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CAN()NICAL QUANTIZATI()N 1 _

Clas1l physms
P.q€R, {q.p} =1, H(p,q)=I[p*+q°1/2
A = [[p(®) 4(t) — H(p(1), q(1))] dt

Favored variables
p—=>P(=P") , ¢->0(=0" . [0,P]=inl
Schrodinger’s representation
Q-xeR , P— —ihdldx)
Schrodinger’s equation
ih dy(x,t)/ot = H(—ihdlox,x) y(x,1)

JZ lw@n|*dx < oo



CANONICAL QUANTIZATION — 2
Classical physics
—o<p<eo , 0<g<oo , H(p,q) =I[p*+q’2
A = [[p@®) q(t) — H(p(t), q(1)] dt

Favored variables
p=P(£P) . ¢=0Q(=0Y ;i 1QPI=ihl
Hamiltonian operator(s)
Hy=[PP"+ Q%112 # [P'P + Q%|/2 = H,
Hamiltonian spektra
E, = n[(0,2,4,6,...) + 1/2], E, = h[(1,3,5,7,...) + 1/2]
E =1[(0,2,3,5,7,8,10,...) + 1/2]
CANONICAL QUANTIZATION FAILS
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AFFINE QUANTIZATION 1

Classmal Varlables

—00 <p <™ O<q<oo H = [(pq)*/q* + q*1/2

A = [{p(q®g)/q()] — H(p(Dg(0), q(1))} di

Favored variables
P*P(#PT) , g—>0(=0)>0

pg — (PTO+0P)/2=D (=D" , [0Q,D]=inQ
Schrodinger’s representation
O—->xelR"™ , D-— —ih[(d/0x)x+ x(d/0 x)]/2
Schrodinger’s equation
ih dw(x,t)/ot = H'(—ih[(d/0 x)x + x(d/0 x)]/2, x) w(x, 1)

©) Dx_1/2=‘()' , fooo |l w(x, 1) |2dx < 00



AFFINE QUANTIZATION 2

half harmomc oscillator (m = 1)
H(p.q) = (p* +’q>)/2, 0<g<
H (pg,q) = (pg)*1g> + g2
Z'(D,Q)= (DO D+ 00?2 , Q—-x>0
= [—hA%(x 3/0x + 1/2)x~2(x 0/0x + 1/2) + w*x?]/2
= [=7°0%/0x> + 3/)A°/x* + 0°x°]/2

Special Result : The elgenvalues are equally spaced' ©

E =2n+1how , n= 0,1,2,...
Laure Gouba , arXiv :2005.08696 (©



FAVORED COORDINATES 1
Dirac: “Cartesmn coordlnates should Iead to ?’/ (p, q) H(p, q)

P, q) = e MM gy (0](Q + iPlw) | w) =
H(p,q) =<p,.q| Z(P,0)|p,q) ,
= (0| ZP+p,0 +q)|w) = Z(p.q) + Oh: p. ) 0

20l dp, @) II” = |{p.ql dp,q)|°] = 0~ 'dp* + w dg*

: (b|[(Q — 1) +iD/b]|b) =
H'(pq,q) =p;q| Z'(D,0)|p;q) ,

=(b|Z'(D + pqQ,qQ)|b) = Z'(pq,q) + O'(h;p,q)
20 | dp; g) I” = 1{p; g | dp; g) 171 = b~ qdp® + bg~2dq?

© CQ—flat , ©® AQ — constant negative curvature

|p; q> — ein/h e—iln(q)D/h | b>

—2/b




AFFINE QUANTIZATION 3

Actlon for Schrodlnger S equatlon

Ay = [(w@ |lin(o/or) — Z (P, Q)] |w(1)) di
Ap = [(w(® |[ih(olor) — (D, O)] | w(t)) dt

Canonical coherent states
|p, q> — e—iqP/hein/h | w) |p; q> — ein/he—iln(q)D/h |b>

Action for enhanced classical equations
Ac= [{p®,q® | [in(dl0r) — F (P, O)]| p(0), q(1)) dt

At = [(p(®); q(0) | [ih(d/0r) — Z'(D, Q)] | p(2); q(2)) dt
A = I{p(t)q(t) H(p(t) q(t))} dt Al = j (=ap() — H(p()(0), ()} 1

Both operator palrs Iead to similar classwal storles and W|th hbar > 0.



® Bonus topic — 1 (no charge) @
Classical covariant scalar field NR!
k(x) = z()px) , {pXx), k() =0x—-yex) , s=>4

H'(k,9) = [ {[k(x)p(x)"*k(x) + (Vo)) + myp(x)°1/2 + g,p(x)*} d'
Affine quantization

o0 = ), k() = k), (@), KWL= 170 (x 7 y) $Lo)

Schrodinger’s representation

P(x) = @(x) ,  K(x) = — ih[p(x)(6/6¢(x)) + (8/5¢(x))p(x)]/2
Schrodinger’s equation_
ih W (@, 0101 = [{[R(X)ep(x)*R(x) + (Vp(0)2 + m2p(x)21/12 + g,0(0*) d'x W, 1)

k) @) =0 o [1P(@)|” D¢ <



Banus topzc — 2 (no Charge)
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Riccardo Fantoni; arXiv : 2011.09862

canonzcal(¢4)4l ajjine (§04)4T
R . Fantoni, J.R . Klauder; arXiv : 2012.09991



o Bonus topic =3 (no charge) «

An Ultralocal (— N() gradlents) Model s > 1 NR!
in ¥ (@, n/ot = [I{[K(X)cﬂ(X) K(x) + m0¢(X)2]/ 2+ ggcﬂ(X)4} dx 1¥(e,1)
K@) =0, W) =e "I, |px)| " ,

