Quantization of spectral curves via topological
recursion

Marchal Olivier

Université Jean Monnet St-Etienne, France
Institut Camille Jordan, Lyon, France

November 18t 2020



@ Motivation using Matrix Models
@ Historical approach in random matrices
@ Perturbative approach
@ Non-perturbative approach: RHP

© Topological Recursion
@ Definition
@ Remarks and properties
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General position of the talk

General problem

How to quantize a “classical spectral curve’ ([y,x] = 0)
P(x,y) =0, P rational in x, monic polynomial in y

into a linear differential equation ([0, x] = h):
p (s 0l Y(x,h) =07
) dX ) - -

P rational in x with same pole structure as P.

| A

Key ingredients

Key ingredient 1: Topological recursion (Eynard and Orantin [2007]).
Key ingredient 2: Isomonodromic deformations, integrable systems, Lax
pairs:

hag\ll(x, h,t) = L(x, h, t)¥(x, h, t) , h%\ll(x, h,t) = R(x, h, t)W(x, h, t)
X
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Eigenvalues correlation functions

o Let Zy = [,, dMye NTV(MW) with V(z) monic polynomial
potential of even degree.
e Eigenvalues correlation functions (Stieltjes transforms):

Wl(X)

Il
T
=1[]=

x
[ =
R
\/

W2(X1,X2) = <Z (X2 N )> - Wl(Xl)Wl(X2)
N

N 1 1
Wo(x1,....xp) = le—)\-”'x—/\-
o P ip

n
i1yeensip

N,cumulant

N N
o Generating series of joint moments <Z)\f<> : < > >\,7>\J?>
i=1 N N

ij=1
(Mehta [2004]).

@ Hermitian case: Correlation functions satisfy algebraic relations
known as loop equations, Schwinger-Dyson equations, Virasoro
constraints, etc.
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Loop equations

o Let
\//(Xl) - V/(A,' ) 1 1
P, TX2, e = L
P(X1,X2, Xp) <Z x| — )\il Xy — /\/.2 Xp — /\,.’J
lp N ,cumulant
e Loop equations (notation L, = {x2,...,%p}):

Pix) = WE() — VOWAG) +

Po(x1; Lp) = (2Wi(xa) — V' (30)) Wp(Lp) +
+ > Wi O, L)Wy (xa, L)

IcL,

zp: 0 Woo1(Lp) = Woo1(x, Lp \ {x})

0x; X1 — Xj

Wa(x, x)

1
WWPJrl(XlaXla Lp)

@ Property: x — P,(x;L,) is a polynomial. Is it enough to solve the
equations and find (W,)p>17?
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Limiting eigenvalues density

@ Under mild assumptions on the potential V:

N
1 - law
d]/N: Nélé(X*)\,‘) Nj dV:)C :Pw(X)dX

o

@ poo compactly supported on union of intervals.
e Stieljes transform[p..(x)dx] = y(x)dx is algebraic: y? = P(x) =
Provides a classical spectral curve for TR.

Fréquence rel lative Ftignca et Fréquence relative

05

% =) 3 E s 1 650

@ Number of intervals in the support < genus of the spectral curve
@ May be regular or singular
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Formal solutions

° Zn=[,, dMye™" T V(MW) - Assume formal series expansions in 7

Fv & Inz —iF@) 1y
N = N = N
g=0
o'} 1 p+2g—2
Wo(xt,....xp) = wa,g)(xl,....,xp) (N)

@ May also work for additional parameters:

Zy(ts] = dMye™? Te(My)— N Tx(My)
Hy

We may consider formal series of the form:
co o0 1 2g—2
In Zn[ts] = Z Z F&v)(t,)" <N) + similar dev. for W,
g=0v=0

@ Allow to solve recursively the loop equations.
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Applications in combinatorics

@ Interesting in combinatorics:

ZN[t4]:/ dMpy e~ Tr(MR) = %N Te(My)
Hy

Perturbative series expansion in t; = enumeration of fat ribbon
graph (similar to Feynman expansion):

i | ) ‘ 1) 1
| b // .

