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Experimental motivation

e Distributional semantics (Haris 1954
* Meaning represented by vectors of co-occurrence

Frequency of box co-
(box); = occuring with the ith context
word

® Successful for words, compositional model needed for more
complex semantical structures

e Compositional distributional semantics (coecke, sadrzadeh, Ciark 10]

® Tensors act on vectors to form sentences
® Adjectives act on nouns to give noun phrases

(red);i(box); = (red box);
* Two matrices give adjective verb combinations
(eat);(quickly)(cats)x = (cats eat quickly);
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Experimental motivation

e Statistics of word matrices should be analyzed using
permutation invariant matrix theories [kartsaxis. Ramgoolam, sadrzaden
'17]

e 5-parameter permutation invariant Gaussian model
showed promising results

e General 13-parameter permutation invariant Gaussian
1-matrix model was solved [Ramgoolam '18]

e Expectation values in good agreement with experiment

[Ramgoolam, Sadrzadeh, Sword '19]
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1-Matrix Model

[Ramgoolam '18]

Matrix model with D? matrix M;

Z = / dMe=SM)

Free (Gaussian)
S(M) ~ M+ MM

Permutation invariant

S(Ma(i)o(j)) = S(Mlj)7 o€ Sp

Observables are permutation invariant polynomials

(M iyo()) = (M)
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1-Matrix Model
[Ramgoolam '18]
e Permutations act on Vp = Span(]i) |i=1,...,D)
o iy = ‘0—1(/)>, o€ Sp
® Vp decomposes into irreducible representations
Vp — Vo ® Vy

® There is an orthonormal basis for Vo & Vy

|Eo) = Zco,w er/

|Ea>:ZCa,-\i>, a=1,...,D—1
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1-Matrix Model

[Ramgoolam '18]

e Linear combinations of M; form a vector space Vp ® Vp
e Sp acts diagonally on Vp ® Vp

o(l @) =colh@alj)
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1-Matrix Model

[Ramgoolam "18]

e Linear combinations of degree m monomials in M; also
form a vector space

1-Matrix monomials are symmetric

Mi1f1 Mfz/z = Mfz/z

Mi1/1

Instead of (Vp ® Vp)®™ we have

Sym™(Vp ® Vpp) = Symmetric part of (Vp @ Vp)®™

For example

(i) @ i) @ (i) @ L)

A d
+(Ii) @ li2)) @ (ir) @ lj)|

Mi1/1 M,

iojo
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1-Matrix Model

[Ramgoolam '18]

e Notation
Wm,p = Sym™(Vp ® Vp)

* Wy, pis also a vector space of bosonic oscillators
* For example: W, p

(1h) @ [1) @ (Ii2) ® |j2))
— —

Mi1/1M
+(Ii2) @ lig)) @ (li) @ |j2))]

Iojo M M ‘0>

i1 iafo
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2-Matrix Model

[Barnes, AP, Ramgoolam "21]

Matrix model with two D? matrices M, N.
Zero-dimensional QFT

Z = / dM dNe=SM:N)

Free (Gaussian)

S(M,N) ~ M+ N+ MM + NN + MN

Permutation invariant

S(Ms(iyo(j)s No(k)o(n) = S(Mjj, Nig), o € Sp
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2-Matrix Model

[Barnes, AP, Ramgoolam "21]

e QObservables

f(Mo(iyo(j)» No(k)o() = F(Mj, Nk,

e Expectation values from Wick’s theorem

<f( IjaNk/ Z/deN _S(MN)f(MljaNk/)’
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e Degree n monomials in Ny form a vector space
Sym"(Vp ® Vp)
¢ Mixed monomials are not symmetric in M and N
Mij Niwiy # Miq i, Niyj

e Degree m+ n monomials form tensor product of symmetric
parts

Wi.np = Sym™(Vp ® Vp) @ Sym"(Vp @ Vp)
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e Example: Ws5 p

Ml1l1 M/2/2 Nk, 1y Nio 1,

(i) @ i) @ (i) ® 12)) + (1) @ i) © (i) @ )| @
(k) @ 1h)) @ (k) @ ) + (Ika) © o)) @ (k1) @ )]
* W np is also a vector space of bosonic oscillators

