
The large charge expansion

Susanne Reffert
University of Bern 

based on arXiv:1505.01537, 1610.04495, 1707.00710, 1809.06371, 1902.09542, 1905.00026, 
1909.08642,1909.02571, 2008.03308, 2010.07942, 2102.12488, 2110.07617, 2110.07616, 

2203.12624
1



2

L.  Alvarez-Gaume (SCGP), D. Banerjee (Kolkata), 
Sh. Chandrasekharan (Duke), N. Dondi (Bern), S. Hellerman (IPMU), 

I. Kalogerakis (Bern), R. Moser (Bern), O. Loukas, 
D. Orlando (INFN Torino), V. Pellizzani (Bern), F. Sannino (Odense/Napoli), 

T. Schmidt (Bern), M. Watanabe (Weizmann)



Introduction
Strongly coupled physics is notoriously difficult to 
access. 
We do not have small parameters in which to do a 
perturbative expansion. Our most basic notions of field 
theory are of a perturbative nature.

Make use of symmetries, look at special limits/
subsectors where things simplify.

Here: study theories with a global symmetry group.  
Hilbert space of the theory can be decomposed into 
sectors of fixed charge Q. 
Study subsectors with large charge Q.

Large charge Q becomes controlling parameter in a 
perturbative expansion!
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Introduction
Conformal field theories play an important role in 
theoretical physics:
• fixed points in RG flows
• critical phenomena
• quantum gravity (via AdS/CFT)
• string theory (WS theory)
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But: CFTs do not have any intrinsic scales, most have by 
naturalness couplings of O(1). 
Possibilities: analytic (2d), conformal bootstrap (d>2), 
lattice calculations, non-perturbative methods…
Prime candidate for the large-charge approach.
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Overview

• Introduction
• The O(2) model

• semi-classical treatment
• quantum treatment
• results and lattice comparison

• O(2N) vector model
• Finite N results
• Large N limit + resurgence
• Leaving the conformal point

• Summary/Outlook
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The O(2) model
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The O(2) model
Consider simple model: O(2) model in (2+1) dimensions

Flows to Wilson-Fisher fixed point in IR.

Look at scales: put system in box (2-sphere) of scale R
Second scale given by U(1) charge Q: ⇢1/2 ⇠ Q1/2/R

Study the CFT at the fixed point in a sector with
1

R
⌧ ⇤ ⌧ Q1/2

R
⌧ g2

Global U(1) symmetry: � ! �+ const.'IR = a eib�

Write Wilsonian (linear sigma model) action.
cut-off of effective theory

UV scale

LUV = @µ�
⇤ @µ�� g2(�⇤�)2

Assume that also the IR DOF are encoded by cplx scalar
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The O(2) model

LIR = 1
2 @µa @

µa+ 1
2b

2a2 @µ�@µ�� R

16
a2 � �

6
a6 + higher derivative terms

LSM:  Assume large vev for a: ⇤ ⌧ a2 ⌧ g2

Semi-classical analysis: solve classical e.o.m. at fixed 
Noether charge.

Lagrangian is approximately scale-invariant.

dimensionless constants

scalar curvature (w. conf. coupling)

φ has approximately mass dimension 1/2 and the action 
has a potential term / |'|6

Solution must be homogeneous in space.
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The O(2) model

non-const. vev

Determine radial vev v by minimizing the classical 
potential:

Charge density: ⇢ = b2a2�̇, Q = ⇢ ·Vol(S2)
<latexit sha1_base64="/cidOS3qQ0RsoeykdVqnL4ddqzM="></latexit>

Lowest-energy solution: 
� = µt, µ =

⇢

b2v2
<latexit sha1_base64="2vTHWZtivcpjncpXXMjDeEvvuEA="></latexit>

a = v = const.
<latexit sha1_base64="bHEUNtZHuuaaNpyT2w2mkTuiQ+8="></latexit>
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'( theory
at fixed charge

)		unconstrained

controlled by 	+ > 0
controlled
by  ./ ≫1

|2/⟩

Large-charge vacuum: Semi-classical treatment

At � ! 1 classical mechanics dominate

I VEVs behave like their classical counterparts

isotropic oscillator in 2D VEVs of O(2) at fixed Q0

radius x
2 + y

2
v = hri

polar angle tan�1 y

x
h�i

angular momentum xpy � ypx charge density ⇢0 = Q0

V
= v

2
h�̇i

I Jacobian J = v

I effective potential VQ0(�) [v, h�̇i] := �
1

�V
logZQ0 [v, h�̇i]

implies the classical Routhian

RQ0(�) [v, ⇢0] := ⇢0 h�̇i + VQ0(�) [v, h�̇i] =
⇢
2
0

2v2 + m
2

2 v
2 + �

2N v
2N

centrifugal potential

Orestis Loukas (ITP, AEC) LCPT Engelberg, 12/09/2016 9 / 24

|vi

Vcl(v)

v

Vclass =

✓
Q

V

◆2 1

2v2
+

R

16
v2 +

�

6
v6

large condensate is 
compatible with our 
assumption

v ⇠ Q1/4

a � 1

µ ⇠ ⇢1/2
<latexit sha1_base64="di0lM0Iwh7nS6Ok43CWAxkSPR9k="></latexit><latexit sha1_base64="di0lM0Iwh7nS6Ok43CWAxkSPR9k="></latexit><latexit sha1_base64="di0lM0Iwh7nS6Ok43CWAxkSPR9k="></latexit><latexit sha1_base64="di0lM0Iwh7nS6Ok43CWAxkSPR9k="></latexit>

centrifugal term
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The O(2) model

Classical solution at lowest energy and fixed global 
charge becomes the vacuum of the quantum theory. 

Energy of classical ground state at fixed charge:

E⌃(Q) =
c3/2
p
V
Q3/2 +

c1/2
2

R
p

V Q1/2 +O(Q�1/2)

2 dimensionless parameters

dependence on manifold

Quantum story:  study the low-energy spectrum 
Parametrize fluctuations on top of the classical vacuum 

a = v + â � = µ t+
�̂

v

massive mode, not relevant 
for low-energy spectrum m ⇠ O(

p
Q)

Goldstone

10

cannot be 
calculated within 
EFT!