F(&¥) count the number of such connected graphs with v vertices (4
legs) and of genus g:

1 #v(g) 1 _X(g)
nZlal= D gt (N)

G =4—ribbon graph
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Applications in geometry

o Kontsevich integral: Intersection theory of Riemann surfaces
moduli spaces (Kontsevich [1992]):

[e’e) k:

t

(ray o) = [ OP WP Floyn,...]= <T§°Tfl...>Hﬁ
i=0

Men *)

may be computed through the formal expansion of the Kontsevich
integral of F = In Z with:

Z[to, t1,...] /dM exp <—% Tr(MAM) + é Tr(M3))
and t; = —(2i — 1)!! Tr(A~(=1), A positive definite Herm. matrix.
e Remark: F[to, t1,...] in connection with KdV equation:

u® 82—": satisfies @ = u@ + i@
- o ot Oty 12 0t}

Generalization: Kontsevich-Penner model - Open intersection
numbers (Alexandrov [2015], Safnuk [2016]):

7[Q,t] = (det/\)Q/dMexp (% Te(MAM) + % Te(M?) — QIn M)
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Orthogonal polynomials and RHP formulation

@ Define P, the monic orthogonal polynomials:

)

/}RP,,,(X)P,,(x)e_Vgx = hpdnm , V(x) = ZUJXJ

and ¥,(x) = —hP,,(X)e@ and ¢, = Cauchy(¢,)

_ 1
i
@ Matrix V,(x) = ( W J"v" > satisfies

Vp—1 Wnp-1
OVs(x,u) = Dy(x,u)V,(x,u) , Oy Va(x,u) = Uy, j(x,u)¥,(x,u)

with D, and U, ; polynomials in x.

o WV, has a Riemann-Hilbert-Problem characterization: analytic
properties and jump discontinuity, asymptotics at co in complement
of the previous differential systems.
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Key ingredients

e Christoffel-Darboux kernel: K(z1,2) = Yn-1(z1)0n(z2) a2 bnoi(z2)

Z1—22
@ Hermitian matrix integrals may be rewritten as Fredholm
determinants of integral operators of the kernel (Tracy and Widom
[1994]).

@ Specific cases (double-scaling limits) include: Airy kernel, Sine
kernel, Pearcey kernel, etc.

@ Large N asymptotics < Large N asymptotics of Fredholm
determinants < Large N asymptotics of RHP (steepest descent
method).

@ Well-known generalization for two-matrix models: P(x,y) = 0 with
arbitrary degree in y, bi-orthogonal polynomials, d x d RHP
problems.

@ Generalization when potentials are rational functions: V € C(X).

o Generalization for hard edges (constrained eigenvalues support).
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Facing both methods

e Common starting point: limiting eigenvalues density p., <
Classical spectral curve P(x,y) =0

e Analytic (RHP) solutions vs Formal (Top. Rec.) solutions

@ Can we built linear differential equations using only the topological
recursion approach: +0,Wy = DyWy?

e Would give a quantum curve (% > 1): P(hdy, x)W; 1 = 0.

@ Some known examples: Airy curve y? = x, semi-circle: y? = x? — 1
(Dumitrescu and Mulase [2016]).

@ Relation with Painlevé equations and exact WKB expansions (lwaki
and Saenz [2016], Takei)

@ Description of the integrable structure (Lax formulation) and the
RHP problem?
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Initial data

o Initial data: “classical spectral curve”:

@ X Riemann surface of genus g.

@ Symplectic basis of non-trivial cycles (A;, Bj)i<g on X.

© Two meromorphic functions x(z) et y(z), z € X such that:
= P(x,y) =0, with P monic polynomial in y, rational in x

@ A symmetric bi-differential form wp> on X X ¥ such that

wo (21, 22) e (jlzl_‘ZZ)z + reg with vanishing A-cycles integrals.
2 1

@ Regularity conditions:

@ Ramification points (dx(aj) = 0) are simple zeros of dx. = existence
of a local involution o such that x(z) = x(o(z)) around any
ramification points.