Mi1j1 - M;

lm]m

Nk1 oo Nkn/n — ,WJr M N;; e kn/n |0>

it imjm
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Observables Expectation value:
o

e Degree m + n observables form a subspace of
Sp-invariants

WmnD— {weWnnplow=w}.

e The goal is to construct a basis for W,‘,f"n D

e For example, a basis for W, is
D

D
Z”.)@‘i) Z i s Z‘/ ® |f) «— ZM’/'
i=1

=1 ij=1 ij=1
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A good start is compute the dimension of n‘{?n,D'

e Use projector to compute dimension of subspace

Sp . %
PVOD ) Wm’nvD - Wm?n,D

* Trace gives dimension

. % S
dim(Wp%, p) = Trw, .o (PVP).

Notation

Dim(m, n, D) = dim(W.° )
Dim(m, D) = dim(WX%, )
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Introduction Observables

Expectation value:

©

* Average over group gives a projector to invariants

> o
o ‘SD| c€Sp
e Check that it is invariant
S S
UIPV: = PVOD'

e Compute trace

Dim(m, n, D) = Tr,, <P§5) -

m

> ! (e (X )

I
oD T2 iPpt TI 19 TT7 it 11

qgFm
ren

=1
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Observables

m n Dim(mnD)forD=1,....2m+2n+5
10 1,222,222

2 0 1,6,10,11,11, 11,11, 11, 11
1 1 1,8,14,15,15,15,15,15,15
3 0 1,10,31,47,51,52,52,52, 52, 52, 52

2 1 1,20,70,107,116, 117,117,117, 117, 117,117

When D > 2m + 2n, the dimension stabilizes

Dim(m,n,D >2m+ 2n,) = Dim(m, n,2m + 2n)
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1. What happens when Dim(m, n, D) stabilizes?

® 1-matrix case [Kartsaklis, Ramgoolam, Sadrzadeh *17]

__# directed graphs with m

Dim(m, 0,2m) = edges on unlabeled vertices

® Basis for observables labeled by directed graphs
® 2-matrix case [Bares, AP, Ramgoolam 21]

# directed colored graphs with m
Dim(m, n,2m+ 2n) = blue edges n green edges on unla-
beled vertices

* Basis for observables labeled by directed colored graphs
2. What happens for D < 2m + 2n?
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Observables from graphs

Each blue edge going from vertex i to vertex j is associated
with a factor of Mj. Similarly for green edges and Nj;. We then
sum over the vertex labels from one to D.
For example
o TTe e e A
ZMiij/H ; , ZM,-,-I\II-,(H : _

i J k ! i J k
ikl i,k
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Proposition

Dim(m, D) is the number of directed graphs with m edges on up
to D unlabeled vertices.

1. Start with labeled vertices

2. Unlabeled graphs correspond to equivalence classes of
labeled graphs

3. Count equivalence classes
4. Relate counting to trace of projector
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Step 1: Labeled graphs with m edges and k vertices

Labeled graphs are collections of m ordered pairs of
integers

(a7, af),....(amap)], & €{1,....k}.

¢ Integers can take values in {1,...,k}

e Each pair is an edge from vertex a; to vertex a;.
Order of pairs in the collection does not matter.
Order within pairs is important (directed edges).
Example: [(1,2),(2,1)]

>

1 2
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Observables

Step 2: Unlabeled graphs

e Two collections describe the same unlabeled graph if one
is a re-labeling of the other.

[(1,2),(2,1)] [(1,3),(3,1)]
1 2 :.% ~ f é §3
[(1,2),(2,1)] [(1,2),(2,3)]
~3 3 * m
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® Re-labeling is a S action on collections of pairs (labeled
graphs)

o' [(ar,al),....(am ap)] =

[(o(ay), o(a)).- . (o(ap), o(am))]-
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Definition: Group orbit

If G acts on the set U, we say that u € U and v’ € U are in the
same orbit if there exists g € Gsuchthatg-u = u'.

