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Classical physics
p , q ∈ IR , {q, p} = 1 , H(p, q) = [p2 + q2]/2
A = ∫ [p(t) ·q(t) − H(p(t), q(t))] dt

Favored variables
p → P ( = P†) , q → Q ( = Q†) ; [Q, P] = iℏI

Schr··odinger′￼s representation
Q → x ∈ IR , P → − iℏ(∂/∂ x)

Schr··odinger′￼s equation
iℏ ∂ ψ(x, t)/∂ t = H(−iℏ ∂/∂ x, x) ψ(x, t)

∫ ∞
−∞

|ψ(x, t) |2 dx < ∞

CANONICAL QUANTIZATION − 1



CANONICAL QUANTIZATION − 2
Classical physics

−∞ < p < ∞ , 0 < q < ∞ , H(p, q) = [p2 + q2]/2
A = ∫ [p(t) ·q(t) − H(p(t), q(t))] dt

Favored variables
p → P ( ≠ P†) , q → Q ( = Q†) ; [Q, P] = iℏI

Hamiltonian operator(s)
H0 = [PP† + Q2]/2 ≠ [P†P + Q2]/2 = H1

Hamiltonian spektra

CANONICAL QUANTIZATION FAILS
E = ℏ[(0,2,3,5,7,8,10,...) + 1/2]

, E1 = ℏ[(1,3,5,7,...) + 1/2]E0 = ℏ[(0,2,4,6,...) + 1/2]



Classical variables

AFFINE QUANTIZATION − 1

A = ∫ {p(t)q(t)[ ·q(t)/q(t)] − H′￼(p(t)q(t), q(t))} dt
Favored variables

p → P ( ≠ P†) , q → Q ( = Q†) > 0
, [Q, D] = iℏQ

Q → x ∈ IR+ , D → − iℏ[(∂/∂ x)x + x(∂/∂ x)]/2

iℏ ∂ ψ(x, t)/∂ t = H′￼(−iℏ[(∂/∂ x)x + x(∂/∂ x)]/2, x) ψ(x, t)
∫ ∞

0
|ψ(x, t) |2 dx < ∞

C A N O N I C A L Q U A N T I Z A T I O N

, 0 < q < ∞ ,

pq → (P†Q + QP)/2 ≡ D ( = D†)

H′￼= [(pq)2/q2 + q2]/2

Schr··odinger′￼s equation

Schr··odinger′￼s representation

D x−1/2 = 0 ,🙂

−∞ < p < ∞



AFFINE QUANTIZATION − 2

Laure Gouba , arXiv : 2005.08696

half − harmonic oscillator (m = 1)
H(p, q) = (p2 + ω2q2)/2 , 0 < q < ∞

ℋ′￼(D, Q) = (DQ−2D + ω2Q2)/2 , Q → x > 0
= [−ℏ2(x ∂/∂x + 1/2)x−2(x ∂/∂x + 1/2) + ω2x2]/2
= [−ℏ2∂2/∂x2 + (3/4)ℏ2/x2 + ω2x2]/2

En = 2(n + 1)ℏω , n = 0,1,2,...

The eigenvalues are equally spaced!Special Result :

H′￼(pq, q) = ((pq)2/q2 + ω2q2)/2

🙂

🙂



H(p, q) = ⟨p, q |ℋ(P, Q) |p, q⟩ ,
= ⟨ω |ℋ(P + p, Q + q) |ω⟩ = ℋ(p, q) + 𝒪(ℏ; p, q)

H′￼(pq, q) = ⟨p; q |ℋ′￼(D, Q) |p; q⟩ ,
= ⟨b |ℋ′￼(D + pqQ, qQ) |b⟩ = ℋ′￼(pq, q) + 𝒪′￼(ℏ; p, q)

2ℏ[ ||d|p, q⟩ ||2 − |⟨p, q | d|p, q⟩ |2 ] = ω−1dp2 + ω dq2

2ℏ[ || d|p; q⟩ ||2 − |⟨p; q | d|p; q⟩ |2 ] = b−1q2dp2 + bq−2dq2 −2/b

0

Dirac:  “Cartesian coordinates should lead to  ℋ(p, q) = H(p, q)