@ Ramification points are not finite poles of P.

e Topological Recursion gives by recursion n-forms (wp n),~1 4o
(known as “Eynard-Orantin differentials”) and numbers
(wWh,0)p>o (known as “free energies” or “symplectic
invariants”).
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Topological recursion 2

e Recursion formula: ((a;)1<;<, ramification points)

_ qu(Z)
Wh n+1 z Zn) - ZquaS, y(ﬁ))dx(q) |:Wh—1,n+2(q, q, z")

+ > wm,|/\+1(q, 1) Wg—m,jza\1+1(d, Zn \ /)]

me([0,h] , ICzn
(m,[11)#(0,1)

where dE,(z) = %f wo,2(g, ).

o “Free energies” (who),, given by:

q
Res ®(q) wn,1(q) where ®(q) :/ ydx

Who =
R S YA < g,
p

e Specific formulas for wg ¢ and wy o
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Remarks and properties of TR

@ Initially designed to provide formal solutions in Hermitian RMT
but sufficient conditions (Borot and Guionnet [2011], Borot et al.
[2014]) are known to provide exact asymptotics solutions.

@ Only valid for regular spectral curves

e Many existing generalizations: blobbed (Borot and Shadrin
[2015]), irregular curves (Do and Norbury [2018]), Lie algebras
(Belliard et al. [2018]), Airy structures (Kontsevich and Soibelman
[2017]), etc.

e Many applications in enumerative geometry (Eynard [2016]), RMT
(Eynard et al. [2018]), Toeplitz determinants (Marchal [2019]), etc.

@ Initial Eynard-Orantin formulation is sufficient for our purpose.
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Literature on quantization of spectral curves via TR

o Conditions on linear differential systems to be reconstructed from
TR: Bergere and Eynard [2009], Bergére et al. [2015]

@ Examples for genus 0 cases: Painlevé equations: |lwaki and Marchal
[2014], Iwaki et al. [2018]

@ General genus 0 case: Marchal and Orantin [2020]

@ Examples of quantum curves and exact WKB: Iwaki and Saenz
[2016], Bouchard and Eynard [2017]

@ General hyper-elliptic case, arbitrary genus: Marchal and
Orantin [2019]

@ In progress with B. Eynard, E.Garcia-Failde and N. Orantin:
Arbitrary degree, arbitrary genus.
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Quadratic differentials with prescribed pole structure

Definition
Let n > 0 and let (X,)"_; be a set of distinct points on ¥5 = P! with
X, # oo, for v =1,...,n. We define the divisor

Let Q(P!, D) be the space of quadratic differentials on P! such that
any ¢ € Q(P!, D) has a pole of order 2r, at the finite pole
X, € Pfinite and a pole of order 2r., or 2r,, — 1 at infinity.

| A

Remark

Up to reparametrization, oo is always part of the divisor. Infinity may
be a pole of odd degree (i.e. a ramification point in what to follow) but
all other finite poles are even degree.
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Quadratic differentials with prescribed pole structure 2

)

Let x be a coordinate on C C P!. Any quadratic differential
¢ € Q(P!, D) defines a compact Riemann surface ¥, by

Yy = {(X,y)E(CX(C/y2— (d;(;))z}

((Z(:))Z is a meromorphic function on P! i.e. a rational function of x.

| 5\

Classical spectral curve associated to ¢

For any ¢ € Q(P!, D), we shall call “classical spectral curve”
associated to ¢ the Riemann surface ¥, defined as a two-sheeted cover
x: X4 — PL. Generically, it has genus g(X4) = r — 3 where

n
r= E r, + rso
v=1
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Quadratic differentials with prescribed pole structure 3

> 4 is branched over the odd zeros of ¢ and oo if oo is a pole of odd
degree. We define:

{bf.by} = x'(X,) forv=1,...,n
{bf,b} = x7'(c0) if co pole of even degree
or {bss} = x71(oc0) if co pole of odd degree