O,={9-u|vg e G}

e Group orbits partition the set U into disjoint subsets
e The set of all orbits is written as a quotient

G\U
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Observables

ntroauction 7.#7)7&‘53
Example

Labeled graphs with 1 edge and 3 vertices under action of S3.

U1,3 = {[(1 ) 1)]7 [(1’2)]7 [(1 ) 3)]’ [(27 1)]7
[(2,2)],[(2,3)],[(3, 1), [(3,2)], [(3, 3)]}

12 3
[(1,2)] - s s

O[(1,1)] = {[(1 ) 1)]a [(27 2)]7 [(33 3)]}a
Orr,2)1 = {1(1,2)1.[(1,3)], [(2, )], [(2,3)], [(3, 1)1, [(3, 2)]}
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Step 3: Count Orbits

® Let Upy « be the set of all labeled graphs with m edges and
k vertices.

¢ Proposition is equivalent to the statement
Dim(m, k) = | Sk \Um |-

e Burnside’s lemma: Number of orbits is equal to average
number of fixed points

1

1Sk \Unmk | = > (#Elements in Up fixed by o)

| | €Sk

’
:@Z > b(o-u=u)

0€SK uEUp k

»
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U- » consists of the 10 elements

), (LD [(1,1),(1,.2)] [(1,1),(2,1)] [(1,1),(2,2)]
):(1,2)] [(1,2),(2,1)] [(1,2),(2,2)]
):(2,1)] [(2,1),(2,2)]
):(2,2)]

So ={e, (12)}.

[(1,1
[(1,2
[(2,1
[(2,2

‘SQ\UQQ‘_ 10+2)=6
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Step 4: Trace of projector

Un k defines permutation representation

Vm,k = Span(|u) |u € Um7k)

Sk acts on Vy;, x by the action on Uy, «

olu)y=|o-u).

It is the symmetric part of (Vj @ Vj)®™

Vi = Sym™ (Vi ® Vi)

Vim k is @ bosonic oscillator vector space

uy =|(ay.af),....(amak) =A_ .. Al |0).

il 7a1 am: m
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Step 4: Trace of projector

e Re-write the Kronecker delta

e Burnside’s lemma becomes

1S \Uni| = 5 3 Y2 {ulorfu)

0€Sk ueUn «

= > (Wl Pyu)

ue Um,k

S
= Ter,k(Pvg)'
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Observables

2-colored directed graphs with m, n edges on k vertices

[(ay.a]).---. (am am)], [(by, bY ), - ... (by, by,
a,be{1,...,k}

Um nx defines permutation representation

Vinnk = Span(|u) |u € Um,n,k)

Vin.nk is @ bosonic oscillator space

_ Al T T T
u) = A Al By Bl 10)

e
a, a,

Number of orbits is equal to dimension of subspace of
invariants

Sk \Unnk| = Ty, (PY)

28/55



Observables

0000000000000 e000

¢ Replace k with D
¢ |t is the same vector space of matrix polynomials

Vm,D = Wm,D = Symm( Vo ® VD)
Vm,n,D = Wm,n,D = Symm( Vp ® VD) @ Symn( Vp ® VD)

® The action of Sp on W is the same as S, on V

Dim(m, D) = Trw, ,(Py?) = Try, o (Py?) = |Sp \Ump|
Dim(m, n, D) = Ter,mD(P%’ — TrvmymD(Pﬁf) = |Sp \Umnpl-
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 Dim(m, D) = |Sp \Ump| stabilizes for D > 2m, because
the most number of vertices that can be occupied by m
edges is 2m.

o« e o« e . ° . .
1 2 3 4 5 6 7 8

 Dim(m,n, D) = |Sp \Umnp| stabilizes because m+ n
edges can occupy no more than 2m + 2n vertices
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e We set out to understand a basis at finite D.

® For D < 2m+ 2n, a basis is labeled by graphs with m+ n
edges on D vertices.

