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TWO TYPES OF MATHEMATICAL SOURCES FROM EARLY IMPERIAL CHINA
First type: Sources yielded by tomb archeology (or the antiquities market)
Our text comes from
the first complete mathematics book ever found in a tomb from early imperial China

Book of mathematical procedures (G238 &)

A few elements of context

Tomb sealed ca 186BCE, at Zhangjiashan 5EZZ (1] (Hubei)
excavated in 1983-1984; Peng Hao #2}%5 published the whole text in 2001.

— The tomb of an official working at the administrative level of a county

— A book reflecting the duties of such an official: reference book? Textbook? Other?

— In the same tomb, among other books,

( —_HF1E%) Han slips from Zhangjiashan: Statutes and edicts of year 2 (of Empress Lii)

For this book, we have a kind of social/cultural context, but no hint about readership/reading



Book on mathematical procedures =5 & (Suanshushu)
Recently excavated from a tomb sealed before ca 186 BCE

"fa (F)

lii-ing on the basis of the dan

fa (R) ZiE: UPTE_ (B) &%, DSk —asllhE. L THarEfhe,
M=, G TR s WL R (B8R BIRE/74/ 3, S MR ke BT
eI Witk . /75/
Procedure for lii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.
[3] Those for which, in their lower (rows),

there is a half, one doubles them;

one third, one triples them.

[4] Those for which there are dou and sheng, jin, liang and zhu,

one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.”



1 dan 4 dou 5 sheng 1/3 sheng salt traded for 150 cash.

Problem “Trading salt” (slips 76-77)
If one wants to “/ii” according to the dan, how much cash?

[1-2] DIFrE. (F) &k Uik —n®8LlAE -

One takes what is exchanged as divisor. One multiplies, by the cash obtained, the quantity of
1 dan, which is taken as dividend.

Dividend 1 dan
multiplied by
150 cash
1 dan
Divisor 4 dou Upper
5 sheng Middle
1 3 sheng Lower




Book on mathematical procedures =5 & (Suanshushu)
Recently excavated from a tomb sealed before ca 186 BCE

"fa (F)

lii-ing on the basis of the dan

fa (R) ZiE: UPTE_ (B) &%, DSk —asllhE. L THarEfhe,
M=, G TR s WL R (B8R BIRE/74/ 3, S MR ke BT
eI Witk . /75/
Procedure for lii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.
[3] Those for which, in their lower (rows),

there is a half, one doubles them;

one third, one triples them.

[4] Those for which there are dou and sheng, jin, liang and zhu,

one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.”



Problem “Trading salt” (slips 76-77) 1 dan 4 dou 5 sheng 1/3 sheng salt traded for 150 cash.
If one wants to “/ii” according to the dan, how much cash?

Dividend 1 dan
multiplied by
150 cash
1 dan
Divisor 4 dou Upper
5 sheng Middle
1 3 sheng Lower

31 HTAEFEREZ - /DFF =" Those for which, in their lower (rows), there is a half,
one doubles them; one third, one triples them.

Dividend 1 dan
multiplied by
150 cash
3 dan
Divisor 12 dou Upper
15 sheng Middle
1 sheng Lower




Book on mathematical procedures 528 (Suanshushu)
Recently excavated from a tomb sealed before ca 186 BCE
"f1a ()

lii-ing on the basis of the dan

fra () ZHH: BUBTHE - (B &k, DS —a8ElAE. L Ma¥Ene, D
=, B T s WL R (B BIRE 74/, A MR Rk BT FRIR
Wk, /75/
Procedure for lii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.
[3] Those for which, in their lower (rows),

there is a half, one doubles them;

one third, one triples them.

[4] Those for which there are dou and sheng, jin, liang and zhu,

one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.”

Units of weight in slip 47: "t ( —+) U5 ($k) —W, » =5/\UFU K (8%) —fr, > E—TAEH (54
&5 (8F) —89, » WENT /R (8F) —f - /47/ Twenty-four zhu is one liang ], Three hundred and eighty-
four zhu is one jin], eleven thousand five hundred and twenty zhu is one jun ], forty-six thousand and eighty zhu is

one dan.”