⟨b | [(Q − 11) + iD/b] |b⟩ = 0

|p, q⟩ = e−iqP/ℏ eipQ/ℏ |ω⟩ ,

|p; q⟩ = eipQ/ℏ e−i ln(q)D/ℏ |b⟩ ,

CQ → flat , AQ → constant negative curvature

FAVORED COORDINATES − 1

🙂 🙂

⟨ω | (Q + iP/ω) |ω⟩ = 0



7

AQ = ∫ ⟨ψ(t) | [iℏ(∂/∂t) − ℋ(P, Q)] |ψ(t)⟩ dt

AC = ∫ ⟨p(t), q(t) | [iℏ(∂/∂t) − ℋ(P, Q)] |p(t), q(t)⟩ dt

Ac = ∫ {p(t) ·q(t) − H(p(t), q(t))} dt ,

A′￼Q = ∫ ⟨ψ(t) | [iℏ(∂/∂t) − ℋ′￼(D, Q)] |ψ(t)⟩ dt

A′￼C = ∫ ⟨p(t); q(t) | [iℏ(∂/∂t) − ℋ′￼(D, Q)] |p(t); q(t)⟩ dt

A′￼c = ∫ {−q(t) ·p(t) − H′￼(p(t)q(t), q(t)} dt,

Both operator pairs lead to similar classical stories, and with hbar > 0. 

|p, q⟩ = e−iqP/ℏ eipQ/ℏ |ω⟩ |p; q⟩ = eipQ/ℏe−i ln(q)D/ℏ |b⟩

AFFINE QUANTIZATION − 3
Action for Schr··odinger′￼s equation

Canonical coherent states

Action for enhanced classical equations



Bonus topic − 1 (no charge)
Classical covariant scalar field NR!

H′￼(κ, φ) = ∫ {[κ(x)φ(x)−2κ(x) + ( ∇φ)(x)2 + m2
oφ(x)2]/2 + goφ(x)4} dsx

κ(x) ≡ π(x)φ(x) , {φ(x), κ(y)} = δs(x − y) φ(x) , s ≥ 4

Affine quantization
[φ̂(x), ̂κ(y)] = iℏ δs(x − y) φ̂(x)

Schr··odinger′￼s representation
φ̂(x) → φ(x) , ̂κ(x) → − iℏ[φ(x)(δ/δφ(x)) + (δ/δφ(x))φ(x)]/2

Schr··odinger′￼s equation
iℏ ∂Ψ(φ, t)/∂ t = ∫ {[ ̂κ(x)φ(x)−2 ̂κ(x) + ( ∇φ(x))2 + m2

oφ(x)2]/2 + goφ(x)4} d!x Ψ(φ, t)

∫ |Ψ(φ) |2 𝒟φ < ∞

φ(x) → φ̂(x) , κ(x) → ̂κ(x) ,

🙂 🙂

🙂̂κ(x) φ(x)−1/2 = 0



Bonus topic − 2 (no charge)
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FIG. 1. (color online) We show the dimensionless renormalized coupling constant gR of Eq. (4.3)

as calculated from Eq. (5.4) for various values of the bare coupling constant g at decreasing values

of the lattice spacing a = 1/n (n ! 1 continuum limit) for the canonical (�12)3 classical euclidean

scalar field theory described by the action in Eq. (1.1). In the top panel we show the ultralocal

version and in the bottom panel the covariant one.

VII. CONCLUSIONS

Using MC simulations, we determined the dimensionless renormalized coupling constant

of an euclidean classical scalar field-theory with twelfth-order power-law interactions on a

three dimensional lattice. It turns out that the canonical version of the theory approaches

a free-theory in the continuum limit of small lattice spacing. The renormalized coupling
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FIG. 2. (color online) We show the dimensionless renormalized coupling constant gR of Eq. (4.3)

as calculated from Eq. (5.4) for various values of the bare coupling constant g at decreasing values

of the lattice spacing a = 1/n (n ! 1 continuum limit) for the a�ne (�12)3 classical euclidean

scalar field theory described by the action in Eq. (2.3). In the top panel we show the ultralocal

version and in the bottom panel the covariant one. In the two panels the range of the y-axis is

di↵erent.

constant tends to zero at each value of the bare coupling constant as the lattice spacing gets

small.