Dim(m, n, D) = |Sp \Umnp]|-
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Observables

Expectatior
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Summary: Observables

e Burnside’s lemma using permutation representations
D|m(m, n, D) - ’SD \Um’n7D|

¢ Orbits are graphs with m + n edges, D vertices
¢ Explicit bijection to observables

ZMiij/H o« e ./*\.’ ZMiijkH S

i ik I i j k
irj kil ij,k
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When the VEV is non-zero, Wick’s theorem takes the form

<Tl1j1TIrjr>: Z H H <T"ajaTibjb>C<T"CjC>’

peP}? &P (a,b)ep

where T can be either M or N.
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Expectation values
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At degree m=2,n =1 we have

<Mi1j1 Miz/z i3/3> = <Mi1/1 Mi2/2>C<Ni3/3> + <Mi1/1 i3/3>C<Mizfz>
+<Mi2/2 Nf3/3>C<Mf1/1> + <Mi1f1><Mi2/2><Ni3/3>
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Expectation values
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* Vp® Vp decomposes into irreducible representations of Sp
VD® VD —)2V0@3VH@ Vo @ V3
e Use Clebsch-Gordan coefficients

Shae 3 ClAM;, a=1,...,dim(Va)

a,fj
i7/

¢ They transform irreducibly under Sp

Vi
Z al/ r=1(o-1() = D YA(0) bSbA :
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¢ Correlators are simple in the representation basis
. . —1
(Syre gy, = (/\%M>a553b5(VA, Vg).
e We have symmetric coupling matrices
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Expectation values

¢ Invert the change of basis

Vasa oVy;a
Y ces,

a,if
VA,a,a

¢ The two point function becomes

(MiMye = Y Y Ca (S8, .CBf

aj
VA7a7a V57 76

% Va8
= Z Ca/;\/Oé(/\ > Ca/l\d
Va,a,a,8
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Repeat for N
H;/A?Oé _ Z CVA;aNij

a,ij
i

e The correlators are simple in this basis
. ) —1
(RYAeRYEd)  — (/\Q’N) abd(Va, V).

o Vi -1
(S7 Ry )e = (M) dabd(Va, Vo).
(AZN) 5 is not a symmetric matrix.

22432 4+141=15
Inverting the change of basis

) -1 .
(NjNg)e = > CJAe (AQ\W) Caki’
VA7ava7B ! a/g 7

Mo S ol () ot

a,if a,kl
Va,a,a,8 38/56
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In general

—1
v, AT Va;
(TiTae= 3 €l (NT), Cuif
VA,a,Oé7ﬁ

We need to compute the tensors

2{: C:VAilc:b% B

a,jj
a

They can all be written in terms of the same tensor

1

Fi=2dj— 5

Also true about VEV
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Expectation values
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e We had an orthonormal basis for V4 & Vg

]

Eo) =Y Coili) = —= i)
i=1 mi:1
D

|Ea)=> Cailiy, a=1,...,D—1
i=1

* Fj are matrix elements of Py,

Fij= ) (ilEa) (Ealf) = 0 —
1

5.

[N
Il

e Derived from

D—1
(ili) = o5 = (il <|Eo> (Eol +)_ |Ea) <Ea|> )

a=1
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Expectation values

Introduction

e There are 15 combinations, here are a select few

Z cVo2cVe2 _ FiiFu
a

a,jj “a,kl D — 1

Vil AVt Fil
Y GG =5

a,if D
a
VH;S VH;S o i
Z Ca,ij Ca,kl - Z F,ijprququ,
a

p.q

: : 1
D ol Calil = 5 (FicFy = Fif)
a
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e Expectation values are weighted sums of products of F

* Some contributions to (M, ;, M;,;,N;,;,) are proportional to

2

Fl1/1 Fl 2jo F’

3j3

Z ip ]1 PFPQFI F]zqFlsls
p.q=1
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e Observables have all external indices summed.