Units of capacity: 10 sheng for 1 dou, 100 sheng for 1 dan.



Problem “Trading salt” (slips 76-77) 1 dan 4 dou 5 sheng 1/3 sheng salt traded for 150 cash.
If one wants to “/ii” according to the dan, how much cash?

Dividend 1 dan
multiplied by
150 cash
3 dan
Divisor 12 dou Upper
15 sheng Middle
1 sheng Lower

[4] B} ~FF 7 W~ 2R (8F) ZINE//ME _E Those for which there are dou and

sheng, jin, liang and zhu, one likewise breaks up all their upper (rows)

Dividend 1 dan

multiplied by
150 cash

300
Divisor 120 Upper
15 Middle

1 Lower

Units of weight in slip 47: "t ( ) VUK ($k) —WI, » =FH/VCHE K (3%) —fr, > & —ThaEt (51) K
(#%) —#9, » WUENT/\+%F (#F) —F4 - /47 / Twenty-four zhu is one liang ], Three hundred and eighty-four zhu is

one jin], eleven thousand five hundred and twenty zhu is one jun ], forty-six thousand and eighty zhu is one dan.”

Units of capacity: 10 sheng for 1 dou, 100 sheng for 1 dan.



Book on mathematical procedures =5 & (Suanshushu)
Recently excavated from a tomb sealed before ca 186 BCE

"fa (F)

lii-ing on the basis of the dan

fa (R) ZiE: UPTE_ (B) &%, DSk —asllhE. L THarEfhe,
M=, G TR s WL R (B8R BIRE/74/ 3, S MR ke BT
eI Witk . /75/
Procedure for lii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.
[3] Those for which, in their lower (rows),

there is a half, one doubles them;

one third, one triples them.

[4] Those for which there are dou and sheng, jin, liang and zhu,

one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.”



Problem “Trading salt” (slips 76-77) 1 dan 4 dou 5 sheng 1/3 sheng salt traded for 150 cash.
If one wants to “/ii” according to the dan, how much cash?

Dividend 1 dan
multiplied by
150 cash
300
Divisor 120 Upper

15 Middle
1 Lower

[5] & NE 2 Bk - One makes the (rows) below join them, (yielding a result) which is taken
as divisor.

Dividend 1 dan

multiplied by
150 cash

Divisor 436




Book on mathematical procedures =5 & (Suanshushu)
Recently excavated from a tomb sealed before ca 186 BCE

"fa (F)

lii-ing on the basis of the dan

fa (R) ZiE: UPTE_ (B) &%, DSk —asllhE. L THarEfhe,
M=, G TR s WL R (B8R BIRE/74/ 3, S MR ke BT
eI Witk . /75/
Procedure for lii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.
[3] Those for which, in their lower (rows),

there is a half, one doubles them;

one third, one triples them.

[4] Those for which there are dou and sheng, jin, liang and zhu,

one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.”



Problem “Trading salt” (slips 76-77) 1 dan 4 dou 5 sheng 1/3 sheng salt traded for 150 cash.
If one wants to “/ii” according to the dan, how much cash?

Dividend 1 dan
multiplied by
150 cash
Divisor 436

[6] E20T3E R 4l “What the cash was multiplying is likewise broken up like this.”