The O(2) model
Ground state at fixed charge breaks symmetries:

Go to NLSM: Integrate out a (saddle point for LO). 
Dynamics is described by a single Goldstone field χ:

LLO = k3/2(@µ�@µ�)3/2
<latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit><latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit><latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit><latexit sha1_base64="BKIq6kP5QIxomJEf3hlfU29iJhc="></latexit>

can get this purely by 
dimensional analysis

D
0 = D � µO(2)

SO(3, 2)⇥O(2) ! SO(3)⇥D ⇥O(2) SO(3)⇥D
0

<latexit sha1_base64="YS0Ilx9XQLZLbk5Dg8LQoPrwJ5Q="></latexit>

Beyond LO: use dimensional analysis, parity and scale 
invariance to determine (tree-level) operators in 
effective action (Lorentz scalars of scaling dimension 3, 
including couplings to geometric invariants)

@� ⇠ ⇢1/2, @ . . . @� ⇠ ⇢�1/4
<latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit><latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit><latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit><latexit sha1_base64="lRoiX/erzW4DMvdC5du4VlY9t5I="></latexit>

Use ρ-scaling to determine which terms are not 
suppressed:
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The O(2) model

LO Lagrangian
scale-inv. but NOT 
conformally inv.

L = k3/2(@µ�@
µ�)3/2 + k1/2R(@µ�@

µ�)1/2 +O(Q�1/2)

Result for NLSM action in d=3:

dimensionless parameters suppressed by inverse 
powers of Q

To be understood as an expansion around the classical 
ground state µt+ �̂

<latexit sha1_base64="WMtPHJ1t6J+BzeZPbGXfmRPZ3Y8="></latexit><latexit sha1_base64="WMtPHJ1t6J+BzeZPbGXfmRPZ3Y8="></latexit><latexit sha1_base64="WMtPHJ1t6J+BzeZPbGXfmRPZ3Y8="></latexit><latexit sha1_base64="WMtPHJ1t6J+BzeZPbGXfmRPZ3Y8="></latexit>

12

Expand action around GS to second order in fields:

Compute zeros of inverse propagator for fluctuations 
and get dispersion relation:

⇒ χ  is indeed a Goldstone (type I) 

!~p =
|~p|p
2

L = k3/2µ
3 + k1/2Rµ+ (@t�̂)

2 � 1
2 (rS2 �̂)2 + . . .

<latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit><latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit><latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit><latexit sha1_base64="Q/dLOZorsbpEorNaECDe2SloOoc="></latexit>

dictated by conf. invariance 1/
p
d

<latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit><latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit><latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit><latexit sha1_base64="5mqN7eJ8nFxoGvf+DYYikqMV4wY="></latexit>



The O(2) model

Yes! All effects except Casimir energy of χ are 
suppressed (negative ρ-scaling).

Are also the quantum effects controlled?

13

ECas = lim
T!1

1

2T
log det

✓
�@2

⌧ � 1

d
�S2

◆
=

1

2
p
d
Tr(��1/2

S2 )

=
1

2
p
2
⇣(s|S2)

��
s=�1/2

= �0.0937 . . .
<latexit sha1_base64="BF9SB2GGvMkczoay18bT4zUNcwM="></latexit>

Evaluate Casimir energy from Coleman-Weinberg 
formula:

Let’s calculate observables: CFT data!
Scaling dimensions, fusion coefficients.

vacuum + Goldstone + 1/Q-suppressed corrections
Effective theory at large Q:



$MBTTJDBM BOBMZTJT (PMETUPOFT $BOPOJDBM RVBOUJ[BUJPO $POGPSNBM EJNFOTJPOT $PODMVTJPOT

3BEJBM RVBOUJ[BUJPO

Δ4E−�

RE

)

R × 4E−�

4E−�

%PNFOJDP 0SMBOEP "UUBDLJOH TUSPOH DPVQMJOH XJUI MBSHF DIBSHF

The O(2) model
Use state-operator correspondence of CFT:

conformal
dimension energy

Scaling dimension of lowest operator of charge Q:
energy of class. ground state

quantum correction from Casimir energy of Goldstone
S. Hellerman, D. Orlando, S. R., M. Watanabe, arXiv:1505.01537 [hep-th]

D(Q) = R0(E0 + ECas) = c3/2Q
3/2 + c1/2Q

1/2
� 0.0937 · · ·+O(Q�1/2)

<latexit sha1_base64="PdtevhE66nWgxpZnpGrJF06qQEU="></latexit>
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The O(2) model
What about excited states?
Dispersion relation: !l =

1

R0

r
E�Sd

d
=

1

R0

r
l(l + d� 1)

d
<latexit sha1_base64="VcqKpE2y437b3sBZ/gEq1u5iXWg="></latexit>

Energy of an excited state:
E(n1,n2,... )

Q =
D(Q)

R0
+

1

R0

X

l

nl!l

<latexit sha1_base64="+FvtihvhbKZJ7xKlwxjoBBdh5kQ="></latexit>

Lowest spin=1 state: one mode with l=2.

Take l=1: lowest excited state, D=D(Q)+1. Descendant 
state!         : conformal primaryn1 = 0

<latexit sha1_base64="wScyp9MIHfD8YKWr6L6bHZmWbQU="></latexit>

Lowest excited scalar: tensor product of two l=2 oscillators: 

Lowest vector: product of one l=2 and one l=3 oscillators: 

Let us examine a moment the first few excited states. Taking one quantum of ` = 1,
we get the lowest excited state for which the operator dimension is increased by one.
We see that this is a descendant state and that the conformal raising operator Pµ535

corresponds to the Goldstone with ` = 1.
Excited states with n1 = 0 are on the other hand conformal primaries, as none of

the other oscillators increases the scaling dimension by an integer value. Acting with
a single mode with ` = 2 on the ground state results in a spin � state with energy
1/R0(�Q +

p
2(d+ 1)/d). To construct the lowest primary with a given spin we can540

use the standard Clebsch–Gordan decomposition. For example, from the tensor
product of two ` = 2 oscillators we obtain the first excited scalar, since

⌦ = � � 1, (���)

which has dimension (�Q + 2
p

2(d+ 1)/d). From the product of one ` = 3 and one
` = 2 oscillator we obtain the lowest vector:

⌦ = � � . (���)

This state has scaling dimension �Q +
p

2(d+ 1)/d+
p

3(d+ 2)/d.545

Mention the possibility to add spins a la [�, �]?

Three-point functions Three-point functions of scalar primaries are constrained
by conformal invariance to have the form

hO�i,Qi
(xi)O�j,Qj

(xj)O�k,Qk
(xk)i =

Cijk

x
�i+�j-�k

ij
x
�j+�k-�i

jk
x
�k+�i-�j

ik

, (���)

where xij =
��xi - xj

��. The three-point function or fusion coefficient Cijk is not
constrained and must be calculated independently. Since in ���s we can use the550

operator product expansion to reduce an n-point function to an n- 1-point function,
the knowledge of the scaling dimensions and fusion coefficients is sufficient to
construct any correlation function.