Filling fractions

Let n = qb%. We define the vector of filling fractions e:

vjellgl : ej=75 7
Aj

and its dual €* by:

. . 1
Vje[[l,g]]:ej:% Bn.
j
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Spectral Times

Definition (Spectral Times)

Given a divisor D, a singular type T is the data of

@ a formal residue T, at each finite pole and at p = bf,t satisfying T+ = —Tp-;
v v
@ an irregular type given by a vector (Tp,k);”:_ll at each pole p € P satisfying
Tot = _Tb;,k'

For such a singular type T, let Q(P!, D, T) C Q(P!, D) be the space of quadratic
differentials ¢ € Q(P!, D) such that n = gb% satisfies

by,

dx
+ —
Vby,m=) Tb’:/t’k(fol,)k + O (dx)
k=1

lss roo
= Tz ()T +0(dx) == Tz x2dx+ O(x2dx)
b=l k=1
if oo pole of even degree or

d r.
(=) = T
k=l k=1

if oo pole of odd degree.
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Decomposition on Q(P!, D, T): Notation

@ We denote [f(x)]oo,+ (resp. [f(x)]x,,—) the positive part of the
expansion in x of a function f(x) around oo, including the constant

term, (resp. the strictly negative part of the expansion in x — X,
around X)) .

o We define Ko = [2, roo — 2] and for all k € K:

Uso(x) = (k= 1) Y Tooyx'72
I=k+2

if oo pole of even degree and

if oo pole of odd degree.
e K, =[2,r, +1] and for all k € K:

Ul/.k(X) = (k o 1) Z 7_11./ (X - Xl/)il+k72
I=k—1
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Decomposition on Q(P!, D, T)

Lemma (Variational formulas)

A quadratic differential ¢ € Q(P', D, T) reads ¢ = f3(x)(dx)? with
1£5%) 2 n ry d 2
k—2 X
(Z T ) 3 <z T xm) ]
k=1 o+ v=l Xy, —
3 a
Y Uewlgrt +ZZUuk< S

k€EKoo v=1 kEK,

f, =

if 0o pole of even degree and

. 2 . 2
X Took k5 4 dx

<k2 2 2) oo++; <Z T X_X”)k) ]x =

£ Y Ual) e +Z > Ul g2

kEKoo v=1 keK,

f; =

if oo pole of odd degree
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Perturbative partition function

Definition (Perturbative partition function)

Given a classical spectral curve ¥, one defines the perturbative
partition function as a function of a formal parameter 7 as

ZPt (B, X) = exp <Z h%—%h,o(Z)) :

h=0

where wj o(X) are the Eynard-Orantin free energies associated to X.




Quantization of hyper-elliptic spectral curves
o] le]e]

Perturbative wave functions 1

Definition ((Fp,n)n>0,n>1 by integration of the correlators)
For n > 1 and h > 0 such that 2h — 2 + n > 1, let us define

1 Z1 Zn
Fh,,,(zl,...,z,,):?/().../( )wh
o(z1 o(zn

where one integrates each of the n variables along paths linking two

Gallois conjugate points inside a fundamental domain cut out by the
chosen symplectic basis (Aj,Bj)1<j<g.
For (h,n) = (0, 1) we define:

1 z
Fou(z) = 2/( )

For (h, n) = (0, 2) regularization is required:

Foo(z1,22) : /0(21 / 22)w02 =3 |”( (z1) — x(z))
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Perturbative wave functions 2

Definition (Definition of the perturbative wave functions)
We define first:

L) = (V)
ST = 3Roa(z(),2(N)

> EV ).z

h>0,n>1
2h—24+n=k

Vk>1, SE(N)

where for A € P!, we define z()\) € ¥, as the unique point such that

x(z(A)) = X and y(z(A))dx(z(\)) = \/&(N). The perturbative wave
functions ¥4 by:

b (A B, X) exp<2hsi )

k>—1
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Remarks

@ Standard definitions used by K. Iwaki for Painlevé 1.

e Formulas do not require restriction to Q(P!, D, T) but are
well-defined for any classical spectral curve.

o ST =In(¢)1) are somehow more natural than .