Dividend 300
multiplied by
150 cash
Divisor 436

Correlative (“likewise”) transformation of 1 dan
— multiplied by 3 (breaking all units)
— its upper units are broken in sheng

ONLY now, execution of first multiplication!



cash multiplied by 1 unit (dan) _ cash multiplied by 1 unit u,

quantity bought qit, + G u, + %uz

__ cash multiplied by n.l unit u,

nq,u, + nq,u, + mu,

and if u, = ku,

_ cash multiplied by nku,

ngk,u, + nq,u, + mu,



Actions taken in Problem “Trading salt” 1 dan 4 dou 5 sheng 1/3 sheng salt traded for 150 cash

If one wants to “/ii” according to the dan, how much cash?
Reminder: Units of capacity, forming a decimal system: 1 dan is 10 dou, 1 dou is 10 sheng
ARENE: =B UL, IF=—hnZ T, UssskZ &8, /76-7/

Procedure:

[(4)-3-(5)-1] One triples the quantity of salt, which is taken as divisor.
[6] One likewise triples the quantity of sheng of 1 dan, and
[2] with the cash, one multiplies this, which is taken as dividend

General procedure
Procedure for lii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.
[3] Those for which, in their lower (rows),
there is a half, one doubles them;
one third, one triples them.
[4] Those for which there are dou and sheng, jin, liang and zhu,
one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.




TWO TYPES OF MATHEMATICAL SOURCES FROM EARLY IMPERIAL CHINA
Second type: Sources handed down through the written tradition

Next example taken from
the first book handed down whose title (and content...) refers to, and only to, mathematics

The Nine Chapters on mathematical procedures (J1.ZE1T)
15t century CE (?)

— a book considered a “classic £%” from early on

Commentaries on The Nine Chapters to be handed down with the Canon

— a commentary selected (Liu Hui 21#Z; (263))/
— a subcommentary composed (by Li Chunfeng et al.)
in the context of the production of an anthology The Ten Canons of mathematics
under Li Chunfeng’s supervision and presented to the throne in 656

For this book, we have no social/cultural context at the time, but we have hints about reading



The Nine Chapters on mathematical procedures (1st C CE)
Chapter 1

i« DOANBUSA > BBERE - BUAN— - - Ao&HEs . E5

VAN

DIRECTLY SHARING
PROCEDURE:

[1]
2]
3]

[4]
[5]

ONE TAKES THE QUANTITY OF PERSONS AS DIVISOR,
THE QUANTITY OF CASH AS DIVIDEND,
AND ONE DIVIDES THE DIVIDEND BY THE DIVISOR.

IF THERE IS ONE TYPE OF PART, ONE MAKES THEM COMMUNICATE.
IF THERE ARE SEVERAL TYPES OF PARTS,
ONE EQUALIZES THEM AND HENCE MAKES THEM COMMUNICATE.

éj\

EEmEL -



Euclid’s algorithm : Finding the g. c. d. of two integers

Source: http://en.wikibooks.org/wiki/Fortran/Fortran_examples#FORTRAN_ 77 (2-11-2013)
FUNCTION NGCD(NA, NB)

IA = NA
IB=NB
1 IF (IB.NE.O) THEN

ITEMP = 1A
IA=1B
IB = MOD(ITEMP, IB)
GOTO 1

END IF

NGCD = 1A

RETURN

END
HTTP://WWW.CSSE.MONASH.EDU.AU/~LLOYD/TILDEALGDS/ © L. Allison

http://www.allisons.org/ll/ Faculty of Information Technology (Clayton), Monash University,

while m is greater than zero:
If nis greater than m, swap m and n.
Subtract n from m.

nis the GCD



The Nine Chapters on mathematical procedures (1st C CE) — Chapter 2
R DIRECTLY LU-ING

flirEH © DIFTREREBRH AT » DETEREL » EWAG— -
PROCEDURE:
ONE MULTIPLIES BY THE LU OF WHAT ONE SEEKS THE QUANTITY OF CASH, WHICH MAKES THE DIVIDEND.

ONE TAKES THE LU OF WHAT IS BOUGHT AS DIVISOR,
DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS THE RESULT.”

Book on mathematical procedures 525813 (Suanshushu)

Recently excavated from a tomb sealed before ca 186 BCE
Procedure for /ii-ing on the basis of the dan:
[1] One takes what is exchanged as divisor.
[2] One multiplies, by the cash obtained, the quantity of 1 dan,
which is taken as dividend.

[3] Those for which, in their lower (rows),

there is a half, one doubles them;

one third, one triples them.