The actual computation can be carried out in the same large-charge saddle-point
limit discussed in the case of the two-point function above. We have:555

hO�i,Qi
(xi)O�j,Qj

(xj)O�k,Qk
(xk)i /

Z
D�D� e-2/(d-1)f(�i�(xi)+�j�(xj)+�k�(xk))eiQi�(xi)+iQj�(xj)+iQk�(xk)e-SE[�,�]

(���)
which, by charge conservation is non-vanishing only if Qi +Qj +Qk = 0. The case
(Qi,Qj,Qk) = (-Q - q,q,Q) with q ⌧ Q in the limit Q � 1 has been studied

Rev: ����� (sreffert) �� ����-��-�� ��:��
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States with large charge and arbitrary spin (below unitarity 
bound): use particle-vortex duality.

G. Cuomo, A. de la Fuente, A. Monin, D. Pirtskhalava, R. Rattazzi, arXiv:1711.02108 [hep-th]15



Independent calculation on the lattice:
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D. Banerjee, Sh. Chandrasekharan, D. Orlando [hep-th/1707.00711]

The O(2) model

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

works for small 
charge. Why??

Excellent 
agreement!!

Large-charge expansion works extremely well for O(2). 
Where else?

c3/2 = 1.195(10)

c1/2 = 0.075(10)
<latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit>

Testing our prediction:
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The O(2) model
Let’s look at states with a one-phonon (type I Goldstone) 
excitation:

To leading order, the 2-pt function on the cylinder of two 
such states is

tree-level contribution (homogeneous)

from fluctuations

17

which corresponds to the two-point function in íD normalized to unity. The correction �1

introduced in (�.��) is the Casimir energy of the fluctuation ⇡ around the homogeneous
ground state � .

In the state-operator correspondence, the reference states |Qi and hQ| correspond to
insertions of scalar primaries at ⌧ = ±1:

|Qi : OQ
(�1)|0i, hQ| : h0|OQ

(1)
†, (�.��)

recalling that conjugation on the cylinder is OQ(⌧,n)† = O�Q(�⌧,n). The Weyl map to íD

can then be performed as

hO�Q
(x2)O

Q
(x1)iíD =

✓
|x1 |

R

◆��Q
✓
|x2 |

R

◆��Q

hO�Q
(⌧2,n2)O

Q
(⌧1,n1)icyl. (�.��)

h
Q

`2m2
|

Q

`1m1
i correlators

The next class of two-point functions we study are correlators of one-phonon states
obtained by acting with a single creation operator a†

`m
on the vacuum |Qi:

|
Q

`m
i = a†

`m
|Qi, where |

Q

00 i = |Qi. (�.��)

In canonical quantization, using the commutation relations of the a`m and a†

`m
the

two-point function is found to be

h
Q

`2m2
|

Q

`1m1
i = hQ | a`2m2 e

�(⌧2�⌧1)D/Ra†

`1m1
|Qi = A(⌧1, ⌧2) e

�(⌧2�⌧1)!`�`1`2�m1m2

= R�e��(⌧2�⌧1)/R�`1`2�m1m2 ,
(�.��)

where � is the conformal dimension that we have found in Eq. (�.��), consistently with
the general structure of a conformal two-point function on the cylinder given in Eq. (B.�).

This is true to quadratic order in the Hamiltonian, however we expect loop corrections
to shift the spectrum in a complicated way. It is convenient to formulate the correlator
as a path integral. This can be done in a straightforward manner by expressing a`m in
terms of the fields as in Eq. (�.��), so that one finds

h
Q

`2m2
|

Q

`1m1
i =

c1D(D � 1)µD�2

2RD�1p!`2!`1

æ
dS(n2)

æ
dS(n1) Y

⇤

`2m2
(n2) Y`1m1(n1)

A(⌧1, ⌧2) lim
⌧!⌧1
⌧
0!⌧2

(!`2 � @⌧0) (!`1 + @⌧) h⇡(⌧
0,n2)⇡(⌧,n1)i, (�.��)

where the two-point function of the Goldstone fluctuations is defined as

h⇡(⌧2,n2)⇡(⌧1,n1)i =
1

hQ, ⌧2 |Q, ⌧1i

æ
D⇡⇡(⌧2,n2)⇡(⌧1,n1) e

�S[⇡], (�.��)

��

Next, we look at the 3-pt function of two such states with a 
current insertion:

half-cylinder (⌧,�1) ⇥ SD�1. This fact is expressed by the Ward identities

hQ(⌧)
÷
i

Oi(⌧i,ni)i =
’
⌧i<⌧

Qih

÷
i

Oi(⌧i,ni)i, (�.�)

hD(⌧)
÷
i

Oi(⌧i,ni)i =
’
⌧i<⌧

�ih

÷
i

Oi(⌧i,ni)i. (�.�)

These identities hold order by order in a loop expansion and can be used to constrain
correlators with insertions of the currents in Eq. (�.�).

4.2. h
Q

`2m2
| J | Q

`1m1
i correlators

We first compute the correlator of two spinning primaries O
Q

`m
|0i = a†

`m
|Qi inserted at

times ⌧1, ⌧2 with an insertion of Jµ(⌧, x) at time ⌧1 < ⌧ < ⌧2.� To leading order one finds

hO
�Q

`2m2
J⌧(⌧,n)OQ

`1m1
i = �i

Q

⌦DRD�1

(
A�Q+R!`2

(⌧1, ⌧2) �`1`2�m1m2

+A
�Q+R!`2
�Q+R!`1

(⌧1, ⌧2 | ⌧) (D � 1)(D � 2)⌦D

R
p
!`2!`1

2D�0

h
Y⇤

`2m2
(n)Y`1m1(n) �

@iY
⇤

`2m2
(n)@iY`1m1(n)

R2(D � 1)!`2!`1

i)
,

(�.�)

hO
�Q

`2m2
Ji(⌧,n)OQ

`1m1
i = i

Q(D � 2)
2�0RÐ�1D

A
�Q+R!`2
�Q+R!`1

(⌧1, ⌧2 | ⌧)

r
!`2

!`1

Y⇤

`2m2
(n)@iY`1m1(n) � (1 $ 2)⇤

�
.