(e=t=e) =) (M MyNj)

i7j

e The F contributions become

D
Z FiiFiiFij,
=

D
Z FioFioFpaFigFiaFi-
i7j7p7q:1
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The general strategy is to decompose the sums into parts

SIS

ij=1 = i#f
D

SIS IS IS IR P
ijk=1 i=j=k i=j#k i=k#j j=k#i i#j#k

Because Fj is almost like a Kronecker delta,

11 i=j
Fij= . j
-5 [1#]

it is constant on each part

_LtDMA
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Expectation values

STFENA =D R+ (Fy)?

i i=j i
1 A 1 A

= . D—1)|——
0[1 D] + D( )[_ ]

_ [0(1 _ DA+ D(D - 1)]
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Example 2

D
Z ,_—A12 A1z A23 _ (Z+Z+Z+Z+ Z) 1114’122 1/14’133/:;24’233

) I113 I2I3
123 12]3 13]2 2311 123

i1 ,0p,i3=1

D! 1 Aio+A13+A2s D! 1 As2 1 As3+Az3
~oom' 0 ‘o=l o) -0

DI 1 A1z 1 Ajo+Axs DI 1 Aoz 1 A12+As3
+@om|'"0) |os| *o-z|' "ol -0
. DI 1 A12+A13+Az3

(D-3)!'|-D

1 Ar2+As3+Az D!(1 _ D)A12+A13+A23

_[—D} ( (D—1)!

D!(1 — D)2  DI(1 — D)%  DI(1 — D)"s D!
(D-2) '~ (D-2) ' (D-2) +(D—$J
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¢ The procedure can be organized in terms of undirected
graphs
e For example,

D
Z Fl F2 F2 .

K" lWiz3" Ip i3
1l i3=1

1 2

e Sum over p indices gives graph on p vertices

* Each factor F;, , is an edge from ato b
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e General products with p indices summed
Aab
> 1 A
if,...,Jp 1<a<b<p

e Parameterized by matrix Agp
e Interpret Az, as an adjacency matrix

48/55
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e Decomposition

DS SINED S S s

tyoa=1  h=h=i3 I=h#l h=iFk b=h#h h#hk#i

Corresponds to set partitions
i1 :i2:i3(—>{123}, i1 :I'Q;élé H{12},{3},
i1 7& i2 7£ i3 A {1}7 {2}7 {3}

Notation for sums

D
POEED DR ID DI D DEE D DEE DD
ih,is=1 {128} {12},{3} {18},{2} {23},{1} {1}.{2},{3}

Number of terms in sum with b blocks is

D!

(D - b)!
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e Compute each sum using graphs operations

1 2 2 2
Z Fl1 f2 F’1 I3 Flzla Z ’1 Ip /1 i3 ’2 i3
i1=lp#i3 {12},{3}

e Sum is associated with a new graph

3
.
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Expectation values
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e All indices equal

D D
Z F' F2 F2 . Z F! F2 F2

111 I/ Il 111 I/ Il
12 113 I 12 RI3 1213
it =ir=Is {123}

e Associated graph contributes

3
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Expectation values
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e j; and i3 equal

D D
Z Fl F2 F2 . Z Fl F2 F2

Hio™ I3 ol o™ {137 ol
12 RI3° 1213 12 113 213

h=i3#i {13},{2}
e Associated graph contributes

3
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Expectation values
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® j, and i3 equal

D D
Z Fl F2 F2 . Z Fl F2 F2

Hio™ I3 ol o™ {137 ol
12 RI3° 1213 12 113 213

lo=l37i1 {23},{1}
e Associated graph contributes

3
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o All different

D D
Z Fl F2 /:.21.3 o Z Fl F2 F2

Hip™ KiI3" Ip o™ i3 I2i3

i1 Fip i {1}.{2}.{3}

* Associated graph contributes
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Expectation values
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Summary: Expectation Values

Expectation values are computed using Wick’s theorem

They ultimately boil down to products of F with all indices
summed

e We organized the sums using undirected graphs
Procedure manifestly independent of D

55/55



Summary

We proved that observables correspond to directed
colored graphs

The one-point and two-point function are simple in a
representation basis

Computing expectation values is largely about the interplay
between the graph and representation basis

The interplay can be described using undirected uncolored
graphs.



Outlook

® Theory
e Extend the permutation invariant program to tensor models
e Correlators in the matrix models
® [nteresting parameter limits
® Double cosets
¢ Applied
® Apply 2-matrix model to data

® Improve algorithm



Outlook

Thank you for listening!
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