@ 1+ do not have nice monodromy properties

© For i € [1, g]. the function ¥4 (), i, €) has a formal monodromy
along A; given by

Wi\ €) s e L (A By €).

@ For i € [1, g], the function ¥+ (A, i, €) has a formal monodromy
along B; given by

77 (h, e + hey)

L A = (%

Y+ (N hye+ hej)

o Necessity of non-perturbative corrections (already known in the
exact WKB literature).
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Non-perturbative quantities

We define the non-perturbative partition function via discrete Fourier
transform:

27”ijpj
Z(h,X.p):= Y e 7t ZP'(h,e+ k)
keze

and the non-perturbative wave function:

g
7 E kipj

> e 7L zret(h,e+ hk) Yr(\ b, € + hk)
Wi\ R T, p) =

Z(h, X, p)
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Remarks

Definitions similar to those of K. lwaki for Painlevé 1 (genus 1)
Discrete Fourier transforms of perturbative quantities
Provide good monodromy properties (see next slide)

Dependence in 7 is no longer WKB: trans-series in h:

Z(h,X.p) = ZF(h,X)Y h"Om(h, X,p)
m=0
> AmZn(A\ BT, p)
V(AR T, p) = (A A X))
> hmOn(h, T, p)

m=0

Coefficients © (K, X, p), =m(A, B, X, p) finite linear combinations of
derivatives of Theta functions.
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Monodromy properties

e Forje[1,g], V(A X, p) has a formal monodromy along A; given
by
V(AT € p) = e TVL(N T, p).

e Forje[1,g], V+(\ X, p) has a formal monodromy along B; given
by
V(M T,e,p) — e UL (N X, p).
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Wronskian

Woronskian

Let ¢ € Q(P, D, T) defining a classical spectral curve ¥,. Then, the
Wronskian W(\; k) = R(W_0 V1 — W0 \W_) is a rational function of

the form:
ﬁ()\ )
W(X; k) = w(T, h) 50— P _ it Bt
[T =X [T =X

with Pz a monic polynomial of degree g.

Remark

| A

We denote (qi)i<g the simple zeros of the Wronskian and (pi)i<g by:

. OlogV OlogV_
Vie[l,g] : pi= ——— = BB Y=
O ox |,

A=qi =q;
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Quantum curve

Quantum Curve

The non-perturbative wave functions W_. satisfy a linear second order
PDE with rational coefficients:

2
{h286)\2h2R( )(%fha( ) — ()\)} V(A ) =0

with R(\) = mogai‘//\v()‘) and

H(\) = [h > Uook()‘)a-,- + 12 Z > sl 6Ti k]

kEKoo v=1 keKp,

[Iog Z(T,e, p) — h%wo o] +y*(\)

) = YAy Um@)(smsu»]

kEKoo oT.
+g i Z Uy,k(,\)w

0Tk

00,+

kEKy Xy, —
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Quantum curve 2

Additional relations

The pairs (q;, p;) satisfy Vi € [1, g]:
+ 0 (Q(A) _ )‘iiqi)
A=g; o

1 z n Olog Wi (N)
2 v
p; = H(qi)—hp; E = E
99 59— Xu O\ =g

Asymptotics S+ () are given by:

1A Th 1 1 e K
S+(A = — v + T, log(A — X, A A —X
+(A) :th k—1(A— X, )k 1 A by 1 log( u)+; u,k( v)
1 & Thoo ik sk 1 log X _
Si(\) = ﬁzﬁv 1$ﬁTbm71Iog(A)fT+ZAoio’k)\ K
or =2 k=0
r
S Thoo k23 _logX _x
St(N) = :FEZ2I<—3 7 F - Tbm,1|0g g +2Ai,k>‘ 2
" k=2
Thus,

roo —4 n rp+1
< Quk

g
Q=3 370+ 2 Qe+ 3.3 55

v
j=1 qj v=1 k=1
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Linearization and h-deformed spectral curve