(�.�)

For later convenience we have introduced

A�Q+R!`2
(⌧1, ⌧2) B A(⌧1, ⌧2) e

�(⌧2�⌧1)!`2 , A�2
�1
(⌧1, ⌧2 | ⌧) B e��2(⌧2�⌧)/R��1(⌧�⌧1)/R. (�.�)

This generalizes A(⌧1, ⌧2) = A�(⌧1, ⌧2) defined by the two-point function hQ |Qi in Eq. (�.�).
The ` = 0 case of the J⌧ correlator appeared first in [��].

If we integrate J⌧ over the sphere, we obtain the conserved charge, so the integral
over the three-point function with a J⌧ is fixed by the Ward identity (�.�), giving us a
consistency check:

æ
dS(n) hO�Q

`2m2
J⌧(⌧,n)OQ

`1m1
i = �iQA�Q+R!`2
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Let us examine the structure of the J⌧ correlator. The current is a sum of a classical
piece and quantum corrections, see Eq. (�.�a). The classical part is homogeneous and, by
charge conservation, time-independent. It follows that the classical contribution to the

7 Recall that in the special case ` = 1 the operator OQ

`m
is not a primary, but a descendant.
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insertion is 0

which corresponds to the two-point function in íD normalized to unity. The correction �1

introduced in (�.��) is the Casimir energy of the fluctuation ⇡ around the homogeneous
ground state � .

In the state-operator correspondence, the reference states |Qi and hQ| correspond to
insertions of scalar primaries at ⌧ = ±1:
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The next class of two-point functions we study are correlators of one-phonon states
obtained by acting with a single creation operator a†
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on the vacuum |Qi:
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where � is the conformal dimension that we have found in Eq. (�.��),

consistently with the general structure of a conformal two-point function on the cylinder
given in Eq. (B.�).

This is true to quadratic order in the Hamiltonian, however we expect loop corrections
to shift the spectrum in a complicated way. It is convenient to formulate the correlator
as a path integral. This can be done in a straightforward manner by expressing a`m in
terms of the fields as in Eq. (�.��), so that one finds
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consistently with the general structure of a conformal two-point function on the cylinder
given in Eq. (B.�).

This is true to quadratic order in the Hamiltonian, however we expect loop corrections
to shift the spectrum in a complicated way. It is convenient to formulate the correlator
as a path integral. This can be done in a straightforward manner by expressing a`m in
terms of the fields as in Eq. (�.��), so that one finds
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These identities hold order by order in a loop expansion and can be used to constrain
correlators with insertions of the currents in Eq. (�.�).
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We first compute the correlator of two spinning primaries O
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For later convenience we have introduced
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This generalizes A(⌧1, ⌧2) = A�(⌧1, ⌧2) defined by the two-point function hQ |Qi in Eq. (�.�).
The ` = 0 case of the J⌧ correlator appeared first in [��].

If we integrate J⌧ over the sphere, we obtain the conserved charge, so the integral
over the three-point function with a J⌧ is fixed by the Ward identity (�.�), giving us a
consistency check:
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Let us examine the structure of the J⌧ correlator. The current is a sum of a classical

7 Recall that in the special case ` = 1 the operator OQ
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is not a primary, but a descendant.
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time-evolution operator on cylinder



The O(2) model
The 3-pt coefficient is

These results can be easily generalized to states with more 
phonon excitations, insertions of T, JJ, TT, TJ etc.

N. Dondi, R. Moser, I. Kalogerakis, D. Orlando, S. R., arXiv:2203.12624 [hep-th]
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Other 3- and 4 pt correlators (mostly involving just the 
scalar ground state), both with current insertions and of the 
for HLH have appeared in the literature (Rattazzi et al, 
Cuomo, Komargodski et all, Jafferis et al.)

three-point function must be proportional to the two-point function
D
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E
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(⌧1, ⌧2) �`1`2�m1m2 . (�.��)

The quantum piece will in general give a contribution that has the same tensor structure
as the left-hand side (���) and since it is not homogeneous, can be decomposed into
spherical harmonics. Moreover, as we have seen above, by charge conservation its
integral must vanish.

In the same way, the classical piece of Ji is zero (see Eq. (�.�b)), so we only have
the inhomogeneous quantum contribution in the Ji correlator. The separation into a
homogeneous classical part and a space-dependent quantum contribution applies to any
physical observable.

The special case of `i = 0 corresponds to the (scalar) ground state |Qi and Ward
identities guarantee that hQ | Ji |Qi = 0 to all orders.

From the above relations one can extract the corresponding operator product expansion
(���) coefficient:
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These correlators can also be computed for higher-phonon states. For example, for
two-phonon states we have

D
Q

(`2m2)⌦(`
0

2m
0

2)

��� J⌧(⌧,n)
��� Q

(`1m1)⌦(`
0

1m
0

1)

E
= �i

Q

⌦DRD�1 A�Q+R!`2+R!`02
(⌧1, ⌧2)(⇣

�`1`2�m1m2�`01`
0

2
�m0

1m
0

2
+ �`1`

0

2
�m1m

0

2
�`01`2�m0

1m2

⌘

+⌦D

(D � 2)(D � 1)
2D�0


R
p
!`

0

2
!`

0

1

e
(⌧�⌧1)(!`01

�!`02
)

h
Y`01m

0

1
(n)Y⇤

`
0

2m
0

2
(n) �

@iY`01m
0

1
(n)@iY

⇤

`
0

2m
0

2
(n)

R2(D � 1)!`
0

2
!`

0

1

i
�`2`1�m2m1

+
R
p
!`

0

2
!`1

e
(⌧�⌧1)(!`1�!`02

)

h
Y`1m1(n)Y

⇤

`
0

2m
0

2
(n) �

@iY`1m1(n)@iY
⇤

`
0

2m
0

2
(n)

R2(D � 1)!`
0

2
!`1

i
�`2`

0

1
�m2m

0

1

+
R
p
!`2!`

0

1

e
(⌧�⌧1)(!`01

�!`2 )

h
Y`01m

0

1
(n)Y⇤

`2m2
(n) �

@iY`01m
0

1
(n)@iY

⇤

`2m2
(n)

R2(D � 1)!`2!`
0

1

i
�`02`1�m0

2m1

+
R
p
!`2!`1

e(⌧�⌧1)(!`1�!`2 )

h
Y`1m1(n)Y

⇤

`2m2
(n) �

@iY`1m1(n)@iY
⇤

`2m2
(n)

R2(D � 1)!`2!`1

i
�`02`01�m

0

2m
0

1

�)
. (�.��)

In the computations above we have neglected the linear terms in the fluctuation
⇡, which appears in the various conserved charges in Eq. (�.�). These terms cannot
be neglected if we consider matrix elements between states with different number of
phonons. For example, for correlators between the ground state and one-phonon states

��

When studying loop corrections to the scaling dimension, 
we find in even D contributions of the form

1. Introduction

Working in sectors of large charge results in important simplifications [�–�]. In the case
of strongly coupled conformal field theories (���s), it allows in particular the calculation
of the conformal data, i.e. scaling dimensions and three-point function coefficients, which
encode all the relevant information for solving the theory.