[4] Those for which there are dou and sheng, jin, liang and zhu,

one likewise breaks up all their upper (rows),
[5] one makes the (rows) below join them, (yielding a result) which is taken as divisor.
[6] What the cash was multiplying is likewise broken up like this.



The Nine Chapters on mathematical procedures (1st C CE)
Chapter 1

i« DOANBUSA > BBERE - BUAN— - - Ao&HEs . E5

VAN

DIRECTLY SHARING
PROCEDURE:

[1]
2]
3]

[4]
[5]

ONE TAKES THE QUANTITY OF PERSONS AS DIVISOR,
THE QUANTITY OF CASH AS DIVIDEND,
AND ONE DIVIDES THE DIVIDEND BY THE DIVISOR.

IF THERE IS ONE TYPE OF PART, ONE MAKES THEM COMMUNICATE.
IF THERE ARE SEVERAL TYPES OF PARTS,
ONE EQUALIZES THEM AND HENCE MAKES THEM COMMUNICATE.

éj\

EEmEL -



BM 13901 —Mesopotamian text
(Hoyrup, Lengths, widths, surfaces, Springer, 2002, p. 11-13)

Thureau-Dangin

« J'ai additionné la surface et (le c6té de) mon carré : 45’.

Tu poseras 1°, l'unité. Tu fractionneras en deux 1° : 30’.

Tu multiplieras (entre eux) [30’] et 30" : 15’. Tu ajouteras 15’ a 45" : 1°.

1° est le carré de 1°. 30’, que tu as multiplié (avec lui-méme), de 1° tu soustrairas :
30’ est le (c6té du) carré. »

Hoyrup

“1. The surface and my confrontation: 45’ is it. 1, the projection,

2. you posit. The moiety of 1 you break, 30’ and 30’ you make hold each other.
3. 15 to 45’ you append: by 1, 1 is the equalside. 30’ which you have made hold
4. intheinside of 1 you tear out: 30’ the confrontation




Book of mathematical procedures FIRST EXAMPLE

“lii-ing by the dan” or “Determining the unit (price) on the basis of the dan”
“One takes what is exchanged as divisor.

One multiplies, by the cash obtained, the quantity of one dan, which is taken as dividend.

Those for which, in their lower (rows),

there is a half, one doubles them; one third, one three-folds them.

Those for which there are  dou and sheng, jin, liang and zhu, likewise one breaks up
all their upper (rows),

one makes the (rows) below join them, (yielding a result) which is taken as divisor.

What the cash was multiplying, likewise, is broken up like this.
& F+%] (8) A UF+3R]1 @F)02AE « UFTE_ () vk DISsk—a
DURE - HMAREEL  VEE=2 B} T W~ & (3F) BRS/ELE
L MEZ Ryi o $EFTIRINEAALE © /74-75/

“Trading salt Suppose one has one dan four dou five sheng a third sheng salt and that when
trading it, one obtains one hundred and fifty cash. If one wants to “/ii” this on the basis of the
dan, how much cash does this make? One says: one hundred and three cash ninety-five four
hundred thirty-***ths cash. Procedure:“One three-folds the quantity of salt, which is taken as
divisor. Likewise, one three-folds the quantity of sheng of one dan, and, with the cash, one
multiplies this, which is taken as dividend & &E A-F i —f VU=} 1D TF, EEGEEH B
T, woE 7 +EY () 2, A% - BH: A=8UH fEHorsiith. K
(#1)/76/E1: —EE 2 BV 2k, IR=—HA 2T, DLEgskR e By'E . [77/

cash times the triple of 1 dan expressed in sheng

the triple of 1 dan 4 dou 5 sheng 1/3 sheng [in sheng]