S =
Regularization and continuum limit Wy
o) > o =gka), a>0, ke {0,x1,£2,+3,..}" ==

V() = e O Tl(ba")? | gy |77 1 (@) ' Thdgy = 1]

C(f) = lim Hk ifkﬁok/h (baS) €_2W (@y) |<0k |—(l—2bas) dCDk
C(f) = Cilm I [{1 = (ba®) [[1 — eN/M] =2 W0 | g 7172640 gy, )

C(f)—eXp{ —bJdx[[1 — ™M e Ddi/|i]} @




AFFINE GRAVITY -1
Classical variables a,b,c,... =1,2,3
©@ metric g,,(x) = gp,(X) , © momentum 74 (x) = 7%(x)

ds(x)* = g,(xX)dx?dx’ >0 , gx)=det[g,(x)] >0, {g}=1{g,x)} >0
a8 =00 W 8 =B @@

Classical Hamiltonian
H'(n,8) = [{g~" lmymy — (1IDmim)] + g2 OR} dx

Poisson brackets
{70(x), m5(x)} = (1/2) 8(x, x') [857E(x) — SEmd(x)]
{8ap(0), mg(x)} = (1/2) 8 (x, x') [558p (%) + 5£8,4(%)]
{8.(%), 8q(x)} =0 {g . (x)} >0



FAVORED C()()RDIN ATES 2

P, q) =€_lqp/h€’pQ/h|w>, (wI(Q+lP/a))|a)>

200 d|p. @) II” = 1{p.q| d|p,q)|*] = 0~ dp? +codq2

1piq) = ePQhe=I@DIA | py (b11(Q — 1) +iDIb] | b) =
2h[||dlp 61>I| —|<p qldlp q)l ] =b" 1q2dp +bq *dq°
| ; > _ e(/h)fn b(x) gab<x)d o) J b 100 er(x) d3x| P g(x)} — e{n(X)} > 0
Callld|m ) I’ — |(m: gl d|m ) I°] A1) — abll)+i7%d(x)/ﬁ(x)h] |ﬂ>
= [[(B)R) ' gp&eu dﬂbcdﬂda + (,B(x)h) 8ab8 “d dg,.dg,,) dx

affine gravity : constant negative curvature



AFFINE GRAVITY -2
Quantum gravity coherent states
(n':g"|7:8) = exp{ =2 [fx) d
det{5["*(x) + g"()] + i)~ [2"P(x) — 7 ()]}
_ delg™ W detlg (]2 '

H'(n)(x), 8.4x)) = (m; g | Z"(71(x), 8.4(X)) | 7, &)
= (B| ' (7%x) + n¥(x)[e"™™ 2]Jiée]c()c)[e”’(">’ z]f;, [T 2]ﬁée]v(zc)[e’?()“)’ 2]f;) | 5)
=X '(x" (X)gip(X), 8.4(X)) + O'(A; 7, g)
Basic quantum commutations
[79(x), 25(x")] = iA(1/2) 8 (x, x') [575(x) — S57%(x)]
[80p(%), ZYX)] = iR(1/2) 67 (x, x') [858 () + 558 ,,4(%)]
[(éab(-x)a gcd(x,)] — O > {gab(x)} > O

X ln{




AFFIN E GRAVITY 3

Schrodlnger S representatlon

g.,(X) = g,p(x)

7y (x) = — ih(1/2)[ 8, (x)(0/08,.(x)) + (8/08,,(X))8p(X)]
Schrodinger’s equation

ih 0P ({g},0/0r = | [ [#5(x)g(x)™"*75(x)— l7%"(36)8(96)_” “7,(x)

+8(0)'"? CR(x) d’x | P({g}, 1)
Functional propertles

B =0,  W({gh=Y{ghI,gw ?  formal
lP g} =Yg [ &l (1=ba”)l2 regularized

SMOOTH METRICS & CONSTRAINTS




©) anzcl’ atzzatm takes favared classzcal
variables and promotes them to basic operators .

Schrodinger's representation and equation
quantizes via CQ, for a selected set of problems .

© Affine quantization takes favored classical

variables and promotes them to basic operators .
Schrodinger’s representation and equation
quantizes via AQ, for a selected set of problems .

& There is also SQ which is Spm quantzzatzon

Quantlzatlon 1nvolves SQ CQ and AQ all”to etherv'
Dictated by : Constant ( +,0, — ) Numerical Curvatures .




From HO(S) to Q
Affine quantization is exactly like canonical quantization .
The difference lies in the choice of BASIC OPERATORS .

Afflne quantlzatlon does N OT compete w1th
canonical quantization. It JOINS with canonical
quantlzatlon to make ENHAN CED QUANTIZATION

- Thank You .

spin , favored gravity variables



FAVORED C()()RDIN ATES 3

Spin variable properties ., SUQ2), SO(S’)
1S,,8;1=ihS, , Si+S;+S5=n"s(s+ Dl , s € (1/2){1,2,3,)
Sy|s,m)y =mh|s,m)y , me& {—s,---,s— 1,5} , (§;+1iS,)]|s,s)=0

Spin coherent states

10, @) = ™00 g &y | —g<o<m, —7/2<60<7/2

—JZ'(Sh)l/Z <qg< E(Sh)l/z (Sh)l/Z <p< (Sh)l/Z
1D, q) = o —i(@/(sm)")Sy/h ,—icos l(p/(sh)l/z)SQ/h 5, S>
do> = 21111 d10,0) I> = 10,01 d16,0) )]

= (sh)[dO? + cos(0)* dp?]
= (1 — p?/sh)~Ydp? + (1 — p?/sh) dg?
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