In the existing literature, the main stress was put on the calculation of conformal
dimensions of large-charge operators [�–��], which were independently verified via
lattice calculations [��–��]. A number of (mostly three- and four-point) correlators have
appeared scattered in the literature [��–��]. In this note, we aim to close a gap in the
literature by systematically collecting three- and four-point correlators involving currents
in the large charge sector of a generic ��� in d dimensions with a global O(2) symmetry.
We not only organize and express existing results in a self-contained, consistent way
and unified language, but go beyond the state of the art by giving current correlators
inserted not only between the scalar ground state at large charge but between states
with phonons, i.e. spinning states, representing excitations of the large-charge ground
state. While we do not directly use conformal symmetry to obtain our results, they are
consistent with the expected form of conformal correlators.

Technically, we make use of the fact that the effective field theory (���) at large charge
is to leading order a free theory, which allows us to perform explicit computations also
for a strongly-coupled theory. The leading term in the ��� is fixed by scale invariance and
receives corrections subleading in Q from curvature terms. The quantum fluctuations
arising from the leading term in the ��� are of order Q0. We write the correlators as a
sum of semiclassical terms with non-negative Q scaling plus a quantum Q0 correction,
neglecting terms suppressed by negative powers of Q. Since in general the ground state
is homogeneous, any non-trivial position dependence in our correlators must be due to
the quantum fluctuations. In odd dimensions, the tree-level expressions do not have
any Q0 contribution, so all terms at this order are due to quantum fluctuations and are
universal. In even dimensions, the universal Q0 term is replaced by a Q0 log Q term [��].
Studying the structure of the higher-order loop corrections we find in even D logarithmic
l-loop contributions of the form

�l �
1

Q(l�1)D/(D�1)

�
↵0 + ↵1 log Q + ... + ↵l(log Q)

l
�
. (�.�)

This result is especially relevant for applications in the context of resurgent asymptotics
as in odd dimensions, large-Q expansions are expected to be log-free transseries with
non-perturbative corrections related to worldline instantons [��, ��].

In this note, we focus on the non-supersymmetric case with a single large-charge vac-
uum. Correlators of supersymmetric theories with a moduli space must be approached
differently and have appeared in [��–��].

�



Beyond O(2): 

3d O(2N) vector model
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Generalize to O(2n). LSM action (2+1 dim):

The O(2n) vector model

Introduce complex coordinates:

Rt ⇥ R2
<latexit sha1_base64="ITSK3MkC4Y36q6z98Vcwihc6qRk="></latexit><latexit sha1_base64="ITSK3MkC4Y36q6z98Vcwihc6qRk="></latexit><latexit sha1_base64="ITSK3MkC4Y36q6z98Vcwihc6qRk="></latexit><latexit sha1_base64="ITSK3MkC4Y36q6z98Vcwihc6qRk="></latexit>

L =
1

2
@µ�

a@µ�a � 1

2

2nX

i=1

✓
1

8
R�a�a +

�

12
(�a�a)3

◆
, a = 1, . . . , 2n

Conserved current is matrix-valued and transforms 
under O(2n): (jµ)ab = (�a @µ�b � �b @µ�a)

<latexit sha1_base64="01lIk8FpYJQ/YxiYPo3DBPqUaE4="></latexit>

Charge can be decomposed on generators of so(2n):
Q =

Z
dxj0 =

X

A

qAT
A

<latexit sha1_base64="M3izA56WpyBU6Tv90VcMF+tpmHs="></latexit>

can fix only the n 
Cartan generators!

fix these coefficients

'I = �2I�1 + i�2I , I = 1, . . . , n
<latexit sha1_base64="a9eYxcKQhKi6xKA9ghHSAHMCI4U="></latexit>

Find classical ground state (ansatz: homogeneous):

U(n) ⇢ O(2n)
<latexit sha1_base64="jhGKnagPLmnjUwaFltYpiQe6DEM="></latexit><latexit sha1_base64="jhGKnagPLmnjUwaFltYpiQe6DEM="></latexit><latexit sha1_base64="jhGKnagPLmnjUwaFltYpiQe6DEM="></latexit><latexit sha1_base64="jhGKnagPLmnjUwaFltYpiQe6DEM="></latexit>

' = (A1, . . . , An)eiµt, k'k2 = v2
<latexit sha1_base64="ES6gjIjzsImSkZvkWeZe+aNft8c="></latexit> only one µ

v2 = A2
1 + · · ·+A2

n =
1

Vol(S2)

P
I qIp

V 0(v2)

µ2 = V 0(v2)
<latexit sha1_base64="B5CaMJGKmRlf4Ow63mxmMTGXnvU="></latexit>
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The O(2n) vector model

Vacuum breaks symmetry spontaneously to U(n-1).

Fixing n charges explicitly breaks O(2n) to U(n).
Can do a basis transformation (U(n) rotation) in which 
the ground state has the form

' = (v, 0, . . . , 0)eiµt
<latexit sha1_base64="1fU5nYnY+aW6MWdrRYDOZSYjJcc="></latexit>

In this basis, the charge matrix has the form

Q
ab =

X
qIH

1 =

0

BBB@

0 q

�q 0
0

. . .

1

CCCA

<latexit sha1_base64="h+UuEPCOdLTy9wHsMAfLXPXcG7M="></latexit>

We see that all homogeneous states of minimal energy 
with fixed total charge q  are related by a U(n) 
transformation and have the same energies (and 
conformal dimensions).
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The O(2n) vector model

Ground state must be inhomogeneous!