The Book of mathematical procedures

Procedure
for the
operation
“li-ing by
the dan”

v

Trading salt

Problem and
procedure




Book of mathematical procedures SECOND EXAMPLE : Reducing width /D&

“Reducing the width Procedure for looking for the reduced width: One first puts the
width, then if one says below there are a given amount of bu, one takes one as a given
amount, one takes a half as a given amountL, one takes one third as a given amount, one
accumulates the partitionnings so as to get rid of the parts of that which one looks for. One
sums these (results), what makes the divisor. Then, relying on this, one puts the field, two
hundred and forty bu, and one likewise takes one as a given amount, which is taken as the bu
of the area (jibu). Eliminating from the bu of the area, what is like the divisor yields one bu of
the length. What does not fill up the bu, one names its parts with the divisorL. One further
says: If one restores, ... /164-166/" /D& KR/ DEZIME: SCH(E)E, BIE. NHE
25, Ul—®/+, BLEAE T, LU =081, R LaE R K)o, A2 . LAk,
B OREY GEECE)H =" [HHY (WU 25 J8CL— &1, Loz, B i, anss
e D —2. ABBE Dk L. A()E: B2, ..

“Reducing the width Reducing the width: If the width is one bu and a half bu, one takes one
as two, La half as one; summing these (gives) three, which is taken as divisor. One hence puts
two hundred and forty bu and likewise one takes one as two. Eliminating, when it is like the
divisor, it yields, for the length, one bu, (i.e., dividing by the divisor yields the length in bu),
Lwhich makes, for the length, one hundred and sixty bu. Accordingly, multiplying [this] by one
buandahalf bu ... DR FE—2. Fb, U—& ", Fh—, FZ=RI&ik, ME) A
PU-+-25, JRUA—4 " BR, WNARRIEHED) —26, AfeE) ANt BIEL—25, FI53E. 167

240 bu 240 bu times 2 (half buy | PMV1dend 240 480

1 bu +l bu 2 +1 (half bu) Divisor 1 2 3

1 2 1 2 2




Section “Reducing the width” in the Book of mathematical procedures

Procedure

for the

operation

“Reducing

the width”

/// v
i 20 3rd 10th
Problem and | | Problem Problems and procedures
procedure and
procedure




The Nine Chapters FIRST EXAMPLE : The procedure for “SUPPOSE,” followed by dozens of
problems and procedures, which the commentators show are applications of it.

(2.0) "SUPPOSE  4A-F

PROCEDURE: ONE MULTIPLIES, BY THE QUANTITY OF WHAT ONE HAS, THE LU OF WHAT ONE
SEEKS, WHAT MAKES THE DIVIDEND; ONE TAKES THE LU OF WHAT ONE HAS AS DIVISOR. (...
commentary) DIVIDING (..)#7 8 : AP AEEHRKEREET. AA REEC )Ewwikm—

(2.1) “SUPPOSE THAT, HAVING ONE DOU OF UNHUSKED GRAIN (OF FOXTAIL MILLET), ONE WANTS TO MAKE
COARSELY HUSKED GRAIN. ONE ASKS HOW MUCH IT YIELDS.
ANSWER: IT MAKES SIX SHENG OF COARSELY HUSKED GRAIN.
PROCEDURE : IF, HAVING UNHUSKED GRAIN, ONE SEEKS COARSELY HUSKED GRAIN, ONE THREE-FOLDS THIS, AND
ONE DIVIDES BY FIVE (KC: literally: five then/thus one).”
SHEE 3} AASIEA - HEEM -
a=H - RSoR 7T ¢
flioE  DASESKHECK - =2 0 Alf

o

Li Chunfeng’s commentary:
quantity of what one has/unhusked millet —quantity of what one seeks/husked millet

1dou————— 277
lii of what one has—I/ii of what one seeks
50—————— 30

— The “universal procedure” is applied
— In actual problems, two values picked from a global table (50, 30) and, since they are /i,
they can be simplified, here into 5 and 3, integers prime with each other and without units.