We then formulated an a�ne version of the same field-theory with the “3/4” interaction

term and observed that the MC results for the renormalized coupling constant stays constant
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canonical (φ12)3 affine (φ12)3

(φ4)4 (φ4)4canonical , affine ↑↓
R . Fantoni, J . R . Klauder; arXiv : 2012.09991

Riccardo Fantoni; arXiv : 2011.09862



An Ultralocal (= NO gradients) Model
iℏ ∂Ψ(φ, t)/∂ t = [ ∫ {[ ̂κ(x)φ(x)−2 ̂κ(x) + m2

oφ(x)2]/2 + goφ(x)4} dsx ] Ψ(φ, t)
Ψ(φ) = e−W(φ) Πx |φ(x) |−1/2

φ(x) → φk ≡ φ(ka) , a > 0 , k ∈ {0, ± 1, ± 2, ± 3,⋯}s

Ψr(φ) = e−Wr(φ) Πk(bas)1/2 |φk |−(1−2bas)/2 , ∫ |Ψr(φ) |2 Πkdφk = 1

C( f ) = lim
a→0

Πk ∫ eifkφk/ℏ (bas) e−2Wr(φk) |φk |−(1−2bas) dφk

C( f ) = exp{−b ∫ dsx ∫ [1 − eif(x)λ/ℏ] e−2w(λ) dλ/ |λ |}
C( f ) = lim

a→0
Πk ∫ {1 − (bas) ∫ [1 − eifkφk/ℏ] e−2Wr(φk) |φk |−(1−2bas) dφk }

Regularization and continuum limit

Bonus topic − 3 (no charge)🙂 🙂

̂κ(x) φ(x)−1/2 = 0 ,

🙂

a↔

s ≥ 1 NR!

s = 2



H′￼(π, g) = ∫ {g−1/2[πa
bπb

a − (1/2)πa
aπb

b] + g1/2 (3)R} d3x

{πa
b(x), πc

d(x′￼)} = (1/2) δ3(x, x′￼) [δa
dπc

b(x) − δc
bπa

d(x)]
{gab(x), πc

d(x′￼)} = (1/2) δ3(x, x′￼) [δc
agbd(x) + δc

bgad(x)]
{gab(x), gcd(x′￼)} = 0

{g} ≡ {gab(x)} > 0
πac(x) gbc(x) ≡ πa

b(x)
ds(x)2 = gab(x) dxa dxb > 0 , g(x) ≡ det[gab(x)] > 0 ,

Poisson brackets

,

Classical Hamiltonian

AFFINE GRAVITY − 1
Classical variables a, b, c, . . . = 1, 2, 3

metric gab(x) = gba(x) , momentum πcd(x) = πdc(x)🙂 🙂

gac(x) gbc(x) ≡ δb
a , 🙂

{gab(x)} > 0

🙂



|p, q⟩ = e−iqP/ℏ eipQ/ℏ |ω⟩ ,

|p; q⟩ = eipQ/ℏe−i ln(q)D/ℏ |b⟩ ,

2ℏ[ ||d |p, q⟩ ||2 − |⟨p, q | d |p, q⟩ |2 ] = ω−1dp2 + ω dq2

2ℏ[ ||d |p; q⟩ ||2 − |⟨p; q | d |p; q⟩ |2 ] = b−1q2dp2 + b q−2dq2

Cℏ[ ||d |π; g⟩ ||2 − |⟨π; g | d |π; g⟩ |2 ] ; ⟨β | [( ̂gab(x) − δab11) + i ̂πc
d(x)/β(x)ℏ] |β⟩ = 0

|π; g⟩ = e(i/ℏ) ∫ πab(x) ̂gab(x) d3x e−(i/ℏ) ∫ ηa
b(x) ̂πb

a(x) d3x |β⟩ ,

= ∫ [(β(x)ℏ)−1gabgcd dπbcdπda + (β(x)ℏ) gabgcd dgbcdgda] d3x

⟨ω | (Q + iP/ω) |ω⟩ = 0

⟨b | [(Q − 11) + iD/b] |b⟩ = 0

FAVORED COORDINATES − 2

{g(x)} = e{η(x)} > 0

affine gravity : constant negative curvature



[ ̂πa
b(x), ̂πc

d(x′￼)] = iℏ(1/2) δ3(x, x′￼) [δa
d ̂πc

b(x) − δc
b ̂πa

d(x)]
[ ̂gab(x), ̂πc

d(x′￼)] = iℏ(1/2) δ3(x, x′￼) [δc
a ̂gbd(x) + δc

b ̂gad(x)]
[ ̂gab(x), ̂gcd(x′￼)] = 0 , { ̂gab(x)} > 0

AFFINE GRAVITY − 2

Basic quantum commutations

Quantum gravity coherent states

H′￼(πa
b(x), gcd(x)) = ⟨π; g |ℋ′￼( ̂πa

b(x), ̂gcd(x)) |π; g⟩

= ℋ′￼(πaj(x)gjb(x), gcd(x)) + 𝒪′￼(ℏ; π, g)