What happens if instead, we choose a configuration with 
n different chemical potentials that cannot be rotated 
into the state                      ?' = (v, 0, . . . , 0)eiµt

<latexit sha1_base64="1fU5nYnY+aW6MWdrRYDOZSYjJcc="></latexit>

For quantum description, study fluctuations around the 
ground state:

'I(t, x) = eiµt
✓

1p
2
AI + ⇡I(t, x)

◆

<latexit sha1_base64="fLIpMQa89qPmTPh2C0r6qnf4XCA="></latexit>

Expand action to quadratic order in fluctuations. 
In the rotated basis, the fluctuation in the 0-direction 
decouples from the others: 

L⇡ = L[⇡0] +
X

i

L[⇡i]
<latexit sha1_base64="Y4oKdyK81YpGhYwO3NsLE/Frs1o="></latexit>

L[⇡0] = D0⇡0D0⇡0 �rj⇡0rj⇡0 � µ2⇡̄0⇡0 +
v2

8
V 00(v2/2)(⇡0 + ⇡̄0)2,

L[⇡i] = D0⇡iD0⇡i �rj⇡irj⇡i � µ2⇡̄i⇡i
<latexit sha1_base64="Wn3WabZBEL6q1Sd8HsOAym056wU="></latexit>

D0⇡
I = (@0+iµ)⇡I

<latexit sha1_base64="r+chV9PA2TYSRZO2FXcSHUpVJMU="></latexit>

same as for conformal 
Goldstone in O(2)!

new!
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The O(2n) vector model
New sector contains n-1 massive modes with m=2µ and 
n-1 massless fields with dispersion relation 

! =
p2

2µ
+Oµ�3

<latexit sha1_base64="fk1UBuCRw/QxBpX2bvmICDMVvYo="></latexit>We find all in all:
• a universal sector already present for n = 1 governed 

by a conformal type I Goldstone
• a sector of n-1 massless modes with quadratic 

dispersion relation typical of non-relativistic type II 
Goldstones. They are paired with n-1 massive modes. 
The non-relativistic Goldstones count double.

Nielsen and Chadha; Murayama and Watanabe 

The symmetry-breaking pattern is

We expect thus dim[U(n)/U(n-1)] = n-1 Goldstone d.o.f.

SO(3, 2)⇥O(2n) ! SO(3)⇥D ⇥ U(n) SO(3)⇥D
0 ⇥ U(n� 1)

<latexit sha1_base64="RThz1seU8FL+gXZmK17k67lZr+k="></latexit>
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The O(2n) vector model
Counting type I and type II modes, indeed,

Non-relativistic Goldstones have no zero-point energy 
in flat space and contribute to the conformal dimensions 
only at higher order. 
The ground-state energy is again determined by a single 
relativistic Goldstone!

n-dependent universal for O(2n)

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

L. Alvarez-Gaume, O. Loukas, D. Orlando and S. R., arXiv:1610.04495 [hep-th] 

Same formula for anomalous dimensions as for O(2):

verified at large n for
CP(n-1) model de la Fuente

1 + 2(n� 1) = 2n� 1 = dim(U(n)/U(n� 1))
<latexit sha1_base64="i27rsmLAs6QLJo0vvy07aDF2JOM="></latexit>
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The O(2N) vector model

New lattice data for O(4) model:

c3/2 = 1.068(4)

c1/2 = 0.083(3)
<latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit>

Again excellent agreement with large-Q prediction!
D. Banerjee, Sh. Chandrasekharan, D. Orlando, S.R. 1902.09542
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D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

Testing our prediction:



The O(2N) vector model

Start from first principles, expand path integral around 
saddle point (no EFT!)

Let’s take the large N limit!

Leading order: theory is solvable and we find the same 
powers in the large-Q expansion of the scaling dimension.

NLO in N: reproduce dispersion relations of Goldstones.

Since we have an extra control parameter at large N, we 
can go beyond simply verifying known results!

26

Standard large-N methods (Stratonovich transformation,  
integrating out fields + charge fixing)



The O(2N) vector model
Find coefficients of the expansion (leading order in N):

c3/2 = 4/3
p

⇡/n
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c1/2 = 1/12
p

n/⇡
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Within 10% of the lattice measurements for O(4):
c3/2 = 1.068(4)

c1/2 = 0.083(3)
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cn=4
3/2 = 1.18

cn=4
1/2 = 0.094

L. Alvarez-Gaume, D. Orlando, S.R. 1909.02571

New lattice data:
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9

FIG. 8. The two leading coefficients c3/2 and c1/2 in the large-charge expansion for the O(N) Wilson-Fisher CFT, shown as a function of N .
The dotted lines show the large-N predictions from Ref. [26]. The dark filled circles show the results of this work. The unfilled squares show
the values of the LECs obtained in Refs. [23, 24] for N = 2, 4. We find that the c3/2 prediction is in excellent agreement with lattice MC for
N � 6. However, the subleading coefficient c1/2, while within ⇠ 3� for N � 6, seems to be in mild tension. Regardless, large-N correctly
predicts the qualitative trends for both couplings.

tice O(2) model. Their model was substantially different from
ours, therefore our results provide an independent verification
of their work. As can be seen in Fig. 8, both the leading and
subleading couplings agree within ⇠ 2�. For N = 4, our
technique is quite similar to the one used in Ref. [24], where
the authors also used a qubit O(4) model. While the agreement
is expected, the qubit model used in Ref. [24] differs slightly
from the one used here. In particular, their model allowed a
bond to ‘turn back on itself’, whereas in our model there are
no such ‘double bonds.’ Since we are working at the criticality,
such details are not expected to matter. This is indeed what we
find. In both these cases (N = 2, 4), our results agree with and
improve over the previous results.

Finally, we remark that the next-higher-order coupling c0 is
predicted to have a precise value from the large-charge expan-
sion. However, being higher order, it is very tricky to extract
from the precision obtained in this work. While it would be
quite satisfying to extract the coupling c0 numerically, in this
work, we simply fixed it to the predicted value and let the other
couplings vary.

V. CONCLUSIONS

To explore the validity of the large-charge expansion for the
O(N) WF CFT, we performed lattice MC computations for the
O(N) model at N = 2, 4, 6, 8. In order to avoid a signal-to-
noise ratio problem as we go to higher charges, we used a qubit
O(N) model, which was shown recently to have a second-
order critical point in universality class of the O(N) WF fixed-
point [28]. This model allows for efficient lattice computations

using a worldline formulation with a worm algorithm, and
allows precise extraction of the conformal dimensions up to
Q = 10 and N = 8.

Having computed the conformal dimensions, we then per-
formed a fit to the prediction from the large-charge EFT and
extracted the two leading LECs c3/2 and c1/2. In line with what
the authors of Refs. [23, 24] observed for the N = 2, 4 models,
we find that the large-charge expansion describes the data very
well even for very small Q for larger N as well. This is an
intriguing fact about the large-charge expansion which would
be nice to understand theoretically.