Chapter 2 of The Nine Chapters

Procedure

for the
operation
“suppose”
/ V
2.1 2.2 2.3 ... Problems and procedures
Problem Problem
and and
procedure | procedure

One can argue that this higher procedure and the whole dispositif is what Liu Hui has in mind
when he speaks of “abstract expressions ( %5 kongyan)” as something apparently desirable.
Abstraction as an actor’s category



The Nine Chapters SECOND EXAMPLE : Reducing width /D&

“REDUCING THE WIDTH (...)

PROCEDURE: ONE PUTS THE INTEGRAL (NUMBER OF) BU AS WELL AS DENOMINATORS AND NUMERATORS OF THE
PARTS. ON MULTIPLIES, BY THE DENOMINATOR OF THE PARTS THAT IS IN THE LOWEST (POSITION)/BELOW, ALL THE
NUMERATORS AS WELL AS THE INTEGRAL (NUMBER OF) BU. ONE DIVIDES, RESPECTIVELY, THESE NUMERATORS BY
THE CORRESPONDING DENOMINATOR AND PUTS THESE (RESULTS, I.E., THE INTEGRAL PARTS OF THE RESULTS) ON
THE LEFT HANDSIDE, NAMING THEM THE PARTS THAT COMMUNICATE (WITH THE INTEGERS). FURTHER, ONE
MULTIPLIES BY THE DENOMINATORS ALL THE NUMERATORS AND THE (VALUES) THAT ALREADY COMMUNICATE.
WHEN THE (VALUES) ALL COMMUNICATE, THEN ONE HAS EQUALIZED THEM AND ONE THUS ADDS THEM TO MAKE
THE DIVISOR. ONE PUTS THE QUANTITY OF BU (OF THE AREA) THAT IS SOUGHT-FOR AND ONE MULTIPLIES IT BY THE
ACCUMULATED PARTS (JIFEN, OR PARTS OF THE PRODUCT) OF THE INTEGRAL (NUMBER OF) BU TO MAKE THE
DIVIDEND. DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS THE BU OF THE LENGTH.”

(4.1) SUPPOSE THERE IS A CROPLAND WHOSE WIDTH IS ONE BU AND HALF. IF ONE LOOKS FOR
A CROPLAND OF ONE MU, ONE ASKS HOW MUCH THE LENGTH IS.

ANSWER: ONE HUNDRED AND SIXTY BU.
PROCEDURE: (SINCE) BELOW THERE IS A HALF, THAT IS ONE OF TWO PARTS, ONE TAKES ONE AS
TWO, A HALF AS ONE; SUMMING THESE YIELDS THREE, WHICH IS TAKEN AS DIVISOR. ONE PUTS
TWO HUNDRED AND FORTY BU AND LIKEWISE, TAKING ONE AS TWO, ONE MULTIPLIES IT,
WHICH MAKES THE DIVIDEND. DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS THE LENGTH IN
BU
S - RE—  BIGERH -
50 —EATY -
E : TEE BRoAZ— M—B= > ¥B— 2B % BECEHIS
D—Br - BE - EUIEERLS -

Idem for 4.2...1ill 4.11




Chapter 4 of The Nine Chapters

operation
“reducing

4.1 4.2 4.3 4.11
Problem and | | Problem and | Problems and procedures

procedure procedure




For “Reducing the width”, the higher-level procedures present important contrasts

For the Book of mathematical procedures, the higher-level procedure reads:

“Reducing the width  Procedure for looking for the reduced width: One first puts the width,
then if one says below there are a given amount of bu, one takes one as a given amount, one
takes a half as a given amountL, one takes one third as a given amount, one accumulates the
partitionnings (jifen) so as to get rid of the parts of that which one looks for. One sums these
(results), what makes the divisor. Then, relying on this, one puts the field, two hundred and
forty bu, and one likewise takes one as a given amount, which is taken as the bu of the area
(jibu). Eliminating from the bu of the area, what is like the divisor yields one bu of the length.
What does not fill up the bu, one names its parts with the divisorL. ... ... /164-166/" "

