on GOE

d(M)=( ] dTu.a) eXp{ - N; ZTZMP}

a<--<ap aj
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Take T a real symmetric random tensor, distributed on GOE

w(w) = lim_ / d(T) w(w: T) = w™' T,(w™?) .

Tp=1-+u(Tp)P

Nleoo/du(T) I(T) :/d)\ hi(X) p(X)




THE p = 3 CASE

(B |
s () [ ) (- )]




- %d%//du(T) InZ(w; T)

1
w

/du(T) ww; T) =



How IT WORKS

/dl/(T) w(w; T) ;_NW/dV ) InZ(w; T)

quenched ~ annealed

/du(T) InZ(w: T) = In/dl/(T) Z(w; T)



&— %diw/dy(T) InZ(w; T)

[ an(mywtwim) =

quenched ~ annealed

/dz/(T) InZ(w: T) = In/du(T) Z(w;T)




SADDLE POINT

d;‘:v In / d(T)Z(w: T)

zls

w(w) =
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Resolvent is w(w) = w™'p2 with py dominant saddle point.



SADDLE POINT

d;‘:v In / d(T)Z(w: T)

zls

w(w) =

1
dU(T)Z(w; T) ~ [ dp ¥ =lnp—- —
/V()(W ) /pe flp)=1Inp p—|—2pwp
Resolvent is w(w) = w™'p2 with py dominant saddle point.

Saddle point equations

1 1 _
f(p) = ;(1 —p A p?) = g = Ty(w?)
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cosf b pPcosP ' Osinf, O,f =
w
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b
_ p -
<ind ( PP+ — pcos@+ p),

1
p
(
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SADDLE POINT REVISITED

w(w) = _% In/d@dpe f(0:0)

1
w

(8, p) =In(sin )

2p

Resolvent is w(w) = 12 with  the dominant saddle point

Saddle point equations:

cosf b pPcosP ' Osinf, O,f =
w

b
Oof = (—p+ ,()cos“’9+—p)7

1
sinf p
(

Two solutions 8y = /2, p§ = T,(w™?) and (01, p?) with 6; # /2.

At b; the saddle point (61, p?) becomes dominant at the largest non
removable singularity of w(w).



@ Open problems









PROBLEM 1: SPIKED MELONS?

Quenched is

/[dT] exp{ - sz;]

> Tz} In (/[d¢] exp{ _ %¢z " p;wwp})

Feynman expand in ¢ — maps

Logarithm — connected maps. o
NI

J[dT], N = co — melons, each brings 1. \

w(w) — generating function of rooted melons. ~—,

e build the graphical representation for the spiked model.

e what is b; in this language?
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