We finally compared our numerical results for the LECs with
a recent prediction from a combined large-charge and large-N
expansion [26]. We find that the large-N prediction for the
leading coefficient c3/2 agrees very well with the numerical
computations already for N � 6. The qualitative trends for
both the leading LECs c3/2, c1/2 are also predicted correctly by
the large-N expansion. However, there seems to be a small ten-
sion between numerical values and large-N for the subleading
coefficient c1/2. This can be either due to the fact that sublead-
ing coefficient is harder to extract numerically and there might
be unresolved systematics, or it could be that we just need to
go to larger N for the subleading coefficient. The authors of
Ref. [26] also note a small puzzle regarding the c1/2 coupling,
which might be related to this issue. This merits further study
and is left for a future publication.

Singh, arXiv:2203.00059 [hep-lat]



The O(2N) vector model

Small charge limit:  At large N, we now have more control 
and can also take the limit of            .Q/N ⌧ 1

�(Q)

Q
=

1

2
+

4

⇡2

Q

N
+O

✓
Q

2N

◆2

In this limit, the operator of charge Q whose dimension we 
are calculating is    . 'Q

Can be verified by a perturbative (loop) calculation around 
the zero-charge vacuum (Benvenuti, unpublished)!

engineering dimension of φ

tree-level
one-loop

28

Jack, Jones; Antipin et al.



The O(2N) vector model

We can interpolate between the large-Q and small Q limits 
of the O(2N) vector model using resurgence.

The large-Q expansion is an asymptotic series which 
diverges as (2L)!

We can write the transseries and the non-perturbative 
corrections go like

e�2⇡k
p

Q/2n

<latexit sha1_base64="k8X6wAms4cIJf3bqETgSlnOUMU0="></latexit>
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The result for the scaling dimension in the small-Q 
expansion and the resurgence result agree at least to 10 
digits.

The optimal truncation is           terms. This explains why 
the comparison to the lattice calculation works so well.

O(
p
Q)

<latexit sha1_base64="+MMy9RkGPQ1ijGBa+R2bJw7sioI="></latexit>

A. Dondi, I. Kalogerakis, D.Orlando, S.R, arXiv: 2102.12488 [hep-th]



The O(2N) vector model
Leaving the conformal point:  start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>
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S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i
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Instead: keep u finite.
Perform Stratonovich transform and add a chemical 
potential (= introduce covariant derivative)

Can integrate out   . Because of the chemical potential, λ 
gets a vev   .    

�i

<latexit sha1_base64="k2wWdHhCe64gaQHTov3YUZ+0SYU="></latexit>

m2
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S[�i,�] =
NX

i=1

Z
dtd⌃


gµ⌫(Di

µ�i)
†(Di

⌫�i) + (r + �)(�†
i�i)�

�2

2u

�
.
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Adding the chemical potential gives us more structure to 
work with!

D0 = (@0+m)

<latexit sha1_base64="I9bZcmNtyOpTU519D8ltqPB/2D8="></latexit>



The O(2N) vector model
Leading order in N: 

31

E.o.m. for radial mode:

This expression contains the full information about the 
model. More transparent, if we extract the effective 
potential. The LSM has the form

L
2N

= � 1

2V
⇣(�1

2
|⌃,m) +

(m2 � r)2

4u
=


m3

12⇡
+

(m2 � r)2

4u

�

<latexit sha1_base64="k9rjCMGbiBsU+1a9oULuOgXkDuI="></latexit>

vev of radial mode

This is exactly the NLSM for m2 = @µ�@
µ�

<latexit sha1_base64="I2IQm8dBnfo2Wkm2Ytcif4WIQW4="></latexit>

LLSM = �2m2 � V (�)

<latexit sha1_base64="QjkZVQcX2vvXCy7x/p8J4IDQ2EY="></latexit>

Plugging the solution back in, we must recover

�2m2 � V (�)

����
�=�(m2)

= L(m)

<latexit sha1_base64="zjXyAVh4v/Jutu3NpEu6WnozwI0="></latexit>

m2 � d

d(�2)
V = 0

<latexit sha1_base64="SN4fRMpZIgv87ZngpY1zg2F/yRE="></latexit>

L is the Legendre transform of  V in �2

<latexit sha1_base64="GMEb27UiLI3OOHArLM1ksGXIT80="></latexit>

in flat space

vev of angular mode



The O(2N) vector model
Pay attention to convexity! Use more general definition of 
Legendre transform:

There are three cases, depending on the value of r:
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r>0 r=0 r<0

unbroken phase critical point broken phase

V (�2) = sup
m2

(m2�2 � L(m))
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2
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◆
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quadratic sextic flat

V is convex!!!
V (')
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Orlando, Reffert, Schmidt 2110.07616
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The O(2N) vector model
In the critical case on the cylinder, if the take the Legendre 
transform of L w.r.t. m, we get the free energy which 
corresponds to the scaling dimension of the lowest 
operator of a given charge.

This is always convex thanks to the supremum.

�(Q) = sup
m

(mQ� L(m))
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L. Alvarez-Gaume, D. Orlando, S.R. 1909.02571

All these results are straightforwardly obtained thanks to 
the interplay between large Q and large N - no Feynman 
diagrams needed!



The O(2N) vector model
Repeat the above analysis for general dimension.

We see that for 4<D<6, L is unbounded from below.
Instability!

Giombi, Hyman;
Moser, Orlando, Reffert 2110.07617

If we formally compute the conformal dimension for D=5:
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Figure 1. – The leading term in the grand potential on the torus / � (�D/2) for 0 < D < 7.
The function is positive for 2 < D < 4, 6 < D < 8, etc.

O(2N) symmetry requires that the potential depends only on the invariant combination
�
a
c�

a
c , that by a slight abuse of notation we will indicate in the following as �2

c:

�
2
c =

2N’
i=1

�
a
c�

a
c . (�.�)

As we have seen in Section �, the effective potential has to be a convex function.
Following the chain of transformations in Eq. (�.��) we can turn this into a consistency
condition on the convexity of $. To identify a possible flex in $, we compute the second
derivative and find:

$
00
(y) =

D(D � 2)N
4(4⇡)D/2 � (�D/2)y(D�4)/2

+
N

u
, (�.�)

which has a zero for positive y only when � (�D/2) < 0. In Figure �, � (�D/2) is plotted
and we see that it is positive in certain intervals of the dimension and negative in others.
We focus here on the intervals 2 < D < 4 and 4 < D < 6.