As for The Nine chapters

“REDUCING THE WIDTH (...) PROCEDURE: ONE PUTS THE INTEGRAL (NUMBER OF) BU AS WELL AS DENOMINATORS
AND NUMERATORS OF THE PARTS. ON MULTIPLIES, BY THE DENOMINATOR OF THE PARTS THAT IS IN THE LOWEST
(POSITION)/BELOW, ALL THE NUMERATORS AS WELL AS THE INTEGRAL (NUMBER OF) BU. ONE DIVIDES,
RESPECTIVELY, THESE NUMERATORS BY THE CORRESPONDING DENOMINATOR AND PUTS THESE (RESULTS, I.E., THE
INTEGRAL PARTS OF THE RESULTS) ON THE LEFT HANDSIDE, NAMING THEM THE PARTS THAT COMMUNICATE (WITH
THE INTEGERS). FURTHER, ONE MULTIPLIES BY THE DENOMINATORS ALL THE NUMERATORS AND THE (VALUES) THAT
ALREADY COMMUNICATE. WHEN THE (VALUES) ALL COMMUNICATE, THEN ONE HAS EQUALIZED THEM AND ONE
THUS ADDS THEM TO MAKE THE DIVISOR. ONE PUTS THE QUANTITY OF BU (OF THE AREA) THAT IS SOUGHT-FOR
AND ONE MULTIPLIES IT BY THE ACCUMULATED PARTS (JIFEN, OR PARTS OF THE PRODUCT) OF THE INTEGRAL
(NUMBER OF) BU TO MAKE THE DIVIDEND. DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS THE BU OF THE LENGTH




Another case of the rewriting of the higher-level procedure

Book of mathematical procedures
“lii-ing by the dan” or “Determining the unit (price) on the basis of the dan”
’{One takes what is exchanged as divisor,.
One multiplies, by the cash obtained, the quantity of one dan, which is taken as dividend.

Those for which, in their lower (rows),
there is a half, one doubles them; one third, one three-folds them.
Those for which there are dou and sheng, jin, liang and zhu, likewise one breaks up all
their upper (rows),
one makes the (rows) below join them, (yielding a result) which is taken as divisor.

[What the cash was multiplying, likewise, is broken up like this.”]

The Nine Chapters, Problems 2.34---2.37

“Determining the unit price on the basis of various units: the sheng, the pi, the zhang and the
dan”

ZE% DIRECTLY LU-ING

el DABTSRZ| SRS E, LT E B RYE, kS —,

“PROCEDURE: ONE MULTIPLIES BY THE(LU OF WHAT ONE SEEKS THE QUANTITY OF CASH, WHICH MAKES THE
DIVIDEND. ONE TAKES THE[LU‘ OF WHAT IS BOUGHT AS D|V|soﬂ<, DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS
THE RESULT.”




Second remark

The Nine Chapters Reducing width /D

(4.1) SUPPOSE THERE IS A CROPLAND WHOSE WIDTH IS ONE BU AND HALF. IF ONE LOOKS FOR A
CROPLAND OF ONE MU, ONE ASKS HOW MUCH THE LENGTH IS.

ANSWER: ONE HUNDRED AND SIXTY BU.
PROCEDURE: (SINCE) BELOW THERE IS A HALF, THAT IS ONE OF TWO PARTS, ONE TAKES ONE AS TWO, A
HALF AS ONE; SUMMING THESE YIELDS THREE, WHICH IS TAKEN AS DIVISOR. ONE PUTS TWO HUNDRED
AND FORTY BU AND LIKEWISE, TAKING ONE AS TWO, ONE MULTIPLIES IT, WHICH MAKES THE DIVIDEND.
DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS THE LENGTH IN BU