@ Linearize the quantum curve, i.e. choose

o v
V. = (a()\)\lli 4 6(/\)8>\\Ui> to have a 2 x 2 system

T () = LT = () B0 ) ¥

o Define the hi-deformed spectral curve: det(y I — L(A)) =0

: (5+(>\) +5-(V)
N = HON)+h Uso k(\) =
g le A LEZKOO “ 0T oo,k } oot
2 < Sr(A)+5-(N) AP(\)
4 Z{z] s
_halog W(X) PO

oA
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Additional material 2

Write the time differential systems
o1, Vi = R, x(\)Vy

@ Define isomonodromic times t, x and the map (T, x)v.k — (tu.k)v.k
and the differential systems 9, Wy = L, (AU

@ Connected to the problem isospectral — isomonodromic: Existence

of times t such that 5%(;\) = % where 0 is the variation to explicit

dependence on t only.

o Define g Hamiltonians (H;(q1,..., g, p1,-- -, Pg, h))1<j<g so that
h-deformed Hamilton's equations are satisfied: T

O0H; OH;
iy 1.gl8 : hd,q; = —2 and hd,p; = — —2
V(i,j) e [1,g] Oq p; and K 9;p; 9q,

@ Apply to all Painlevé equations and their hierarchies.
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Example on Painlevé 2

@ Corresponds to n =0, ny, =0 and r,, = 4: Family of classical
spectral curves:

v o= T+ 2T 3Teon® + (To 3+ 2To0 4 Too2) X2
+ [2 Too3Too2+2Te0aToo 1] x+ Ho

@ Quantum curve reads:

0?2 m 9 hp

0 = {fQ—— —_—— — T2 X = 2T 3T aX®
0x? x—q0x X—q 00,4 00,3 004X
<T23+2T%4Tx2)

- [2 Toc.3 Toc.,2 + 2Tx4 Txl] X — HO - hToc.4q \Ui(x)
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Example on Painlevé 2

@ Hamiltonian Hy is given by:

Ho = p*—T240" — 2T 3Tosq® — (T2 5+ 2TcaToo2) G°

o Define ty1 = 2T 2, Darboux coordinates (g, p) satisfy
Hamiltonian equations:

8p 76/‘/0 and oh 8q o aHo

2h = — =
8too,1 5q 8too,1 8p

Recovers the standard Painlevé 2 by setting Too 4 =1, Too 3 =0,
Too1=—0

92 h
T —2q+twrg+ 2 — 0.

r2
"o, 1T
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Summary

©0 ©00

Given classical spectral curve = Top. Rec. (wnn(21,- -, 2n))h>0,n>0

(wn,n)n>0,a>0(21, - -, 2y) = Wave function

wpert _ e-’AZ"' .I'z ( 2,11)" wn_,,h"‘z"’z

Discrete Fourier transform of yPet = ¢)non-pert

Define W = (aprom-pert gyapmonPert ()9 TpmomPert) | Satisfy a
companion-like linear differential system = Quantum spectral curve.
Fix the gauge to remove apparent pole singularities

Connect deformations of the coefficients of the classical spectral
curves (family of spectral curves with prescribed pole structure and
fixed genus) with isomonodromic deformations.
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Remarks for the hyper-elliptic case

@ Genus 0 curves = No Fourier transform (standard WKB expansions)
= Reconstruction via Topological Type property possible.

@ Isomonodromic times differ from spectral times (naturally arising in
the spectral curve and topological recursion). = creates technical
complications.

@ Standard gauge choice for the 2 x 2 matrix system is usually not
companion-like to avoid apparent singularities.

@ These technical issues have been solved in the hyper-elliptic case.
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Open questions and future works

@ Connection with isomonodromic deformations is missing in the
general setting (non-hyper-elliptic).

@ Deformations of the classical spectral curves with fixed genus are
problematic in the loop equations.

@ Technical assumptions like non-degenerate ramification points, poles
= ramification points should be lifted but requires technical
computations.

@ Analytic properties of W: Description of the associated RHP to be
done.

@ Connection with orthogonal polynomials in the case of RMT 7
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