3.1. 2 < D < 4

For 2 < D < 4 the gamma function is positive, � (�D/2) > 0. It follows that ⌦ is convex
for all values of y. All the Legendre transforms are well-defined, and the theory fulfills
our necessary condition for unitarity. As shown in [��], in D = 3 we can compute the

��

L = (2N)


�(�D/2)

2(4⇡)D/2
mD +

(m2 � r)2

4u

�
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the four branches. Using the expansion in Eq. (�.��) we find
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where the phases f1 and f2 depend on the choice of the branches:

branch � branch � branch � branch �
f1 e

i⇡/4
e
�i⇡/4

e
3⇡i/4

e
�3⇡i/4

f2 e
3i⇡/4

e
�3i⇡/4

e
⇡i/4

e
�⇡i/4

(�.��)

which again agrees with the results in [��].

A phase transition on the cylinder

Further insights on the nature of the critical point can be obtained moving away from
the limit u ! 1. One possible interpretation for a complex effective potential (obtained
via the naive Legendre transform) is in terms of unstable states (see e.g. [��]). If we
follow a given state while changing a parameter in the theory, it can be that at some
point the state becomes unstable and its energy develops and imaginary part that can be
understood in terms of decay rates. Something similar happens here, were states that
are perfectly fine at small u become unstable in the ��. Having an explicit (convergent)
expansion for the zeta function on the sphere at small m we can see how this happens
and the implications for the free energy on the sphere at fixed (small) charge Q.

One possible interpretation for a complex effective potential (obtained via the naive
Legendre transform) is in terms of unstable states (see e.g. [��]). If we follow a given state
while changing a parameter in the theory, it can be that at some point the state becomes
unstable and its energy develops an imaginary part that can be understood in terms of
decay rates. Something similar happens here, where states that are perfectly fine at small
u become unstable in the ��. Having an explicit (convergent) expansion for the zeta
function on the sphere at small m we can see how this happens for the free energy on
the sphere at fixed (small) charge Q. In general, if a function ⌦(m) has a critical point for
m = mc, its Legendre transform F(Q) can be expanded around Q = 0 in terms of local
properties of ⌦:
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1
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mc=3/(2r0)
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Keeping only the first two terms, this is the free energy of a fixed-charge state for a
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which again agrees with the results in [��].

A phase transition on the cylinder

Further insights on the nature of the critical point can be obtained moving away from
the limit u ! 1. One possible interpretation for a complex effective potential (obtained
via the naive Legendre transform) is in terms of unstable states (see e.g. [��]). If we
follow a given state while changing a parameter in the theory, it can be that at some
point the state becomes unstable and its energy develops and imaginary part that can be
understood in terms of decay rates. Something similar happens here, were states that
are perfectly fine at small u become unstable in the ��. Having an explicit (convergent)
expansion for the zeta function on the sphere at small m we can see how this happens
and the implications for the free energy on the sphere at fixed (small) charge Q.

One possible interpretation for a complex effective potential (obtained via the naive
Legendre transform) is in terms of unstable states (see e.g. [��]). If we follow a given state
while changing a parameter in the theory, it can be that at some point the state becomes
unstable and its energy develops an imaginary part that can be understood in terms of
decay rates. Something similar happens here, where states that are perfectly fine at small
u become unstable in the ��. Having an explicit (convergent) expansion for the zeta
function on the sphere at small m we can see how this happens for the free energy on
the sphere at fixed (small) charge Q. In general, if a function ⌦(m) has a critical point for
m = mc, its Legendre transform F(Q) can be expanded around Q = 0 in terms of local
properties of ⌦:
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Keeping only the first two terms, this is the free energy of a fixed-charge state for a
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Interpretation as non-unitary CFT.
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Summary
We studied some CFTs in sectors of large global charge
Concrete examples where a (strongly-coupled) CFT 
simplifies in a special sector. 
O(2N) model in 3d: in the limit of large U(1) charge Q, 
we computed the conformal dimensions in a controlled 
perturbative expansion: 

• Excellent agreement with lattice results for O(2), O(4)
• large Q and large N: path integral at saddle pt., more 

control than in EFT, can calculate coefficients
• can follow the flow away from conformal point
• find the full effective potential

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)
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Q&A: 
• Does the large-Q expansion work?

- For all the examples, we tried, yes! Confirmation 
from lattice data (O(2) and O(4))

• For what kinds of theories does it work? 
- (S)CFTs and non-relativistic CFTs

• In how many space-time dimensions?
- d>=1 space dimensions

• For what kinds of global symmetries does it work?
- we checked U(1),  O(2n) vector models, SU(N) 

matrix models

Summary
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• What happens if we fix several charges?
- k charges with same chemical potential: 

homogeneous solution with type I and type II 
Goldstones. 

- different chemical potentials: inhomogeneous 
solutions

• What can we learn via this approach? 
- calculate CFT data of strongly coupled CFTs at 

large charge!
- in conjunction with large N we can follow RG 

flow, calculate eff. potential exactly (1st order in 
N) away from conformal point.

Summary
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• Further study of supersymmetric models at large R-
charge (higher-dim. moduli spaces)

• Connection to holography (gravity duals)
• Operators with spin; connection to large-spin results
• Understanding dualities semi-classically at large charge
• Use/check large-charge results in conformal bootstrap
• Further lattice simulations: inhomogeneous sector, 

general O(N)
• CFTs in other dimensions (2, 5, 6)

Hellerman, Maeda, Orlando, Reffert, Watanabe;
Argyres et al.

Jafferis and Zhiboedov

Further directions

Loukas, Orlando, Reffert, Sarkar;
De la Fuente, Zosso;
Giombi, Komatsu, Offertaler.

Cuomo, de la Fuente, Monin, Pirtskhalava, Rattazzi; Cuomo 

Chandrasekharan et al.

39

Komargodski, Mezei, Pal, Raviv-Moshe;
Araujo, Celikbas, Reffert, Orlando;
Moser, Orlando, Reffert 



• Chern-Simons matter theories @large charge
• 4-ε expansion @large charge
• going away from the conformal point
• non-relativistic CFTs
• Boundary CFTs at large Q
• Weak gravity conjecture
• Study fermionic theories. Can large-charge approach 

be used for QCD (e.g. large baryon number)?

Arias-Tamargo, Rodriguez-Gomez, Russo; 
Badel, Cuomo, Monin, Rattazzi; Watanabe;
Antipin et al.

Watanabe

Further directions

40

Orlando, Reffert, Sannino;
Orlando, Pellizzani, Reffert

Komargodski, Mezei, Pal, Raviv-Moshe 

Cuomo, Mezei, Raviv-Moshe 

Favrod, Orlando, Reffert; Kravec, Pal;
Orlando, Pellizzani, Reffert;
Hellerman, Swanson; Pellizzani

Aharony, Palti; Antipin et al.



Thank you for your 
attention!
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