Dividend 240 480

Divisor 1 2 2 3




“REDUCING THE WIDTH (...)
PROCEDURE: ONE PUTS THE INTEGRAL (NUMBER OF) BU AS WELL AS DENOMINATORS AND NUMERATORS OF THE

PARTS. ON MULTIPLIES, BY THE DENOMINATOR OF THE PARTS THAT IS IN THE LOWEST (POSITION)/BELOW, ALL THE
NUMERATORS AS WELL AS THE INTEGRAL (NUMBER OF) BU. ONE DIVIDES, RESPECTIVELY, THESE NUMERATORS BY
THE CORRESPONDING DENOMINATOR AND PUTS THESE (RESULTS, I.E., THE INTEGRAL PARTS OF THE RESULTS) ON
THE LEFT HANDSIDE, NAMING THEM THE PARTS THAT COMMUNICATE (WITH THE INTEGERS). FURTHER, ONE
MULTIPLIES BY THE DENOMINATORS ALL THE NUMERATORS AND THE (VALUES) THAT ALREADY COMMUNICATE.
WHEN THE (VALUES) ALL COMMUNICATE, THEN ONE HAS EQUALIZED THEM AND ONE THUS ADDS THEM TO MAKE
THE DIVISOR. ONE PUTS THE QUANTITY OF BU (OF THE AREA) THAT IS SOUGHT-FOR AND ONE MULTIPLIES IT BY THE
ACCUMULATED PARTS (JIFEN, OR PARTS OF THE PRODUCT) OF THE INTEGRAL (NUMBER OF) BU TO MAKE THE
DIVIDEND. DIVIDING THE DIVIDEND BY THE DIVISOR YIELDS THE BU OF THE LENGTH.”

240 bu 240 butimes?2 (half bu)

1 bu +1 bu 2+1 (half bu)
2
Dividend 240 480
Divisor 1 2 2 2 3
1 2 2 2 1 2 1 2 2




Bibliography

Chemla, Karine. 1991. "Theoretical Aspects of the Chinese Algorithmic Tradition (First to Third Century)." Historia Scientiarum no.
42:75-98+errata in the following issue.

Chemla, Karine. 2000. "Les problemes comme champ d'interprétation des algorithmes dans les Neuf chapitres sur les procédures
mathématiques et leurs commentaires." Oriens Occidens (3):189-234.

Chemla, Karine. 2006. "Documenting a process of abstraction in the mathematics of ancient China." In Studies in Chinese Language and
Culture - Festschrift in Honor of Christoph Harbsmeier on the Occasion of his 60th Birthday, edited by Christoph Anderl and Halvor
Eifring, 169-194. Oslo: Hermes Academic Publishing and Bookshop A/S. http://halshs.archives-ouvertes.fr/halshs-00133034,
http://www.instphi.org/Festschrift.html.

Chemla, Karine. 2010. "Proof in the Wording: Two modalities from Ancient Chinese Algorithms." In Explanation and Proof in
Mathematics: Philosophical and Educational Perspectives, edited by G. Hanna, H. N. Jahnke and H. Pulte, 253—285. Dordrecht:
Springer.

Chemla, Karine, and GUO Shuchun. 2004. Les neuf chapitres. Le Classique mathématique de la Chine ancienne et ses commentaires. Paris:
Dunod.

Hgyrup, Jens. 2002. Lengths, widths, surfaces : a portrait of old Babylonian algebra and its kin, Sources and studies in the history of
mathematics and physical sciences. New York: Springer.

Netz, Reviel. 1999. The Shaping of Deduction in Greek Mathematics : A Study in Cognitive History. West Nyack, NY, USA: Cambridge
University Press.

PENG Hao 2i%. 2001. Zhangjiashan hanjian «Suanshu shu» zhushi 7RSI 17ER (H#Z) 1EFE (Commentary on the Book of
mathematical procedures, a writing on bamboo strips dating from the Han and discovered at Zhangjiashan). Beijing AL.5<: Kexue
chubanshe BHEEHI L (Science Press).

Proust, Christine. 2004. Tablettes mathématiques de Nippur: reconstitution du cursus scolaire, Epistémologie, histoire des sciences et des
techniques, These de doctorat de I'Université Paris 7-Denis Diderot (a paraitre dans Varia Anatolica, diffusion De Boccard,
I[stanbul), Paris.