× ln{
det{ 1

2 [g′￼′￼
ab(x) + g′￼

ab(x)] + i 1
2ℏ β(x)−1[π′￼′￼

ab(x) − π′￼
ab(x)]}

det[g′￼′￼
ab(x)]1/2 det[g′￼

ab(x)]1/2 }}

⟨π′￼′￼; g′￼′￼|π′￼; g′￼⟩ = exp{−2 ∫ β(x) d3x

= ⟨β |ℋ′￼( ̂πa
b(x) + πaj(x)[eη(x)/2]e

j ̂gef(x)[eη(x)/2]f
b, [eη(x)/2]e

c ̂gef(x)[eη(x)/2]f
d) |β⟩



iℏ ∂Ψ({g}, t)/∂t = [ ∫ [ ̂πa
b(x)g(x)−1/2 ̂πb

a(x)− 1
2 ̂πa

a(x)g(x)−1/2 ̂πb
b(x)

+g(x)1/2 (3)R(x)] d3x ] Ψ({g}, t)

̂πa
b(x) = − iℏ(1/2)[gbc(x)(δ/δgac(x)) + (δ/δgac(x))gbc(x)]

̂πa
b(x) g(x)−1/2 = 0 , Ψ({g}) = Y({g}) Πx g(x)−1/2

Ψr({g}) = Yr({g})Πk [ΣlJk,l gl]−(1−ba3)/2 regularized
formal

̂gab(x) = gab(x)

{[ ̂πa
b(x) ̂πb

a(x)− 1
2 ̂πa

a(x) ̂πb
b(x)] + g(x) (3)R(x) }Φ({g}) = 0

SMOOTH METRICS  & CONSTRAINTS
, {g( ⋅ )} ∈ C2

Schr··odinger′￼s equation

Schr··odinger′￼s representation

AFFINE GRAVITY − 3

Functional properties



AFFINE QUANTUM GRAVITY
Canonical quantization takes favored classical
variables and promotes them to basic operators .
Schr··odinger′￼s representation and equation

quantizes via AQ, for a selected set of problems .

Affine quantization takes favored classical
variables and promotes them to basic operators .

quantizes via CQ, for a selected set of problems .

Schr··odinger′￼s representation and equation

Quantization involves SQ , CQ , and AQ, all together!

There is also SQ, which is spin quantization .

Dictated by : Constant ( + , 0, − ) Numerical Curvatures .

🙂

🙂

🙂 ⋯



Thank You

Affine quantization is exactly like canonical quantization .
The difference lies in the choice of BASIC OPERATORS .

Affine quantization does NOT compete with
canonical quantization . It JOINS with canonical
quantization to make ENHANCED QUANTIZATION .

From H O(S) to Q G

🙂
🙂

spin , favored gravity variables , REF



[S2 , S3] = iℏ S1 , S2
1 + S2

2 + S2
3 = ℏ2 s(s + 1)I2s+1 , s ∈ (1/2){1,2,3,⋯}

|θ, φ⟩ ≡ e−iφS3/ℏe−iθS2/ℏ |s, s⟩ , − π < φ ≤ π , − π/2 ≤ θ ≤ π/2

S3 |s, m⟩ = mℏ |s, m⟩ , m ∈ {−s, ⋯, s − 1,s} , (S1 + iS2) |s, s⟩ = 0

|p, q⟩ ≡ e−i(q/(sℏ)1/2)S3/ℏ e−i cos−1(p/(sℏ)1/2)S2/ℏ |s, s⟩
−π(sℏ)1/2 < q ≤ π(sℏ)1/2 , − (sℏ)1/2 ≤ p ≤ (sℏ)1/2

= (sℏ)[dθ2 + cos(θ)2 dφ2]
= (1 − p2/sℏ)−1dp2 + (1 − p2/sℏ) dq2

dσ2 = 2ℏ[ || d |θ, φ⟩ ||2 − |⟨θ, φ | d |θ, φ⟩ |2 ]

Spin coherent states

FAVORED COORDINATES − 3

Spin variable properties , SU(2) , SO(3)

latitude longitude
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